INITIAL-BOUNDARY VALUE PROBLEMS FOR
CONSERVATION LAWS WITH SOURCE TERMS
AND THE DEGASPERIS-PROCESI EQUATION
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ABSTRACT. We consider conservation laws with source terms in a bounded
domain with Dirichlet boundary conditions. We first prove the existence of
a strong trace at the boundary in order to provide a simple formulation of
the entropy boundary condition. Equipped with this formulation, we go on
to establish the well-posedness of entropy solutions to the initial-boundary
value problem. The proof utilizes the kinetic formulation and the compensated
compactness method. Finally, we make use of these results to demonstrate the
well-posedness in a class of discontinuous solutions to the initial-boundary
value problem for the Degasperis-Procesi shallow water equation, which is a
third order nonlinear dispersive equation that can be rewritten in the form of
a nonlinear conservation law with a nonlocal source term.
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1. INTRODUCTION

In this article we consider scalar conservation laws with source terms on a
bounded open subset Q ¢ R? with C? boundary:

Opu + dive A(u) = S(t,x,u), (t,x)€Q:=(0,T)xQ, (1)
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where T' > 0 is a fixed final time and the flux function A € C? satisfies the genuine
nonlinearity condition

LAE I+ C-A(§)=0}) =0, forevery (r,8)+# (0,0), (2)

where L is the Lebesgue measure.
The source term satisfies the following conditions:

SecL*(QxR), S(taz,-)ecC'R), |S(t zu)—Strv)|<Clu—-uv], (3)

where the last two conditions hold for a.e. (t,x) € @ and C > 0 is a constant.
As usual, we only deal with entropy solutions, namely those that fulfill in the
sense of distributions on @) the inequality

On(u) + diveq(u) — ' (u)S(t,z,u) <0 (4)
for every convex C? function 7 and related entropy flux defined by
q/ — A/’r]l.

We are interested in the well-posedness in L of the initial-boundary value problem
for (I, in which case we impose the initial data

u(0,-) = up € L*=(Q) (5)
and the Dirichlet boundary data
U|F =up € LOO(F)7 (6)

where T' := (0,T) x 9. Of course, this Dirichlet condition has to be interpreted in
an appropriate sense (see below) and this in turn requires an entropy solution to
possess boundary traces (which herein will be understood in a strong sense).

A BV well-posedness theory for conservation laws with Dirichlet boundary con-
ditions was first established by Bardos, le Roux, and Nédélec [1], and later extended
by Otto [24] to the L setting, for which boundary traces do not exist in general,
a fact that complicates significantly the notion of solution and the proofs. For
genuinely nonlinear fluxes and domains whose boundaries satisfy a mild regularity
assumption, Vasseur [32] showed that L°° entropy solutions always have traces at
the boundaries. Similar results hold without imposing a genuine nonlinearity con-
dition, cf. Panov [25] 26] and Kwon and Vasseur [16]. Consequently, for genuinely
nonlinear fluxes, the L case can be treated as in [I], i.e., the more complicated
notion of entropy solution used by Otto can be avoided, see Kwon [15].

To define traces on the boundary I' we use the concept of a “regular deformable
boundary” (see for instance Chen and Frid in [2]). For any domain Q with C2
boundary, there exists at least one 0Q2-regular deformation. Given any open subset
K of 01), we refer to a mapping @[AJ : [0,1] x K — Q as a K-regular deformation
provided it is a C! diffeomorphism and 7,/;(0, -) = I, with I denoting the identity
map over K. Let us now define the set K := (0,7) x K and the function ¢ (t,z) :=
(t, @/A)(x)) Then, obviously, (¢, z) is K-regular deformation with respect to I'. Let
us denote by 7, the unit outward normal field of the deformed boundary ¢ ({s} x
09). We also write ny = (0,75) and n = (0,7). Notice that 7y converges strongly
to n when s goes to 0.

Our first main result is the following theorem.

Theorem 1.1. Let Q C R? be a regular open set with C* boundary. Assume that
holds and that the flur function A € C?(R) verifies . Consider any function
uw € L*((0,T) x Q) obeying and in (0,T) x Q. Then
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o there exists u” € L>®((0,T) x ) such that for every I'-regular deformation 1
and every compact set K CC T there holds

where do denotes the volume element of (0,T) x 09;
e there exists u™ € L () such that for every compact set K CC ) there holds

ess lim/ lu(t, ) — u" (z)|dz = 0.
t—0 K

In particular, the trace u™ is unique and, for any continuous function F', F(u) also
possesses a trace and
[F(u)]” = F(u").

The proof of this theorem is found in Section [2 More precisely, in that section
we prove the first part of Theorem The second part can be proved using the
same method, so we omit the details.

Having settled the existence of strong boundary traces, we can now turn to
the choice of entropy boundary condition. Instead of working with the original
condition due to Bardos, le Roux, and Nédélec [I], we shall instead employ the
following equivalent boundary condition introduced by Dubois and LeFloch [I1],
which is well-defined in L*° thanks to Theorem [.1}

|a(u”) = alus) =1 () (A(u") = Aw))| -7 > 0, (7)

where B™ means the trace of B on I' = (0,T) x 9Q and 7 is the unit outward
normal to 992 with n = (0,n).

Our second main result is the well-posedness of entropy solutions to the initial-
boundary value problem , , and @, with the boundary condition @ being
interpreted in the sense of .

Theorem 1.2. Let Q C R? be a regular open set with C* boundary. Assume that
the source term S(t,x,u) obeys and that the flux function A € C*(R) verifies
. Let ug € L*>®(). Then there exists an unique entropy solution u € L>®(Q)

verifying , , , and .

This theorem is proved in Section[3] As in [15], the uniqueness argument utilizes
the Dubois and LeFloch boundary condition written in a kinetic form, which
plays an essential role in the proof of uniqueness.

In Section [ we apply Theorems [I.1] and [I.2] to investigate the well-posedness of
the initial-boundary value problem for the so-called Degasperis-Procesi equation

Opu — O, u + 4udpu = 30,ud2 v + ud,,u, (t,z) € (0,T) x (0,1), (8)
augmented with the initial condition
u(oax) = UO(x)a (S (07 1)a (9)
and the boundary data
u(t,0) = go(t), u(t,1) =g1(t), te(0,7),

Ou(t,0) = ho(t), Opu(t,1) = hi(t), te(0,7). (10)
We assume that
Uug € LOO<O’ 1)7 UO(O) = 90(0)’ UQ(l) = 91(0),
(11)

g0, g1 € H'(0,T), ho, hy € L®(0,T).
Degasperis and Procesi [7] deduced ({§]) from the following family of third order

dispersive nonlinear equations, indexed over six constants «, "y, cg, c1,c2,c3 € R:

Ou + coOpu + 703 u — 0203 _u =0, (clu2 + co(Opu)? + 03uaiwu) )

TTT trxx
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Using the method of asymptotic integrability, they found that only three equations
within this family were asymptotically integrable up to the third order: the KdV

equation (a = ca = ¢z = 0), the Camassa-Holm equation (¢; = —23%, 2 = %),
and one new equation (¢; = —2(%23, ¢o = c¢3), which properly scaled reads

TTT trxx TTT

Opu + Opu + 6ud,u + 02, u — o <83 u+ gazuaixu + guaS u) =0. (12)
By rescaling, shifting the dependent variable, and finally applying a Galilean boost,
equation can be transformed into the form (8)), see [8, 9] for details.

