
GLOBAL L1 SOLUTIONS OF THE COMPRESSIBLE EULEREQUATIONS WITH SPHERICAL SYMMETRYNAOKI TSUGEAbstra
t. We study the 
ompressible Euler equations with spheri
al sym-metry surrounding a solid ball. For the spheri
ally symmetri
 
ow, the globalexisten
e of L1 entropy weak solutions has not yet been obtained ex
ept aspe
ial 
ase. In this paper, we prove the existen
e of global solutions in themore general 
ase. We 
onstru
t approximate solutions by using a modi�edGodunov s
heme. The main point is to obtain an L1 bound for the approxi-mate solutions. 1. Introdu
tionLet us 
onsider the Euler equations in an exterior domain fx 2 R3; j~xj � 1g withspheri
al initial data: 8<: �t +r � ~m = 0;~mt +r � � ~m
 ~m� �+rp = 0; (1.1)where �, ~m and p are density, momentum and the pressure of gas, respe
tively.For the non-va
uum state � > 0, ~u = ~m=� is velo
ity. For the polytropi
 gas,p(�) = �
=
, where 
 2 (1; 5=3℄ is the adiabati
 exponent for usual gases.Consider the initial-boundary value problem (1.1) with(�; ~m)jt=0 = (�0(~x); ~m0(~x)) and ~mjj~xj=1 = 0; (1.2)where m0(x) is a s
alar fun
tion of x = j~xj � 1 and initial data have the followinggeometri
 stru
ture (�0(~x); ~m0(~x)) = ��0(j~xj);m0(j~xj) ~xj~xj�: (1.3)We look for the solution of the form(�(~x; t); ~m(~x; t)) = ��(j~xj; t);m(j~xj; t) ~xj~xj�: (1.4)We rewrite (1.1) as8><>: �t +mx = � 2xm;mt +�m2� + p(�)�x = � 2x m2� ; p(�) = �
=
; (1.5)2000 Mathemati
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2 NAOKI TSUGEwhere �(x; t) and m(x; t) are s
alar fun
tions of x = j~xj � 1. These equations 
anbe written as 8<: vt + f(v)x = g(x; v); x � 1;vjt=0 = v0(x);mx=1 = 0; (1.6)where v = t(�;m), f(v) = t(m;m2=� + p(�)), g(x; v) = t�� 2xm;� 2x m2� �. More-over, we de�ne u := m=�. We then 
onsider the initial-boundary value problem(1.6) with initial data v0 2 L1(x � 1).Now let us re
olle
t the known results for this problem. The lo
al existen
e ofa weak solution was proved in [MT℄. In [CG℄, the global existen
e with arbitraryL1 data was dis
ussed by introdu
ing the sho
k 
apturing s
heme. However, thereare some defe
ts in the proof (see [T, Se
tion 8℄). The author of the present paper
annot yet 
orre
t them. On the other hand, the global existen
e theorem withlarge L1 data satisfying the following 
ondition:0 � f�0(x)g�=� � u0(x) < +1 (1.7)was obtained in [C1℄, where � = (
 � 1)=2. However, unfortunately, this 
ondition(1.7) is restri
tive. For example, under the 
ondition (1.7), we 
annot 
onsider thenegative initial velo
ity. Moreover, when t > 0, the density of the solution is always0 at the boundary (x = 1). Therefore, in this paper, we prove the global existen
eof a solution under the 
ondition whi
h is more general than (1.7).When we prove the global existen
e, the main diÆ
ulty is to obtain L1 estimatesof approximate solutions. More pre
isely, apparent sour
e terms g(x; v) in (1.6)are its 
ause. To do this, we devise the way of the 
onstru
tion of approximatesolutions. The approximate solutions 
onsist of steady state solutions of an auxiliaryequation and yield our desired estimate. In Se
tion 2, we state wave 
urves, theRiemann solutions and the theory of invariant regions. In Se
tion 3, we 
onstru
tapproximate solutions. However, their 
onstru
tion is te
hni
al. Therefore wepostpone the detail of its 
al
ulus to Appendix A and B. In Se
tion 4, we derivetheir L1 estimates. In Se
tion 5{6, we prove the 
ompa
tness and 
onvergen
e forapproximate solutions. In Appendix C, we prove Lemma 6.1, whi
h we shall use inSe
tion 5.First we de�ne the Riemann invariants w; z, whi
h play important roles in thispaper, asDe�nition 1.1.w := m� + ��� = u+ ��� ; z := m� � ��� = u� ��� (� := (
 � 1)=2):Then our main theorem is as follows.Theorem 1.1. We assume that, for 
onstants C1 and C2, initial density and mo-mentum data (�0;m0) 2 L1(x � 1) satisfyw(v0(x)) � C1; z(v0(x)) � �C2x� 2(
�1)
+1 ; 0 � �0(x): (1.8)Then, there exists C3 depending only on C1 and C2 su
h that the initial-boundaryvalue problem (1.6) has a global entropy weak solution (�(x; t);m(x; t)) satisfyingw(v(x; t)) � C3; z(v(x; t)) � �C2x� 2(
�1)
+1 ; (x; t) 2 fx � 1g �R+:



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 3Remark 1.1. [The 
ondition of initial data℄(1) If C1 < �C2, (1.8) has no interse
tion near x = 1. Moreover, noti
e that(1.7) implies z(v0(x)) � 0. When C2 � 0, Theorem 1.1 is 
onsequently
ontained in [C1℄. Therefore, we hen
eforth assume that C1 � �C2 andC2 > 0.(2) (1.8)2 is equivalent to u0(x)�(�0(x))�=� � �C2x� 2(
�1)
+1 . Therefore we 
angive the negative initial velo
ity.(3) If initial data have 
ompa
t support, the 
ondition (1.8) means that we 
angive arbitrary L1 data.(4) The se
ond term of (1.8) is restri
tive. Be
ause of this restri
tion, ourmain theorem 
annot 
ontain the trivial solutions, � = 
onst: and u = 0.If 
 = 1 (i.e. the isothermal 
ase), (1.8) means that we 
an give arbitraryL1 data. In fa
t, the global existen
e theorem in [MU2℄ 
an 
ontain thetrivial solutions. In this paper, we 
annot let 
 be 1. However, the 
loser
 is to 1, the weaker the restri
tion be
omes.The Riemann invariants have the following properties and relations:Remark 1.2.(i) jwj � jzj; w � 0; when u � 0: jwj � jzj; z � 0; when u � 0:(ii) u = w + z2 ; � = ��(w � z)2 �1=� :From the remarks above, the lower bound of z and the upper bound of w yieldthe bound of � and u. 2. PreliminaryIn this se
tion, we �rst review some results of the Riemann solutions for thehomogeneous system of gas dynami
s. Consider the homogeneous system8<: �t +mx = 0;mt +�m2� + p(�)�x = 0; p(�) = �
=
: (2.1)The 
hara
teristi
 speeds of the system are�1 := u� �� = m� � 
; �2 := u+ �� = m� + 
;where 
 := �� is the sound speed. For the 
hara
teristi
 speeds and the Riemanninvariants, the following relations hold.Remark 2.1. z � �1; �2 � w:Moreover, �1 � �z; when u � 0: �2 � �w; when u � 0:A pair of fun
tions (�; q) : R2 ! R2 is 
alled an entropy-entropy 
ux pair, if itsatis�es an identity rq = r�rf: (2.2)



4 NAOKI TSUGEFurthermore, if, for any �xed m=� 2 (�1;1), � vanishes on the va
uum � = 0,then � is 
alled a weak entropy. For example, the me
hani
al energy-energy 
uxpair �� := 12m2� + 1
(
 � 1)�
 ; q� := m�12m2�2 + �
�1
 � 1� (2.3)is a stri
tly 
onvex weak entropy-entropy 
ux pair.The jump dis
ontinuity in a weak solutions to (2.1) must satisfy the followingRankine-Hugoniot 
onditions�(v � v0) = f(v)� f(v0);where � is the propagation speed of the dis
ontinuity, v0 = (�0;m0) and v = (�;m)are the 
orresponding left and right state respe
tively. This means that8>>>><>>>>: m�m0 = m0�0 (�� �0)�s ��0 p(�)� p(�0)�� �0 (�� �0);� = m�m0�� �0 = m0�0 �s ��0 p(�)� p(�0)�� �0 :A jump dis
ontinuity is 
alled a sho
k if it satis�es the entropy 
ondition�(�(v) � �(v0))� (q(v) � q(v0)) � 0for any 
onvex entropy pair (�; q).There are two distin
t types of rarefa
tion and sho
k 
urves in the isentropi
gases. Given a left state (�0;m0) or (�0; u0), the possible states (�;m) or (�; u)that 
an be 
onne
ted to (�0;m0) or (�0; u0) on the right by a rarefa
tion or asho
k 
urve 
onstitute a 1-rarefa
tion wave 
urve R1(v0), a 2-rarefa
tion wave 
urveR2(v0), a 1-sho
k 
urve S1(v0) and a 2-sho
k 
urve S2(v0):R1(v0) : 8>><>>: m�m0 = m0�0 (�� �0)� �� (�� � ��0); � < �0;oru� u0 = �1� (�� � ��0); � < �0;R2(v0) : 8>><>>: m�m0 = m0�0 (�� �0) + �� (�� � ��0); � > �0;oru� u0 = 1� (�� � ��0); � > �0;
S1(v0) : 8>>>>>>>><>>>>>>>>: m�m0 = m0�0 (�� �0)�s ��0 p(�)� p(�0)�� �0 (�� �0);� > �0 > 0oru� u0 = �s 1��0 p(�)� p(�0)�� �0 (�� �0) � > �0 > 0;



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 5S2(v0) : 8>>>>>>>><>>>>>>>>: m�m0 = m0�0 (�� �0) +s ��0 p(�)� p(�0)�� �0 (�� �0);� < �0oru� u0 =s 1��0 p(�)� p(�0)�� �0 (�� �0) � < �0;respe
tively.
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�1)
+1(I)(II)(III)�v�M(x)Figure 1. The rarefa
tion 
urves and the sho
k 
urves in (z; w)-plane.Along the 
urve R1(v0), we have dwdz ����R1(v0)= 0, and along the 
urve R2(v0), wehave dzdw ����R2(v0)= 0.Along the 
urve S1(v0), we havedwdz ����S1(v0)= 
�
+1 � (
 � 1)�0�
 � �
+10 � 2p(�
 � �
0)(�� �0)
�0�

�
+1 � (
 � 1)�0�
 � �
+10 + 2p(�
 � �
0)(�� �0)
�0�
 ;and along the 
urve S2(v0), we havedwdz ����S2(v0)= 
�
+1 � (
 � 1)�0�
 � �
+10 + 2p(�
 � �
0)(�� �0)
�0�

�
+1 � (
 � 1)�0�
 � �
+10 � 2p(�
 � �
0)(�� �0)
�0�
 :Noti
e that 0 � dwdz ����S1(v0)� 1; lim�!1 dwdz ����S1(v0)= 1



6 NAOKI TSUGEand 1 � dwdz ����S2(v0); lim�!0 dwdz ����S2(v0)= 1:Remark 2.2. Assume that there exists C > 1 su
h that1=C � �=�0 � C:Then, 
onsidering w along S1(v0), we havewjS1(v0) = u0 �s 1��0 p(�)� p(�0)�� �0 (�� �0) + ���= u0 + ��0� +O(1)(�0) 
�72 (�� �0)3;where O(1) depends only on C.Considering z along S2(v0), we similarly havezjS2(v0) = u0 +s 1��0 p(�)� p(�0)�� �0 (�� �0)� ���= u0 � ��0� +O(1)(�0) 
�72 (�� �0)3;where O(1) depends only on C. These representation show that S1 (resp. S2) andR1 (resp. R2) have a tangen
y of se
ond order at the point (�0; u0).2.1. The Riemann solution. Given a right state (�0;m0) or (�0; u0), the possiblestates (�;m) or (�; u) that 
an be 
onne
ted to (�0;m0) or (�0; u0) on the left bya sho
k 
urve 
onstitute 1-inverse sho
k 
urve S�11 (v0) and 2-inverse sho
k 
urveS�12 (v0):S�11 (v0) : 8>>>>>>>><>>>>>>>>: m�m0 = m0�0 (�� �0)�s ��0 p(�)� p(�0)�� �0 (�� �0);� < �0oru� u0 = �s 1��0 p(�)� p(�0)�� �0 (�� �0) � < �0;and S�12 (v0) : 8>>>>>>>><>>>>>>>>: m�m0 = m0�0 (�� �0) +s ��0 p(�)� p(�0)�� �0 (�� �0);� > �0 > 0oru� u0 =s 1��0 p(�)� p(�0)�� �0 (�� �0) � > �0 > 0;respe
tively.Next we de�ne a rarefa
tion sho
k. Given v0; v on S�1i (v0) (i = 1; 2), we 
all thepie
ewise 
onstant solution to (2.1) whi
h 
onsists of the left and right states v0; va rarefa
tion sho
k. Here noti
e the following: although the inverse sho
k 
urvehas the same form as the sho
k 
urve, the underline parts in S�1i (v0) is di�erent



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 7from the 
orresponding parts in Si(v0). Therefore the rarefa
tion sho
k does notsatisfy the entropy 
ondition.The speed of the rarefa
tion sho
k above satis�esThe inverse Lax 
ondition (see [B, Theorem 5.2℄)�i(v0) � �i � �i(v) i = 1; 2: (2.4)We shall use a rarefa
tion sho
k in approximating a rarefa
tion wave. In addition,when we 
onsider a rarefa
tion sho
k, we 
all the inverse sho
k 
urve 
onne
tingv0 and v a rarefa
tion sho
k 
urve in parti
ular.
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+1(I)(II)(III)�v�M(x)Figure 2. The inverse rarefa
tion 
urves and the inverse sho
k
urves in (z; w)-plane.From the properties of these 
urves in phase plane (z; w), we 
an 
onstru
t aunique solution for the Riemann problemvjt=0 = � v�; x < x0;v+; x > x0; (2.5)and the Riemann initial boundary problemvjt=0 = v+; mjx=1 = 0; x � 1; t � 0; (2.6)where x0 2 (�1;1), �� � 0 and m� are 
onstants satisfying jm�j � C��.For the problem (2.1) and (2.5), we 
an 
onsult [C3, Subse
tion 3.2℄. For theproblem (2.1) and (2.6), we draw a diagram by using the inverse wave 
urve of these
ond family and the va
uum as follows:(1) If �+ > 0 and u+ � 0, there exists v� with u� = 0 from whi
h v+ is
onne
ted by a 2-sho
k 
urve.(2) If u+ � 0 and z(v+) � 0, then there exists v� with u� = 0 from whi
h v+is 
onne
ted by a 2-rarefa
tion 
urve.



8 NAOKI TSUGE(3) If u+ � 0 and z(v+) � 0, then there exists v� with �� = 0 from whi
hv+ is 
onne
ted by a 2-rarefa
tion, and v� and v� with �� = u� = 0 are
onne
ted by the va
uum.(4) If u+ � 0 and �+ = 0, then v� with �� = u� = 0 is 
onne
ted from v+ bythe va
uum.Then the following theorem holds [C3, Theorem 3.2℄.Theorem 2.1. There exists a unique pie
ewise smooth entropy solution (�(x; t);m(x; t)) 
ontaining the va
uum state (� = 0) on the upper plane t > 0 for ea
hproblem of (2.5) and (2.6) satisfying(1) For the Riemann problem (2.5),8<: w(�(x; t);m(x; t)) � max(w(��;m�); w(�+;m+));z(�(x; t);m(x; t)) � min(z(��;m�); z(�+;m+));w(�(x; t);m(x; t)) � z(�(x; t);m(x; t)) � 0:(2) For the Riemann initial boundary problem (2.6),8<: w(�(x; t);m(x; t)) � max(w(�+;m+);�z(�+;m+));z(�(x; t);m(x; t)) � min(z(�+;m+); 0);w(�(x; t);m(x; t)) � z(�(x; t);m(x; t)) � 0:
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orresponding



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 9Riemann solutions (�(x; t);m(x; t)) = (�(x; t); �(x; t)u(x; t)) lie inP(B+;B�), andtheir 
orresponding averages in x also in P(B+;B�), namely 1b� a Z ba �(x; t)dx; 1b� a Z ba m(x; t)dx! 2P(B+;B�):Furthermore, for B� � 0 � (B+ +B�)=2, the region P(B+;B�) is invariant withrespe
t to both of the Riemann initial-boundary problem (2.6) and the average ofthe 
orresponding Riemann solution in x.The proof of Lemma 2.2 
an be found in [C3, Lemma 3.3℄.Lemma 2.3. Assume that the left state v� and the right state v+ satisfy theRankine-Hugoniot 
onditions. Then, for an arbitrary weak entropy pair (�; q), thefollowing holds.j�(�(v+)� �(v�))� (q(v+)� q(v�))j� Cf�(��(v+)� ��(v�))� (q�(v+)� q�(v�))g;where � is the 
orresponding propagation speed and the 
onstant C depends only on� and max(j��j+ jm�=��j).The proof of Lemma 2.3 
an be found in [C3, Lemma 3.5℄.2.2. Auxiliary inhomogeneous 
onservation laws. Next, we 
onsider the fol-lowing inhomogeneous 
onservation laws8><>: �t +mx = � 2xm;mt +�m2� + p(�)�x = � 4
(
 + 1)x �m2� + p(�)� ; (2.7)and the 
orresponding modi�ed Riemann problemvjt=0 = ( v� = (~��x� 4
+1 ; ~m�x�2); 1 < x < x0;v+ = (~�+x� 4
+1 ; ~m+x�2); x > x0; (2.8)and the modi�ed Riemann initial boundary problem of (2.7) with datavjt=0 = (~�+x� 4
+1 ; ~m+x�2); mjx=1 = 0; x � 1; t � 0; (2.9)where x0 > 1, ~�� � 0 and ~m� are 
onstants satisfying j ~m�j � C ~��.It is easy to solve this problem. Be
ause, setting � = ~�x� 4
+1 ;m = ~mx�2 and� = 
+13
�1x 3
�1
+1 , (2.7) be
omes8<: ~�t + ~m� = 0;~mt +� ~m2~� + p(~�)�� = 0: (2.10)These solutions satisfy the following lemma.Lemma 2.4. Let (�(x; t);m(x; t)) = (~�(x; t)x� 4
+1 ; ~m(x; t)x�2) be a solution of theRiemann problem (2.8) or the Riemann initial-boundary problem (2.9). Then, for(~�(x; t); ~m(x; t)), the statements of Lemma 2.2 holds.



