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Abstract

Consider a general strictly hyperbolic, quasilinear system, in one space di-
mension

up + A(uw)ug =0, (1)

where u +— A(u), u € 2 C RY, is a smooth matrix-valued map. Given an
initial datum (0, -) with small total variation, let u(t,-) be the corresponding
(unique) vanishing viscosity solution of (1) obtained as limit of solutions to the
viscous parabolic approximation u; + A(u)u, = pg,, as p — 0. We prove the
a-priori bound

[u(T, ) = u(T, )| = (1) - V& |loge] (2)

for an approximate solution u® of (1) constructed by the Glimm scheme, with
mesh size Az = At = ¢, and with a suitable choice of the sampling sequence.
This result provides for general hyperbolic systems the same type of error
estimates valid for Glimm approximate solutions of hyperbolic systems of con-
servation laws u; + F(u), = 0 satisfying the classical Lax or Liu assumptions
on the eigenvalues A (u) and on the eigenvectors ri(u) of the Jacobian matrix
A(u) = DF(u).

The estimate (2) is obtained introducing a new wave interaction functional
with a cubic term that controls the nonlinear coupling of waves of the same
family and at the same time decreases at interactions by a quantity that is
of the same order of the product of the wave strength times the change in
the wave speeds. This is precisely the type of errors arising in a wave tracing
analysis of the Glimm scheme, which is crucial to control in order to achieve
an accurate estimate of the convergence rate as (2).
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1. Introduction

Consider a general strictly hyperbolic, N x N quasilinear system in one
space dimension
ur + Au)ugy =0, (1.1)

where u — A(u) is a C? matrix valued map defined from a domain 2 C RV
into MY *¥(R), and A(u) has N real distinct eigenvalues

Ar(u) < -+ < An(u) YVou. (1.2)

Denote with r1(u),...,rn(u) a corresponding basis of right eigenvectors. The
fundamental paper of Bianchini and Bressan [9] shows that (1.1) generates
a unique (up to the domain) Lipschitz continuous semigroup {S; : ¢ > 0} of
vanishing viscosity solutions with small total variation obtained as the (unique)
limits of solutions to the (artificial) viscous parabolic approximation

up + A(u) Uy = p gy, (1.3),

when the viscosity coefficient u© — 0. In particular, in the conservative case
where A(u) is the Jacobian matrix of a flux function F(u), every vanishing
viscosity solution of (1.1) provides a weak solution (in a distributional sense)
of

u + F(u), =0, (1.4)

satisfying an admissibility criterion proposed by T.P. Liu in [22,23], which
generalizes the classical stability conditions introduced by Lax [20].

Definition 1. A shock discontinuity of the k-th family (u”, uf?), traveling with
speed op[ul, uf?], is Liu admissible if, for any state u lying on the Hugoniot
curve Sy [u] between u” and u®, the shock speed o [u”, u] of the discontinuity
(u, u) satisfies

orlul, u] > op[ul, uf. (1.5)

Such a criterion needs to be imposed to rule out non-physical discontinuities,
since weak solutions to Cauchy problems for (1.4) are not unique.

Given an initial datum with small total variation

u(0,x) =u(z), (1.6)
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the existence of global weak admissible solutions to (1.4)-(1.6) was first estab-
lished in the celebrated paper of Glimm [16] under the additional assumption
that each characteristic field 7y be either linearly degenerate (LD), so that

VA (u) - ri(u) =0 Y u, (1.7)
or else genuinely nonlinear (GNL) i.e.
Vk(u) - re(u) #0 Vou. (1.8)

A random choice method, the Glimm scheme, was introduced in [16] to con-
struct approximate solutions of the general Cauchy problem (1.4)-(1.6) by piec-
ing together solutions of several Riemann problems, i.e. Cauchy problems whose
initial data are piecewise constant with a single jump at the origin

ul if <0
0,z) = ’ 1.9
w(0,) {uR if >0. (1.9)

Using a nonlinear functional introduced by Glimm, that measures the non-
linear coupling of waves in the solution, one can establish a-priori bounds on
the total variation of a family of approximate solutions. These uniform esti-
mates then yield the convergence of a sequence of approximate solutions to the
weak admissible solution of (1.4)-(1.6). The existence theory for the Cauchy
problem (1.4)-(1.6) based on a Glimm scheme was extended by Liu [24], Liu
and Yang [25], and by Iguchy and LeFloch [19] to the case of systems with
non genuinely nonlinear (NGNL) characteristic families that exhibit finitely
many points of lack of genuine nonlinearity along each elementary curve, and
by Bianchini [7] to general hyperbolic systems (1.1).

The aim of the present paper is to provide a sharp convergence rate for ap-
proximate solutions obtained by the Glimm scheme valid for general hyperbolic
quasilinear systems (1.1), without any additional assumption on A(u) besides
the strict hyperbolicity (1.2). We recall that in the Glimm scheme, one works
with a fix grid in the ¢-z plane, with mesh sizes At, Axz. An approximate solu-
tion u® of (1.4)-(1.6) is then constructed as follows. By possibly performing a
linear change of coordinates in the ¢t-z plane, we may assume that the character-
istic speeds Agx(u), 1 < k < N, take values in the interval [0, 1], for all u € £2.
Then, choose At = Az = ¢, and let {0}reny C [0,1] be an equidistributed
sequence of numbers, which thus satisfies the condition

lim

n—oo

=0 VAelo,1], (1.10)

‘ n—1

1
A— - Z Xo,x](6e)
=0

where x[,)) denotes the characteristic function of the interval [0, A]. On the
initial strip 0 < ¢ < ¢, u® is defined as the exact solution of (1.4), with starting
condition

u(0,2) =u((j +6o)e)  Vxelje, (j+1el.

The elementary waves of the corresponding Riemann problem do not interact
within the the strip because the characteristic speeds A, (u) take values in [0, 1].
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Next, assuming that « has been constructed for ¢ € [0, ic[, on the strip ie <
t < (i+1)e, u is defined as the exact solution of (1.4), with starting condition

u®(ie, ) = v (ie—, (j + 0;)e) vV x €lje, (j+ De|.

Relying on uniform a-priori bounds on the total variation, we thus define in-
ductively the approximate solution u®(¢,-) for all ¢ > 0.

One can repeat this construction with the same values 6; for each time
interval [ie, (i+1)e[, and letting the mesh size € tend to zero. Hence, we obtain
a parametrized family of solutions u® which converge, by compactness, to some
limit function w that results to be a vanishing viscosity solution of (1.1), (1.6)
(cfr. [9]). In order to derive an accurate estimate of the convergence rate of the
approximate solutions, it was introduced in [12] an equidistributed sequence
{0¢}een C [0,1] enjoying the following property. For any given 0 < m < n,
define the discrepancy of the set {6,,,...,0,_1} as

. 1
Dm,n: sup A— Z X[O,A](QZ) . (111)

A€[0,1] nem m<l<n
Then, there holds

1+ log(n —m)

n—m

Dy < O(1) Vn>m2>1. (1.12)
Here, and throughout the paper, O(1) denotes a uniformly bounded quantity,
while we will use the Landau symbol o(1) to indicate a quantity that approaches
zero as € — 0. For systems (1.4) with GNL or LD characteristic fields, the L'
convergence rate of Glimm approximate solutions constructed with a sampling
sequence enjoying the property (1.12) was shown in [12] to be o(1) - /¢ |Ing].
This error estimate was recently extended in [5,17] to quasilinear systems (1.1)
satisfying the assumption

(H) For each k € {1,..., N}-th characteristic family, the linearly degenerate
manifold
M ={ue 2 : V() rg(u) =0} (1.13)

is either empty (GNL characteristic field), or it is the whole space (LD
characteristic field), or it consists of a finite number of smooth, connected,
hypersurfaces, and there holds

V(VAg-ri)(u) - ri(u) #0 Yu € My . (1.14)

Notice that the Liu admissible solution of a Riemann problem for a system of
conservation laws satisfying the assumption (H) consists of centered rarefaction
waves, compressive shocks or composed waves made of a finite number of Liu
admissible contact-discontinuities adjacent to rarefaction waves. On the con-
trary, the solution of a Riemann problem for a general hyperbolic system (1.4)
may well be a composed wave containing a countable number of rarefaction
waves and Liu admissible contact-discontinuities.
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In the present paper we show that the same convergence rate valid for
systems satisfying the assumption (H) continue to hold even for Glimm ap-
proximate solutions of general quasilinear systems (1.1). Namely, our result is
the following.