Degasperis, Holm, and Hone [9] proved the integrability of by constructing
a Lax pair. Moreover, they provided a relation to a negative flow in the Kaup-
Kupershmidt hierarchy by a reciprocal transformation and derived two infinite
sequences of conserved quantities along with a bi-Hamiltonian structure. Further-
more, they showed that the Degasperis-Procesi equation are endowed with weak
(continuous) solutions that are superpositions of multipeakons and described the
integrable finite-dimensional peakon dynamics. An explicit solution was also found
in the perfectly anti-symmetric peakon-antipeakon collision case. Lundmark and
Szmigielski [20], using an inverse scattering approach, computed n-peakon solutions
to . Mustafa [22] proved that smooth solutions to have infinite speed of prop-
agation: they lose instantly the property of having compact support. Regarding
the Cauchy problem for the Degasperis-Procesi equation , Escher, Liu, and Yin
have studied its well-posedness within certain functional classes in a series of papers
[12, 13, 14, 18, [33] [34, [35, [36].

The approach taken in the papers just listed emphasizes the similarities between
the Degasperis-Procesi equation and the Camassa-Holm equation, and consequently
the main focus has been on (weak) continuous solutions. In a rather different direc-
tion, Coclite and Karlsen [4, B [6] and Lundmark [19] initiated a study of discontin-
uous (shock wave) solutions to the Degasperis-Procesi equation . In particular,
the existence, uniqueness, and stability of entropy solutions of the Cauchy problem
for is proved in [4} [l [6].

When it comes to initial-boundary value problems for the Degasperis-Procesi
equation much less is known. The first results in that direction are those of Escher
and Yin [14] [37], which apply to continuous solutions.

To encompass discontinuous solutions we shall herein extend the approach of
[4, B, [6], relying on Theorems and above. Following [4] we rewrite (§), (9),
(10) as a hyperbolic-elliptic system with boundary conditions:

Opu + udu + 0, P = 0, (t,x) € (0,T) x (0,1),
—07, P+ P = ju?, (t,z) € (0,T) x (0,1),
’LL(O,.T) = UO(x)a T e (07 1)a (13)
u(t,0) = go(t), u(t,1)=g1(t), t e (0,7),
0. P(t,0) = o(t), 0,P(t, 1) =11(t), t e (0,7),
where
Yo = —g6 — goho, V1= —g1 — g1h1. (14)
Indeed, formally, from ,
(1 —02%,)(0su + udpu + 0, P) = 0, (15)

since, by , the trace of dyu + ud,u + 9, P vanishes at x = 0 and x = 1, we can
invert the differential operator 1 — 92, and pass from to (13).
In the case gg = g1 = 0 we do not need any boundary condition on 0,u, indeed

from we have ¥y = ¢; = 0.
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The boundary conditions related to the P-equation in are of Neumann type.
Let G = G(z,y) be the Green’s function of the operator 1 — 92, with Neumann
boundary vy, 11 conditions on (0,1). The function P has a convolution structure

1 ~
P(t,z) = PU(t,2) = % /O G, y)u2(t,y) dy, (16)

and (|13]) can be written as a conservation law with a nonlocal source

2 Lo
ot 0, (%) =0 =3 [ 0.Ga ity
0

Due to the regularizing effect of the elliptic equation in we have that
u € L*((0,T) x (0,1)) = P“ € L=(0,T; W*>(0,1)). (17)

Therefore, if a map u € L>((0,T) x (0, 1)) satisfies, for every convex map n € C2,

o) + () + (P <0, atw)= [ “e©de. (1®)

in the sense of distributions, then Theorem provides the existence of strong
traces uf, u] on the boundaries z = 0, 1, respectively.
We say that u € L*((0,7T) x (0, 1)) is an entropy solution of the initial-boundary
value problem , @, if
(i) u is a distributional solution of (13);
(ii) for every convex function n € C?(R) the entropy inequality holds in the
sense of distributions;
(iii) for every convex function n € C? with corresponding ¢ defined by ¢'(u) =
un’(u), the boundary entropy condition
T 2 2
a5 (1)) ~ alao(®) - ' (go(t)) LT~ 190
(ui(t)? — (91(t))
2

(19)

<0< q(ui(t)) = q(g1(t)) = ' (g1 (1))

holds for a.e. t € (0, 7).
Our main result for the initial-boundary value problem for the Degasperis-Procesi
equation is the following theorem, which is proved in Section [

Theorem 1.3. Let ug, 7, 9o, g1, ho, h1 satisfy . The initial-boundary value
problem , @, possesses an unique entropy solution u € L>((0,T) x (0,1)).

2. PROOF OF THEOREM [L.1]

2.1. Weak boundary trace. We first reformulate the relevant problems on local
open subsets and construct weak boundary traces of entropy solutions on these
local sets. The reason for working on local subsets is that we are going to use
the blow-up method. We split the boundary into a countable number of subsets.
Indeed, for each & € 99, there exists r; > 0, a C? mapping 7z : R™1 — RI~1
and an isometry for the Euclidean norm R; : R? — R? such that, upon rotating,
relabeling, and translating the coordinate axes if necesary,

Rz() =0,
R ()N (—r5,72)" = {y = (¥0,9) € (—13,72)* | yo > 1:(9)}.
We have

00 c (J Ry (=rara)?).
TEIN
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,2) € T, we obtain an isometry map A; : R4+t — RI*! given
t,9), where (yo,9) = Rs(z). Then we have

- U(Aé)*l((o,rg) X (=rz,7r2)%).

zel

Hence, for each 2 = (
by Aé(tax) = (y07t -

Since the above collection of open sets is countable,
U(Aé)_l(ré) = U (Aa)_l(ra)v
zel acK
where K is a countable set and
Lo = Ay ({w = (wo, @) € (0,T) x (=ra,7a)? | wo = Aa()}),
where w = (wo, W) = (yo,t — t,9) and w = (t — £, 7). In an attempt to simplify the
notation we write « instead of Z, in the indices. We define
Qo ={w € (0,14) x (_Toura)d | wo > Ao (W)}
From now on we will work in (), and state the equations in terms of the new w
variable. To this end, define u, : Qo — R by uq(w) = u((Ay) (w)) and set
Aa(€) = Aal&, A©)), al€) = Aa(n(€). 4(€)). For every fixed a, every deformation
¥, and every w € (—74,74)%, we define
P(s,®) = (Ao 0 9)(s, (Ra) " (@), s =wp.
In terms of the w variable, (1) and read respectively

divy A (te) =0 in Q, (20)

and
divyga(ue) <0 in Qq. (21)
We now introduce a kinetic formulation of and (21)), cf. [I7]. To do so we
set L = |lu||p~(q), bring in a new variable §{ € (—L, L), and introduce for every

v € (=L, L) the function

1 if v >
x(v,§) = § Hosesr V2
_1{’0S§SO}7 if v <0.