10 NAOKI TSUGERemark 2.3.When � > 0, � = ~�x� 4
+1 ;m = ~mx�2 are equivalent tow(�;m) = w(~�; ~m)x� 2(
�1)
+1 ; z(�;m) = z(~�; ~m)x� 2(
�1)
+1 :Remark 2.4. If ~v = (~�; ~m) is 
onne
ted to ~v0 = (~�0; ~m0) by a 1-sho
k (resp. a2-sho
k), for arbitrary x � 1, v = (�;m) = (~�x� 4
+1 ; ~mx�2) is also 
onne
ted tov0 = (�0;m0) = (~�0x� 4
+1 ; ~m0x�2) by a 1-sho
k (resp. a 2-sho
k). These resultsfrom the fa
t that (2.7) and (2.10) have the same divergen
e form.Finally, we 
onsider the steady-state equations of (2.7):8><>: mx = � 2xm;�m2� + p(�)�x = � 4
(
 + 1)x �m2� + p(�)� (2.11)subje
t to the 
ondition(�;m)jx=xd = (�d;md) satisfying jmdj � C�d: (2.12)Then we have a unique solution�(x) = �d(x=xd)� 4
+1 ; m = md(x=xd)�2;w(x) = w(�d;md)(x=xd)� 2(
�1)
+1 and z(x) = z(�d;md)(x=xd)� 2(
�1)
+1 : (2.13)The following lemma 
an be 
he
ked easily.Lemma 2.5. By 
hoosing �x small enough, the steady-state solution of (2.11) in[xd ��x=2; xd +�x=2℄, with the 
ondition vjx=xd = vd, satis�es1�x �����Z xd+�x2xd��x2 v(x) � vddx����� = jvdjO((�x)2); jv(x) � vdj = jvdjO(�x);where bounds O(�x) and O((�x)2) depend only on the bound of vd.In parti
ular, if �d = o(1), the se
ond equation impliesjv(x) � vdj = o(�x);where o(1) depend only on the bound of vd and o(1)! 0 as �x! 0.3. The 
onstru
tion of approximate solutionsIn this se
tion, we 
onstru
t approximate solutions. In the strip 0 � t � Tfor any �xed T 2 (0;1), we denote these approximate solutions by v�(x; t) =(��(x; t);m�(x; t)). Let �x and�t be the spa
e and time mesh length respe
tively.Let us de�ne the approximate solutions by using the modi�ed Godunov s
heme.Set (j; n) 2 Z+ � Z�0:Moreover, for any �xed 0 < " < 1, we set M� = C2 and M+ � maxfC1; C2g su
hthat M2+ �M2� � 48
 + 1(M+ + ")M� � 0: (3.1)Then, 
hoose �t small enough su
h thatf(
 + 11)M+ + 12"gM+�t+ 12(
 � 1)M2+(M+ + ")(�t)2 � ": (3.2)



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 11For M+ and ", we take �x and �t su
h that�x�t = 6(M+ + "): (3.3)First we de�ne v�(x;�0) byv�(x;�0) := v0(x):Then we de�ne E0j (v) byE0j (v) := 1�x Z j�x+1(j�1)�x+1 v�(x;�0)dx:Next assume that v�(x; t) is de�ned for t < n�t. Then we de�ne Enj (v) byEnj (v) := 1�x Z j�x+1(j�1)�x+1 v�(x; n�t� 0)dx:Moreover, for j � 1, we de�ne vnj := (�nj ;mnj ) as follows.We 
hoose Æ su
h that 1 < Æ < 1=(2�). IfEnj (�) := 1�x Z j�x+1(j�1)�x+1 ��(x; n�t� 0)dx < (�x)Æ ;we de�ne vnj by vnj = 0; otherwise, settingwnj := min�w(Enj (v)); M+ + "	andznj := maxnz(Enj (v)); �M�f(j � 1=2)�x+ 1g� 2(
�1)
+1 o ; (3.4)we de�ne vnj byvnj := (�nj ;mnj ) :=  ��(wnj � znj )2 �1=� ;��(wnj � znj )2 �1=� wnj + znj2 ! :Remark 3.1. The de�nition above impliesz(vnj ) � �M�f(j � 1=2)�x+ 1g� 2(
�1)
+1 ; w(vnj ) �M+ + ": (3.5)3.1. The 
onstru
tion of approximate solutions in the interior 
ell. By us-ing vnj de�ned above, we 
onstru
t the approximate solutions with v�((j�1=2)�x+1; n�t+ 0) = vnj in the interior 
ell n�t � t < (n+ 1)�t; (j � 1=2)�x+ 1 � x <(j + 1=2)�x+ 1 (j = 1; 2; : : :).We �rst solve a Riemann problem with initial data (vnj ; vnj+1). Call 
onstantsvL(= vnj ); vM; vR(= vnj+1) the left, middle and right states respe
tively. Then thefollowing four 
ases o

ur.� Case 1 A 1-rarefa
tion wave and a 2-sho
k arise.� Case 2 A 1-sho
k and a 2-rarefa
tion wave arise.� Case 3 A 1-rarefa
tion wave and a 2-rarefa
tion arise.� Case 4 A 1-sho
k and a 2-sho
k arise.



12 NAOKI TSUGEWe then 
onstru
t approximate solutions v�(x; t) by perturbing the Riemann so-lutions above. We separately 
onsider the 
ase where vM is away from the va
uumand near the va
uum.(A) The 
ase where vM is away from the va
uumLet � be a 
onstant satisfying 1=2 < � < 1. Then we 
an 
hoose a positive value� small enough su
h that � < �, 1=2 + �=2 < � < 1 � 2�, � < 2=(
 + 5) and(9� 3
)�=2 < �.We �rst 
onsider the 
ase where �M > (�x)� , whi
h means vM is away from theva
uum. In this step, we 
onsider Case 1 in parti
ular. The 
onstru
tion of Case2{4 are similar to that of Case 1.Consider the 
ase where a 1-rarefa
tion wave and a 2-sho
k arise as a Riemannsolution with initial data (vnj ; vnj+1). Assume that vL; vM and vM; vR are 
onne
tedby a 1-rarefa
tion and a 2-sho
k 
urve respe
tively.Step 1.In order to approximate a 1-rarefa
tion wave by a pie
ewise 
onstant rarefa
tionfan, we introdu
e the integerp := max f[[(zM � zL)=(�x)�℄℄ + 1; 2g ;where zL = z(vL); zM = z(vM) and [[x℄℄ is the greatest integer not greater than x.Noti
e that p = O((�x)��): (3.6)De�ne z�1 := zL; z�p := zM; w�i := wL (i = 1; : : : ; p);and z�i := zL + (i� 1)(�x)� (i = 1; : : : ; p� 1):We next introdu
e the rays x = j�x + 1 + �1(z�i ; z�i+1; wL)(t � n�t) separating�nite 
onstant states (z�i ; w�i ) (i = 1; : : : ; p), where�1(z�i ; z�i+1; wL) := u(z�i ; wL)� S(�(z�i+1; wL); �(z�i ; wL));��i := �(z�i ; wL) := ��(wL � z�i )2 �1=� ; u�i := u(z�i ; wL) := wL + z�i2and S(�; �0) := 8><>: s�(p(�)� p(�0))�0(�� �0) ; if � 6= �0;pp0(�0); if � = �0: (3.7)We 
all this approximated 1-rarefa
tion wave a 1-rarefa
tion fan.Step 2.In this step, we repla
e the 
onstant states above with the following quasi-steadystate solutions:



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 13De�nition 3.1. We de�ne a quasi-steady state solution with data vd at xd asfollows. Vqs(x; xd; vd) :=8<: the solution v(x) of (2.11){(2.12);when �d > (�x)� and w(vd) �M+;vd otherwise:Let �vL(x) and �vR(x) beVqs(x; (j�1=2)�x+1; vL) andVqs(x; (j+1=2)�x+1; vR)respe
tively. Set �v1(x) := �vL(x) and x1 := (j � 1=2)�x+ 1: (3.8)First we determine a propagation speed �2 and v2 = (�2;m2) su
h that 1) thespeed �2, the left and right states �v1(x2); v2 satisfy the Rankine-Hugoniot 
onditionsand 2) z2 := z(v2) = z�2 , where x2 := j�x+ 1 + �2�t=2. Then we �ll up by �v1(x)the se
tor where n�t � t < (n+1)�t; (j�1=2)�x+1 � x < j�x+1+�2(t�n�t)and set �v2(x) = Vqs(x; x2; v2).Assume that vk, �vk(x) and a propagation speed �k with �k�1 < �k are de�ned.Then we determine �k+1 and vk+1 = (�k+1;mk+1) su
h that 1) the speed �k+1,the left and right states �vk(xk+1); vk+1 satisfy the Rankine-Hugoniot 
onditions, 2)zk+1 := z(vk+1) = z�k+1 and 3) �k < �k+1, where xk+1 := j�x + 1 + �k+1�t=2.Then we �ll up by �vk(x) the se
tor where n�t � t < (n+1)�t; j�x+1+�k(t��t) �x < j�x + 1 + �k+1(t� n�t) and set �vk+1(x) = Vqs(x; xk+1; vk+1). By indu
tionwe de�ne vi, �vi(x) and �i (i = 1; : : : ; p � 1). Finally we determine a propagationspeed �p and vp = (�p;mp) su
h that 1) the speed �p, the left and right states�vp�1(xp); vp satisfy the Rankine Hugoniot 
onditions and 2) zp := z(vp) = z�p ,where xp := j�x+1+�p�t=2. We then �ll up by �vp�1(x) and vp the se
tor wheren�t � t < (n+ 1)�t; j�x+ 1 + �p�1(t � n�t) � x < j�x + 1 + �p(t� n�t) andthe line n�t � t < (n+ 1)�t; x = j�x+ 1 + �p(t� n�t) respe
tively.Given vL and zM with zL � zM, we denote this pie
ewise quasi-steady state 1-rarefa
tion wave by R�1 (zM)(vL). Noti
e that from the 
onstru
tion of R�1 (zM)(vL)
onne
ts vL and vp with zp = zM.Now we �x �vR(x) and �vp�1(x). Let �s be the propagation speed of the 2-sho
k
onne
ting vM and vR. Choosing ��p near to �p, ��s near to �s and v�M near to vM,we �ll up by a quasi-steady state solution �v�M(x) = Vqs(x; j�x + 1; v�M) the gapbetween x = j�x+ 1 + ��p(t� n�t) and x = j�x+ 1 + ��s (t� n�t), su
h that 1)�p�1 < ��p < ��s , 2) the speed ��p , the left and right states �vp�1(x�p); �v�M(x�p) satisfythe Rankine-Hugoniot 
onditions and 3) so do the speed ��s , the left and right states�v�M(x�s); �vR(x�s), where x�p := j�x+ 1 + ��p�=2 and x�s := j�x+ 1 + ��s�=2.We denote this approximate Riemann solution whi
h 
onsists of quasi- steadystate solutions by �v�(x; t). In Appendix A, we will justify the 
onstru
tion above.Remark 3.2. �v�(x; t) satis�es the Rankine-Hugoniot 
onditions atthe middle time of the 
ell, tM := (n+ 1=2)�t.Step 3.Finally we de�ne the desired v�(x; t) in the 
ell n�t � t < (n+1)�t; (j�1=2)�x+1 � x < (j + 1=2)�x + 1 (j = 1; 2; : : :) by using �v�(x; t) and the fra
tional steppro
edure. As mentioned above, noti
e that �v�(x; t) 
onsists of 
onstants andsteady state solutions of (2.11).
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Figure 4. The approximate solution in the 
ase where a 1-rarefa
tion and a 2-sho
k arise in the 
ell.In the region where �v�(x; t) is the steady state solution of (2.11), we de�nev�(x; t) by v�(x; t) := �v�(x; t) + h(x; �v�(x; t))(t � n�t); (3.9)where h(x; �v�(x; t)) := t�0; 2(
 � 1)(
 + 1)x f �m�(x; t)g2���(x; t) + 4
(
 + 1)xp(���(x; t))�.We 
all (3.9) Type I.Next, in the region where �v�(x; t) is a 
onstant, if ���(x; t) > (�x)�=2 andw(�v�(x; t)) > M+, we de�ne v�(x; t) byv�(x; t) := �v�(x; t) + g(x; �v�(x; t))(t � n�t): (3.10)We 
all (3.10) Type II.Finally, in the region where �v�(x; t) is a 
onstant, if ���(x; t) � (�x)�=2, wede�ne v�(x; t) by v�(x; t) := �v�(x; t): (3.11)We 
all (3.11) Type III.We 
omplete the 
onstru
tion of approximate solutions v�(x; t) in the 
ase (A).(B) The 
ase where the vM is near the va
uumIn this step, we 
onsider the 
ase where vM � (�x)� , whi
h means that vM is nearthe va
uum. In this 
ase, we 
annot 
onstru
t approximate solutions in a similarfashion to the 
ase (A). Therefore, we must de�ne v�(x; t) in the di�erent way.Case 1 A 1-rarefa
tion wave and a 2-sho
k arise.Case 1.1 �L > (�x)�Let v(1)L be a state satisfying w(v(1)L ) = w(vL) and �(1)L = (�x)� .