Theorem 1. Let A be a C? matriz valued map defined from a domain 2 C RN
into MN*N(R), and assume that the matrices A(u) are strictly hyperbolic.
Then, for every compact set K C §2, there exists a constant 69 > 0 such that the
following holds. Given an initial datumu € L}, (R; RY) with Tot.Var.{u} < d,
xEmooﬂ(a:) € K, consider the vanishing viscosity solution u(t,-) of the Cauchy
problem (1.1), (1.6) (obtained as the unique limit of solutions to the Cauchy
problem (1.3) ,, (1.6) when p — 0). Let u® be a Glimm approzimate solution
of (1.1), (1.6), with mesh sizes Ax = At = ¢, generated by a sampling sequence
{0k }ren C [0,1] satisfying (1.12). Then, for every T > 0 there holds

o 107 ()~ (T, ) s
e—0 Vellogel

and the limit is uniform w.r.t. w as long as Tot.Var.{u} < d§y, lim u(x) € K.
T——00

)
m
)

(1.15)

The proof of the error bound (1.15) follows the same strategy adopted in [12,
5,17], relying on the careful analysis of the structure of solutions to NGNL
systems developed by T.P. Liu and T. Yang in [24,25]. Indeed, to estimate
the distance between a Lipschitz continuous (in time) approximate solutions
of (1.1) and the corresponding exact solution one would like to use the error
bound [11]

|9(T) — S (0)|,, < L /OT o LS00t g, g

h—0+ h
where L denotes a Lipschitz constant of the semigroup S generated by (1.4).
However, for approximate solutions constructed by the Glimm scheme, a direct
application of this formula is of little help because of the additional errors intro-
duced by the restarting procedures at times t; = ie. For this reason, following
the wave tracing analysis in [25], it is useful to partition the elementary waves
present in the approximate solution, say in a time interval [ry, 73], into virtual
subwaves that can be either traced back from 75 to 7 (primary waves), or are
canceled or generated by interactions occurring in [11, 72] (secondary waves).
Thanks to the simplified wave pattern associated to this partition, one can
construct a front tracking approximation having the same initial and terminal
values as the Glimm approximation, and thus establish (1.15) relying on (1.16).
The key step of this procedure is to show that the variation of a Glimm
functional provides a bound for the change in strength and for the product
of strength times the variation in speeds of the primary waves. Here we shall
implement a wave tracing algorithm for a general quasilinear system (1.1) in
which such bounds are obtained relying on a new interaction potential func-
tional whose decrease at interactions is precisely of the same order of this type
of errors.
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To motivate the definition of this functional, consider an interaction be-
tween two shock waves of a k-th NGNL family, say s’, s”, with speeds X', A",
respectively, and assume that s’, s’ have the same sign. Then, letting A denote
the shock speed of the outgoing wave of the k-th family, by the interaction
estimates in [7, Theorem 3.7] there holds

|8/5NH>\/ _ )\//}

[SA)\]i|8l|{/\—)\/|+|8/l||)‘_)‘”’ :O(l) ’S'—FS”’

(1.17)
Notice that, using the wave-speed maps o’(+),o”(+) associated to the waves
s', 8" (cfr. Theorem 2), one can rewrite the term on the right-hand side of (1.17)
as

YN N 1 I pls”] / 10 el /
(s, s )‘8,|+|s,,"/0 /0 |0’ (&) — 0" (&)| dede’ . (1.18)

Thus, a natural suggestion of the above estimate would be to define the cubic
part of a Glimm functional related to the potential interaction of waves of the
same family as the sum of terms as (1.18) corresponding to all pair of waves
s',s"” of each characteristic family. In fact, in the present paper we shall consider
a Glimm functional defined by

Q) =c- > sass|+ > S(sa,sp) (1.19)

ko<kg ka=kg
zo(t)>xa(t)

where, as usual, z,(t) denotes the position of the wave s, in the approximate
solution u®(t), and k, its characteristic family, while the second summation
extends to all pair of waves so, sg of the k, € {1,..., N} family (including
Sq = sg). Our main result here shows that @ is actually decreasing in time
(for a suitable choice of the constant ¢ > 0) at any interaction, and that the
products [sA)] of strength times the variation in speeds of the primary waves
are bounded by O(1) - |AQ)|. Notice that, in the genuinely nonlinear case, the
following bounds hold

1

m . ’8a85| < X(sa,83) <O(1) - |sa55

, (1.20)

and thus one recovers from (1.19) the standard quadratic interaction potential
of the original Glimm functional [16], with the only difference from [16] that in
(1.19) all waves of the same family are considered as approaching (even pairs
of rarefaction fans).

We conclude recalling that for NGNL systems several Glimm type function-
als are available in the literature [24,25,19,7], which work perfectly to establish
uniform a-priori bounds on the total variation of the solution, but are not truly
effective to control the type of errors [sA)| arising in a wave tracing analysis
of the Glimm scheme. On the other hand, in the case of systems satisfying the
assumption (H), were recently introduced in [5,17] two type of potential interac-
tion functionals whose decrease actually bounds the products of strength times
the variation in speeds [sAA], and which inspired the new definition in (1.19).
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The Glimm functional defined in [5] is the sum of a quadratic term @, and of
the cubic interaction potential defined in [7] concerning waves of the same fam-

ily, that takes the forn} Q=73 ks Olsa‘ folsﬁl loa(€) — 05.(.5’)‘ déd¢’. Here,
in presence of interactions between waves of the same families and strength
smaller than some threshold parameter §, ), behaves as the interaction func-
tional introduced in [3] for systems with a single connected hypersurface (1.13),

while the decrease of Q controls the possible increase of @, at interactions in-
volving waves of the same family and strength larger than 5. The cubic part
of the functional proposed in [17] corresponding to waves of the same family
instead depends globally on the wave patterns of the solution. It is defined as
Dty (150:881[0(5a,58)]7) / Vo (Sa: 85), where O(sq, s5) represents the ef-
fective angle between s, and sg, computed taking into account all the k,-waves
lying between s, and sg, [-]~ denotes the negative part, while V_(sq,sg) is
the total strength of all k,-waves between s, and sg (including s, and sg).
Employing these interaction potentials it is shown in [5,17] that, for systems
(1.1) satisfying the assumption (H), one can produce a simplified wave partition
pattern whose errors are controlled by the total decrease of the corresponding
Glimm functional in the time interval taken in consideration, and thus yield the
error estimate (1.15). Unfortunately, the decreasing properties of both function-
als strongly rely on the assumption that the linearly degenerate manifold (1.13)
be a finite union of hypersurfaces transversal to the characteristic vector fields,
and thus are of no use to establish an accurate convergence rate for general
systems (1.1). Instead, the interaction potential in (1.19) can be applied to a
general quasilinear system (1.1), without any assumption on the matrix A(u)
a part from the strict hyperbolicity.

2. Preliminaries

Let A be a smooth matrix-valued map defined on a domain 2 C R,
with values in the set of N x N matrices. Assume that each A(u) is strictly
hyperbolic and denote by {Ai(u), ..., An(u)} C [0,1] its eigenvalues. Since
we will consider only solutions with small total variation that take values in a
neighborhood of a compact set K C §2, it is not restrictive to assume that (2
is bounded and that there exist constants A\g < --- < Ay such that

M1 < Me(w) <Ap,  Yu, k=1...,N. (2.1)

One can choose bases of right and left eigenvectors ry(u), lx(u), (k=1,...,N),
associated to Ag(u), normalized so that

1 if k=h,

Y u. 2.2
0 if k+£h, “ (22)

(el =1, (), raw) = {

By the strict hyperbolicity of the system, in the conservative case (1.4) (where
A(u) = DF(u)), for every fixed ug € §2 and for each k € {1,..., N}-th char-
acteristic family one can construct in a neighborhood of wy a one-parameter
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smooth curve Si[up] passing through ug (called the k-th Hugoniot curve issu-
ing from wp), whose points u € Si[ug] satisfy the Rankine Hugoniot equation
F(u) — F(ug) = o(u—up) for some scalar o = o[ug, u]. The curve Sy[uo] is
tangent at ug to the right eigenvector ry(ug) of A(ug) associated to Mg (up),
and we say that (ul, u®) is a shock discontinuity of the k-th family with speed
oplul, uf] if uft € Si[uf].