To effectively represent weak limits of nonlinear functions of weakly converging
sequences, we introduce new functions, called microscopic functions, which depend
on ¢ and on an additional variable z [2§].

Definition 2.1. Let N be an integer and O be an open set of RN. We say that
f € L>*(O x (=L,L)) is a microscopic function if it obeys 0 < sgn(§)f(z,£) <1
for almost every (z,£). We say that f is a x-function if there exists a function
u € L>®(0) such that for a.e. z € O there holds f(z,-) = x(u(2),-).

For later use, let us collect the following results (cf. [2§]).

Lemma 2.1. Fiz an open set O C RN, and let fr € L>®(O x (=L,L)) be a
sequence of x-functions L, . . -converging to f € L>(O x (=L, L)). Introduce the

weak-*

functions ug(-) = ffL fr(-,8) d€ and u(-) = ffL f(-, &) dE. Then, for almost every
z € O, the function f(z,-) lies in BV (—L,L). Moreover, the following statements
are equivalent:

e fi. converges strongly to f in L (O x (—L,L)).
e uy converges strongly to u in L _(O).

e f is a x-function.

Observe that if f is a y-function then wu(z) = ffL f(z,€)d¢. The following
theorem is due to Lions, Perthame, and Tadmor [17].



IBVP FOR CONSERVATION LAWS WITH SOURCE TERMS AND THE D-P EQUATION 7

Theorem 2.1. A function u € L®(Q,), with |u| < L, is a solution of and
if and only if there exists a nonnegative measure m € M*(Qn x (=L, L)) such
that the related x-function f defined by f(u(w),§) = x(u(w),&) for almost every

(w,§) € (Qa x (=L, L)) verifies
a(§) - Vuwf =S80 f = 0(8)) = 0em  in D'(Qa x (~L, L)), (22)
where a(§) := Al (§).

Denote a by a = (ag,a). To simplify the notation we keep denoting the normal
vectors by ns and n.

In what follows, for every fixed «, we will consider the set @, and the x-function
f associated to u,. For every regular deformation ¢ and every @ € (=74, 74)? we
set:

1;(3712)) = w(stgl(PYa(w)vﬁ)))a

fzp(S,’uA],f) = f(¢(57w)a§)

We will first show that f, has a weak trace at s = 0, which does not depend on
the deformation 1, i.e., the way chosen to reach the boundary.

Lemma 2.2. Let f be a solution of in Qq x (=L,L). Then there exists
e Lo((=7ra,70)? x (=L, L)) such that

eSShOm fd)(sa ) ) = fT in Hil((frouro)d X (7La L))a
for all Ty -regular deformation . Moreover, ™ is uniquely defined.

Proof. Since || fy(s,-,)|lL= < 1, by weak compactness and the Sobolev imbedding
theorem, for every sequence s* F29° 0 there exists a subsequence £k, P2 > and a
function g, € L®((=74,7a)? x (=L, L)) such that

fo(sbe, ) "= gl in HT' N LY (23)

weak-x?

for every regular deformation 1. Let us show that gy, 1s independent of the de-

kp

formation v and the sequence s and its subsequence s*». To do so, let us first

consider the entropy flux
L
4, (w) = / (€ (Fw.€) . (24)

associated with the entropy 1. Multiplying by n/(¢) and integrating it with
respect to £ we find

L
vy, = = [ @ — i (€ml(w de) € M((=rasr)™ ),
-L
where
We can now use the following theorem (cf. Chen and Frid in [2]):
Theorem 2.2. Let Q be an open set with regular boundary O and F € [L>° (Q)]GIJrl

be such that div,F is a bounded measure. Then there exists F'-n € L>(9Q) such
that for every 0Q2-reqular deformation 1)

essli(JmF(w(s, V) ns(-)=F-n in L, ., (09),

weak-*

where ng is a unit outward normal field of ¥({s} x 09Q).
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This theorem ensures the existence of a function gj, - n € L>®((—=rqa,74)%), which
does not depend on 9, such that

— /7 —0 _r .

y(0(5,7)) - ns() == @ -n i D' ((=ra,ra)?), (26)
for every regular deformation . The function ns converges strongly to n, i.e., the
unit outward normal to Q.. The convergence takes place in L'((—74,74)%). So,

using ([24) and (23)), (26)), we obtain
/ / () (€)a(€) - n(i) gy (1, €) dE dib = / 77 - () (D) di,

Tayrcx)d (77‘0177'&)
for every test functions ¢ € D((—r4,74)?). The right-hand side of this equation is

independent of 1, the sequence s* and its subsequence s*, so gy, does not depend

on those quantities either thanks to . The result is obtained from the uniqueness
of the limit. O

2.2. Strong boundary trace. Let us now show that entropy solutions possess
a strong boundary trace. To do so we will employ the blow-up method [32] and
apply the averaging lemma to conclude that f7 (1w, -) is a x-function for almost every
(0,€) € (=74,7a)? x (=L, L). To this end, we shall rely on the following lemma,
which is a straightforward consequence of Lemma

Lemma 2.3. The function f7 is a x-function if and only if
ess liom fu(s,)=f7 in L*((=ra,7a)?),
S—
for any deformation .

Let fix a specific deformation on (), namely

1;0(3’113) = (S + ’Yoc(w)a If]) (27)

We use the notation

fN(S, 12)7 5) = f’llj'o (87 ’(I), g) = f(/(z()(sa UA)), f)»
when we work with the deformation (27)). Indeed, it is enough to show strong trace
of fy for the specific deformation thanks to Lemma Notice that 1)g(s, ) € Q4

if and only if 1 € (—74,74)% and 0 < s < 7. From we find that f is a solution
of
(), €)0s f + a(£)0 f = Oerin +m27 (28)
where 17 (s, 1w, &) = m;(1ho(s, W), £) with m; defined in ([25)), i = 1,2 and a°(w, £) =
A(w)a(§) - n(w).
Before introducing the notion of rescaled solution, let us state two lemmas
(cf. Vasseur [32]).