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 15(i) z(vM)� z(v(1)L ) � (�x)�Noti
e that w(vM) = w(vL) = w(v(1)L ). Then there exists C > 0 su
h that �(1)L ��M � C(�x)�. Sin
e � > �, we then have �M � 3(�x)�=4. This 
ase is redu
edto the 
ase (A).
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S1(vL)sho
krarefa
tionquasi-steady state solution(z(vR); w(vR))(z(v(1)R ); w(v(1)R ))(z(vM); w(vM))M+11 + 12�x~v(x; t)~v�(x; t)�(xq ; (n+ 1=2)�t)�1(v(2)L )u = 0M+M+ + "�M�x� 2(
�1)
+1(I)(II)(III)�v�M(x)Figure 5. Case 1.1 (ii): The approximate solution �v� in the 
ell.(ii) z(vM)� z(v(1)L ) > (�x)�Set Lj := �M�f(j + 1=2)�x+ 1g�2(
�1)
+1 :Let v(2)L be a state 
onne
ted to vL on the right by R�1 (maxfz(1)L ; Ljg)(vL). Con-ne
ting the left and right states v(2)L , vR by rarefa
tion and sho
k 
urves, we de�ne�v�(x; t). Then, in the region where �v�(x; t) is R�1 (maxfz(1)L ; Ljg)(vL), the de�-nition of v�(x; t) is similar to (A). In the region where �v�(x; t) is the Riemannsolution for (v(2)L ; vR), we de�ne v�(x; t) by v�(x; t) := �v�(x; t). Thus, for a Rie-mann solution near the va
uum, we de�ne an approximate solution as this Riemannsolution itself. We 
all this type approximate solution Type III like (3.11).Case 1.2 �L � (�x)�(i) z(vL) � LjIn this 
ase, we de�ne v�(x; t) as a Riemann solution (vL; vR).(ii) z(vL) < LjIn this 
ase, re
alling z(vL) = z(vnj ) � �M�f(j � 1=2)�x + 1g� 2(
�1)
+1 , we 
an
hoose x(3) su
h that (j � 1=2)�x+ 1 � x(3) � (j + 1=2)�x+ 1 andz(vL)�x(3)xL �� 2(
�1)
+1 = Lj ;



16 NAOKI TSUGEwhere xL := (j � 1=2)�x+ 1. Set�(3)L := �L�x(3)xL �� 4
+1 ; m(3)L := mL�x(3)xL ��2 : (3.12)Then it follows from (2.11) that z(v(3)L ) = Lj : (3.13)Let �1(v(3)L ) be the 1-
hara
teristi
 speed of v(3)L . In the region where n�t � t <(n+1)�t and (j�1=2)�x+1 � x � j�x+1+�1(v(3)L )(t�n�t), we de�ne �v�(x; t)as a solution of (2.11) su
h that �v�((j�1=2)�x+1) = vL. We next solve a Riemannproblem (v(3)L ; vR). Sin
e vR � Lj , a 1-sho
k does not arise. In the region wheren�t � t < (n+1)�t and j�x+1+�1(v(3)L )(t�n�t) � x � (j+1=2)�x+1, we de�ne�v�(x; t) as this Riemann solution. In the region where �v�(x; t) is the Riemannsolution, we de�ne v�(x; t) by v�(x; t) := �v�(x; t); otherwise, the de�nition ofv�(x; t) is similar to Type I.Case 2 A 1-sho
k and a 2-rarefa
tion wave arise.Case 2.1 �R > (�x)�Let v(1)R be a state satisfying z(v(1)R ) = z(vR) and �(1)R = (�x)� .(i) w(v(1)R )� w(vM) � (�x)�Noti
e that z(v(1)R ) = z(vR) = z(vM). Then there exists C > 0 su
h that �(1)R ��M �C(�x)�. Sin
e � > �, we then have �M � 3(�x)�=4. This 
ase is redu
ed to the
ase (A).(ii) w(v(1)R )� w(vM) > (�x)�Given vR and w(v(1)R ) with w(v(1)R ) � wR, we �rst 
onstru
t a pie
ewise quasi-steadystate 2-rarefa
tion wave R�2 (w(v(1)R ))(vR) in a similar fashion to (A). Let v(2)R bea state 
onne
ted to vR on the left by R�2 (w(v(1)R ))(vR). In this 
ase, 
onne
tingthe left and right states vL; v(2)R by rarefa
tion and sho
k 
urves, we de�ne �v�(x; t).Then, in the region where �v�(x; t) is R�2 (z(v(1)R ))(vR), the de�nition of v�(x; t) issimilar to (A). In the region where �v�(x; t) is the Riemann solution for (vL; v(2)R ),we de�ne v�(x; t) by v�(x; t) := �v�(x; t).Case 2.2 �R � (�x)�In this 
ase, we de�ne v�(x; t) as a Riemann solution (vL; vR).Case 3 A 1-rarefa
tion wave and a 2-rarefa
tion wave arise.Throughout this 
ase, if the va
uum arises, set vM su
h that �M = 0 and z(vM) =z(vR); otherwise, set vM su
h that w(vM) = w(vL) and z(vM) = z(vR). Let v(1)R bethe state satisfying z(v(1)R ) = z(vR) and �(1)R = (�x)� .Case 3.1 w(v(1)R )� w(vM) � (�x)� and �R > (�x)�This 
ase is redu
ed to (A).Case 3.2 w(v(1)R )� w(vM) > (�x)� and �R > (�x)�Let v(2)R be the state 
onne
ted to vR on the left by R�2 (w(v(1)R ))(vR).



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 17(i) �L > (�x)�Let v(1)L be the state satisfying w(v(1)L ) = w(vL) and �(1)L = (�x)� . Let v(2)L be thestate 
onne
ted to vL on the right by R�1 (maxfz(v(1)L ); Ljg)(vL). Conne
ting theleft and right states v(2)L ; v(2)R by rarefa
tion and sho
k 
urves, we de�ne �v�(x; t). Inthe region where �v�(x; t) is the Riemann solution for (v(2)L ; v(2)R ), we de�ne v�(x; t)by v�(x; t) := �v�(x; t); otherwise, the de�nition of v�(x; t) is similar to (A).(ii) �L < (�x)�(ii){(a) z(vL) � minnz(v(2)R ); LjoConne
ting the left and right states vL; v(2)R by rarefa
tion and sho
k 
urves, wede�ne �v�(x; t). In the region where �v�(x; t) is the Riemann solution for (vL; v(2)R ),we de�ne v�(x; t) by v�(x; t) := �v�(x; t); otherwise, the de�nition of v�(x; t) issimilar to (A).(ii){(b) z(vL) < minnz(v(2)R ); LjoWe 
hoose x(3) and v(3)L su
h that (j � 1=2)�x+ 1 � x(3) � (j + 1=2)�x+ 1 andz(v(3)L ) = z(vL)�x(3)xL �� 2(
�1)
+1 = minnz(v(2)R ); Ljo ;�(3)L = �L�x(3)xL �� 4
+1 ; m(3)L = mL�x(3)xL ��2 ;where xL = (j�1=2)�x+1. Let �1(v(3)L ) be the 1-
hara
teristi
 speed of v(3)L . In theregion where n�t � t < (n+1)�t and (j�1=2)�x+1 � x � j�x+1+�1(v(3)L )(t�n�t), we de�ne �v�(x; t) as a solution of (2.11) su
h that �v�((j�1=2)�x+1) = vL.In the region where n�t � t < (n+ 1)�t and j�x + 1 + �1(v(3)L )(t � n�t) � x �(j+1=2)�x+1, we de�ne �v�(x; t) by 
onne
ting the left and right states v(3)L ; v(2)Rby rarefa
tion and sho
k 
urves. In the region where �v�(x; t) is the Riemannsolution for (v(3)L ; v(2)R ), we de�ne v�(x; t) by v�(x; t) := �v�(x; t). In the regionwhere �v�(x; t) is the steady state solution of (2.11), the de�nition of v�(x; t) is thesame as Type I. In the region where �v�(x; t) is R�2 (w(v(1)R ))(vR), the de�nition ofv�(x; t) is the same as (A).Case 3.3 �R < (�x)�This 
ase is similar to Case 1.1 and Case 1.2.Case 4 A 1-sho
k and a 2-sho
k arise.In this 
ase, we de�ne v�(x; t) as a Riemann solution (vL; vR).We 
omplete the 
onstru
tion of approximate solutions v�(x; t) in the 
ase (B).We postpone the validity of the 
onstru
tion above to Appendix B.Through the 
ase (B), in the region where �v�(x; t) is a Riemann solution, we 
an
onstru
t �v�(x; t) su
h that ���(x; t) < 3(�x)�=2. Then we noti
e the following.Remark 3.3. When ���(x; t) = o(1) and �v�(x; t) is a Riemann solution, for anyfun
tion � 2 C10 (fx � 1g �R+), we �ndZ 11 Z 10 �v��t + f(�v�)�x + g(x; �v�)� dxdt = Z 11 Z 10 g(x; �v�)� dxdt = o(1);



18 NAOKI TSUGEwhere o(1) depends only on the uniform bound of �v� and o(1)! 0, as �x! 0.3.2. The 
onstru
tion of approximate solutions near the boundary. In thisse
tion, we 
onstru
t approximate solutions near the boundary 1 � x < 1 +�x=2.In the region where 1 � x < 1+�x=2 and n�t � t < (n+1)�t, �v�(x; t) is de�nedas follows.When un1 � 0, we de�ne �v�(x; t) as the solution of the Riemann initial-boundaryproblem at x = 1:� (2.1); 1 � x < 1 +�x=2; n�t � t < (n+ 1)�t;vjt=n�t = vn1 ; mx=1 = 0;When un1 < 0 and �n1 � (�x)� , we �rst solve the modi�ed Riemann initial-boundary problem at x = 1:8<: (2.7); 1 � x < 1 +�x=2; n�t � t < (n+ 1)�t;vjt=n�t = ��n1 � x1+�x=2�� 4
+1 ;mn1 � x1+�x=2��2� ; mx=1 = 0:Here, noti
e that this solution has the form (~�(x; t)x� 4
+1 ; ~m(x; t)x�2) and a 2-sho
karise in this 
ase.In order to make ~v(x; t) = (~�(x; t); ~m(x; t)) self-similar, we set ~vy(x; t) su
h that~vy(x; (n + 1=2)�t) = ~v(x; (n+ 1=2)�t)and extend the above to self-similar fun
tion~vy(x; t) =  ((x� 1)=(t� n�t)) ;where a 
ertain fun
tion  : R 7! R2.In this 
ase, we de�ne �v�(x; t) := (~�y(x; t)x� 4
+1 ; ~my(x; t)x�2) in the regionwhere 1 � x < 1 +�x=2 and n�t � t < (n+ 1)�t.When un1 < 0 and �n1 < (�x)� , we de�ne �v� as a solution of the Riemanninitial-boundary problem at x = 1:� (2.1); 1 � x < 1 +�x=2; n�t � t < (n+ 1)�t;vjt=n�t = vn1 ; mx=1 = 0:We observe that �v� satis�es ���(x; t) � C(�x)(2�
)�=2.Then we de�ne v�(x; t) in the strip n�t � t < (n+ 1)�t as follows.If un1 � 0, we de�ne v�(x; t) byv�(x; t) := �v�(x; t) + g(x; �v�(x; t))(t � n�t):If un1 < 0 and �n1 � (�x)� , we de�ne v�(x; t) byv�(x; t) := �v�(x; t) + h(x; �v�(x; t))(t � n�t):If un1 < 0 and �n1 < (�x)� , we de�ne v�(x; t) byv�(x; t) := �v�(x; t):



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 194. The L1 estimate of the approximate solutionsWe estimate Riemann invariants of v�(x; t) to use the invariant region theory.When we derive the estimate, the most diÆ
ulty is to treat inhomogeneous termsof (1.5). Let us return (1.5) to investigate the e�e
t of sour
e terms.First we 
onsider the 
ase where the velo
ity is negative. Needless to say, themomentum is also negative. Then the �rst equation of (1.5) shows that the sour
eterm in
reases the density as time passes. Similarly, the se
ond equation showsthat the sour
e term de
reases the momentum as time passes. Therefore sour
eterms in
rease the modulus of the density and the momentum as time passes. Itis diÆ
ult to 
ontrol this in
rease by sour
e terms. On the other hand, when thevelo
ity is nonnegative, the modulus of the density and the momentum de
reases astime passes. It is easy to treat this 
ase. In fa
t, if initial data satisfy the 
ondition(1.7), the velo
ity of the 
orresponding solution is always nonnegative. Then we
an obtain L1 estimates easily. Therefore, we must over
ome diÆ
ulties of the
ase where the velo
ity is negative.Re
alling Remark 1.2, we shall derive the lower bound of z(v�) and the upperbound of w(v�). When the velo
ity is negative, the modulus of z(v�) is largerthan that of w(v�) and z(v�) is negative. So the really diÆ
ult point is the lowerbound of z(v�).Our aim in this se
tion is to dedu
e from (3.5) the following lemma:Lemma 4.1. w(v�(x; (n + 1)�t� 0)) �M+ + "+ o(�x);z(v�(x; (n+ 1)�t� 0)) � �M�x� 2(
�1)
+1 � o(�x); (4.1)where o(�x) depends only on M� and M+.Remark 4.1. Observing (3.4) and (4.1), we 
ut o� the errors with the ordero(�x). However these errors are so small that we 
an obtain H�1-
ompa
tness ofour approximate solutions (see (6.1)).Throughout this paper, by Landau's symbols su
h as O(�x), O((�x)2) ando(�x), we denote quantities whose moduli satisfy a uniform bound depending onlyon M� and M+ unless we spe
ify them. In addition, for simpli
ity, we denotew(�vi(x)) and z(�vi(x)) by �wi(x) and �zi(x).Now, in the previous se
tion, separating some 
ases, we have 
onstru
ted v�(x; t).First let us observe the 
ase (A), where vM is away from the va
uum, in terms ofL1 estimates:� In Case 1, main diÆ
ulty is to obtain (4.1)1 along R�1 .� In Case 2, main diÆ
ulty is to obtain (4.1)2 along R�2 .� In Case 3, (4.1) follows that of Case 1 and Case 2.� In Case 4, (4.1) is easier than that of the other 
ases.On the other hand, we 
onsider (B), where vM is near the va
uum. Re
all thatv�(x; t) 
onsists of R�1 , R�2 and a Riemann solution. Sin
e the estimates of R�1and R�2 are similar to those of (A), we must derive (4.1) for the Riemann solution.� In Case 1, we 
an dedu
e from Lemma 2.2 (4.1) easily.� In Case 2, (4.1)2 of Case 2.1 (ii) requires spe
ial 
are.� In Case 3, (4.1) follows that of Case 1 and Case 2.� In Case 4, we 
an dedu
e from Lemma 2.2 (4.1) easily.



20 NAOKI TSUGEThus we treat (A) Case 1 and (B) Case 2.1 (ii) in parti
ular. In (A) Case 1, wederive (4.1)1 along R�1 and estimate the other quasi-steady state solutions. In (B)Case 2 (ii), we derive (4.1)2 along R�2 and (4.1)2 for a Riemann solution. We 
anestimate the other 
ases in a similar fashion to these two 
ases.4.1. Estimates of �v�(x; t) in (A) Case 1. In this step, we estimate v�(x; t) inthe 
ase (A) of Subse
tion 3.1. In this 
ase, ea
h 
omponent of �v�(x; t) has thefollowing properties, whi
h will be proved in Appendix A:� �i < �i+1 (i = 1; : : : ; p� 2); �p�1 < ��p < ��s : (4.2)� �i > (�x)�=2 (i = 1; : : : ; p� 1): (4.3)� Given data zi := z(vi) and wi := w(vi) at x = xi, �vi(x) = Vqs(x; xi; vi)(i = 1; : : : ; p� 1) i.e.(�zi(x); �wi(x)) = 8><>: �zi(x=xi)� 2(
�1)
+1 ; wi(x=xi)� 2(
�1)
+1 �when wi �M+ and �i > (�x)�=2;(zi; wi) otherwise: (4.4)� �wi+1(xi+1) = wi+1 = �wi(xi+1) +O((�x)3��(
�1)�)(i = 1; : : : ; p� 2): (4.5)� jv�M � vMj = O((�x)1� 
+12 �): (4.6)� �v�M(x) = Vqs(x; j�x + 1; v�M):� �vi(xi+1) and �vi+1(xi+1) are 
onne
ted by a 1-rarefa
tion sho
k 
urve(i = 1; : : : ; p� 2):� �w�M(x�p) = �wp�1(x�p) +O((�x)3�+(
�7)�=2): (4.7)� �vp�1(x�p) and �v�M(x�p) are 
onne
ted by a 1-sho
k or a 1-rarefa
tionsho
k 
urve.� �v�M(x�s) and �vR(x�s) are 
onne
ted by a 2-sho
k or a 2-rarefa
tion sho
k
urve.Now we derive (4.1) in the interior 
ell n�t � t < (n+1)�t; (j � 1=2)�x+1 �x � (j + 1=2)�x+ 1. To do this, we �rst 
onsider 
omponents of �v�(x; t).Estimate of �wi(x) (i = 1; : : : ; p� 1).For i = 1; : : : ; p� 1, from (4.4), we have�wi(x) � maxfwi; 0g for x � xi:Therefore, re
alling that w1 = w(vnj ) � M+ + ", from (3.6) and (4.5), we dedu
ethat �wi(x) �M+ + "+O((�x)2��(
�1)�)�M+ + "+ o(�x) for x � xi: (4.8)If �vi(x) is a 
onstant, in the 
ell, it follows that�wi(x) �M+ + "+ o(�x): (4.9)