We describe here the general method introduced in [9,6] to construct the
self-similar solution of a Riemann problem for a strictly hyperbolic quasilinear
system (1.1). As customary, the basic step consists in constructing the elemen-
tary curve of the k-th family (k =1,..., N) for every given left state u’, which
is a one parameter curve of right states s — Tj[u”](s) with the property that
the Riemann problem having initial data (u,u®), u® = Ty[u”](s), admits a
vanishing viscosity solution consisting only of elementary waves of the k-th
characteristic family. Such a curve is constructed by looking at the fixed point
of a suitable contractive transformation associated to a smooth manifold of
viscous traveling profiles for the parabolic system with unit viscosity (1.3);.

Given a fixed state ug € {2, and an index k € {1,..., N}, in connection with
the N + 2-dimensional smooth manifold of bounded traveling profiles of (1.3);
with speed close to Ag (ug), one can define on a neighborhood of (ug, 0, Ax(ug)) €
RY xR xR suitable smooth vector functions (u, vy, ) — 71 (u, v, o) that satisfy
Tk (uo, 0, O’) = rk(ug), for all o, and are normalized so that

<lk(U0),;k(U,’Uk,0')> =1 v U, Vg, 0. (23)

The vector valued map 7 (u, v, o) is called the k-th generalized eigenvector
of the matrix A(u), associated to the generalized eigenvalue Ag(u,vg,o) =
<lk(u0), A(u) 7 (u, vg, U)>, that satisfies the identity i (uo, ks U) = Mg (up), for
all vg, o, and, moreover

0 ~ o ~
a—vk)\k(u,vk,a) = O(1)-|lu—ug|, %)\k(u,vk,a) = O(1)-|vg||u—ug|. (2.4)

Next, given a left state u” in a neighborhood of 1y and 0 < s << 1, consider
the integral system

u(r) =t + [ T (@), 00(),0(9) de.
0
op(7) = F (75 u, v, 0) — conv[oys]ﬁk (75 u,vp,0), 0<7<s, (25)

o(r) = ECOHV[O,s]ﬁk(T; U,Uk,U) )

where 7 — fk(T) = fk(T; u, v, 0) is the “reduced flux function” associated
o (1.3), defined by

Folr) = / "R (u©), vul€), 0(©)) de (2.6)
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and we let COHV[O’S]ﬁ(T) denote the lower convezx envelope of f on [0, 5], i.e.

convio, fe(r) = inf {0 fi(y) + (1 = 0) Ju(2) -

0el0,1], y, z€[0,9], T:9y+(1—9)z}. (2.7)

It is shown in [9,6] that, for s sufficiently small, the transformation 7,z ,
defined by the right-hand side of (2.5) maps a domain of continuous curves
T+ (u(7), vk (7), (7)) into itself, and is a contraction w.r.t. a suitable weighted
norm. Hence, for every u” in a neighborhood of ug, s in a right neighborhood
of zero, the transformation 7,r. , admits a unique fixed point

T (u(T; uk,s), vp(r; ul,s), o(r; uL,s)) T €0,s],

which provides a Lipschitz continuous solution to the integral system (2.5).
The elementary curve of right states of the k-th family issuing from u” is then
defined as the terminal value at 7 = s of the u-component of the solution to
the integral system (2.5), i.e. by setting

Ti[u](s) = u(s; u*,s). (2.8)

Sometimes, the value (2.8) of the elementary curve issuing from u’ will be
equivalently written T} (s)[u”]. In the following it will be convenient to adopt
the notations

ox[ul](s,7) = o(r; uk,s)

. - vVrel0s],
Frlu®](s,7) = Fi (75 u(- 5 u”,s), vi(- 5 u®,s), o(-; uk,s))
(2.9)
for the o-component of the solution to (2.5), and for the reduced flux
evaluated in connection with such a solution. Notice that by construction
the maps (ul,s) — ox[ul](s,-), (ul,s) — Fi[u®](s,-), and the derivative
(ul,s) — D,Fi[uX](s,-) are Lipschitz continuous for u% in a neighborhood
of ug, and s in a right neighborhood of zero.

For negative values s < 0, |s| << 1, one replaces in (2.5) the lower convex
envelope of F, on the interval [0, s] with its upper concave envelope on [s, 0]
(defined in analogous way as (2.7)), and then constructs the curve T [u’] and
the map o[u”] exactly in the same way as above looking at the solution of
the integral system (2.5) on the interval [s,0]. The elementary curve Tj[ul]
and the wave-speed map o[u”] constructed in this way enjoy the properties
stated in in the following theorem, where we let C;([a,b]) (Cp([b,a])) denote
the set of continuous and increasing (decreasing) scalar functions defined on
an interval [a,b], and we set C;([a,b]) = Cp([b,a]) in the case a > b.

Theorem 2 ([9,6]). Let A be a smooth, matriz valued map defined from a do-
main 2 C RY into MNY*N(R), and assume that the matrices A(u) are strictly
hyperbolic. Then, for every u € 2, there exist N Lipschitz continuous curves
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s — Ti[u](s) € 2 satisfying liH(l) L Ti[ul(s) = ri(u), together with N continu-
ous functions s — oi[u](s, ) € C1([0,s]) (k=1,...,N), defined on a neighbor-
hood of zero, so that the following holds. Whenever u* € 2, uf* = Ty, [u”](s), for
some s, letting T = {r € [0,s] : ox[ul](s, 7) # ox[ul](s, 7') for all 7' # 7},
the piecewise continuous function

ul if x/t < op[u*](s, 0),
u(t,z) = < Tp[u®](7) if z/t=o[ut|(s,7)  for some TET,
uft if x/t > or[ut|(s, s),

(2.10)
provides the unique vanishing viscosity solution (determined by the parabolic
approzimation (1.3)) of the Riemann problem (1.1),(1.9).

Remark 1. If the system (1.1) is in conservation form, i.e. in the case where
A(u) = DF(u) for some smooth flux function F, and if the characteristic
fields satisfy the assumption (H), the general solution of the Riemann problem
provided by (2.10) is a composed wave of the k-th family made of a finite
number of contact-discontinuities (which satisfy the Liu admissibility condition
of Definition 1) adjacent to rarefaction waves. Namely, the regions where the
vg-component of the solution to (2.5) vanishes correspond to rarefaction waves
if the o-component is strictly increasing and to contact discontinuities if the
o-component is constant, while the regions where the wvi-component of the
solution to (2.5) is different from zero correspond to contact discontinuities or to
compressive shocks. In particular, whenever the solution of a Riemann problem
with initial data ul, u® = Tj[ul](s) contains a Liu admissible shock joining,
say, two states Ty[ul](s'), Tx[u%](s"), s',s" € [0,s], one has ox[ul](s, s') =
ox[ul](s, 7) for all 7 € [¢',s"], and oy[ul](s, s’) provides the shock speed
of the discontinuity (Tj[u”](s"), Tx[u*](s”)). Clearly, in a non conservative
setting, “admissibility” for a jump means precisely that the jump corresponds
to a traveling profile for the parabolic approximation (1.3);.

Once we have constructed the elementary curves T}, for each k-th character-
istic family, the vanishing viscosity solution of a general Riemann problem for
(1.4) is then obtained by a standard procedure observing that the composite
mapping

(s1,--558) = Tn(sn) o -0 Ty(s1)[u] = u, (2.11)

is one-to-one from a neighborhood of the origin in R onto a neighborhood
of u”. This is a consequence of the fact that the curves Ty[u] are tangent to
ri(u) at zero (cfr. Theorem 2), and then follows by applying a version of the
implicit function theorem valid for Lipschitz continuous maps. Therefore, we
can uniquely determine intermediate states v’ = wg, wq, ..., wy = u®, and
wave sizes S1, ..., Sy, such that there holds

Wi :Tk[Wk_l](Sk) k= 17"'7N7 (212)
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provided that the left and right states u”, u® are sufficiently close to each other.
Each Riemann problem with initial datum

_ We—1 if z< 0,
= 2.13
() {wk if >0, ( )

admits a vanishing viscosity solution of total size si, containing a sequence of
rarefactions and Liu admissible discontinuities of the k-th family. Then, because
of the uniform strict hyperbolicity assumption (2.1), the general solution of the
Riemann Problem with initial data (uL , uR) is obtained by piecing together
the vanishing viscosity solutions of the elementary Riemann problems (1.4)
(2.13). Throughout the paper, with a slight abuse of notation, we shall often
call s a wave of (total) size s, and, if u?® = Ty [u”](s), we will say that (u”, u®)
is a wave of size s of the k-th characteristic family.