Lemma 2.4. There exists a sequence 0 which converges to 0 and a set £ C
(=T, 7a)® with L((=7a,7a)?\ E) = 0 such that for every @ € £ and every R > 0
lim 5d ((o ROy) % (i + (—Rby, RO)%) x (—L,L)) —0, i=12

Lemma 2.5. There exists a subsequence, still denoted by 0y, and a subset £ of
(=T, 7a)? with & C &, L((=7ayTa)? \ ') = 0, such that for every W € & and
every R > 0 there holds

hm/ /RR)d w,&) — fT(+ 6,g, )| dg d§ = 0,

0 —0

51€*>0

lim/ / €)= a0+ 6, €)| i dé = 0.
RR)d =
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Let us now introduce the localization method [32]. We use the notation

Qi = (0,74/9) X (—74/4, ra/é)d.

The goal is to show that for every @ € &', f7(w,-) is a x-function. From now on
we fix such a w € £’. Then we rescale the f function by introducing a new function
f5, which depends on new variables (s, 7) € Q°, defined by

This function depends obviously on @ but since it is fixed throughout this section,
we skip it in the notation. The function fs is still a x-function and we notice that

f&(ovgvg) = fT(w"_(sgvf)

Hence we gain knowledge about f7(1w,-) by studying the limit of fs5 when § — 0.
We define

ag(g,¢) = a’ (b + 69, ).
In view of ,
a9(i), €)0s fs + a(£)dyfs = Oerny + 3, (29)

where 7} is the nonnegative measure defined for every real numbers R} < R),
L, < Ly by

, o 1 . .
il R, R % Ly, L ):fﬁ%( ORI, y; + ORI x [L1, L )
(o1 R BRI < L Eal) = i (| IL [y + ORY gy + 6RY) x [y, L]
fori=1,2.

We now pass to the limit when § goes to 0 in the rescaled equation. To this
end, we shall need to prove strong convergence via an application of an averaging
lemma taken from Perthame and Souganidis [29].

Theorem 2.3. Let N be an integer, f, bounded in L°>°(RN*1) and {hl,h2} be

n
relatively compact in [LP(RNH)]QN with 1 < p < 400 solutions of the transport
equation:

a(§) - Vyfe = a&(vy ) hllf) +Vy- hi7

where a € [C*(R)] N verifies the non-degeneracy condition (2)). Let ¢ € D(R), then
the average ui(w) = fR (€) fr(w, &) d€ is relatively compact in LP(RY).

Lemma 2.6. There exist a sequence 6, — 0 and a x-function foo € L®(R* xR x
(—L, L)) such that fs, converges strongly to fo in Li (RT X R x (—L,L)) and

loc
a° (1, €)0; foo + a(€) - D foo = 0. (30)

Proof. We consider the sequence §,, of Lemma [2.5] By weak compactness, there
exists a function fo, € L®(RT x R% x (=L, L)) such that, up to extraction of a
subsequence, fgn converges to foo in Ly ... Thanks to Lemma mgn converges
to 0 in the sense of measures. So passing to the limit in gives (30).

First, we localize in (w, ). For any R > 0 big enough, we consider ®;, P,
with values in [0, 1] such that ®; € D(RT x RY), &, € D(R), and Supp(®;) C
(1/(2R),2R) x (—2R,2R)¢, Supp(®2) C (—2L,2L). Moreover, ®;(w) = 1 for
w € (1/R,R) x (=R, R)% and ®5(&) = 1 for £ € (—L,L). Hence for § < r,/(2R),
we can define on R x R? x R the function

fE=,0,f;,



10 G. M. COCLITE, K. H. KARLSEN, AND Y.-S. KWON

(where ff! = 0 if f5 is not defined). On (1/R,R) x (=R, R) x (—L, L) we have
R = fs5. So, if we denote by ay (&) = (a°(w,€),a(¢)) (which depends only on &
since w is fixed), from we get
ap(§) - Vafy' = 0g(®12m}) — @18m + ag(§) - Va®i P2 ff + &1 Do
+ 0[(@° (. €) — a3(7.€)) £
= afﬂl,é + M2, + as[(do(ﬁ)v 5) - ag(@ 5)).}0(5]3
where £ ,5k and jio 5, are measures uniformly bounded with respect to k. In view of
Lemma [2.5| we can see that a®(w,&) — a3 (y, &) converges to 0 in Li (R x (=L, L)).

So it converges to 0 in L}, _ for every 1 < p < oo since these functions are bounded in

L>. Since the measures are compactly imbedded in W= for 1 < p < gﬁ, we can

apply Theoremwith N=d+1, fi = f({i, o(§) = D2(€), and a(§) = ayp(§). It

follows that [ fSRCI)Q (&) d€ is compact in LP for 1 < p < jﬁ And so by uniqueness

of the limit, [ f5, (-, &) d€ converges strongly to [ foo(-,€)d€ in LL (R?). Lemma
ensures us that f5 converges strongly to foo in L (R4 x (—L, L)) and moreover
that fuo is a x-function. O

We now turn to the characterization of the limit function fs.

Lemma 2.7 ([32]). For every i € &, foo(w, &) = f7(,€) for almost every (w, &) €
R+ x (—L, L), and the function f7(1,-) is a x-function.

Thus, from Propositions [2.3] and we can prove Theorem

Proof of Theorem[L.1] For every o and every deformation 1), we have

esshm / / | fo(s,w,&) — fT(w,&)|dédw = 0.

(—=Tasra)?

We define u” by

"(3) /fT de, i (), 0) = Au(2).

For every compact subset K of (0,7) x 0f, there exists a finite set Iy such that
K CU,¢z, and

[ o) —wr@laos) < ¥ / —m(5)ldo(2),

a€ly

which converges to 0 as s tends to 0. This concludes the proof of Theorem (]

3. PROOF OF THEOREM

3.1. Existence proof. In this section we will show the existence of an entropy
solution for the initial-boundary value problem ([, (5). and (6], with the boundary
condition @ interpreted in the sense of

Let {S€}.~0 be a a sequence of Smooth functlons converging in L to S with
respect to variables (¢, z), for example obtained by mollifying the function S, and
consider smooth solutions to the uniformly parabolic equation

Opu® + divy A(u®) = SE(t, 2, u®) + eAguf, (31)
with initial and boundary data

u®(0,-) = ug u|r = up. (32)
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For the sake of simplicity in this proof, we will assume that the data ug,u;, are
smooth functions. Then, for each € > 0, the existence of a unique smooth solution
of the initial-boundary , value problem is a standard result.