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 21If �vi(x) is a steady state solution of (2.11), from the de�nition of a quasi-steadystate solution, we observe that wi �M+. Then, in the 
ell, (2.13) yields�wi(x) � � (j + 1=2)�x+ 1(j � 1=2)�x+ 1� 2(
�1)
+1 M+: (4.10)Estimate of �w�M(x).If w�M � M+ and ��M > (�x)�=2, this estimate is similar to (4.10); otherwise,
ombining the fa
t that (9� 3
)�=2 < �, (4.7) and (4.8), we thus have�w�M(x) = �w�M(x�p) = �wp�1(x�p) + o(�x) �M+ + "+ o(�x): (4.11)Estimate of �wR(x).If wR � M+ and �R > (�x)�=2, this estimate is similar to (4.10); otherwise,re
alling wR = w(vnj+1) �M+ + ", it follows that�wR(x) = wR �M+ + ": (4.12)Estimate of �zi(x) (i = 1; : : : ; p� 1).Re
all that z1 = zL = znj � �M�f(j � 1=2)�x+ 1g� 2(
�1)
+1 . Thus, when i = 1, ifw1 �M+ and �1 > (�x)�=2, (4.4) with i = 1 implies�z1(x) = z1(x=x1)� 2(
�1)
+1 � �M�x� 2(
�1)
+1 ; (4.13)otherwise, �z1(x) = z1 � �M�f(j � 1=2)�x+ 1g�2(
�1)
+1 : (4.14)Next we estimate �zi(x) (i = 2; : : : ; p� 1). The 
onstru
tion of �vi(x) implies�zi(x) = ( zL + (i� 1)(�x)�; when wi > M+;fzL + (i� 1)(�x)�g(x=xi)� 2(
�1)
+1 ; when wi �M+:Sin
e � < 1 and z(vL) = znj � �M�f(j � 1=2)�x+ 1g�2(
�1)
+1 ,on Ij = [(j � 1=2)�x+ 1; (j + 1=2)�x+ 1℄, we have�zi(x) � h�M�f(j � 1=2)�x+ 1g� 2(
�1)
+1 + (�x)�i�max(1; supx2Ij (x=xi)� 2(
�1)
+1 )� h�M�f(j + 1=2)�x+ 1g� 2(
�1)
+1 �O(�x) + (�x)�i� f1 +O(�x)g� �M�f(j + 1=2)�x+ 1g�2(
�1)
+1 : (4.15)Estimate of �zR(x).Set xR = (j+1=2)�x+1. Re
all that zR = znj+1 � �M�f(j+1=2)�x+1g�2(
�1)
+1 .Thus, if wR �M+ and �R > (�x)�=2, we have�zR(x) = zR(x=xR)� 2(
�1)
+1 � �M�x� 2(
�1)
+1 ; (4.16)



22 NAOKI TSUGEotherwise, �zR(x) = zR � �M�f(j + 1=2)�x+ 1g�2(
�1)
+1 : (4.17)Estimate of �z�M(x).If �v�M(x�s) and �vR(x�s) are 
onne
ted by a 2-sho
k 
urve, from (4.16) and (4.17), wehave �z�M(x�s) � �zR(x�s) � �M�(x�s)� 2(
�1)
+1 : (4.18)On the other hand, we 
onsider the 
ase where �v�M(x�s) and �vR(x�s) are 
onne
tedby a 2-rarefa
tion sho
k 
urve. First, re
all that vM and vR are 
onne
ted by not a2-rarefa
tion sho
k 
urve but a 2-sho
k 
urve. Sin
e j�v�M(x�s) � v�Mj = O(�x) andj�vR(x�s)� vRj = O(�x), we then dedu
e from (4.6) thatj�v�M(x�s)� �vR(x�s)j = O((�x)1�(
+1)�=2): (4.19)Therefore, from Remark 2.2 and the fa
t that � < 2=(
 + 5), we 
on
lude that�z�M(x�s) = �zR(x�s)�O((�x)3(1� 
+12 �)+
�72 �) � �M�(x�s)� 2(
�1)
+1 � o(�x):If w�M �M+ and ��M > (�x)� , we obtain�z�M(x) = �z�M(x�s)(x=x�s)� 2(
�1)
+1 � �M�x� 2(
�1)
+1 � o(�x); (4.20)otherwise, �z�M(x) = �z�M(�x�s) � �M�(x�s)� 2(
�1)
+1 � o(�x)� �M�f(j � 1=2)�x+ 1g� 2(
�1)
+1 � o(�x): (4.21)Estimate of v�(x; t).We derive (4.1) in the interior 
ell where [(j � 1=2)�x + 1; (j + 1=2)�x + 1℄ �[n�t; (n+ 1)�t).We �rst estimate Type I. In this 
ase, the 
orresponding �v�(x; t) is the steadystate solution of (2.11). Therefore �v�(x; t) satis�es (4.10), (4.13), (4.15), (4.16) and(4.20).From (4.13), (4.15), (4.16) and (4.20), we observe thatz(�v�(x; t)) � �M�x� 2(
�1)
+1 � o(�x):Therefore, from Remark 1.2, (3.1) and (4.10), we dedu
ejz(�v�(x; t))j � � (j + 1=2)�x+ 1(j � 1=2)�x+ 1� 2(
�1)
+1 M+;jw(�v�(x; t))j � � (j + 1=2)�x+ 1(j � 1=2)�x+ 1� 2(
�1)
+1 M+;x 2 [(j � 1=2)�x+ 1; (j + 1=2)�x+ 1℄: (4.22)



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 23Estimate 1w(v�(x; t)) = w(�v�(x; t)) +� 2(
 � 1)(
 + 1)xf�u�(x; t)g2 + 4(
 + 1)x (���(x; t))
�1�� (t� n�t)� � (j + 1=2)�x+ 1(j � 1=2)�x+ 1� 2(
�1)
+1 M+ +� (j + 1=2)�x+ 1(j � 1=2)�x+ 1� 4(
�1)
+1��2(
 � 1)(
 + 1) M2+ + (
 � 1)2(
 + 1) M2+��t(from Remark 1.2 and (4.22))� (1 + 2�x)fM+ + (
 � 1)M2+�tg (from the fa
t that 
 � 5=3)= f1 + 12(M+ + ")�tgfM+ + (
 � 1)M2+�tg (from (3.3))�M+ + f(
 + 11)M+ + 12"gM+�t+ 12(
 � 1)M2+(M+ + ")(�t)2�M+ + " (from (3.2)):Estimate 2z(v�(x; t)) = z(�v�(x; t)) +� 2(
 � 1)(
 + 1)xf�u�(x; t)g2 + 4(
 + 1)x (���(x; t))
�1�� (t� n�t)� z(�v�(x; t)) � �M�x� 2(
�1)
+1 � o(�x):We next estimate Type II. Noti
e that, from the de�nition of Type II, �v�(x; t) isa 
onstant in this 
ase. Therefore the 
orresponding �v�(x; t) satis�es (4.9), (4.11),(4.12), (4.14), (4.15), (4.17) and (4.21). Moreover, sin
e M+ � M�, z(�v�(x; t)) ��M� and w(�v�(x; t)) > M+, we have �u�(x; t) � 0.Estimate 3w(v�(x; t)) = w(�v�(x; t)) � 2x (���(x; t))��u�(x; t)(t � n�t) +O((�x)2)�M+ + "+ o(�x):Estimate 4We next estimate z(v�(x; (n + 1)�t� 0)). When z(�v�(x; (n+ 1)�t� 0)) � 0,z(v�(x; (n+ 1)�t� 0)) � z(�v�(x; (n + 1)�t� 0))+ 2x (���(x; (n+ 1)�t� 0))��u�(x; (n+ 1)�t� 0)�t�O((�x)2)� �o(�x):When z(�v�(x; (n + 1)�t � 0)) < 0, noti
e that �M�f(j � 1=2)�x + 1g� 2(
�1)
+1 �z(�v�(x; t)) < 0. Moreover, sin
e �v�(x; t) is a 
onstant in this 
ase, from the



24 NAOKI TSUGEde�nition of Type II, we observe that w(�v�(x; t)) > M+. We then havez(v�(x; (n+ 1)�t� 0)) � z(�v�(x; (n + 1)�t� 0))+ 2x (���(x; (n+ 1)�t� 0))��u�(x; (n + 1)�t� 0)�t�O((�x)2)� �M�f(j � 1=2)�x+ 1g� 2(
�1)
+1+ 2x (���(x; (n+ 1)�t� 0))��u�(x; (n + 1)�t� 0)�t�O((�x)2)� �M�x� 2(
�1)
+1 +M� 2(
 � 1)
 + 1 x� 2(
�1)
+1 �1f(j � 1=2)�x+ 1� xg+ 2x (���(x; (n+ 1)�t� 0))��u�(x; (n + 1)�t� 0)�t�O((�x)2)� �M�x� 2(
�1)
+1 � 2(
 � 1)
 + 1 1xM��x+ 2x (���(x; (n+ 1)�t� 0))��u�(x; (n + 1)�t� 0)�t�O((�x)2)� �M�x� 2(
�1)
+1 � 2(
 � 1)
 + 1 1xM��x+ 
 � 14x [f �w�(x; (n+ 1)�t� 0)g2 � f�z�(x; (n+ 1)�t� 0)g2℄�t�O((�x)2)� �M�x� 2(
�1)
+1 � 2(
 � 1)
 + 1 1xM��x+ 
 � 14x (M2+ �M2�)�t�O((�x)2)� �M�x� 2(
�1)
+1 � 12(
 � 1)
 + 1 1xM�(M+ + ")�t+ 
 � 14x (M2+ �M2�)�t�O((�x)2) (from (3.3))� �M�x� 2(
�1)
+1 + 
 � 14x �t�M2+ �M2� � 48
 + 1(M+ + ")M���O((�x)2)� �M�x� 2(
�1)
+1 � o(�x) (from (3.1)):Finally, we 
onsider Type III. Sin
e �i > (�x)�=2 (i = 1; : : : ; p � 1) and ��M >(�x)�=2, it suÆ
es to 
onsider only �vR(x). Then, in view of the de�nition of TypeIII, (4.12) and (4.17) yields (4.1).Let us review Estimate 1{4. If the data of a quasi-steady state solution are in thearea (I) (see Figure 6), we use Type I. If the data of a quasi-steady state solutionare in the area (II), we use Type II. As long as we use Type I, we 
an obtainthe lower bound of z of our approximate solutions (see Estimate II). Therefore,our approximate solutions 
annot go over the line z = �M�x� 2(
�1)
+1 . The restis the estimate of w of our approximate solutions. However, as w(v�) be
omeslarge, our approximate solutions go into the area where the velo
ity is positive(w � z; w � �z in Figure 6). Here re
all [C1℄. If the velo
ity is nonnegative, we
an prove the L1 estimates easily. Therefore, our estimates are redu
ed to [C1℄essentially (see Estimate 3{4). In fa
t, we use the same approximate solutions,Type II, as those of [C1℄ in this 
ase. The main point of this paper is to use Type
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krarefa
tionquasi-steady state solution(z(vR); w(vR))(z(v(1)R ); w(v(1)R ))(z(vM); w(vM))M+11 + 12�x~v(x; t)~v�(x; t)�(xq ; (n+ 1=2)�t)�1(v(2)L ) u = 0
M+M+ + "

�M�x� 2(
�1)
+1 (I)(II)
(III)

�v�M(x) Figure 6. Type I and Type II in the (z; w)-plane.I. Under (1.8)2, Type I yields the most diÆ
ult estimate (4.1)2, when the velo
ityis negative.4.2. Estimates of v�(x; t) in (B) Case 2.1 (ii). De�ningq := maxn[[(wR � w(1)R )=(�x)�℄℄ + 1; 2o ;we set w�1 = wR; w�q = w(1)R ; w�i = wR � (i� 1)(�x)� (i = 1; : : : ; q � 1):Then noti
e that q = O((�x)��): (4.23)Set v1 = vR and x1 = (j + 1=2)�x+ 1:



26 NAOKI TSUGEThen, there exist �i with �i+1 < �i, xi := j�x + 1 + �i�t=2 (i = 2; : : : ; q) andvi (i = 1; : : : ; q) su
h that �v�(x; t) 
onsists of the following:� �v1(x) := Vqs(x; (j + 1=2)�x+ 1; v1) in the se
tor n�t � t < (n+ 1)�t;j�x+ 1 + �2(t��t) � x < (j + 1=2)�x+ 1:� �vi(x) := Vqs(x; xi; vi) (i = 2; : : : ; q � 1) in the se
tor n�t � t < (n+ 1)�t;j�x+ 1 + �i+1(t��t) � x < j�x+ 1 + �i(t��t):� A Riemann solution for (vL; vq(= v(2)R )) in the se
tor n�t � t < (n+ 1)�t;(j � 1=2)�x+ 1 � x < j�x+ 1 + �q(t��t):From the 
onstru
tion of (B) Case 2.1 (ii), noti
e thatvq = v(2)R :Moreover ea
h 
omponent of �v�(x; t) has the following properties:� �i > (�x)�=2 (i = 1; : : : ; q): (4.24)� Given data zi and wi at x = xi, �vi(x) (i = 1; : : : ; q � 1) is 
onstru
tedas a quasi-steady state solution i.e.(�zi(x); �wi(x)) = 8><>: �zi(x=xi)� 2(
�1)
+1 ; wi(x=xi)� 2(
�1)
+1 �when wi �M+ and �i > (�x)�=2;(zi; wi) otherwise: (4.25)� �zi+1(xi+1) = zi+1 = �zi(xi+1) +O((�x)3��(
�1)�) (i = 1; : : : ; q � 2): (4.26)� �vi(xi+1) and �vi+1(xi+1) are 
onne
ted by a 2-rarefa
tion sho
k 
urve(i = 1; : : : ; q � 2):� zq = �zq�1(xq) +O((�x)3��(
�1)�): (4.27)� �vq�1(xq) and vq are 
onne
ted by a 2-rarefa
tion sho
k 
urve.� jvq � v(1)R j = O(�x): (4.28)The proof of these properties is similar to that of R�1 in Appendix A.Estimate of �zi(x) (i = 1; : : : ; q � 1) and zq.For i = 1; : : : ; q � 1, from (4.25), we have�zi(x) � minfzi(x=xi)� 2(
�1)
+1 ; 0g for x � xi:Therefore, re
alling that z1 = zR = z(vnj+1) � �M�f(j+1=2)�x+1g�2(
�1)
+1 , from(4.23) and (4.26), we dedu
e that�zi(x) � �M�x� 2(
�1)
+1 �O((�x)2��(
�1)�)� �M�x� 2(
�1)
+1 � o(�x) for x � xi: (4.29)If �vi(x) is a steady state solution of (2.11), in the 
ell, it follows that�zi(x) � �M�x� 2(
�1)
+1 � o(�x): (4.30)



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 27If �vi(x) is a 
onstant, in the 
ell, we have�zi(x) � �M�f(j � 1=2)�x+ 1g� 2(
�1)
+1 : (4.31)Finally, from (4.27) and (4.29), we havezq � �M�(xq)� 2(
�1)
+1 � o(�x): (4.32)Estimate of �wi(x) (i = 1; : : : ; q � 1) and wq .Re
all that w1 = wR = wnj+1 �M+ + ". Thus, when i = 1, from (4.25) with i = 1,if �v1(x) is a 
onstant, it follows that�w1(x) �M+ + ": (4.33)If �v1(x) is a steady state solution of (2.11), from the de�nition of a quasi-steadystate solution, we observe that w1 �M+. Then, in the 
ell, (2.13) yields�w1(x) � � (j + 1=2)�x+ 1(j � 1=2)�x+ 1� 2(
�1)
+1 M+: (4.34)Next we estimate �wi(x) (i = 2; : : : ; q � 1). The 
onstru
tion of �vi(x) implies�wi(x) = ( w(vR)� (i� 1)(�x)�; when wi > M+;fw(vR)� (i� 1)(�x)�g(x=xi)� 2(
�1)
+1 ; when wi �M+:Sin
e � < 1 and w(vR) = w(vnj+1) �M+ + ", on Ij = [(j � 1=2)�x+ 1;(j + 1=2)�x+ 1℄, we have�wi(x) � [M+ + "� (�x)�℄ max(1; supx2Ij (x=xi)� 2(
�1)
+1 )� [M+ + "� (�x)�℄ f1 +O(�x)g�M+ + ": (4.35)Finally, from the de�nition of v(2)R , we havewq = w(v(2)R ) = w(v(1)R ) � w(vR) �M+ + ": (4.36)Estimates of a Riemann solution for (vL; v(2)R ).We denote by vR(x; t) a Riemann solution for (vL; v(2)R ). From our 
onstru
tion, inthe se
tor n�t � t < (n+1)�t and (j � 1=2)�x+1 � x < j�x+1+�q(t�n�t),we observe that v�(x; t) = vR(x; t).Re
alling that we 
onsider Case 2, noti
e that z(vL) � z(vR). The de�nition ofvnj (= vL) and vnj+1 (= vR) thus implies�M�f(j + 1=2)�x+ 1g� 2(
�1)
+1 � z(vR) � z(vL);w(vL) �M+ + " and w(vR) �M+ + ": (4.37)From Lemma 2.2 and (4.36), vR(x; t) satis�esz(vR(x; t)) � minfzq; z(vL)g; w(vR(x; t)) �M+ + ": (4.38)We �rst 
onsider the 
ase where zq < 0. In this 
ase, sin
e �(1)R = (�x)� , from(4.28), we obtain �q = O((�x)�). Thus we have�2(vq) = zq + (1 + 1=�)(�q)� < O((�x)��):
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v(2)LS1(vL)sho
krarefa
tionquasi-steady state solution(z(vR); w(vR))(z(v(1)R ); w(v(1)R ))(z(vM); w(vM))M+11 + 12�x~v(x; t)~v�(x; t)�
(xq ; (n+ 1=2)�t)�1(v(2)L )u = 0M+M+ + "�M�x� 2(
�1)
+1(I)(II)(III)�v�M(x) Figure 7. Case 2.1 (ii): The approximate solution �v� in the 
ell.It follows from the inverse Lax 
ondition that�2(vq) < �q < �2(�vq�1(xq)):From our 
onstru
tion, we observe that (�zq�1(xq); �wq�1(xq)) = (zq�1; wq�1) +O(�x) and wq = wq�1 + O((�x)�). From (4.27) and the two equations above,we then have j�2(�vq�1(xq))� �2(vq)j = O((�x)�). We thus 
on
lude that�q < O((�x)��): (4.39)From (4.37){(4.39), observingM� > 0, we dedu
e that, for (j � 1=2)�x+1 � x <j�x+ 1 + �q�t,z(vR(x; (n+ 1)�t� 0)) � �M�(xq)� 2(
�1)
+1 � o(�x)= �M�(xq + �q�t=2)� 2(
�1)
+1+M�(xq + �q�t=2)� 2(
�1)
+1 �M�(xq)� 2(
�1)
+1� o(�x)= �M�(xq + �q�t=2)� 2(
�1)
+1� 2(
 � 1)
 + 1 M�(xq + ��q�t=2)� 2(
�1)
+1 �1�q�t=2� o(�x)� �M�(j�x+ 1 + �q�t)� 2(
�1)
+1 � o(�x)� �M�x� 2(
�1)
+1 � o(�x); (4.40)where 0 < � < 1.