A fundamental ingredient to establish an accurate convergence rate for the
Glimm scheme is the wave tracing procedure, which was first introduced by
T.P. Liu in his celebrated paper [21] for systems with genuinely nonlinear or
linearly degenerate fields, and lately extended to systems fulfilling assump-
tion (H) [24,25]. In this spirit, we have introduced in [5] the following notion

of partition of a k-wave (u”,u'?), defined in terms of the elementary curves Ty

at (2.8).

Definition 2. Given a pair of states u”, uf, with u® = T, [u”](s) for some
s > 0, we say that a set {yl, ... ,ye} is a partition of the k-th wave (u®,uf)
at time e, if the followings holds.

1. There exist scalars s > 0, h = 1,...,1, such that, setting 7" = 22:1 sP,
wh = Ty [ul](7"), there holds

Yy =wh —wh ! Vh.

The quantity s” is called the size of the elementary wave y".
2. Letting o = o1 [u”](s,-) be the map in (2.9), there holds

o(sp) —o(sp—1) <e Vh.

Moreover, we require that 6;,1 ¢]o(r"~1), o(7")[, for all h (so to avoid
further partitions of y* at t = (i + 1)e).

The definition is entirely similar in the case uf = Ty[u’](s), with s < 0.
In connection with a partition {y',...,y"} of (u”,uf?), we define the corre-
sponding speed of the elementary wave y” as
1 T
Ap == o(t) dr Y h. (2.14)
S Th—1
We conclude the section providing the following definition of quantity of
interaction introduced in [7, Definition 3.5] for a general strictly hyperbolic
system (1.1), which is useful to measure the decrease of the functional @ in
(1.19) when waves of the same family interact together.
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Definition 3. Consider two waves of sizes s’, s”, belonging to the the same k-th
characteristic family, with left states u’, u”, respectively. Let F' = Fy[u'](s, -)
and F" = Fy[u"](s", -) be the reduced flux with starting point u/, u”, evalu-
ated along the solution of (2.5) on the interval [0, '], and [0, s”], respectively
(cfr. def. (2.9)). Then, assuming that s’ > 0, we say that the amount of inter-
action J(s', s") between s’ and s” is the quantity defined as follows.

1. If s > 0 set:

/

s
j(sl, SH) - /
0
s +s"
y
SI

Conv[ovs/]ﬁ'(f) — conv[()’sursu}ﬁluﬁ”({)‘ d¢

F'(s") + convg, s//]f‘”(f — ') — convyg, S,+s,/]}7’uﬁ”(§)’ dg,

(2.15)
where F'UF" is the function defined on [0, s’ + s”] as
- F'(s if se€]|0,s],
F'UF"(s) = ~< ) - 0.1 (2.16)
F'(s"Y+ F'(s— ) if sels,s +s"].
2. If —s' < 8" < 0 set:
S/+S// ~ _
J($, 8" = / ‘conv[o’s,]F’(g) — COHV[O’SLFS//]FI(f)’ d¢
° (2.17)
+ / convy, o F'(€) — concpyr g o S/]F'(f)‘ d¢ .
s/ +s"
3.If 8" < —5' set:
0
J(s ") = / concer o) F" (€ — s') — concpgn _ o F" (£ — s")| dE
s/+sll
—I-/ Conc[su,o]ﬁ”(f -8 - conv[,sx’o]ﬁ”(g — 8| d¢.
0
(2.18)

Here, convi, ) f, concjqp)f denote the lower convex envelope and the upper
concave envelope of f on [a,b], defined as in (2.7). In the case where s’ < 0,
one replaces in (2.15)-(2.18) the lower convex envelope with the upper concave
one, and vice-versa.

Remark 2. By the Lipschitz continuity of the maps (u,s) — B, [ur](s,-),
(u, 8) — D, Fy[u”](s,-) it follows that

J(, ") =001)-|s's"]. (2.19)
Moreover, by Remark 1 one can easily verify that, in the conservative case,

if s’,s" are both shocks of the k-th family that have the same sign, then the
amount of interaction in (2.15) takes the form

j(s/,S//) — ‘S/S//|

ak[uL,uM] - Uk[uM,uR] ,
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i.e. it is precisely the product of the strength of the waves times the difference
of their Rankine Hugoniot speeds.

3. New wave interaction potential

In this section we first collect the basic estimates on the change in size and
speed of the elementary waves of an approximate solution constructed by the
Glimm scheme, and next establish the a-priori bounds on the decrease of the
potential interaction defined in (1.19). To this end, for every given wave s of
the k-th family, set

Y(s) = /0S o(r)dr, (3.1)

where o(-) = og[w](s,-) is the wave-speed map in (2.9), with w being the
left state of s. Then, relying on the analysis in [7, Section 3] of the effect of
wave interaction on the solution of Riemann problems for general quasilinear
systems (1.1), we derive the following

Lemma 1. For every compact set K C {2, there exists a constant x1 > 0

such that the following holds. Let s, ..., s and sY,...,s%; be, respectively, the
sizes of the waves in the solution of two adjacent Riemann problems (u®,u)

and (WM uft), s. and s belonging to the i-th characteristic family,

with uX, uM uf € K, and |s}],|s| < x1 for alli=1,...,N. Call sy,...,sy
the sizes of the waves in the solution of the Riemann problem (u®,u'), s;
belonging to the i-th characteristic family. Then, there holds
N _ :
D fsw—sh—st| =00 | 3 dsisfl4 3D Tl
k=1 L1<i,j<N 1<i<N i
1>7
(3.2)
N _ -
S|S0 - 20 - B =0 - | X Ui+ Y Tkt
k=1 L1<i,j<N 1<i<N i
i>]
(3.3)

Proof. A proof of the estimate (3.2) can be found in [7], thus we will focus our
attention only on (3.3). Notice that, by the analysis in [7, Section 3] it imme-
diately follows that the changes of the quantity X' in (3.1) due to interactions
between waves of different families is controlled by the product of the strengths
of the approaching waves. Hence, it will be sufficient to establish (3.3) in the
case where the two adjacent Riemann problems are both solved by a single
wave of the same k-th family, s} and s/ (s}, on the left of s}). Thus, ul, u™
are the states on the left of s}, and s} respectively, and u® is the state on the
right of s}. Call ul* the left state of the outgoing wave of the k-th family, s.
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Notice that (3.2) yields
’uL — uL"" =0(1)-J(s),s1), (3.4)
|5 =0(1) - T(si.s8)  Vi#k.
Moreover, by (2.5), (2.9) one has
[w"](s%, s%)
[w™](s%, 5%) (3.6)

[u"*](sk, s1) -

\e
T,
5‘5
I
IR

Hence, since the Lipschitz continuity of the reduced flux map u — E, [u](s,-)
at (2.9) implies

Fifu™ (s, ) = Felu") (s, s1)| = 0(1) - [ul* —u®]

and because

D) =2(s])=0 Vj#k, (3.7)

it follows from (3.4)-(3.6) that in order to establish (3.3) it suffices to prove
Fi[u®) (s s1) = Frlu") (st 53.) = Felu™](sf, s7)| = O(1) - T (s s7) - (3.8)

We will consider two cases, depending on the sign of s}, - s}..