By the maximum principle,

u=(t, )| < fluoll poe + 151 o T (33)

For any convex entropy function 7 and corresponding entropy flux function ¢
with ¢’ = 7/ A’, multiplying (31)) ’(u®) yields

O (u®) + diveq(u®) — ' (u)SE(t, z,u’) = eAyn(u®) — e’ (uf)|Vus |2 (34)
For any function ¢ € C°(Q), it follows from that
L/?ﬂUﬂGWO+qu)-Vzwdhh
Q

:/ en'(us)uns-ngpdtdx—l—/ 0 (uf)e|V uf 2o dtdz (35)
Q Q

- / SE(t, z,u)up dide.
Q

Let K be an arbitrary compact subset of ¢ and choose in a function p € C°(Q)
satisfying

plk =1, 0<p<1L
It follows that

[ 15° gl dde < CT. o, [l =) 1] 1
Q
thanks to . Consequently,

/ e |Vouf|? dtdz < C (36)
Q

and hence we obtain that 9;1(u®) + div,q(u) is compact in H,,!(Q). We can now
apply, for example, Tartar’s compensated compactness method [31] to conclude the
existence of subsequence, still labeled u®, converging to a limit v a.e. and in LllOC
such that the interior entropy inequality holds:

/ D(W)0e6 + () - Voo + n(w)S(t, 2, W)ddida > 0, Vo € C2(Q),d > 0.
Q

It remains to prove that the limit u satisfies the Dubois and Le Floch’s boundary

condition .

Lemma 3.1. Let u be the limit function constructed above. Then, for any convex
entropy-entropy flux pair (n,q),

[a(u7) = a(w) = o/ (w)(A@) = Alw))] -7 > 0
where B7 is the trace of B on (0,T) x 9Q and 7 is the unit outward normal to 0.
Proof. We need a family of boundary layer functions {(s} € C*°(Q; [0, 1]) verifying
Glos =0, Gloa=1, and [V¢| < 5,

where Qs = {z € Q|diam(x,0Q) > ¢} and c is a constant independent of 4.
Multiplying by 0(t)(s(z) with 8 € C°(0,T), 6 > 0, we obtain E; = Es,
where the terms F;, F5 are defined and analyzed below.
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Integration by parts yields
By = / (im0 + divy(u®) — of () (1. 2.0 ) 0(1)C5 ) dd
Q
:—mewwgw+ﬁwwvmwww
o () S5 (1, 2, w0 ()Co () dtd + / o(w) - 70(t) didz
(0, T)x0Q

= /Q (w0’ ()G () + q(u) - Vals(@)0(t) + ' (u)S(t, 2, u)0(t)Cs(x) dtdz

+ / q(up) - 1 O(t) dtdo.
(0, T)x 0%

Observe that

/Q q(u) - Vo s(2)0(t) dtda H)/ /m t) dtdo

and
[ st wseGs(a) s "= 0, [ @t (e)6s(z) drds "= 0
Q Q
As a result,
lim lim Fy = / (q(up) — q(u™)) - n)0(t) dtdo.
§—0e—0 (0,T)x0Q
Next,

By = E/ n' (u®)Ayu®o(t)(s(x) didx
Q
= €/Q(diV:r:(77'(u8)Van) . n//(u8)|Vzu5|2)9(t)Ca($) dtdx

<c / o () Vai® - 7 0(t) dtdor — e / 0 (W)Y s ® - Voo (2)0(8) dtda
(0,t)x 0 Q

=:Fy1 — Eap.
Clearly, thanks to , lir% |E2 2| = 0.
e—
To analyze E5;, we repeat the above argument with 7 = Id to obtain the
equation

§—0e—0

lim lim [g / Vouf - 7 0(t) dtda] _ / (Aw™) — A(up)) - 7 0(t) dtdo,
(0,T)x 0% (0,T) x %2
and consequently

lim lim Ey = / 0 (up) (A(uT) — A(up)) - R O(t) dtdo;
€=00-0 (0,T)x 00

hence the limit u obeys the inequality

/ /aQ —q(up) — 1 (up) (A(u™) — A(up)) | - nO(t) dodt > 0.

By the arbitrariness of 8, the proof is complete. O
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3.2. Uniqueness proof. In this section we prove the uniqueness part of Theorem

adapting the approach of Perthame [27], [28]. In what follows, we let u, v denote

two entropy solutions of the conservation law with initial data ug,vy € L™,

respectively, and boundary data up, with the boundary condition @ interpreted in

the sense of . We start by rewriting the Dubois and LeFloch boundary condition
in a kinetic form due to Kwon [I5].

Lemma 3.2. The following two statements are equivalent:
1. For every convex entropy-entropy flux pair (n,q),

[a(u) = alw) = o/ (w) (A@") = A@w))| -7 20 onT.
2. There exists i € M1 (I x (=L, L)) such that
A(€) - 27 (3,€) = X(& un(2))] = ez (e (AWT) = Aw)) - 71 = ~Depu(,€),
for every (2,6) € T x (~L, L).

Associated with the entropy solutions v and v we introduce the corresponding

x-functions f and g defined by f(t,z,&) = x(&§u(t, ) and g(¢, 2, &) = x(&v(t, x)),
respectively. In view of Theorem there exist m!,m? € M+ (Q x (—L, L)) such
that

Of + A(€) - Vauf = S(t,2,6)(0ef — 8(€)) = dem”,
Ohg+ A'(€) - Vag — S(t,2,6)(0eg — 6()) = dem®.
The goal is to show the following inequality for a.e. ¢t € (0,7T):

/ / flt,x, &) — g(t,z, &) dédx

/ / AE) - @) fT (2, &) — g7 (t, 2, &) dédo (38)
oN

(37)

<c /Q IStz ult 2)) — S(t, 7, 0(t, 2))| dz,

where do denotes the volume element of 92 and some constants C' > 0.
To this end, we need to regularize f and g with respect to the ¢,z variables. Set
€ = (€1, €2) and define ¢ by

o2 (2) o 2),

where ¢1 € C°(R), ¢o € CX(R?) verify ¢; > 0, [¢; = 1 for j = 1,2, and
supp(¢1) C (0,1). We shall employ the following notations:
Fltb.) = F0n€) . dultia), 0608 =g, €) x oult.o)

t,x

mi(t-%f) = ml('a 75) (t*x) (/ﬁe(t,l'), me(t,x,f) = ( , 7€) * ¢6(t I)

where * means convolution with respect to the indicated variables and the mappings
f,9,m1, my are extended to R by letting them take the value zero on R4\ Q.
The proof of the following lemma can be found in Perthame [27] 28].