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 29On the other hand, if zq � 0, we havez(vR(x; (n+ 1)�t� 0)) � minf0; z(vL)g: (4.41)In view of (4.38), (4.40) and (4.41), we have (4.1) for v�(x; t) (= vR(x; t)) in these
tor n�t � t < (n+ 1)�t and (j � 1=2)�x+ 1 � x < j�x+ 1 + �q(t� n�t).From the estimate above, we 
an obtain (4.1) in a similar fashion to the 
ase(A).4.3. Estimates near the boundary. Finally we derive (4.1) for v�(x; t) de�nedSubse
tion 3.2.Estimates of �v�(x; t).First we estimate �v�(x; t).If un1 � 0, from Lemma 2.2, w(�v�(x; t)) � M+ + " and z(�v�(x; t)) � �M�(1 +�x=2)� 2(
�1)
+1 .On the other hand, if un1 < 0, sin
e M� �M+, we havew(vn1 ) = �z(vn1 ) + 2un1 < M� (�x=2 + 1)� 2(
�1)
+1 �M+ (�x=2 + 1)� 2(
�1)
+1 :(4.42)Then, if �n1 � (�x)� and un1 < 0, we dedu
e from Lemma 2.4 and (4.42) thatw(�v�(x; t)) � M+x� 2(
�1)
+1 � M+ and z(�v�(x; t)) � �M�x� 2(
�1)
+1 ; if �n1 < (�x)�and un1 < 0, Lemma 2.2 and (4.42) yields w(�v�(x; t)) � M+ (�x=2 + 1)� 2(
�1)
+1 �M+ and z(�v�(x; t)) � z(vn1 ) � �M� (�x=2 + 1)� 2(
�1)
+1 .Estimates of v�(x; t).Let us dedu
e from the estimates above (4.1). For the 
ase where un1 � 0, weobserve that �u�(x; t) � 0. Then, in the strip n�t � t < (n+ 1)�t, we havez(v�(x; t)) = �u�(x; t)� f���(x; t)g�=��1� 2x �u�(x; t)(t ��t)��� z(�v�(x; t))� �M� (1 +�x=2)� 2(
�1)
+1 ;w(v�(x; t)) = �u�(x; t) + f���(x; t)g�=��1� 2x �u�(x; t)(t ��t)��� w(�v�(x; t))�M+ + ":The other 
ases are similar to the 
ase (A).Remark 4.2. Sin
e M+ � M�, from Remark 2.1, Lemma 4.1 and (3.3), thefollowing Courant-Friedri
hs-Lewy 
ondition:4� := 4maxi=1;2� sup1�x; 0�t�T j�i(v�)j� � 4(M+ + "+ o(�x)) � 6(M+ + ") = �x�tholds, by 
hoosing �x small enough.



30 NAOKI TSUGE5. Lo
al entropy estimates for the approximate solutionsOur aim in this se
tion is to obtain lo
al entropy estimates for the approximatesolutions.Lemma 5.1. Consider a sho
k or a rarefa
tion sho
k 
urve with the left and rightstates v0 = (�0;m0); v = (�;m). Then, along the wave 
urve,j�(�)(�(v(�)) � �(v0))� (q(v(�)) � q(v0))j� C(min(�; �0))�1j�� �0j sups2[�0;�℄ j _�(s)(v(s) � v0)2j;for any C2 weak entropy-entropy 
ux pair (�; q), where C is a 
onstant dependingonly on the uniform bound of v and v0.Proof. Along a sho
k or a rarefa
tion sho
k 
urve, we havem(�) = m0�0 ��s ��0 p(�)� p(�0)�� �0 (�� �0);�(�) = m(�)�m0�� �0 = m0�0 �s ��0 p(�)� p(�0)�� �0 :Set Q(�) = �(�)(�(v(�)) � �(v0))� (q(v(�)) � q(v0)):We �rst obtain_Q(�) = _�(�)(�(v(�)) � �(v0)) + �(�) _�(v(�)) � _q(v(�)):On the other hand, we observe that� _�(�)(v(�) � v0) + �(�) _v(�) = _f(v(�)); (the Rankine-Hugoniot 
onditions)_q(v(�)) = rq � _v(�) = r� _f(v(�)):We then dedu
e that_Q(�) = _�(�)f�(v(�)) � �(v0)�r�(v(�))(v(�) � v0)g= � _�(�) Z 10 � d2d�2 �(v0 + �(v(�) � v0))d�:Therefore, using the property of the Rankine-Hugoniot lo
us, we obtainjQ(�)j = ����Z ��0 _Q(s)ds����= ����Z ��0 (� _�(s))f�(v(s)) � �0(v0)�r�(v(s))(v(s) � v0)gds����= ����Z ��0 _�(s)ds Z 10 � � t(v(s)� v0)r2�(v0 + �(v(s) � v0))(v(s) � v0)d� ����� C ����Z ��0 _�(s)ds Z 10 � � t(v(s)� v0)r2��(v0 + �(v(s) � v0))(v(s) � v0)d� ����� C sups2[�0;�℄ j _�(s)jj�� �0j(min(�; �0))�1 sups2[�0;�℄ j(v(s) � v0)2j; (5.1)where 0 < � < 1. �



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 31Now let us estimate entropies of �v�(x; t). Re
all that �v�(x; t) is pie
ewise quasi-steady state, with dis
ontinuities o

urring �nitely many straight lines in the x� tplane. We �rst de�ne the following:De�nition 5.1. In Case 1.2 (ii) and Case 3.2 (ii){(b), �v�(x; t) has dis
ontinuityalong n�t � t < (n + 1)�t; x = j�x + 1 + �1(v(3)L )(t � n�t), whi
h is 
alled anarti�
ial dis
ontinuity.Then Jump 
an be of three type:R : dis
ontinuity 
onne
ted by a rarefa
tion sho
k 
urveA : arti�
ial dis
ontinuityS : dis
ontinuity 
onne
ted by a sho
k 
urveWe prove lemmas for these jump. To do this, we introdu
e the following symbol:for a 
ertain fun
tion  (x; t) with the dis
ontinuity o

urring a straight line (x(t); t),we de�ne [ (x(t); t)℄ :=  (x(t) + 0; t)�  (x(t) � 0; t):First we 
onsider R.Lemma 5.2. Consider ea
h rarefa
tion front x = xR(t) of R, with the left andright states �v�(xR(t) � 0; t); �v�(xR(t) + 0; t). We set �R = dxR(t)=dt. Thenthere exists C1 > 0 independent of �x su
h that ���(x; t) � C1(�x)� along ea
hrarefa
tion front and�����Z (n+1)�tn�t ��R(t) ��(�v�(xR(t); t))�� �q(�v�(xR(t); t))�	 dt������ C2 �(�x)1+3� + (�x)3��	 � o((�x)2+�); (5.2)for any C2 weak entropy-entropy 
ux pair (�; q), where C2 is a 
onstant dependingonly on the uniform bound of �v�(x; t).Proof. We prove this lemma for R in R�1 . The other 
ases 
an be treated similarly.Now the �rst part follows from (4.3).Next, from the 
onstru
tion of R�1 , it follows that jz�i � z�i+1j � C(�x)�. From(4.5), we then have���z(�v�(xR(tM); tM))��� = O((�x)�); ���w(�v�(xR(tM); tM))��� = O((�x)�);where tM := (n + 1=2)�t. Therefore, from (4.3), Remark 1.2 and the fa
t that� > �, we dedu
e that1=2 < �����(xR(tM) + 0; tM)=���(xR(tM)� 0; tM)�� < 3=2;����v�(xR(tM); tM)��� = ����(xR(tM) + 0; tM)	(3�
)=2O((�x)�):On the other hand, re
all that jr2�j � C=�; (5.3)where � is a C2 weak entropy. Therefore, by taking Taylor's expansion for t at tM,Lemma 5.1 and Remark 3.2 yields (5.2). �Se
ond, let us 
onsider A. In Case 1.2 (ii) and Case 3.2 (ii){(b), we observe that�L = O((�x)�); x(3) � xL = O(�x):



32 NAOKI TSUGEFrom the 
onstru
tion of �v�(x; t) in this 
ase and (2.11), on n�t � t < (n+ 1)�t,we thus obtainj�v�(xA(t)� 0; t)� vLj = O((�x)1+�); jv(3)L � vLj = O((�x)1+�); (5.4)where xA(t) = j�x+1+�1(v(3)L )(t�n�t). In view of v(3)L = �v�(xA(t)+0; t), we thenhave the following lemma for A. We 
onsider the amplitude of the dis
ontinuityxA(t). Sin
e jr�j � C and jrqj � C, we dedu
e from (5.4) the following lemma.Lemma 5.3.�����Z (n+1)�tn�t n�1(v(3)L ) ��(�v�(xA(t); t)�� �q(�v�(xA(t); t))�o dt����� = O((�x)2+�)= o((�x)2);where (�; q) is a C2 weak entropy-entropy 
ux pair.Finally, we 
onsider S.Lemma 5.4. Consider a sho
k front x = xS(t) of S, with the left and right states�v�(xS(t)� 0; t); �v�(xS(t)+ 0; t). We set �S = dxS(t)=dt. Then there is a 
onstantC depending only on the uniform bound of �v�(x; t) su
h that, along a sho
k front,Z (n+1)�tn�t ��S(t) ��(�v�(xS(t); t))�� �q(�v�(xS(t) + 0; t))�	 dt� �C(�x)3�� � �o((�x)2); (5.5)and �����Z (n+1)�tn�t �S(t) ��(�v�(xS(t); t))�� �q(�v�(xS(t); t))� dt������ C Z (n+1)�tn�t ��S(t) ���(�v�(xS(t); t))�� �q�(�v�(xS(t) + 0; t))�	 dt+ C((�x)3��); (5.6)for any C2 weak entropy-entropy pair (�; q) satisfying (1.9) and the me
hani
alenergy-energy 
ux (��; q�) de�ned by (1.10).Proof. From the de�nition of a quasi-steady state solution, in the region where�v�(x; t) is a steady state solution of (2.11), we 
an assume that ���(x; t) > (�x)�=4by 
hoosing �x small enough. If �v�(x; t) is the steady-state solution, by takingTaylor's expansion for t at tM, from Lemma 2.3 and (5.3), we 
omplete the proofof this lemma. �6. H�1 
ompa
tness estimatesWe prove the H�1 
ompa
tness for the approximate solutions (��;m�) of theinitial-boundary problem (1.4) and (1.7).First let us prove that v�(x; t) satis�esStability vn+1j = En+1j (v) + o(�x); (6.1)where o(�x) depends only on the uniform bound of v�(x; t).



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 33To do this, we introdu
e the following lemma:Lemma 6.1. We assume that v(x; t) = (�(x; t);m(x; t)) satis�esz(v(x; t)) � �M�x� 2(
�1)
+1 � o(�x); w(v(x; t)) �M+ + "+ o(�x);where o(�x) depends only on M+ and M�.Set Etj(v) = 1�x Z j�x+1(j�1)�x+1 v(x; t)dx; j 2 Z+. For 1 < Æ < 1=(2�), ifEtj(�) � (�x)Æ ;
hoosing �x small enough, it follows thatz(Etj(v)) � �M�f(j � 1=2)�x+ 1g� 2(
�1)
+1 � o(�x);w(Etj(v)) �M+ + "+ o(�x):We postpone the proof of this lemma to Appendix C.Sin
e initial data v�(x;�0) = v0(x) satisfy the assumption of Lemma 6.1, wededu
e from Lemma 6.1 with t = �0 thatv0j = E0j + o(�x):Next, we applying Lemma 6.1 with t = (n + 1)�t � 0. In view of Æ > 1 and thede�nition of vnj , if v�(x; t) satis�es (4.1), (6.1) holds. Therefore, by indu
tion, (6.1)holds for any n.We next introdu
e a basi
 lemma of fun
tional analysis (see [C3℄).Lemma 6.2. Let 
 � Rn be a bounded and open set. Then(
ompa
t set of W�1;q(
)) \ (bounded set of W�1;r(
))� (
ompa
t set of W�1;2lo
 (
));where q and r are 
onstants, 1 < q � 2 < r <1.With Lemma 6.2, we haveTheorem 6.3. We assume that (��;m�) are the approximate solutions of theinitial-boundary value problem (1.4) and (1.7). Then the measure sequen
e�(v�)t + q(v�)xlies in a 
ompa
t subset of H�1lo
 (
) for any weak entropy pairs (�; q), where 
 � �Tis any bounded and open set with a C1 boundary, where �T = fx 2 R : x �1g � [0; T ℄ with any �xed T > 0.Proof. We �rst de�ne �v�(x;�0) by �v�(x;�0) := v�(x;�0) = v0(x).Step 1. For any fun
tion � 2 C10 (�T ), the entropy dissipation measures 
an bewritten in the form Z Z0�t�T=m�t(�(v)�t + q(v)�x)dxdt= A(�) + L(�) +M(�) +N(�) +X(�); (6.2)



34 NAOKI TSUGEwhereA(�) = Z Z�T ((�(v�)� �(�v�))�t + (q(v�)� q(�v�))�x)dxdt; (6.3)M(�) = Z 1�1 �(x; T )�(�v�(x; T ))dx� Z 1�1 �(x; 0)�(�v�(x; 0))dx; (6.4)N(�) = Z Z�T r�(�v�) X�v� is Type I�g(�v�)� h(�v�)	 �(x; t)dxdt; (6.5)L(�) =Xj;n Z j�x+1(j�1)�x+1(�(�vn�)� �(�vn+))�(x; n�t)dx := L1(�) + L2(�); (6.6)L1(�) =Xj;n �nj Z j�x+1(j�1)�x+1(�(�vn�)� �(�vn+))dx; (6.7)L2(�) =Xj;n Z j�x+1(j�1)�x+1(�(�vn�)� �(�vn+))(� � �nj )dx; (6.8)X(�) = Z T0 X(�[�℄� [q℄)�(x(t); t)dt; (6.9)�vn� = �v�(x; n�t � 0); �nj = �(j�x + 1; n�t), the summention in P(�) is takenover all dis
ontinuities in �v� at a �xed time t, � is the propagating speed of thedis
ontinuities.Let D = (x(t); t) denote a dis
ontinuity in �v�(x; t); [�℄ and [q℄ denote the jumpof �(�v�(x; t)) and q(�v�(x; t)) a
ross D from left to right, respe
tively,[�℄ = �(�v�(x(t) + 0; t))� �(�v�(x(t) � 0; t));[q℄ = q(�v�(x(t) + 0; t))� q(�v�(x(t)� 0; t)):Step 2. Sin
e the propagation speeds of the approximate solutions v�(x; t) are�nite, we 
an assume that (���; �m�)jx�K+�T = (0; 0)for suÆ
iently large K > 0, without loss of generality. This impliesZ 1�1 ��(��(x; 0);m�(x; 0))dx <1:We substitute (�; q) = (��; q�) and � = 1 in the equality (6.2). For suÆ
ientlylarge K > 0, sin
e (��;m�)jx�K+�T = (0; 0), we dedu
e thatXn Z 11 (��(�vn�)� ��(�vn+))dx+ Z T0 X(�[��℄� [q�℄)dt � C: (6.10)