Case 1: s}, - sy > 0. For the sake of simplicity, assume that s, > s}, + s} > 0.
Recalling the definition of reduced flux at (2.6) and (2.9), we have

Felul(se.7) = [ u(u(€),00(6),0(9)) de

0

Flu)(s4,7) = / R (W (©), (€).' () d, (3.9)
Folu™|(s]l,7) = / "R (" (6),0](6), 0" (€)) de.

where
(&) = (u(€), vk(€),0()),
V(&) = (u'(€),v(6):0"(€))
V(&) = (u"(€),v1(€),0"(8)) .

are the solutions of the integral system (2.5) associated to the operators
Tur sy Tur s, Tum g, defined by the right-hand side of (2.5). Notice that
by (3.2) there holds

/ R (uE), 0u(), 0(0)) dE = O(1) - |3, — s, — s

R

= O(1) - I (s), s%) »
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which yields

| Pl sk ) = Filu”) (s}, %) = Felu)(sf, )

Sktsy
— 0(1) T (sho ) + / N (u(€), v (€), 0(6)) dé+

/ 1"

- / R (), (), 0" (©)) de — / R (W), (€), 0" (€)) de
0 0

=001)-J(s),s,) + 1 + I,
(3.10)
where

n- |
0
sy
B- |
0

N (w€), 0n(€), () = N (' (€), v4(€), o' (€)) | €

N (u(sh, + €), w5k + ), (5% + €)) — M (w(),v1(€), 0" (€)) | .

Setting
I = {(u,vk,a) :u — ugl, vk, |o] Sg}, (3.11)
with
§=max{ suw [u(€) —uol, swp [W(€)-ulf,  (312)
0<€<sk 0<E<s),

thanks to (2.4) we may estimate the term I as

L <0O(1)- /()s;c [ sup )Duxk(u,vk,a)’ Ju(€) = (&)]+

(u,vp,0)€D

+ sup | Do e, v, )| - [ () = vh ()|
er

(u,vk,0)

’Daxk(uu Uk, O—)‘
+ sup —m—— 1
(u,vp,0)€l’ Ivk|

Jox(©)] - |o(©) a’<s>|]d5

< O(1)-max {s},3 }- [||u — ||osp, + 0k — Ve ll1,sp, + ok — U;U'HL%},

(3.13)
where || - HOO7S;€’ Il - ”1752 denote the L and L! norm, respectively, relative
to the interval [0, s} ]. Then, observing that by the proof of [7, Lemma 3.9],
(assuming s}, 0 sufficiently small) one has

e {5 Hlu—tllse,sy 110k —hl1.o, +loko— 00" 1,47 = O1)-T (550
(3.14)
from (3.13) we deduce

I = O(1) - T(s},s}). (3.15)
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The quantity I can be estimated in an entirely similar way, so that due
to (3.10) we recover (3.8).

Case 2: s}, - s, < 0. To fix the ideas, assume that s}, > —s; > 0. As in (3.10),
relying on (3.2), (3.9) we derive

Bl (s s0) = Felu") (s}, sh)=Fulu) (51, )

(3.16)
=0(1) - T (s 55) + 13+ 1,

N ((€), v (€), 0(6)) = M (0 (6), 1 (6), 0 (€)) | e,

X (U (), + 8+ €), vp(sh + s+ €), 0 (s) + si + &)+

X (s, + ), 0 (5 + €),0" (5] + €)) | e

The quantities I3, I; can be estimated in an entirely similar way as I; in
(3.13)-(3.15) obtaining

I3 =00) - T (s}, 51) I, =00) - T (s}, s1) - (3.17)
Hence (3.8) follows from (3.16), (3.17), thus completing the proof of the
lemma.
O

As customary, we define the total strength of waves in an approximate solution
ut(t) as

V()= lsal- (3.18)

Moreover, for every pair of waves of the same family s’, s, we define the amount
of cancellation as

C(s',s") = {min{|5/|’|5”|} if §'s" <0,
s,s") =

(3.19)
0 otherwise,

and we introduce the following definitions of quantity of interaction.

Definition 4. Consider two waves of sizes s’, s’/ belonging to the the same k-th
characteristic family, with left states u’, u”, respectively. Let o’ = oy [u'](¢/, ),
o = op[u"](s”,-) denote the corresponding wave-speed maps defined in (2.9),
and set

[s"] pls”|
I(s,s>:/0 /0 l0'(€) — o (¢")| dede’ . (3.20)
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Next, letting F' = F[u/](s', -), F" = F[u"](s”, -) be the reduced flux with
starting point v/, u”, evaluated along the solution of (2.5) on the interval [0, s'],
and [0, s"'], respectively (cfr. def. (2.9)), and assuming that s’,s” > 0, set

7 = sup {7’ €10,s']: COIIV[07S/]ﬁ/(£) = conv[oys/_ksn]ﬁluﬁ"(é) VEe [O,T]},

7" = inf {T € [0,5"] : convig o F"(€) = convyy, g F'UF"(€) Y €€ [, s”]},

(3.21)
(adopting the same notations of Definition 3). Then, we define the quantity of
effective interaction Z¢(s', ") between s’ and s” as

T°(s', 8"y =T(s — 7', 7", (3.22)

where the right hand-side of (3.22) is defined according with (3.20) interpreting
s' — 7', 7" as waves of the k-th family with left states u* = Ty[u/](7') and
u”, respectively. Entirely similar definitions are given when s’,s” have both
negative sign.

Remark 3. By the Lipschitz continuity of the map (u, s) — ox[u](s,-) it fol-
lows that

I(s', s") = 0(1) - Is's"| - |Is| +|s"] + [ *u"l}, (3.23)
and, in the particular case where s’ = s”, one has
(s, s) = O(1) - |s]>. (3.24)

Remark 4. Employing the definition (3.20) we can rewrite the functional Q
introduced in (1.19) as

Q) =c- Y |sass|+ > I(5a,58) (3.25)

ko <kg ka=kp [sal +lss]
To(t)>aa(t)

Remark 5. If ¢', " are two adjacent waves with the same sign and belonging
to the same characteristic family, by the analysis in [7, §4] and [8], and because
of [7, Remark 3.6], it follows

J(, ")y =001)-1°(s', s"). (3.26)
Moreover, if we consider the potential interaction functional introduced in [7]
. 1
ot) = Z ‘sa35| + 1 Z Z(SasS8) (3.27)
ka<kg ka=kg
za(t)>2p(t)

(where x,(t) denotes the position of the wave s, belonging to the k,-th char-
acteristic family), thanks again to the analysis in [7, §4] and [8] we deduce
that, in the same setting of Lemma 1, the variation of Q corresponding to the
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incoming waves s}, ...,s}, s7,...,s%, and to the outgoing waves s1,...,sn is
bounded by

AQ < —cp Z 5787 ] + Z J(sh,8) + Z (s, 87y, (3.28)
1<ij<N 1<i<N 1<i<N

>3 s)s <0 sisy >0

for some constant ¢y > 0.

Relying on the estimates (3.2) and (3.26), (3.28) we are now ready to
show that, given a Glimm approximate solution u¢, the interaction potential @
in (3.25) is decreasing across the grid-times e, and that the variation of the
total strength of waves V' in u€ is controlled by |AQ).

Proposition 1. In the same setting of Lemma 1, there exist constants x2,c1 >
0, and ¢ > 0 in (3.25) such that, setting AV =Vt -V~ AQ = Q" — Q7,
where V=,Q~ and VT, Q™ denote the values of V, Q related, respectively, to the
incoming waves s, ..., 8, s{,..., s, and to the outgoing waves s1,...,sn,
and assuming V'~ < xo, there hold

N
AV < —c1- Y C(sh,s])+0(1) - stsll| 4 Z°(s),s!) |,
R 97 i1 2%

i=1 1<ij<N 1<i<N
i>] sis/>0
(3.29)
Te(s), s al
AQ< —cr- | > sisfl+ Y TR 40(1) -V > C(sh )
1<i,j<N 1<i<N |si] + 57 i=1
i>j stsi!>0
(3.30)
Proof. Observing that by (2.19) one has
N
> I =0 3 Idsl=00) VY oClhs). gy
1<i<N 1<i<N i=1 ’ )

’ 1 11

s;8; <0 835, <0

we deduce that (3.29) is an immediate consequence of (3.2) and (3.26), (3.31),
provided that V~ is sufficiently small. Thus, we will focus our attention on the
estimate (3.30). For sake of simplicity, we shall consider only the case in which
the two adjacent Riemann problems (ul, u™), (uM,uft) are solved by a single
wave, say s and s”, s’ on the left of s”, so that we have V— = |¢/| 4 |s”|. We
distinguish three cases, depending on the characteristic families of s’ and s”
and on their sign sizes.
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1. s’ and s” are waves of the k¥’ and k" < k' characteristic families.
Relying on (3.2), (3.24), we find that the variation of @ is bounded by