Lemma 3.3. Let m! and m? be non-negative measures given in the Theorem ,
Then, the following holds

L

lg% n m ( 5)5(5 u) * ¢e +m ( 7'76)6(5:1:) * d)edg =0 in D/(Q)
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Let us continue with the proof of . Fix a 8Q-regular deformation v, and let
Q, denote the open subset of  whose boundary is 9, = ¢({s} x dQ). Taking the
convolution of each of the two kinetic equations in and then subtracting the
resulting equations we obtain an equation that is multiplied by f. — g.. The final
outcome reads

/ / Klfe(t,z,8) — ge(t, @ §>|2 + A'(&) - Vol fe(t, 2, €) _ge(ta$7f)|2 dédo
- [ 02,000 o) g bt 112,8) — .l02,8) i,

— m (L 2. &) — m2(t. x 2 £) . .
_2/9&/465( Yt &) = m2(t 2, ) (folt, 2,€) — go(t, 2, €)) dédors, .

for a.e. s > 0, where dos denotes the volume element of 9);.
In view of Lemma observe that for a.e. s > 0 we have

L
hm/gk/ aﬁ(mé("'af)_me("'7£))(f€('7'a§)—ge(',',ﬁ))dﬁdas

e—0

e—0

:7hm/ / 5 ) 75 e('v'ag))af(ff('v'ag)796(’7'75))d£d0—5

— iy | / (s ey 5 Gt (e G dedo 0.
+J—L t,x

e—0 (t,z)

Next, observe that

e—0

) L
imsup| [ [ (80,2, (@67~ )] 5, 00t ) Sult2,) — gt )) e

g?/ |S(t,x,u)7S(t,x,’u)|dx§QC/ |u —v|dz, fora.e.s>0,

s s

where we have used condition (3]) to derive the last inequality. Indeed, using |f] <1
and |g| < 1, we obtain |f. — g| < 2 and we can easily check that for a.e. (¢,x) €
(0,T) x €,

L
[ 8.0 o) 2 eult)ie S S(t.a,0) = St
thanks to 0¢(f — g) = 6(€ =v) — (& = ).
Let us now apply the divergence theorem in and subsequently take the limits

€ — 0 and s — 0. Applying Theorem and the observations above, we obtain
the following inequality for a.e. t € (0,7):

L
/ / O f(t,2,€) — glt, 2,6 déda
/ / A(€) () [f7 (2, €) — g7 (b2, €) ] dédo(x) (40)
o0
<9 /Q S(t, 2, u) — S(t 2, 0)]| da.

Next, we show that the “boundary” part of is non-negative. According to
Lemma there exist two measures p, g € M*(T x (=L, L)) corresponding to
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f and g, respectively, verifying
A'(€) - &) [£7(2,8) = X(&ub(2))] = Oemun(2) (AW (2)) — A(up(2))) -
= —0cus(2,),
A'(§) - 1(2)[97(£,€) = X(&ub(2))] — Ogmuy (29) (AT (2)) — A(up(2))) - 2
= —0O¢pg(%,€),

for (2,§) e I' x (=L, L).
For later use, observe that

Al fT—gm|?
= A" (f7 = x(§up))sgn(§ —up) — 24" 0 (f7 — x(&w)) (9" — x(§up))
+ A0 (g7 — x(&up)) sgn(€ — )
= A0 (f7 = x(& up))[sgn(€ — up) — g7 + x(& wp)]
+ A (9" — x(&up))[sgn(§ —up) — f7 + x(& up)]
= A i (f7 = x(&up))a(€) + A7 (g7 — x(&u)B(E),

(41)

(42)

where sgn(-) denotes the usual sign function with sgn(0) = 0. Combining and
, along with integration by parts, gives

/an/ A () [£7(2,8) — g7 (2,6)| dédo

/ / A(€) - 2(3) (2. ) — x(& upl(2))l€) dédo
o0

/ / A'(€) - 2(2) 7 (2,€) — x(& w(2))]B(€) dédo
o0

/an (/ / ) —Ocpug(2,6)a(€) — Oeprg(2,€)B(6)] dedo

L[ st dedo — gty yatuy)

(43)

L

+/m/ 17 (2,€) vy dedo + g (uf Yo (uyf)
+/ / &) vy dedo — pg(uy ) Bluy)

/ / 119 (2, €) g dEdo + g ()5l ),
oQ Juy

where vy, v, are non-negative measures defined by the relations d¢ f™ = §(§)—vy and
Oeg™ = 6(€) — vy, respectlvely Notice that a(u) > 0, B(u;) > 0, and a(u; ) <0,

B(u, ) < 0. Thus, is non-negative.
Let us now conclude the proof of Theorem [I:2] Since the second and third terms
in are non-negative, Gronwall’s inequality imply that for each fixed s € (0, t)

/ / ft2.6) = g(t.2.€) deda < exp(zcT) [ /LLIf(s,aaf)g(s,m,f)zdédaz,

where C is given in .
Therefore, in view of Theorem we can let s — 0 to obtain

lu(t,x) —v(t, z)| dx < exp(QCT)/ lug(z) — vo(x)| dx, for a.e.t € (0,T).
Q Q
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This concludes the proof of Theorem

4. IBVP FOR THE DEGASPERIS-PROCESI EQUATION

The purpose of this section is to prove Theorem The main step of the proof
relates to the existence of an entropy solution. Our existence argument is based
passing to the limit in a vanishing viscosity approximation of .

Fix a small number € > 0, and let u. = u.(t,z) be the unique classical solution
of the following mixed problem [3]:

Optte + uOptte + 0, P = €02 u,, (t,z) € (0,T) x (0,1),
—02,P. + P. = 342, (t,z) € (0,T) x (0,1),

ue(0, ) = ue0(x), x € (0,1), (44)
ue(t,0) = geo(t), ue(t,1) = gea(t), te(0,7),

awPE(ta()) = we,o(t)7 81P5<t7 1) = ,(/16,1(t)a te (O7T)7
where ¢ 0, ge,0, ge,1 are C* approximations of ug, go, g1, respectively, such that

95,0(0) = UE,O(O)a 95,1(0) = u&o(l),

and
e = _9;,0 = ge,0he 0, Yen = _9;,1 — ge1he . (45)
Due to and the first equation in , we have that
02 uc(t,0) = 0% u-(t,1) =0, te(0,7T). (46)

For our own convenience let us convert (44)) into a problem with homogeneous
boundary conditions. To this end, we introduce the following notations:

we(t, 17) = 1‘9571(15) + (1 - x)ge,O(t)a Ve = Ue — We,

2 2 — a? (47)
Qs(ta x) = %/‘be}l(t) + %we,O(t% ‘/E = PE - QE'

Thanks to
we(t,0) = geo(t),  we(t,1) =gea(t),  t€(0,T),
0:Q:(t,0) = P o(t), 00 (t,1) = e 1(1), te (0,7),
we have that
ve(t,0) = ve(t,1) = 0, V-(¢,0) = 9, V.(t,1) = 0, te (0,T). (48)
Moreover, due to the definition of w. and
Ozawe(t, ) = 0300 Qe (t,2) = 07,0:(t,1) = 07,0(t,0) = 0, (49)

for each t € (0,7) and = € (0,1).
Finally, in view of and , we obtain

815’05 + atwe + usawua + 6IP€ = Eaixv€7 (50)
3
— 2 Vet Vo= §u§ + 02,0, — Q.. (51)

We are now ready to state and prove our key estimate.