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 35From Lemma 2.5, we obtainXj;n Z j�x+1(j�1)�x+1 Z 10 (1� �) � t(�vn+ � vnj )r2��(vnj + �(�vn+ � vnj ))(�vn+ � vnj )d�dx� CXj;n �x (j�nj j2 + jmnj j2)(�x)2�nj (1�O(�x)) : (6.11)Using Lemma 2.5 and (6.11), we 
on
lude thatXn Z 11 (��(�vn�)� ��(�vn+))dx=Xj;n Z j�x+1(j�1)�x+1(��(�vn�)� ��(vnj ))dx �Xj;n Z j�x+1(j�1)�x+1(��(�vn+)� ��(vnj ))dx=Xj;n Z j�x+1(j�1)�x+1r��(vnj )(�vn� � vnj )dx �Xj;n Z j�x+1(j�1)�x+1r��(vnj )(�vn+ � vnj )dx+Xj;n Z j�x+1(j�1)�x+1 Z 10 (1� �) � t(�vn� � vnj )r2��(vnj + �(�vn� � vnj ))� (�vn� � vnj )d�dx�Xj;n Z j�x+1(j�1)�x+1 Z 10 (1� �) � t(�vn+ � vnj )r2��(vnj + �(�vn+ � vnj ))� (�vn+ � vnj )d�dx + o(1)=Xj;n Z j�x+1(j�1)�x+1 Z 10 (1� �) � t(�vn� � vnj )r2��(vnj + �(�vn� � vnj ))� (�vn� � vnj )d�dx + o(1) (from Stability); (6.12)where �vn� = �v�(x; n�t � 0) and noti
e thatXj;n Z j�x+1(j�1)�x+1r��(vnj )(�vn� � vnj )dx =Xj;n r��(vnj ) Z j�x+1(j�1)�x+1(�vn� � vnj )dx=Xj;n �xr��(vnj )(Enj (v)� vnj ):Using Lemmas 5.2 and 5.3, for R and A, we have������Z T0 XR;A(�[��℄� [q�℄)dt������ � o(1): (6.13)Here noti
e that the order of the number of R is (�x)�� in ea
h 
ell. Similarly,using Lemma 5.4, for S, Z T0 XS (�[��℄� [q�℄)dt � �o(1): (6.14)Therefore, we have Z T0 X(�[��℄� [q�℄)dt � �o(1) (6.15)



36 NAOKI TSUGEfor the 
onvex entropy ��. We 
on
lude from (6.10) and (6.12){ (6.15) thatZ T0 X(�[��℄� [q�℄)dt � C (6.16)andXj;n Z j�x+1(j�1)�x+1 Z 10 (1� �) � t(�vn� � vnj )r2��(vnj + �(�vn� � vnj ))(�vn� � vnj )d�dx � C:(6.17)In parti
ular, sin
e r2��(r; r) � 
0(r; r) for a 
onstant 
0 > 0, we haveXj;njj�x+1j�K+�T Z j�x+1(j�1)�x+1 j�vn� � vnj j2dx � C(K): (6.18)Step 3. For 
 in Theorem 6.3 and any weak entropy pair (�; q), we dedu
e from(6.16){ (6.17), and Lemma 5.4 thatjM(�)j � Ck�kC(
); jN(�)j � Ck�kC(
);���X(�)��� � Ck�kC(
) Z T0 (X(�[��℄� [q�℄)dt � Ck�kC(
);jL1(�)j � ������Xj;n �nj Z j�x+1(j�1)�x+1(�(�vn�)� �(vnj ))dx������+ ������Xj;n �nj Z j�x+1(j�1)�x+1(�(�vn+)� �(vnj ))dx������� k�kC(
)8>>>>>>>><>>>>>>>>:
Xj;n Z j�x+1(j�1)�x+1 Z 10 (1� �)jt(�vn� � vnj )r2��(vnj + �(�vn� � vnj ))(�vn� � vnj )jd�dx+Xj;n Z j�x+1(j�1)�x+1 Z 10 (1� �)jt(�vn+ � vnj )r2��(vnj + �(�vn+ � vnj ))(�vn+ � vnj )jd�dx + o(1)

9>>>>>>>>=>>>>>>>>;� Ck�kC(
)8<:Xj;n Z j�x+1(j�1)�x+1 Z 10 (1� �)jt(�vn� � vnj )�r2��(vnj + �(�vn� � vnj ))(�vn� � vnj )jd�dx + o(1))� Ck�kC(
);where the 
onstant C depends only on the support of �. Hen
e����M +N + L1 +X� (�)��� � Ck�kC(
):



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 37From the arguments of [DC1℄ and [DC2℄ or [E2, Theorem 6℄, we thereby haveM +N + L1 +X is relatively 
ompa
t in W�1;q1(
); (6.19)where 1 < q1 < 2.Furthermore, for any � 2 C�0 (
); 1=2 < � < 1, we havejL2(�)j �Xj;n Z j�x+1(j�1)�x+1 j�(x; n�t) � �nj j(j�(�vn�)� �(vnj )j+ j�(�vn+)� �(vnj )j)dx� (�x)�k�kC�(
)�8><>:Xn 0�Xj Z j�x+1(j�1)�x+1 j�(�vn�)� �(vnj )j2dx1A 12 +O(1)9>=>;� C(�x)�� 12 k�kC�(
)�8><>:0�Xj;n Z j�x+1(j�1)�x+1 j�vn� � vnj j2dx1A 12 +O(p�x)9>=>;� C(�x)�� 12 k�kC�(
):Using the Sobolev theorem W 1;p(
)! C�(�
) (0 < � < 1� 2=p), it follows thatjL2(�)j � C(�x)�� 12 k�kW 1;p(
); p > 21� �:Sin
e C10 (
) is dense in W 1;p0 (
) and �W 1;p0 (
)�� = W�1;q2(
) (q2 = p=(p� 1)),we have kL2kW�1;q2 (
) � C(�x)�� 12 ! 0; as �x! 0 (6.20)for 1 < q2 < 2=(1 + �).Finally, for A(�), we observe thatjA(�)j � Z Z�T (jr�j1 + jrqj1)(j�tj+ j�xj)jv� � �v�jdxdt � C�xk�kH1(
)� C�xk�kW 1;q�1 (
);where q�1 = q1=(q1 � 1). The inequality above yieldskAkW�1;q1 (
) � C�x! 0; as �x! 0: (6.21)It follows from (6.19){(6.21) thatA+M +N + L+X is relatively 
ompa
t in W�1;q0(
); (6.22)where 1 < q0 := min(q1; q2) < 2=(1 + �). Sin
e 0 � � � C and jm=�j � C, weobtain A+M +N + L+X is bounded in W�1;r(
) (r > 2): (6.23)We derive from (6.22)-(6.23) and Lemma 6.2A+M +N + L+X is relatively 
ompa
t in H�1lo
 (
); (6.24)



38 NAOKI TSUGEwhi
h means that�(v�)t + q(v�)x is relatively 
ompa
t in H�1lo
 (
):This 
ompletes the proof of Theorem 6.3. �7. Convergen
e and 
onsisten
yIn Se
tion 4 and Se
tion 6, it is proved that the approximate solutions (��;m�)of the initial-boundary problem (1.6) satisfy the following 
onditions:(1) There is a 
onstant C > 0 su
h that0 � ��(x; t) � C; ����m�(x; t)��(x; t) ���� � C: (7.1)(2) The measure �(v�)t + q(v�)x is 
ompa
t in H�1lo
 (
) (7.2)for all weak entropy pair (�; q), where 
 � �T is any bounded and openset with a C1 boundary.The 
ompensated 
ompa
tness framework (see [C2℄ and [C3℄) ensures the strong
ompa
tness of the approximate solutions v�(x; t) in L1lo
(�T ) for 1 < 
 � 5=3.We �rst introdu
e a lemma of our approximate Riemann solutions.Lemma 7.1. Let K � R be any bounded set. Repla
e the steady state solution of(2.11) in our approximate Riemann solutions �v�(x; t) with the 
orresponding data(e.g. vi; i = 1; 2; : : : ; p� 1; vR; v�M in Subse
tion 3.1 Case (A)). Then this modi�edapproximate Riemann solutions V �(x; t) is self-similar and satis�es the following:Xn Z n�t(n�1)�t ZK jV �(x; t)� V �(x; n�t� 0)j2dxdt = O(�x);where O(�x) depends on K.The proof of Lemma 7.1 
an be found in [MT, Proposition 3℄.Using Lemma 7.1, we haveTheorem 7.2. Assume that (��(x; t);m�(x; t)) are the approximate solutions ofthe initial-boundary value problem (1.6) satisfying the 
onditions (7.1){(7.2). Thenthere is a 
onvergent subsequen
e in the approximate solutions su
h that(��n(x; t);m�n(x; t)) ! (�(x; t);m(x; t)); a.e. (7.3)The pair of fun
tions (�(x; t);m(x; t)) is a global entropy solution of the initial-boundary value problem (1.6) and satis�es0 � �(x; t) � C; ����m(x; t)�(x; t) ���� � C (7.4)in the region �T .



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 39Proof. Noti
e that for any 
onvex weak entropy pair (�; q) and any nonnegativetest fun
tion � 2 C10 (�T ),Z Z0�t�T=m�t(�(v�)�t + q(v�)�x �r�(v�)g(v�)�)dxdt+ Z 1�1 �(v0(x))�(x; 0)dx= I(�) + J(�) + Z T0 X(�[�℄� [q℄)�(x(t); t) +E(�); (7.5)whereI(�) = Z Z�T �t(�(v�)� �(�v�)) + �x(q(v�)� q(�v�))� �(r�(v�)g(v�)�r�(�v�)g(�v�))dxdt; (7.6)J(�) =Xj;n Z j�x+1(j�1)�x+1(�(�vn�)� �(�vn+))�(x; n�t)dx+ Z Z�T r�(�v�)~g(�v�)�(x; t)dxdt= J1(�) + J2(�); (7.7)J1(�) =Xj;n �nj Z j�x+1(j�1)�x+1(�(�vn�)� �(�vn+))dx+ Z Z�T r�(�v�)~g(�v�)�(x; t)dxdt;(7.8)J2(�) =Xj;n Z j�x+1(j�1)�x+1(�(�vn�)� �(�vn+))(� � �nj )dx; (7.9)where ~g(�v�) = 8<: h(�v�) when�v� is Type I;g(�v�) when�v� is Type II;0 when�v� is Type III;vn� = v�(x; n�t� 0); �vn� = �v�(x; n�t� 0); �nj = �(j�x+1; n�t), the summationof the third term in (7.5) is taken over all dis
ontinuities in �v� at a �xed t; � is thepropagating speed of the dis
ontinuity and E(�) is the error near the va
uum inthe 
onstru
tion of approximate solutions of Type III, namelyE(�) = Z Z�T X�v� is Type IIIr�(�v�)g(�v�)�(x; t)dxdt:In view of Remark 3.2, we havejE(�)j � o(1)k�kH1(
):Sin
e v� � �v� = O(�x), I ! 0 as �x ! 0 by Lebesgue's dominated 
onvergen
etheorem.



40 NAOKI TSUGETaking Taylor's expansion of (�[�℄� [q℄)�(x(t); t) for t at (n+1=2)�t, we obtain,for R, �����Z (n+1)�tn�t (�[�℄� [q℄) �(x(t); t)dt����� � o((�x)�+2)and, for S, Z (n+1)�tn�t (�[�℄� [q℄)�(x(t); t)dt � �o((�x)2)in a similar fashion to Lemmas 5.2 and 5.4. Then we haveZ T0 X(�[�℄� [q℄)�(x(t); t)dt � �o(1)k�kC(
):On the other hand, noti
e that for (j � 1)�x+ 1 � x � j�x+ 1vnj = 1�x Z j�x+1(j�1)�x+1 �vn�dx+ �t�x Z j�x+1(j�1)�x+1 ~g(�vn�)dx:Then sin
e � is 
onvex, from a similar argument of (6.12),J1(�) =Xj;n �nj Z j�x+1(j�1)�x+1(�(�vn�)� �(vnj ))dx+Xj;n �nj Z j�x+1(j�1)�x+1(�(vnj )� �(�vn+))dx+ Z Z�T r�(�v�)~g(�v�)�(x; t)dxdt�Xj;n �nj Z j�x+1(j�1)�x+1r�(vnj )(�vn� � vnj )dx+ Z Z�T r�(�v�)~g(�v�)�(x; t)dxdt + o(1)= ��tXj;n �nj Z j�x+1(j�1)�x+1r�(vnj )~g(�vn�)dx+ Z Z�T r�(�v�)~g(�v�)�(x; t)dxdt + o(1)= J11 + J12 + J13 + o(1);where J11 =Xj;n �nj Z n�t(n�1)�t Z j�x+1(j�1)�x+1(r�(�v�)~g(�v�)�r�(vnj )~g(vnj ))dxdt;J12 =Xj;n �nj Z n�t(n�1)�t Z j�x+1(j�1)�x+1r�(vnj )(~g(vnj )� ~g(�vn�))dxdt;J13 =Xj;n Z n�t(n�1)�t Z j�x+1(j�1)�x+1(r�(�v�)~g(�v�)�r�(vnj )~g(�v�� ))� (�(x; t) � �nj )dxdt:



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 41From Lemmas 2.5, the order of the di�eren
e between �v� and the 
orrespondingpie
ewise 
onstant approximate Riemann solutions V �(x; t) (see Lemma 7.1), whi
h
onsists of data of quasi-steady state solutions, is �x. Therefore, noting jr2�j �C=�, j~gj � C�; jrv~gj � C; jr�j � C, from (6.18) and Lemma 7.1,jJ11j � CXj;n �nj Z n�t(n�1)�t Z j�x+1(j�1)�x+1 j�v� � vnj jdxdt = O(p�x):Sin
e jrv~gj � C; jr�j � C, from (6.18), we 
an obtainjJ12j � CXj;n �nj Z n�t(n�1)�t Z j�x+1(j�1)�x+1 j�vn� � vnj jdxdt = O(p�x)and jJ13j = O(�x):Therefore J1 ! 0 as �x! 0.Furthermore, for any � 2 C10 (
), we havejJ2(�)j �Xj;n Z j�x+1(j�1)�x+1 j�(x; n�t) � �nj j(j�(�vn�)� �(vnj )j+ j�(�vn+)� �(vnj )j)dx� �xk�kC1(
)8><>:Xn 0�Xj Z j�x+1(j�1)�x+1 j�(�vn�)� �(vnj )j2dx1A 12 +O(1)9>=>;� Cp�xk�kC1(
)8><>:0�Xj;n Z j�x+1(j�1)�x+1 j�vn� � vnj j2dx1A 12 +O(p�x)9>=>;� Cp�xk�kC1(
) ! 0; as �x! 0:Therefore,Z Z0�t�T=m�t(�(v�)�t + q(v�)�x �r�(v�)g(v�)�)dxdt+ Z 1�1 �(�v�(x))�(0; x)dx� �o(1)(k�kC1(
) + k�kH1(
))! 0; �x! 0: (7.10)Taking the limit �x ! 0 on both sides of (7.10) and using Lebesgue's dominated
onvergen
e theorem, we verify that the limit fun
tion v = (�;m) satis�es�(v)t + q(v)x +r�(v)g(v) � 0; (7.11)in the sense of distributions. Choosing �(v) = ��;�m, we immediately �nd thatv(x; t) is a weak solution. Using the standard pro
edure (
f. [S℄), we 
on
lude thatthe limit fun
tion v(x; t) satis�es the entropy 
ondition (1.12) along any sho
k wave.This 
ompletes the proof of Theorem 7.2. �



42 NAOKI TSUGEAppendix A. The validity of the 
onstru
tion of approximatesolutions and their estimates in the 
ase (A)We prove that the 
onstru
tion of approximate solutions and their estimatesin the 
ase (A) are valid. Re
all that, in this 
ase, a 1-rarefa
tion and a 2-sho
karise as Riemann solutions with initial data (vnj ; vnj+1) and the middle state satis�es�M � (�x)� .We shall repla
e the 
onstants of a 1-rarefa
tion fan with quasi-steady statesolutions. More pre
isely, we determine speeds �i; i = 2; : : : ; p and quasi-steadystate solutions �vi(x); i = 2; : : : ; p between li : x = j�x + 1 + �i(t � n�t) andli+1 : x = j�x+ 1 + �i+1(t� n�t).First, let us determine the speed �2 and the quasi-steady state solution �v2(x).Let F2(�2) be �2 � �u1 + S(�2; ��1) at x = x2 := j�x + 1 + �2�t=2, where v2 isthe possible state that 
an be 
onne
ted to �v1(x2) on the right by a 1-rarefa
tionsho
k 
urve su
h that z2 := z(v2) = z�2 and �v1(x) is de�ned in (3.8). In this step,we determine �2 and v2 in Subse
tion 3.1 (A) Step 2. To do this, we �nd �2 su
hthat F2(�2) = 0, by using the following theorem:Theorem A.1. Let U 2 Rn be an open set. Let ~x 7! f(~x) be a C1 map from U intoRn. Assume that there exist positive numbers ";�0;M su
h that the following hold: 1) " � �0=(2M); 2) jf(~x0)j � "; 3) Df(~x0) is invertible; 4) kDf(~x)�Df(~x0)k �1=(2M) for j~x � ~x0j � �0; 5) 

fDf(~x0)g�1

 �M , where kAk = supj~xj=1 jA~xj forn� n matrix A.Then there exists a unique solution ~x off(~x) = 0in j~x� ~x0j � �0 su
h that j~x� ~x0j � 2M":First, from Remark 2.2, along a 1-sho
k or a 1-rarefa
tion sho
k 
urve, we havethe following lemma:Lemma A.2. If there exist C1 > 0 and C2 > 1 independent of �x su
h thatminf�; �0g � C1(�x)� and 1=C2 � �=�0 � C2,w � w0 = O((�x)�(
�1)�)(z � z0)3holds, where (w; z) is 
onne
ted to (w0; z0) on the right by a 1-rarefa
tion sho
k ora 1-sho
k 
urve and O(�x) depends only on C1 and C2.Let v0;2 be the possible state that 
an be 
onne
ted to �v1(x�2) on the rightby a 1-rarefa
tion sho
k 
urve su
h that z0;2 = z�2 , where x�2 = j�x + 1 +�1(z�1 ; z�2 ; wL)�t=2. We dedu
e from Lemma A.2 thatw0;2 := w(v0;2) = �w1(x�2) +O((�x)3��(
�1)�):Sin
e 2�� (
 � 1)� > 1, we haveF2(�1(z�1 ; z�2 ; wL)) = O(�x); F 02(�1(z�1 ; z�2 ; wL)) > 1=2:Applying Theorem A.1 with ~x = �2 and ~x0 = �1(z�1 ; z�2 ; wL), we have a solution �2su
h that �2 = �u1 � S(�2; ��1) at x = x2 (A.1)



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 43and j�2 � �1(z�1 ; z�2 ; wL)j = O(�x): (A.2)By using this solution �2, we 
an determine v2 su
h that 1) z(v2) = z�2 and 2) thespeed �2, the left and right states �v1(x2); v2 satisfy the Rankine-Hugoniot 
ondi-tions, where x2 := j�x+ 1 + �2�t=2. Moreover, v2 satis�es�2 � (�x)�=2; j�2=��1(x2)� 1j = o(1): (A.3)Then we de�ne a quasi-steady state solution �v2 by�v2(x) := Vqs(x; x2; v2):Sin
e v2 and �v1(x2) are 
onne
ted by a 1-rarefa
tion sho
k 
urve, from Lemma A.2,we obtain �w2(x2) = w2 = �w1(x2) +O((�x)3��(
�1)�): (A.4)Now, we assume that we 
an determine the speed �k, vk and �vk(x) (k = 2; : : : ; i)satisfying the following (�):� zk := z(vk) = z�k; wk := w(vk): (A.5)� j�k � �1(wL; z�k�1; z�k)j = O(�x): (A.6)� xk = j�x+ 1 + �k�t=2:� vk and �vk�1(xk) are 
onne
ted by a 1-rarefa
tion sho
k 
urve.� �vk(x) = Vqs(x; xk; vk): (A.7)� �wk(xk) := w(�vk(xk)) = wk = �wk�1(xk) +O((�x)3��(
�1)�): (A.8)� �k � (�x)�=2; j�k=��k�1(xk)� 1j = o(1): (A.9)In view of (A.8), sin
e p = O((�x)��) and 2�� (
 � 1)� > 1, we havejwi � wLj = j �wi(xi)� wLj = j �wi(xi)� �w1(x1)j� i�1Xk=1 j �wk(xk+1)� �wk(xk)j+O((�x)2��(
�1)�)= O(�x): (A.10)It follows from (A.10) that�i = �(z�i ; wL) + (�(z�i ; wL)) 3�
2 O(�x) +O((�x)2) (A.11)and ui � u(z�i ; wL) = wi + z�i2 � wL + z�i2 = O(�x): (A.12)Moreover, re
alling that � < 1, it follows from (A.6) that �k�1 < �k. Then,by indu
tion and the argument for i = 2, we 
an determine the speed �i+1,vi+1 and �vi+1(x) satisfying (�) and 
omplete R�1 (zM)(vL). Noti
e that (A.6) and(A.10){(A.12) imply the order of the di�eren
e between the 1-rarefa
tion fan andR�1 (zM)(vL) is �x.Now we �x �vR(x) and �vp�1(x). Choosing ��p near to �p, ��s near to �s and v�Mnear to vM, we �ll up the gap between x = j�x+1+��p(t�n�t) and x = j�x+1+



44 NAOKI TSUGE��s (t� n�t), by a quasi-steady state solution �v�M(x) satisfying �v�M(j�x + 1) = v�M.First let ��p = ��p(v�M) and ��s = ��s (v�M) be solutions of the equations��p = �up�1 � S(���M; ��p�1) at x = x�p := j�x+ 1 + ��p�t=2and��s = �uR + S(���M; ��R) at x = x�s := j�x+ 1 + ��s�t=2respe
tively.Let Fs(��s ; ��M; u�M) be�uR + S(���M; ��R) at x = x�s := j�x+ 1 + ��s�t=2:In the 
oming argument, we shall need the lower bound of �R in the 
ase where�R is mu
h smaller than �M. Therefore, when �R � �M=2, we �rst derive theestimate. It follows from Lax 
ondition that�2(vM; vR) = uR +s�M�R p(�M)� p(�R)�M � �R � uM + ��M = �2(vM):We then haveC � �uM � uR + ��M� =s�M�R p(�M)� p(�R)�M � �R�s�M�R (�M)
=
 f1� (�R=�M)
g�M �sf1� (1=2)
g(�M)
=
�R ; (A.13)where C depends only on M� and M+. We 
onsequently obtain �R � (�M)
=C.We thus have�Fs(��s ; ��M; u�M)���s ������s=�s;��M=�M;u�M=uM = ��uR(x)�x �t2 + �S(���M; ��R)���R ���R(x)�x �t2+ �S(���M; ��R)����M ����M(x)�x �t2 ������s=�s;��M=�M;u�M=uM= O(�x):Similarly, we have�Fs(��s ; ��M; u�M)���M ������s=�s;��M=�M;u�M=uM = �S(���M; ��R)����M ����M(x)���M ������s=�s;��M=�M;u�M=uM= O((�M)�1)and �Fs(��s ; ��M; u�M)�u�M �������s=�s;��M=�M;u�M=uM = O(1):Here we introdu
e the following theorem:Theorem A.3. Let U 2 Rn; V 2 R be open sets. Let (~x; y) 7! f(~x; y) be a C1map from U � V into R. Let us 
onsider the equationy = f(x1; : : : ; xn; y) (A.14)



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 45near (~x; y) = (~x0; y0). Assume that there exist positive numbers ";�1; �2;M su
hthat the following hold: 1) " � �1=3 and �2 � �1=(3M); 2) jy0 � f(~x0; y0)j � ";3) If jy � y0j � �1 and j~x� ~x0j � �1, then j�yf(~x; y)j � L � 1=3 and j�~xf j �M .Then there exists a unique solution y = y(~x) of (A.14) for jy � y0j � �1 andj~x� ~x0j � �2 su
h thatjy(~x)� f(~x0; y0)j � 11� L (M j~x� ~x0j+ jy0 � f(~x0; y0)j): (A.15)Moreover y is C1.Sin
e Fs(��s ; ��M; u�M) �������s=�s;��M=�M;u�M=uM � �s = O(�x);applying Theorem A.3 with ~x = (��M; u�M), y = ��s, ~x0 = (�M; uM) and y0 = �s, wehave ��s = �s +O(�x) +O((�M)�1j��M � �Mj+ ju�M � uMj);where �s = uR + S(�M; �R):Let F (��p ; ��M; u�M) be�up�1 � S(���M; ��p�1) at x = x�p := j�x+ 1 + ��p�t=2:Set ��Rw = up�1 � S(�M; �p�1):We then observe thatF (��p ; ��M; u�M)������p=��Rw;��M=�M;u�M=uM ���Rw = O(�x):Moreover we have �F (��p ; ��M; u�M)���p ������p=��Rw;��M=�M;u�M=uM = O(�x):Similarly, we have �F (��p ; ��M; u�M)���M ������p=��Rw ;��M=�M;u�M=uM = O((�M) 
�32 )and �F (��p ; ��M; u�M)�u�M ������p=��Rw;��M=�M;u�M=uM = O(1):Applying Theorem A.3 with ~x = (��M; u�M), y = ��p , ~x0 = (�M; uM) and y0 = ��Rw,we have ��p = ��Rw +O(�x) +O((�M) 
�32 j��M � �Mj+ ju�M � uMj): (A.16)Now we have obtained two fun
tions of ��M and u�M, ��p = ��p(��M; u�M) and ��s =��s (��M; u�M). Next let us determine ��M and u�M.



46 NAOKI TSUGEWe �rst obtain���p���M ������M=�M;u�M=uM = � �����MS(���M; ��p�1)(1 +O(�x))������M=�M;u�M=uM ;���s���M ������M=�M;u�M=uM = �����MS(���M; ��R)(1 +O(�x))������M=�M;u�M=uM ;���p�u�M ������M=�M;u�M=uM = O(�x); ���s�u�M ������M=�M;u�M=uM = O(�x):On the other hand, the Rankine-Hugoniot 
onditions on t = (n + 1=2)�t areredu
ed to �1 = �2 = 0 , where�1 := �m�M � �mp�1 � ��p(���M � ��p�1) at x = x�p;�2 := �mR � �m�M � ��s (��R � ���M) at x = x�s :Then we 
an �nd�1����M=�M;u�M=uM = O(�x); �2����M=�M;u�M=uM = O(�x):Next we estimate the derivatives of �1 and �2. We �rst obtain��1���M ������M=�M;u�M=uM = (���M � ��p�1) �����MS(���M; ��p�1)� ��p + �u�M������M=�M;u�M=uM +O(�x);��2���M ������M=�M;u�M=uM = (���M � ��R) �����MS(���M; ��R) + ��s � �u�M������M=�M;u�M=uM +O(�x);��1�u�M ������M=�M;u�M=uM = ���M �������M=�M;u�M=uM +O(�x); ��2�u�M ������M=�M;u�M=uM = ����M �������M=�M;u�M=uM +O(�x):These yielddet26664 ��1���M ��1�u�M��2���M ��2�u�M 37775�����������M=�M;u�M=uM= ����M f�+O((�x)�)gj��M=�M;u�M=uM ;where� = �(��R � ���M) �����MS(���M; ��R) + S(��R; ���M) + S(���M; ���M)������M=�M;u�M=uM :Sin
e � = (���M � ��R) �����MS(���M; ��R) + S(��R; ���M) + S(���M; ���M)������M=�M;u�M=uM= 12S(��R; ���M) + 12 1S(��R; ���M)p0(���M) + S(���M; ���M)������M=�M;u�M=uM� C(�x) 
�12 � ;
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on
lude that
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������������M=�M;u�M=uM = O((�x)� 
+12 �):Applying Theorem A.1, we have a solution v�M satisfyingj��M � �Mj+ ju�M � uMj = O((�x)1� 
+12 �): (A.17)Finally we derive (4.7) and �p�1 < ��p < ��s . Sin
e �M � (�x)� and j�p�1��Mj =O((�x)�), from (A.17), we have��M = �p�1(1 + o(1)) = �M(1 + o(1)); ��M > (�x)�=2:This shows j��M=�p�1 � 1j = o(1). Observing that ��p�1(x�p) = �p�1 + O(�x) and���M(x�p) = ��M + O(�x), (4.7) follows from Remark 2.2 and (A.17). �p�1 < ��pfollows from the fa
t that � < 1 � 2�, (A.16) and (A.17). Sin
e ��p and ��s arespeeds of the di�erent families, re
alling �M � (�x)� , we 
an obtain ��p < ��s .Appendix B. The validity of the 
onstru
tion of approximatesolutions and their estimates in the 
ase (B)We 
onsider �v�(x; t) in the 
ase (B). In this 
ase, �v�(x; t) 
onsists of a Riemannsolution and a pie
ewise quasi-steady state rarefa
tion wave su
h as R�1 (z(1)L )(vL).In this se
tion, we estimate �v�(x; t), in parti
ular, in the region where �v�(x; t)are Riemann solutions. Here noti
e that, if �v�(x; t) is a Riemann solution, fromour 
onstru
tion, �v�(x; t) = v�(x; t). On the other hand, we 
annot 
onne
t apie
ewise quasi-steady state rarefa
tion wave and a sho
k wave of the same family.Therefore we must 
he
k the following:� in the region where v�(x; t) is a Riemann solution, v�(x; t) satis�es (4.1)and ��(x; t) < 3(�x)�=2.� when we 
onne
t a pie
ewise quasi-steady state rarefa
tion R�1 (resp. R�2 )and a Riemann solution, a 1-sho
k (resp. a 2-sho
k) does not arise as theRiemann solution.Case 1.1 �l > (�x)�In this 
ase, we �rst observe that�R < (�x)� ; z(vR) � Lj : (B.1)(ii) z(vM)� z(v(1)L ) > (�x)�We separately 
onsider two 
ases.(ii){(a) z(v(2)L ) � LjIn this 
ase, sin
e maxfz(1)L ; Ljg = z(1)L , the right state v(2)L is 
onne
ted to the leftstate vL by R�1 (z(1)L )(vL). On the other hand, from the argument of the 
ase (A),we dedu
e thatjw(v(2)L )� w(v(1)L )j = O(�x); j�(2)L � �(1)L j = (�(1)L )1��O(�x) (B.2)(from (A.10) and (A.11) with i = p)



48 NAOKI TSUGEand w(v(2)L ) �M+ + "+ o(�x): (B.3)
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+1(I)(II)(III)�v�M(x)Figure 8. Case 1.1 (ii){(a): The approximate solution �v� inthe 
ell.Sin
e � < 1, from (B.2)1 and the assumption of Case 1.1 (ii), a 1-sho
k doesnot arise for a Riemann problem (v(2)L ; vR). We then solve the Riemann problem(v(2)L ; vR).
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+1(I)(II)(III)�v�M(x)Figure 9. Case 1.1 (ii){(a): The approximate solution �v� inthe 
ase where a 1-rarefa
tion and a 2-sho
k arise in (z; w)-plane.



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 49Let �p be the propagation speed of the �rst 1-rarefa
tion sho
k on the right inR�1 (z(1)L )(vL) (see Figure 8). Then, noti
e that from (2.4) �p � �1(v(2)L ). Therefore,we 
an 
onne
t this Riemann solution and R�1 (z(1)L )(vL).From Lemma 2.2, (B.1) and (B.2)2, re
alling that �(1)L = (�x)� , this Riemannsolution vR(x; t) satis�es �R(x; t) < 3(�x)�=2,z(vR(x; t)) � Lj ; w(vR(x; t)) �M+ + "+ o(�x): (B.4)Therefore, from the 
onstru
tion of �v�(x; t) and (B.4), we have (4.1).(ii){(b) z(v(1)L ) < LjIn this 
ase, sin
e maxfz(1)L ; Ljg = Lj , the right state v(2)L is 
onne
ted to the leftstate vL by R�1 (Lj)(vL) and z(v(2)L ) = Lj . Now, the de�nition of vL = vnj impliesz(vL) � �M�f(j � 1=2)�x + 1g� 2(
�1)
+1 . On the other hand, from the de�nitionof v(1)L and the assumption of Case 1.1, we �nd z(v(1)L ) � z(vL). Observing thatz(v(2)L ) = Lj > z(v(1)L ), we have jz(v(2)L ) � z(v(1)L )j = O(�x). Therefore, sin
e�(1)L = (�x)� , from (A.10) with i = p, we thus have (�x)�=2 < �(2)L < 3(�x)�=2.
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�1)
+1(I)(II)(III)�v�M(x)Figure 10. Case 1.1 (ii){(b): The approximate solution �v� in(z; w)-plane.We then solve a Riemann problem (v(2)L ; vR). Sin
e z(vR) � Lj , a 1-sho
k doesnot arise.We next estimate this Riemann solution. We dedu
e from the argument of the
ase (A) and the de�nition of v(2)L that w(v(2)L ) � M+ + " + o(�x). From Lemma2.2, the Riemann solution vR(x; t) satis�es �R(x; t) < 3(�x)�=2,z(vR(x; t)) � Lj ; w(vR(x; t)) �M+ + "+ o(�x): (B.5)



50 NAOKI TSUGETherefore, from the 
onstru
tion of �v�(x; t) and (B.5), we have (4.1).Case 1.2 �L < (�x)�(i) z(vL) � LjIn this 
ase, from (B.1), we have (4.1).(ii) z(vL) < LjWe solve a Riemann problem (v(3)L ; vR). Sin
e z(vR) � Lj , a 1-sho
k does not arise.On the other hand, from the de�nition of v(3)L , we �nd w(v(3)L ) � M+ + ". From(B.1), we then have (4.1).
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(z(v(1)R ); w(v(1)R ))(z(vM); w(vM))M+11 + 12�x~v(x; t)~v�(x; t)�(xq ; (n+ 1=2)�t)�1(v(2)L )u = 0M+M+ + "�M�x� 2(
�1)
+1(I)(II)(III)�v�M(x)Figure 11. Case 1.2 (ii): The approximate solution �v� in (z; w)-plane.Case 2.1In this 
ase, noti
e that �L < (�x)� and z(vL) � z(vR). The de�nition of vnj (= vL)and vnj+1 (= vR) thus impliesLj � z(vR) � z(vL); w(vL) �M+ + " and w(vR) �M+ + ": (B.6)(ii) w(v(1)R )� w(vM) > (�x)� and �R � (�x)�Then, noti
e that jz(v(2)R ) � z(v(1)R )j = O(�x). Sin
e � < 1, from the assumptionof Case 2.1 (ii), a 2-sho
k does not arise for a Riemann problem (vL; v(2)R ). Theestimate of this Riemann solution 
an be found in Se
tion 4.(iii) �R < (�x)�In this 
ase, from Lemma 2.2 and (B.6), we 
on
lude that Lj � z(v�(x; t)) andw(v�(x; t)) �M+ + ".Case 3.2 w(v(1)R )� w(vM) > (�x)� and �R � (�x)�(i) �L � (�x)�We separately 
onsider two 
ases.
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M+11 + 12�x~v(x; t)~v�(x; t)�(xq ; (n+ 1=2)�t)�1(v(2)L )u = 0M+M+ + "�M�x� 2(
�1)
+1(I)(II)(III)�v�M(x)Figure 12. Case 2.1 (ii): The approximate solution �v� in the
ase where a 1-sho
k and a 2-rarefa
tion wave arise in (z; w)-plane.
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+1(I)(II)(III)�v�M(x)Figure 13. Case 3.2 (i){(a): The approximate solution �v� in(z; w)-plane.