AQ I(sprysk)  Z(s',8) I(sprrysk)  I(s",8") 15’5
— — — —C|S S
2|sp| 2|s'| 2| 2|s"|
|I(Sk/, Sk/) — I(S/, 8/)| ‘I(S}yq Sk//) — I(S”, S”)’ i
- 2]s'| 2|s"|
I S /78 ’ :Z- S //78 1"
+O(1)-[ ( ‘/;/|2k )+ ( |1;N|2k ):|[|S/—Sk/ +’S//—Sk” ]—C|SISH|
|I(Sk/, Sk/) — I(S/, S/)| }I(Sk//, Sk//) — I(S”, S”)’ i

- 2]s'| 2|s"|

+O() - [I5']+ 1] - 185" = e5's".
(3.32)

Set uf = T [ul](sgr), call o = op [uX] (s, +), 0" = op[uf] (s, ) the wave-
speed maps of sy, s’, and denote by ||og — 0[] the L norm relative to
the maximal common interval of definition of o, ¢’. Then, by the Lipschitz
continuity of (u, s) — ox[u”](s, "), and because of (3.2), we derive

{I(Sk/7sk/) —I(s/,s/)‘ =0(1)- [|s/|2Hak/ — O—/HDO"_(|S/|+|S]€/|)-|S/_Skl

=0(1)-|s'*|s"].

(3.33)
With the same arguments, and adopting the same notations, we get
’I(sku,sk//)—I(s/',s”)|=(’)(1)-{|s”|2Haku—U”HOO—I-(|5”\+|51€~|)-’s"—sku }
—0@) ||| [?.
(3.34)
Hence, (3.32)-(3.34) together yield
AQ <O(1) - |s's"| —c|s's"], (3.35)

which proves (3.30) provided that ¢ > 0 in (3.25) is chosen sufficiently large.

2. s and s are both k-waves and s's” < 0.
To fix the ideas, assume that s’ > 0. We shall consider three cases.
(a) [s"] <|s'+s"].
In this case, one has —s' < s < 0, s’ + " > 0, and C(¢',s") = |s"|.
Using (3.2), (3.24), and relying on (2.19), we find that the variation of @
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is bounded by

AQ = Z(sk,sK) [Z(s',s’) I(s",s") 21(8’,3”)]

2|s| 2|s'| 2[s"| |s"| +1s”

Z(sk sk) {1(8’75’) Z(s",s") 21(5’,5")}

=2+ | 2 21"+ 8" |8+ |87
I(Skvsk) / "
+O(1)'m"5k_(8 +s )’
I(sg,sk) [Z(s',s") Z(s",s") 2Z(s,s")] N
Sav+s] | 2T A s el

+ O(l) . |S/ + SN| . j(S/,S”)

I(sg,sk) [Z(s',s") Z(s",s") 2Z(s,s")]

- O(1)-]s's"|.
T2+ [ 2 2"+ s |8+ 8] ] +O)-|s's™]

(3.36)

On the other hand, since |s'| = [s' + s”| + |s"| < 2|’ + s”|, applying
(3.23), (3.24) we derive

I(s',s") I(s',s) I(s',s") 15|

B o1 ——~
2|8/‘ 2|S/—|—8”| + ( ) ‘S' —l—S”‘Q
I(s. ) (3.37)
_ ) o) - 1s's"
2|S/+S//|+ ( ) ‘55 |7
I(Slvsu) _ I(Slvsﬂ) (1) I(S,,S ) | I/|
|S'| + |S”| - 2|S/+S”| ‘8’4—8”‘2
I(s. 1 (3.38)
— N\ ) O 1 . "
2|S/+SH| ( ) ‘S § |7

which, together with (3.36), yields

Z(sk,sk) — [I(s’,s’) +Z(s",8") + 21(8’,8”)}

AQ < o) - 1s's"|.
Q_ 2‘8/"'8//‘ + ( ) ISS |
(3.39)
Notice now that, recalling definition (3.27), and thanks to (3.28) one
has
T(sk, k) — [I(s’, Y+ I(s",s")+2I(s, s”)] =
(3.40)

=4A0<0.

Hence, from (3.39)-(3.40) we recover (3.30) since |¢'s”| <V~ -C(s',s").
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(b) |s'| < |8 + 8" < [s"].
In this case, one has s < ' +s” < —s' < 0, and C(¢',s") = |¢].
Using (3.2), (3.23), (3.24), relying on (2.19), and observing that |s/| =
|s"+s"| +|s'| <2|s"+s"|, with similar computations as in (3.36)-(3.38)
we find that

AQ—I<Sk’Sk) I(s'ys") I(s",s") 2I(s,s")
2l 2|8’ 2|s”| |s'| + 8"
Z(skysk) [ Z(s',s") | Z(s",8") | 2Z(s,s")
72‘81+3//| 2‘8""3”‘ 2|S//| |$/‘_|’_|8//|
I(Sk,sk)
+OM) sk = (TS
I Z' !/ ! I 1 " 21’ / 1"
< (‘fkask) 7 (8,8) (S S ) (S,S ) +O(1)'|S/S//‘7
2|s" + s"| 2|s" 4+ s| 2|s"| [s'] + |s"]
(3.41)
and
I(S//7 S//) _ I(SI/,SH) (1) . I(S//7S//) - ‘8/|
2‘3//| 2|$/ _|_ S//| |Sl _j’_ S//‘Q (3 42)
I(S//’s//) ;o .
i AL LAV A 1)-
e RN
2;(8/78//) — 1(3178//) 0(1) . Z-({9/75//) . ‘S/|
|S | + |s//| 2|8' —I—S”| |S/ + S//|2 (3 43)

B Z‘(Sl7 S//)
2" + 5|
Hence, relying on (3.28) and (3.41)-(3.43), we derive (3.39)-(3.40), which
imply (3.30) since |s's”| <V~ -C(s',5").
(0) |s' + 5| < min{|s'],|"]}.

In this case, using (3.2), (3.24), we derive

I(Sk, Sk)

=0(1) - 2
S =0 Isi

AQ <

3.44
— 0(1) . |:‘S/ 4 SN‘Z 4 |S/SN|:| ( )
=0(1) - |s's"],

which proves (3.30) since we have |s's”| <V~ - C(s/, s").
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3. s and s are both k-waves and s's” > 0.
Using (3.2), (3.24), and relying on (3.26), (3.28), with similar computations
as above we find

I(sk,s6) [Z(s',8) | ZI(s",s")  2I(s',s")
2| s 2|s'| 2|s"| |s'| + 1"

AQ =

Z(sk, Sk) — [I(s’,s’) +Z(s",8")+ 21(5’,5”)]
2(Is'] +1s"1)

I(Ska Sk)
(Is'] + 1s"])?

<

_|_

+0(1) - . |sk — (s’ + s")|
Z(sk,Sk) — [I(s',s’) +Z(s",8")+ 21(5’,3”)}

<
B 2(]s" +[s"])

€o / " Ie(slvsﬂ)
< [=5 0 (s 1+ 1D] T T
(3.45)
which proves (3.30) assuming V~ sufficiently small. This completes the
proof of the proposition.

O

An immediate consequence of Proposition 1 is the following

Corollary 1. For every compact set K C {2, there exist constants xs,c2,C >0
such that the following holds. Let u® = uf(t,x) be a Glimm approximate
solution of (1.4), (1.6), defined on the strip [0,ic] x R, suppose that no split-
ting of a rarefaction component of a wave in u(ie—,-) is determined by the
sampling 0;, and assume that Tot.Var.{u®(ic—,-)} < xs, $Emoouﬁ(is—, z) € K.

Then, letting V= = V(ie—), Q- = Q(ie—) and V't = V(ie+),Q" = Q(ie+)
denote the values of V,Q related to u®(ie—,-) and u®(ie+,-), respectively, and
setting AV (ie) = VY — V=, AQ(ie) = QT — Q~, there hold

. Som Sﬁ
AV + - AQ) (i) < —c, 3 Jsassl+ 3 Clows) + 3 |8a| ol
a<kg ka=kg ka=kgp
To>Tg Sa-s3>0
(3.46)
where s, denotes a wave in uf(ic—,-) of the kq-th family located in .