Lemma 4.1. For each t € (0,7,

t
2 Qe —2ac(s 2
||Ue(t7')||L2(o,1) + 2¢e? (t)/ e 20e(®) ||azva(37')||1:2(0,1) ds
0 (52)

t
S4||U5(07')||2L2(0’1) eQag(t)+8e2a5(t)/O 6720‘5(5)65(8)d8,
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where

ar(t) = Co (t+ / (|ge,o(5)|+|ge,1(8)|)d8)a (53)

B(t) = Co (Igé,s(t)I2 + g1 (1)) (54)
+ ho,e(£)go.- (8)1% + |1, ()91, ()]

+ 190 (O + |gl,e(t)|3>’

and Cy > 0 is a positive constant independent on €.
In particular, the families

{us}£>07 {\/EOIU’E}E>O
are bounded in L>(0,T; L?(0,1)) and L*((0,T) x (0,1)), respectively.

Proof. Following [4] we introduce the quantity 6. = 6.(t,x) solving the following
elliptic problem:

{—agmea +460. = v.(t,z), =€ (0,1), 55)

0.(t,0) = 6-(t,1) =0, te(0,7T).

Our motivation for bringing in comes from the fact that, in the case of homo-
geneous boundary conditions, the quantity

1
/ ve (0 — 92,0.) dx
0
is conserved by (8]) when & = 0 (see [7]). Thanks to we have

10-(t, M0y < loe(t M 201y < 4108 M 201y -
1020= (¢, ')||H2(0,1) < |0z ve (2, ')HL2(0,1) < 411020:(t, )|

Indeed, squaring both sides of
,Ug = (8§x05)2 - 8058105 + 1603

(56)

H2(0,1) -

and integrating over (0, 1)
1 1
/ Wlde = / [(92,0.)7 + 8(2,0.)7 + 1662 da + 8 [0.0,6.];
0 0
1
_ / (02,67 +8(0.6.)* + 1662 dr.
0
Since
1 1
/ [(agxey + (0,6.)? +9§} dz < / [(05195)2 +8(0,0.)% + 1695} da
0 0
1
<16 / [(agxey + (9,0.)2 +9§] dz,
0

we have the first line of . For the second line in , since
92,0-(t,0) = 92,0.(t,1) =0 (cf. (48)),

we can argue in the same way.
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We multiply by 0. — 02,0 and then integrate the result over (0, 1), obtaining

1 1
/ Oy0. (0. — 02,0, dx + / Oy (0. — 02,0.) d
0 0

A1 A2
1
+ | u.Opuc (P — 92,0, d:c+/ 0, P.(0. — 92,0
| ot I (e
Ay
*s/a Ve (0 Qg)dx.
As
Thanks to and ,
1
A = / 8, (40, — 92,0.)(0. — 92,6.) du
0
1
_ / (40,0.0. — 48,0.02,0. — 83,,0.0. + 02,,0.02,6.) dx
0 (58)
_ / (40,00, + 502,0.0,0- + 0,,0.02,0.) du — [40,0.0,0. + 62.0.6.],
0
1d [, , ) 5 o 1d 9
= 5@ o (495 + 5(83395) + (61’51705) ) de' = 5@ ||95(t, .)”ﬁQ(O,l)’
where
1200 = VAN B0y + 51 12201y + 1712200
The Hélder inequality, , and guarantee that
! 1/t 1
A g/ (Ow.)? dx + f/ 62 d + 7/(839698)2@
0 2 Jo 2 (59)

1 2
< 2(190,(OF + 191, 0)17) + 5 10=(¢, )1 20,1 -
In light of [@7), (@), and (51),

1
Ay = / (0,V20. — 0,V.02,6- + 0,9.60. — 0,9.0,6.) dx

1
= [ (0.Vibe + 02, V20,0, + 8,Q:0: — 0,Q.02,0.) dx — [0, V.0,0.];

1

(Ve = 02,V2)0. + 0,00, — 0,9.02,0.) du + [02,V.0.]

1
3u58 U0, 83095839595) dx.

I
L
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Therefore
1
uEE) ue (40, — 85105) — 8195839795) dx

1

uga Ve — 8w958§w05) dx

A3+ Ay =

\c\%c\

1
u 2Dt — UpeOptiowe — (’9359589%1,95) dx

u u3 u2 !
0 ( 5 Oute — awfzgagxea) dz + [3 - ;%L

1 1 1
< |90,E(t)| + |gl,8(t)| / u? dx + 5/ (aim95)2 dr
0 0

- 2
1 [t BP + @)
+ 5/O (aIQ€)2 dx + |90, ( )| s |gl ( )| (60)
< 1 (Igo.« O] + g, (O] + 1) 16:(t, gz 0.1
e (o (OF + e (O + g0 (OF + g1, (1))

< 1 (lgo.c (O] + g (O] + 1) 10:(t, )l 0.1

+a <|96,5(1ﬁ)|2 + 191 (B
+1ho.e ()90, (O + |71 e (t)gr.- (1)
+ 1901 + |91,5(t)|3>,

for some constant ¢; > 0 that is independent on e.
By observing that and furnish

92,0-(t,0) = 02,0.(t,1) =0,  te(0,T),

we achieve

1
As =« / 02 (40. — 02,0.)(6. — 02,0.) dx
0

1
—¢ / (402,00 — 4(02,0:)% — 010000 + 0500 0:02,0:) da
0

1
=e / (—4(0:62)" — 4(07,02)° + 02,,0-0.0- — (92,,0.)°) dw (61)
0

+ e [40,0.0. — 82,,0.6. + 82,,0.02,6.],

TTT rxrx

1
_ . / (4(0,0.)% + 5(02,0.)% + (0%,,0.)%) di + < [02,60.0,0.]"
0

= —¢ ||8x95(t1 ')H%IQ(O,I) :
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In view of , , , and , it follows from that

d 2 2
a 116 (t, ')Hﬁz(o,l) + 2 ||31.95(t, ')Hﬁ2(071)

< e (|gO,s(t)| + |gl,s(t)| + 1) ||96(t7 ')H%Z(o’l)
+ e <|96,5(t)|2 + 91, ()] (62)
+ R0, (£)go.c (8)]* + |1 ()91, (t) ]

+m%uﬁ+mmaw>

for some constant co > 0 that is independent on e.
Using the notations introduced in and (54), inequality becomes

d
0=t Y01 + 22 100028 1) < @ (E) 108 ) 5o 1) + B-00),

and hence, thanks to the Gronwall lemma,

t
160t W32 0. + 256%(0/ ™) 10,0 (5, ) [F720.1) s
’ (63)

t
< ||95(07')||§72(071) e%<t>+2e%<t>/0 e~ <93 (s) ds.