52 NAOKI TSUGE(i){(a) z(v(1)L ) � LjSin
e j�(1)L � �(2)L j = (�(1)L )1��O(�x) (re
all (A.11) with i = p), jw(1)L � w(2)L j =O(�x), jz(1)R � z(2)R j = O(�x), j�(1)R � �(2)R j = (�(1)R )1��O(�x), �(1)L = �(1)R and� < 1, we havew(v(2)R )� w(v(2)L ) � w(v(1)R )� w(v(1)L )�O(�x)� w(vM)� w(vL) + (�x)� �O(�x)(from the assumption of Case 3.2)� (�x)� �O(�x) > (�x)�=2: (B.7)z(w(2)R )� z(v(2)L ) = w(v(2)R )� w(v(2)L )� 2(�(2)R )�=� + 2(�(2)L )�=�� w(v(1)R )� w(v(1)L )�O(�x)� w(vM)� w(vL) + (�x)� �O(�x)� (�x)� �O(�x) > (�x)�=2: (B.8)Here, sin
ej1� �(2)L =�(1)L j = (�(1)L )��O(�x) = o(1) (from the fa
t that �(1)L = (�x)�);noti
e that(�(2)L )�=� = (�(1)L )�=� + n��(1)L + (1� �)�(2)L o��1 (�(2)L � �(1)L )= (�(1)L )�=� + n��(1)L + (1� �)�(2)L o��1 (�(1)L )1��O(�x)= (�(1)L )�=� + n� + (1� �)�(2)L =�(1)L o��1O(�x)= (�(1)L )�=� +O(�x); (B.9)where 0 < � < 1. Similarly noti
e that(�(2)R )�=� = (�(1)R )�=� +O(�x): (B.10)We solve a Riemann problem (v(2)L ; v(2)R ). From (B.7) and (B.8), a 1-rarefa
tionwave and a 2-rarefa
tion wave arise. Then estimate of this Riemann solution 
anbe 
he
ked by using (B.8){ (B.10).(i){(b) z(v(1)L ) < LjIn this 
ase, sin
e maxfz(1)L ; Ljg = Lj , the right state v(2)L is 
onne
ted to the leftstate vL by R�1 (Lj)(vL) and z(v(2)L ) = Lj . We then obtain (�x)�=2 < �(2)L <3(�x)�=2, jz(2)L � z(1)L j = O(�x) and jw(2)L � w(1)L j = O(�x) in a similar fashion toCase 1.1 (ii){(b). From (B.7), we havew(v(2)R )� w(v(2)L ) � w(v(1)R )� w(v(1)L )�O(�x) > 0;z(v(2)R )� z(v(2)L ) � z(v(1)R )� z(v(1)L )�O(�x)= w(v(1)R )� w(v(1)L )�O(�x) > 0:Therefore, a 1-rarefa
tion and a 2-rarefa
tion arise. The estimate of this Riemannsolution 
an be obtained easily.



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 53(ii) �L < (�x)�In this 
ase, from the assumption of Case 3.2, we havew(v(2)R )� w(vL) � w(v(2)R )� w(vM) � w(v(1)R )� w(vM)�O(�x)� (�x)� �O(�x) > (�x)�=2: (B.11)(ii){(a) z(vL) � minnz(v(2)R ); LjoWe solve a Riemann problem (vL; v(2)R ). From (B.11), a 2-sho
k does not arise. Theestimate of this Riemann solution is similar to Case 2.1.
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(z(v(1)R ); w(v(1)R ))(z(vM); w(vM)) M+11 + 12�x~v(x; t)~v�(x; t)�(xq ; (n+ 1=2)�t)�1(v(2)L )u = 0M+M+ + "�M�x� 2(
�1)
+1(I)(II)(III)�v�M(x)Figure 14. Case 3.2 (ii){(b): The approximate solution �v� in(z; w)-plane.(ii){(b) z(vL) < minnz(v(2)R ); LjoWe solve a Riemann problem (v(3)L ; v(2)R ). Then, sin
e jw(v(3)L ) � w(vL)j = O(�x),from (B.11), a 2-sho
k does not arise. The estimate of this Riemann solution issimilar to Case 2.1. Appendix C. Proof of Lemma 6.1Proof. Set�(x; t) := ~�(x; t)x� 4
+1 ; m(x; t) := ~m(x; t)x�2; xM := (j � 1=2)�x+ 1;Etj(�) := 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx; Etj(m) := 1�x Z j�x+1(j�1)�x+1 ~m(x; t)x�2dx:



54 NAOKI TSUGEWe then dedu
e from Lemma 2.2 thatw(Etj(�); Etj(m)) �M+ + "+ o(�x): (C.1)Therefore our goal in this lemma is to provez(Etj(�); Etj(m)) � �M�x� 2(
�1)
+1M � o(�x);wherez(Etj(�); Etj(m))= Etj(m)=Etj(�)� fEtj(�)g�=�= 1�x Z j�x+1(j�1)�x+1 ~m(x; t)x�2dx� 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx!�+1 =�1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx (C.2)and Landau's symbol o(�x) depends only on M+ and M�.Step 1.We �ndEtj(�) = 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�2x 2(
�1)
+1 dx= x 2(
�1)
+1M 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�2dx+ 2(
 � 1)
 + 1 x 2(
�1)
+1 �1M 1�x Z j�x+1(j�1)�x+1(x� xM)~�(x; t)x�2dx+ (
 � 1)
 + 1 �2(
 � 1)
 + 1 � 1� 1�x Z j�x+1(j�1)�x+1(x� xM)2 ~�(x; t)x�2� fxM + �1(x)(x � xM)g 2(
�1)
+1 �2dx= x 2(
�1)
+1M 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�2dx+ 2(
 � 1)
 + 1 x� 4
+1�1M 1�x Z j�x+1(j�1)�x+1(x� xM)~�(x; t)dx+O((�x)2) 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx(taking Taylor's expansion of x�2 at xM);where 0 < �1(x) < 1.



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 55Substituting the equation above for (C.2), we obtainz(Etj(�); Etj(m))= 1�x Z j�x+1(j�1)�x+1 ~m(x; t)x�2dx� 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx!�+1 =�x 2(
�1)
+1M 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�2dx� 1�x Z j�x+1(j�1)�x+1 ~m(x; t)x�2dx� 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx!�+1 =� x 2(
�1)
+1M 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�2dx!2� 2(
 � 1)
 + 1 x� 4
+1�1M 1�x Z j�x+1(j�1)�x+1(x� xM)~�(x; t)dx +O((�x)2): (C.3)Set� := 2(
 � 1)(� + 1)(
 + 1) 1 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx!�
� 1�x Z j�x+1(j�1)�x+1 ~m(x; t)x�2dx� 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx!�+1 =�x 2(
�1)
+1M 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�2dx :(C.4)Then assume that the following holds.(Etj(�))�+1 � 1�x Z j�x+1(j�1)�x+1(~�(x; t))�+1x�2dx� �(� + 1) 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx!�� x� 4
+1�1M 1�x Z j�x+1(j�1)�x+1(x� xM)~�(x; t)dx+ o(�x) 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx: (C.5)



56 NAOKI TSUGEThis estimate shall be proved in step 2{4. Then, substituting (C.5) for (C.3), we
on
lude thatz(Etj(�); Etj(m)) � 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�2[~u(x; t)� f~�(x; t)g�=�℄dxx 2(
�1)
+1M 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�2dx � o(�x)� �M�x� 2(
�1)
+1M � o(�x):Therefore we must prove (C.5). Separating three steps, we derive this estimate.Step 2.First, let us 
onsider � in (C.4). We prove thatj�j � C(�x)��Æ ;where C depends only on M+ and M�.It suÆ
es to derive the bound ofB :=1�x Z j�x+1(j�1)�x+1 ~m(x; t)x�2dx� 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx!�+1 =�x 2(
�1)
+1M 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�2dx :The upper bound:B � 1�x Z j�x+1(j�1)�x+1 ~m(x; t)x�2dxx 2(
�1)
+1M (j�x+ 1)� 2(
�1)
+1 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx� x� 2(
�1)
+1M (j�x+ 1) 2(
�1)
+1 Etj(m)=Etj(�)� x� 2(
�1)
+1M (j�x+ 1) 2(
�1)
+1 w(Etj(�); Etj(m))� x� 2(
�1)
+1M (j�x+ 1) 2(
�1)
+1 M+ (from Lemma 2.2):Here 
hoosing �x small enough su
h that �x � 2, we havex� 2(
�1)
+1M (j�x+ 1) 2(
�1)
+1 = f(j � 1=2)�x+ 1g� 2(
�1)
+1 (j�x+ 1) 2(
�1)
+1= �1 + 12�x(j � 1=2)�x+ 1� 2(
�1)
+1 � 2 2(
�1)
+1 : (C.6)The upper bound follows from the inequalities above.



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 57The lower bound:using Jensen's inequality, we haveB � 1�x Z j�x+1(j�1)�x+1 ~m(x; t)x�2dx� 1�x Z j�x+1(j�1)�x+1(~�(x; t))�+1=�x�2dxx 2(
�1)
+1M 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�2dx� 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�2x 2(
�1)
+1 x� 2(
�1)
+1M [~u(x; t)� f~�(x; t)g�=�℄x� 2(
�1)
+1 dx1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�2dx� �M�x� 2(
�1)
+1M � o(�x) (from the assumption of this lemma and (C.6)):Step 3.In this step, we derive Etj(�) � C1; jEtj(m)=Etj(�)j � C2; (C.7)where C1 and C2 depend only on M+ and M�.When Etj(m) � 0, from Jensen's inequality, we havez(Etj(�); Etj(m)) = Etj(m)=Etj(�)� fEtj(�)g�=�= 1�x Z j�x+1(j�1)�x+1 ~m(x; t)x�2dx� 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx!�+1 =�1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx� 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 [~u(x; t)� f~�(x; t)g�=�℄x� 2(
�1)
+1 dx1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx� �M� � o(�x) (from the argument of Step 2): (C.8)From (C.1), (C.8) and Remark 1.2, we have the bound of w(Etj(�); Etj(m)) andz(Etj(�); Etj(m)). Therefore, we 
on
lude (C.7).Step 4.We next 
onsider the �rst equation of (C.3): 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx!�+1 :



58 NAOKI TSUGEWe �rst �ndEtj(�) = 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�� 4
+1x��dx= x��M 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�� 4
+1 dx� �x���1M 1�x Z j�x+1(j�1)�x+1(x � xM)~�(x; t)x�� 4
+1 dx+ �(�+ 1)2 1�x Z j�x+1(j�1)�x+1(x� xM)2~�(x; t)x�� 4
+1� fxM + �2(x)(x � xM)g���2dx:= I0 � I1 + I2;where 0 < �2(x) < 1.We next estimate I1 and I2 as follows:jI2j � Cj�(�+ 1)j(�x)2 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 � j�x+ 1(j � 1)�x+ 1�j�j dx� Cj�(�+ 1)j(�x)2 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 �1 + �x(j � 1)�x+ 1�j�j dx= o(�x) 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx (from Step 2);I1 = �x� 4
+1�1M 1�x Z j�x+1(j�1)�x+1(x� xM)~�(x; t)dx+��� 4
 + 1��x���1M 1�x Z j�x+1(j�1)�x+1(x� xM)2~�(x; t)� fxM + �3(x)(x � xM)g�� 4
+1�1dx(taking Taylor's expansion of x�� 4
+1 at xM):= J1 + J2;jJ2j � C ������� 4
 + 1������ (�x)2� 1�x Z j�x+1(j�1)�x+1 ~�(x; t)� j�x+ 1(j � 1)�x+ 1�j�j x� 4
+1 dx= o(�x) 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx:



THE COMPRESSIBLE EULER EQUATIONS WITH SPHERICAL SYMMETRY 59Therefore, we haveEtj(�) = x��M 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�� 4
+1 dx� �x� 4
+1�1M 1�x Z j�x+1(j�1)�x+1(x� xM)~�(x; t)dx+ o(�x) 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx: (C.9)On the other hand, we �ndx� 4
+1M 1�x Z j�x+1(j�1)�x+1(x� xM)~�(x; t)dx = O(�x) 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx:(C.10)From (C.9) and (C.10), we dedu
e that(Etj(�))�+1 =  x��M 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�� 4
+1 dx��x� 4
+1�1M 1�x Z j�x+1(j�1)�x+1(x� xM)~�(x; t)dx!�+1+ o(�x) 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx=  x��M 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�� 4
+1 dx!�+1+ (� + 1) x��M 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�� 4
+1 dx��4�x� 4
+1�1M 1�x Z j�x+1(j�1)�x+1(x� xM)~�(x; t)dx!����x� 4
+1�1M 1�x Z j�x+1(j�1)�x+1(x � xM)~�(x; t)dx+ o(�x) 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx: (C.11)
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ex��M 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�� 4
+1 dx= 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx+ �x��M 1�x Z j�x+1(j�1)�x+1(x� xM)~�(x; t)fxM + �5(x)(x � xM)g��1x�� 4
+1 dx= 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx+ o(p�x) 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx;substituting this equation for the se
ond equation in (C.11) and using (C.10), weobtain (Etj(�))�+1 =  x��M 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�� 4
+1 dx!�+1� �(� + 1) 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx!�� x� 4
+1�1M 1�x Z j�x+1(j�1)�x+1(x� xM)~�(x; t)dx+ o(�x) 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x� 4
+1 dx: (C.12)Considering (C.12), from Jensen's inequality, we have x��M 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�� 4
+1 dx!�+1
= 0BBB�x��M 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�� �+1� �� 4
+1x �+1� �dx1�x Z j�x+1(j�1)�x+1 x �+1� �dx 1CCCA�+1
� 1�x Z j�x+1(j�1)�x+1 x �+1� �dx!�+1� 1�x Z j�x+1(j�1)�x+1(~�(x; t))�+1x�2dx x� �+1� �M 1�x Z j�x+1(j�1)�x+1 x �+1� �dx!� :(C.13)
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e x� �+1� �M 1�x Z j�x+1(j�1)�x+1 x �+1� �dx= x� �+1� �M 1�x Z j�x+1(j�1)�x+1 x �+1� �M dx+ x� �+1� �M � + 1� � 1�x Z j�x+1(j�1)�x+1 x �+1� ��1M (x� xM)dx+ x� �+1� �M � + 1� ��� + 1� �� 1�� 1�x Z j�x+1(j�1)�x+1fxM + �6(x)(x � xM)g �+1� ��2(x� xM)2dx= 1 + o(�x);(C.13) yields  x��M 1�x Z j�x+1(j�1)�x+1 ~�(x; t)x�� 4
+1 dx!�+1� 1�x Z j�x+1(j�1)�x+1(~�(x; t))�+1x�2dx(1 + o(�x)): (C.14)From (C.12) and (C.14), we obtain (C.5) and 
omplete the proof of lemma6.1. �A
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