Remark 6. Consider two adjacent Riemann problems (w/ =1, w’), (w’, w/*1),
with w/ =t = uf(ie+, (j — 1)e), w? = uf(ie+, je), wItl = uf(ie+, (j+1)e), in a
Glimm approximate solution u¢. Assume that the fastest wave s,, of (w/ =1, w’)
belongs to the same family of the slowest wave sg of (w’,w/*1), and suppose
that they are not interacting, i.e. that J(sqa,$3) = Z°(Sqa,$3) = 0. Then, it
will be convenient to treat s, and sg as a single wave when considering their
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contribution to the cubic part of the potential interaction (3.25). Thanks to
this choice the functional @) remains unchanged when it occurs the splitting of
a wave determined by the sampling procedure. On the other hand, in this way
one has to pay attention to the fact that the entire effect on the functional @ of
an interaction of one of the two waves s,, sg with another wave, say s., can be
computed only when s, has concluded the interaction with both waves s, s3.

By Corollary 1, and in view of the Remark 6, it follows that if V' (t), Q(¢)
denote the total strength of waves (3.18) and the interaction potential (3.25) of
an approximate solution u€(t) constructed by the Glimm scheme, the functional

tes () = V() +C- Q) (3.47)

is non increasing in time provided that the initial strength V' (0) is sufficiently
small. Moreover, for any given 0 < m < n, the total amount of wave interac-
tion and cancellation taking place in the time interval [me,ne] is bounded by
O(1) - |T™™|, where

AY™" =T (ne+) — Y (me+) (3.48)

denotes the variation of 1" on [me, nel.

4. Wave tracing for general quasilinear systems

We will show now how to implement a wave tracing algorithm for a general
quasilinear system (1.1) so that the change in strength and the product of
strength times the variation in speeds of the primary waves be bounded by the
variation of the Glimm functional in (3.47). Namely, recalling the Definition 2
of a wave partition, we have the following result analogous to [5, Proposition 2].

Proposition 2. Given a Glimm approzximate solution and any fired 0 < m <
n, there exists a partition of elementary wave sizes and speeds {yZ(z, 3), Ak (i,j)},
k=1,....N,i=m,m+1,...,n, j € Z, so that the following hold.

1. For every i,7j,k, {y,}j(i,j is a partition of the wave of the k-th

)}O<h§4k(i,j)

amily issuing from (ie, je), and { (i, j are the corresponding
k

VY ocheenig
speeds, according with Definition 2.

2. For cvery iy j, k, {y(i,3); Ne(io ) Yocpenn

,) is a disjoint union of the two
sets

4,7
- ~h ~h
{0, @Y {BGd), M)}
with the following properties:
(a)
S [Ged)| =ow-[armr| vm<i<n; o (@41)
3.k,h
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(b) for every ﬁxed i,k,h, there is a one-to-one correspondence between
{Tk(m,5), Ng(m,j) 5 j € Z} and {Gp(i,5), N (i,5) 5 j € Z}:

(T m, 3), Xe(m, )} o TR gaem)s MG Cajnny) ) (4.2)

such that the sizes §Z and the speeds XZ of the corresponding waves
satisfy

Z ( max |§Z(m,j) - §Z(i,€(i’j,k7h))‘> =0(1)-|AY™"|, (4.3)

. m<i<n
Jiksh

> (|§2<m,j>| - max |\ (m, j) - qu,z(i,j,k,h))y) =0(1)-|ar™",
j,k,h -
(4.4)

where AY™™ is the variation (3.48) of the functional T

Proof. In order to produce a partition for an approximate solution u® that
fulfills properties 1-2, we shall proceed by induction on the time steps ie,
m < i < n. Then, assuming that such a partition is given for all times
me < t < ig, our goal is to show how to define a partition of the outgoing waves
generated by the interactions that take place at ¢ = ie, preserving the properties
1-2. Tt will be sufficient to focus our attention on interactions between waves of
the same family, since for interactions between waves of different families the
change in strength and the product of strength times the variation in speeds is
controlled by the variation of a quadratic interaction potential as the first term
in (3.25), and hence it is standard the definition of a partition verifying 1.-2.
for the outgoing waves generated by an interaction of this type (cfr. [25, The-
orem 5.1]).

Thus, consider an interaction between two waves, say s}, s}, issuing from
two consecutive mesh points ((1 — 1)e, (j — 1)e) and ((¢ — 1)e, je), belonging to
a k-th characteristic family. We shall distinguish two cases.

1. s}, and s} have the same sign.
For the sake of simplicity, we assume that s}, s} > 0 and that the outgo-
ing k-wave sy is a shock, the other cases being entirely similar. Hence, by
Definition 4, and relying on (3.2), (3.26), we have

I(st, sk) = I(sk s5) + OL) - [Is| +|s"[] - T°(s, s5) . (4.5)

Let

{y;gha )\;{)h}0<hSZI ’ {yghv Agh}0<h§gu ’ (46)

be the partitions of s}, and s} enjoying the properties 1-2 (on the interval
[me, (i — 1)e]), with sizes

{S;Ch}0<h§£/ ’ {Szh}0<h§€// . (47)
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For every p # k-th wave s,, we may choose a partition {yﬁ Yo<n<e, as
in Definition 2, with corresponding speeds {A!}o<n<e,. Then, if we label

~h
all the subwaves y;j as secondary waves ¥, the bound (4.1) (for i, j, p) is
certainly satisfied thanks to the interaction estimates (3.2) and to Corol-
lary 1. Instead, for the k-th wave sy, possibly considering a refinement of

the partition of s (or of s,) we may assume that either s} + s}/* < s, or

s;vl < s (in the case s), > si), and let 7= max{h < ¢ : ZZ=1 s;f < Sk},
=1/
¢ =max{h <" : s} + 22:1 $p? < si}. Then, we define a partition of sy

by means of its sizes, setting

s if h=1,...,7,
- 1h—¢' e 7 ’ / 7! (4.8)
s, if ¢ =¢ and h=0+1,....00+0

>

(possibly refining the partitions (4.6) so to satisfy property 2 of Defini-
tion 2), and choosing a partition of s — (s, + s}) as in Definition 2 in the
case sp, > s} +s}. The subwaves s? in (4.8) inherit the same classification in
primary and secondary waves of the corresponding subwaves sjch or s%hiél,
while all the possible subwaves of s, — (s}, + si.) are labeled as secondary
waves.

Clearly, the bound (4.1) is again satisfied because of the interaction
estimates (3.2), and thanks to Corollary 1, while the one-to-one correspon-
dence at (4.2) and the bound (4.3) are verified by construction and by the
inductive assumption. Hence, in order to conclude the proof, it remains to
establish only the estimate (4.4) on the wave speeds. To this end, notice that
the Rankine-Hugoniot speed A; of the outgoing k-wave s; coincides with
the speeds )\Z of all subwaves sg defined according with Definition 2, since
for a shock wave the integrand function o(-) in (2.14) results to be a con-
stant (cfr. Remark 1). Moreover, by the choice of the speeds of a partition
at (2.14), one has

'h I1h

I 1 (™
th _ = / Mmh = "
N = o T;CHU € d¢, A o T;;hfla (€) d¢, (4.9)

where 7 = T P rf = Th_ o7, and o'() = oulwf](s}. ), 0" () =
okwy](sy,-), denote the map in (2.9) defining the speed of the rarefac-
tion and shock components of s}, and s}/, respectively (w},,w;, being the left
states of s, s}). Then, applying Lemma 1, one obtains the following esti-

mate on the wave speeds (in the same spirit of the ones provided by [25,
Theorem 3.1]):

S;C-i-s;c/
M- (sl + s) = / o(€) d + O(1) - T (sl 51)
(4.10)

N / Co'() de +/ " 0(6) dé + O(1) - T (s 7).
0 0



26 FABIO ANCONA, ANDREA MARSON

which, relying on (4.9), yields
e//
A (sk + s1) Z SENE Y SN+ 0(1) - T (shosy) . (411)
h=1
Thus, since by the monotonicity property of o/(-) and ¢”(-), we have
N = O) - T (shsi) S M S A HOQ) - T (sjosk) Y h,
using (4.11) we derive

AR = Al = A= A O(1) - T (s, 1)