Clearly, via , the desired claim follows from .

The boundedness of the families {u¢}es0, {0zt eso follows from the definition
of the auxiliary variable v, in and assumption (L1). O

We continue with some a priori bounds that come directly from the energy
estimate stated in Lemma [£.1]

Lemma 4.2. The families {V.}.50, {P:}e>0 are both bounded in
L0, T; W2(0,1)) N L0, T; Wh>(0, 1)),
In particular, these families are bounded in L*((0,T) x (0,1)).

Proof. To simplify the notation, let us introduce the quantity

3
f-= iug + 92,9 — Q..

From and ,

Using the function

che—e et if0<z<y<l,
G(xvy) = eV4e Y ezfl+el—z .
T2 T e—e-T fo<y<z<I,

which is the Green’s function of the operator 1 — §2, on (0,1) with homogenous
Neumann boundary conditions at x = 0,1, we have the formulas

%@@=Lwaﬁ@w@, @%@@=L&£®wkmw@-®®



IBVP FOR CONSERVATION LAWS WITH SOURCE TERMS AND THE D-P EQUATION 21
Since G > 0 and G, 9,,G € L*=((0,1) x (0,1)), we can estimate as follows:

1
[Ve(t, )| < /0 G, )|ty dy <Gl g 0,192) 1 E ) Lr0,1) 5

1
0. Ve(t, )| < /0 10:G(, y)||fe (&, y)| dy < [[02G Loo ((0,1)2) 1 E ) L1 0,1 »

Hagzvs(tv .>HL1(0,1) < ||V€(t7 ')”Ll(O,l) + Hfs(t> ')HLl(O,l) :

Thanks to Lemma we conclude that the desired bounds on {V.}.>o hold.
Finally, the bounds on { P }.~¢ follow from the bounds on {V_}.~¢ and . O

Using the previous lemma we can bound u. and v, in L* (cf. [6, Lemma 4]).
Lemma 4.3. For everyt € (0,T),
l[ue(t, M poc0,1) < luoll Lo 0,1y + 190l e 0,7 + 1911l e 0,7y + Ot

for some constant Cp > 0 depending on T but not on €.

Proof. Due to and Lemma

Opte + ucOpue — sagzus < st>118 ||81P5||Lw((07T)X(071)) < Cr.
1>

Since the map
f(t) = ||u0||Loo(0,1) + HQOHLOO(O,T) + ||91||L°°(0,T) +Crt, te(0,7),

solves the equation
df

o = or

and
the comparison principle for parabolic equations implies that

ue(t, ) < f(t), (t,z) € (0,T) x (0,1).

This concludes the proof of the lemma. O
As a consequence of Lemmas and the second equation in yields
Lemma 4.4. The families {V}es0, {P:}eso are bounded in L°°(0,T; W?2°>°(0,1)).

Let us continue by proving the existence of a distributional solution to , @[),
(10) satistying .

Lemma 4.5. There exists a function w € L*((0,T) x (0,1)) that is a distributional
solution of and satisfies in the sense of distributions for every convex
entropy n € C%(R).

We construct a solution by passing to the limit in a sequence {u. },, of viscosity
approximations . We use the compensated compactness method [30].

Lemma 4.6. There exists a subsequence {ue, tren of {te}te>0 and a limit function

u € L*((0,T) x (0,1)) such that
U, — u a.e. and in LP((0,T) x (0,1)), 1 <p < 0. (65)

Proof. Let n : R — R be any convex C? entropy function, and let ¢ : R — R be
the corresponding entropy flux defined by ¢'(u) = n’(u) w. By multiplying the first
equation in with 7' (ue) and using the chain rule, we get
On(ue) + Oxq(u) = 58%1”(“6) —en’ (ue) (896“6)2 + 1 (ue) 0z P,
—

=:L] =:L2
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where £}, £2 are distributions. By Lemmas and
Ll —0in H((0,7) x (0,1)),
L2 is uniformly bounded in L*((0,T) x (0,1)).
Therefore, Murat’s lemma [2I] implies that
{0m(ue) 4 02q(uc)} .~ lies in a compact subset of H H(0,T) x (0,1)).  (67)

The L* bound stated in Lemma 7 and the Tartar’s compensated compact-
ness method [30] give the existence of a subsequence {ue, }reny and a limit function

(66)

u € L*((0,T) x (0,1)) such that holds. O
Lemma 4.7. We have
P., — P" in LP(0,T; WhP(0,1)), 1 < p < o0, (68)

where the sequence {ex}, oy and the function u are constructed in Lemma .

Proof. Using the integral representation of V, stated in , Lemma and
arguing as in [4, Theorem 3.2], we get

1Pz, = PNl 2o 0,710 (0,1)

<C (Huek - “HLp((o,T)x(oJ)) + (|91 — z/)1||Lp(o7T) + [[Yer0 — wOHLP((LT)) )

for every 1 < p < 0o and some constant C' > 0 depending on uyg, gg, g1, but not on

€. Therefore Lemma gives . O
Proof of Lemma 5 Fix a test function ¢ € C2°([0,T) x [0,1]). Due to

T 1 2
[ [ (wvros Soro-oro+cueto) dwar
0 0

1 T T
+ / oo (2)$(0, ) da: + / g0, (D)(t,0) dt — / g1, (D)(t, 1) dt = 0.

Therefore, by the assumptions on ug ¢, go.e, 91, and Lemmas we conclude

that the function u constructed in Lemma, is a distributional solution of .
Finally, we have to verify that the distributional solution u satisfies the entropy

inequality stated in (18). Let n € C*(R) be a convex entropy. The convexity of 7

and yield
81577(“6) + 890(]<u6> + n/(ue)azps < 58:390"7(“6)'

Therefore, follows from Lemmas and O
We are now ready for the proof of Theorem

Proof of Theorem[L.3] Since, thanks to Lemma u € L>®((0,T) x (0,1)) is a
distributional solution of the problem

Ou + udyu = —0, P, (t,z) € (0,T) x (0,1),

U(va) = UO(x)v U (Oa 1)a (69)

u(t,0) = go(t), wu(t,1) = q1(¢), t e (0,7),
that satisfies the entropy inequalities , Theorem tells us that the limit
u admits strong boundary traces uj, u] at (0,7) x {z = 0}, (0,T) x {z = 1},
respectively. Since, arguing as in Section [3.1| (indeed our solution is obtained as the
vanishing viscosity limit of ), Lemma and the boundedness of the source

19)

term 0, P* (cf. ) imply (19). Therefore, by appealing to Theorem the proof
of Theorem [L3]is concluded. O
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