é”
1 h _ / " h //
TS sl Z P (A v) +Z PR =N |+
k k p=1,..., Vi
/ "
+oq)- L),
Sy + Si

which, in turn, yields

4 o
1
S h= | S S0k )

h=1 h=1p=1
A s
DTN = ) |+ 00 T(sfsl) -
— L S+ s
h=1p=1 k F
(4.12)

Notice that the terms of the first double sum on the right hand side of (4.12)
are antisimmetric in (h, p), and hence the first summand vanishes. Moreover,
recalling (3.20), (4.9), and thanks to (4.5), we have

Z/ Zl/
'h //p //p —
E , E :3 - N ) =
h=1p=1
o V4 o Tl;,h,l
_ "p h "
- Ej/ -S> [ o dn
th— 1th—1
p=1 h=1 p=1"Tk

= s / o/(€) dE — 5., / o dn (4.13)

/ / — o"()] dnde

=TI°(s, s) + O(1) - [Isk| + [sk]] - Z°(sk, %) -
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Thus, from (4.12)-(4.13), and applying (3.46), we derive
i S/h|>\/h A | Ie(s;c’ Sg) + O(l) Ie( / S//)
| = 2R k) To(s),
h [s7.] + 57 w o (4.14)

=0(1

where AY is the variation of the functional 7" in (3.47). An entirely similar
estimate can be obtained for the components of the partition of s}, so that

there holds
é//

Z 1h )\//h el = 0O(1) - ’AT(iE)‘ . (4.15)
h=1

Therefore, relying on the inductive assumption, from (4.14)-(4.15) we re-
cover the desired estimate (4.4) on the time interval [me, ic].

. s), and s} have opposite sign.

To fix the ideas, assume that sj, > —s} > 0, the other cases being entirely
similar. Adopting the above notations, we may define a partition {yz}j}o< h<e,
of the outgoing wave s, (p = 1,...,N) of the p-th family issuing from
(ie, je) (with corresponding speeds {\!}o<n<e,) as in the previous case of
interacting waves with the same sign. In particular, possibly considering a
refinement of the partition of s}, we define a partition of s; by means of its
sizes as

sh=gh if  h=1,...,7, (4.16)

where ¢ = max{h < ¢ : ZZ s, = si}. Such partitions continue to
satisfy the bounds (4.1), (4.3) and the one-to-one correspondence at (4.2),
thanks to the estimate (3.2) and to Corollary 1, and because of the inductive
assumption. Therefore, even in this case the proof will be completed once we
establish the estimate (4.4) on the wave speeds. Towards this goal, observe
as above that the Rankine-Hugoniot speed A of the outgoing shock sy
coincides with the speeds )\Z of all subwaves )\Z defined according with
Definition 2. On the other hand, applying Lemma 1, relying on (3.23), and
thanks to the Lipschitz continuity of (u,s) — og[u](s, ), we deduce that

Sptsk
N (s s) = [ ol) de 0 Tlshas)

/ d§+/ " o"() dg + O(1) - T (s s}
0 0

"

5k+3k Sk
[ ©act [ oo - o'+ )]de + 0y lsis
0 0

sk+sk
/ €) d¢ +0(1) - shsfl,
0

(4.17)
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which, because of (4.9), yields
13
Moo (s +58) = Z SN+ 0(1) - 8,87 (4.18)
h=1
Hence, observing as in 1. that by the monotonicity property of o’(-) we have
Me SN+ O(1) - T (s, 87) Y h,

using (3.23), (4.18) we derive

AR = Akl = AL = A+ O(1) - T (s, 87)

1 p(\h |5 5%
= . SPNE=AP) +0(1) - -2k
sy + s}, Z,k(k k) (1) s) + sy
p=1,....4
which, in turn, yields
¢ 1 ¢ ¢
Z SN = Xl = —— - Z Z sl (N = AP) + 0(1)|s),s7] -
Sp, + Sk —
h=1 h=1p=1

(4.19)
Since the terms in the sum on the right hand-side of (4.19) are antisimmetric
in (h,p), the whole sum vanishes. Hence, applying (3.46), from (4.19) we
recover

13
D s INE = Akl = 0(1)|sy %
h=1
= O(1) - C(s}, s7)
=0(1) - |AY(ie)] ,

(4.20)

which proves (4.4) relying on the inductive assumption. This concludes the
proof of the proposition.
O

5. Conclusion

Relying on the results established in the previous section, one can now
conclude the proof of Theorem 1 following the same strategy adopted in [5,12].
We briefly recall it for completeness.
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Step 1. We use the partition of waves of an approximate solution u® into

~ ~h =h
primary waves {ﬂ,};, /\Z} , secondary waves {yk, )\k} ,

provided by Proposition 2 to construct a piecewise constant approximation

¥ = P(t,x) of u*(t,x) in a time interval [me, ne|] that enjoys the following

properties (cfr. [12, Section 4]).

1. The wave fronts in ¢ are of two kinds, primary and secondary..

2. There is a one-to-one correspondence between primary fronts and primary
waves {y'}, and the primary front corresponding to g} (m, j) has constant
size 57 (m, j).

3. Each primary front originates at ¢ = me and ends at t = ne. In particular,
the primary front corresponding to 7'(m, ) joins the points (me, je) and
(ne, €(nj k,n)€) of the (t,z) plane.

4. The left and right states of the primary front corresponding to ﬂ,}g(m, 7),
say uZ’L(m,j), uZ’R(m,j), are always related by

wp(m, ) = Ticuy " (m, 5)] (3 (m. 7)) -
Moreover, there holds
P(me) = u®(me).

5. Let uf(t), and uf(t) be the left and right states of a secondary front z4(t)
of ¢ at time ¢ € [me, ne]. Then, letting CW denote the set of all pairs of
crossing primary waves in u¢ (i.e. all pair of waves y¢(m, j), g3 (m, j") for
which j < j',k > k" and £(,, j x.n) > {(n,j kr,h7)), there holds

=0(1) - |ar™"|,

where the summand on the left hand side runs over all secondary fronts
in ¢(t), while the second summand on the right hand side runs over all
pairs of crossing primary waves in u°.

6. All secondary fronts travel with speed 2, strictly larger than all character-
istic speeds.

S Jubt) — b)) = 0) - | S [Fitm )| + X [fhm, ) 5 m. 1)
B 3.k;h cw

Step 2. Using the same arguments of [12, Section 5], relying on (1.12), (1.16),
(4.3), (4.4), one can prove that

|Stn—m)etb(me) — p(ne)||, =

1+ log(n —m)
n—m

=0(1)- ||AT™"| + +el|(n—me, (5.1)

[|u®(ne) — w(nE)H]Ll =0(1) - A|Y™"| - (n —m)e

where S(,_m)-1(me) is the semigroup trajectory of (1.4), with initial datum
(me) = u®(me), evaluated at time t = (n —m)e.
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Step 3. As in [12, Section 6], let T' = e + &', for some m € N, 0 < &’ < ¢,

and fix a positive constant p > 2¢. Then, we inductively define integers

0=mg < m < ... < m = m with the following procedure. Assuming

m; given:

L. if Y(me) — T((m; + 1)e) < p, let m;41 be the largest integer less or equal
to m such that (m;+1 —m;)e < p and T (me) — T (mit1e) < p;

2. if T (mye) — 'l"((mZ + 1)5) > p, set myp1 =m; + 1.

On every interval [m;e, m;;1€] where 1. holds, we construct a piecewise constant

approximation of u® according to Step 1. Then, using (5.1) we derive

Hus (mi+1€) - S(mi+17mi)5u6 (mlg) H]L1

1 4 log(mi+1 — my)
miy1 — My

=0(1)- |[|ay™memitt] 4+ +&| (mip1 — mi)e.

(5.2)
On the other hand, on each interval [m;e, m;;1€] where 2. is verified, by the
Lipschitz continuity of u* and applying (1.16) we find

||u6(ml+1€) - S(mi+1—mi)8u6(mi€)“ﬂ‘1 = O(]‘) €. (53)

Hence, observing that the cardinality of both classes of intervals 1.-2. is bounded
by O(1) - p~1, from (5.2)-(5.3) we finally deduce

€ 1
p+logp+5<1+)
p € P

which yields (1.15) choosing p = /e - log|loge|. O

|u®(T) = Sy, = O(1) -

)
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