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ABSTRACT. We consider multi-dimensional conservation laws with discontin-
uous flux, which are regularized with vanishing diffusion and dispersion terms
and with smoothing of the flux discontinuities. We use the approach of H-

measures [17] to investigate the zero diffusion-dispersion-smoothing limit.
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1. INTRODUCTION

We consider the convergence of smooth solutions v = w®(¢,x) with (¢t,x) €
R™ x R? of the nonlinear partial differential equation

d
Owu 4 divy fo(t, x,u) = ediv, b(Vu) + 0 Z o u (1)

JTjT;
j=1

ase — 0 and 0 = d(g), 0 = o(e) — 0. Here

Sug||f@<t7mau> - f(tam?u)HLfoc(RerRd) -0, 0—0, p>2
ue
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for the Caratheodory flux vector f € C(R; BV(R/ x R%)). The aim is to show
convergence to a weak solution of the corresponding hyperbolic conservation law:

Ou + div, f(t,z,u) =0, u=u(t,z), € R t>0. (2)

We refer to this problem as the zero diffusion-dispersion-smoothing limit.

In the case when the flux f is at least Lipschitz continuous, it is well known that
the Cauchy problem corresponding to (2) has unique admissible entropy solution in
the sense of Kruzhkov [11] (or measure valued solution in the sense of DiPerna [3]).
The situation is more complicated when the flux is discontinuous and it has been
the subject of intensive investigations in recent years (see, e.g., [9] and references
therein). The one-dimensional case of the problem is widely investigated using
several approaches (numerical techniques [9, 1], compensated compactness [23, 10],
kinetic approach [15, 2]). In the multidimensional case there are only a few results
concerning existence of a weak solution. In [8] existence is obtained by a two-
dimensional variant of compensated compactness, while in [24] the approach of
H-measures [17] is used for the case of arbitrary space dimensions. Still, many
open questions remain such as the uniqueness and stability of solutions.

A problem that has not yet been studied in the context of conservation laws
with discontinuous flux, and which is the topic of the present paper, is that of
zero diffusion-dispersion limits. When the flux is independent of the spatial and
temporal positions, the study of zero diffusion-dispersion limits was initiated in
[21] and further addressed in numerous works by LeFloch et al. (e.g., [12, 14,

]). The compensated compactness method is the basic tool used in the one
dimensional situation for the so-called limiting case in which the diffusion and
dispersion parameters are in an appropriate balance, while for the case in which
diffusion dominates dispersion, the notion of measure valued solutions [3, 22] is
used. More recently, in [7] the limiting case has also been analyzed using the
kinetic approach and velocity averaging [19].

The remaining part of this paper is organized as follows: In Section 2 we collect
some basic a priori estimates for smooth solutions of (1). In Section 3 we look
into the diffusion-dispersion-smoothing limit for multidimensional conservation laws
with a flux vector which is discontinuous with respect to spatial variable. In doing
so we rely on the a priori estimates from the previous section in combination with
Panov’s H-measures approach [17]. Finally, in Section 3 we restrict ourselves to
the one dimensional case for which we obtain slightly stronger results using the
compensated compactness method.

2. A PRIORI INEQUALITIES

Assume that the flux f in equation (1) is smooth in all variables. Consider a
sequence (ue5)e ¢ of solutions of:

d
Opu + divy f(t,x,u) = edivy, b(Vu) + § Z agmxju, (3)
j=1

u(z,0) = uo(z), =eR™L (4)

We assume that (ue ), has enough regularity so that all formal computations
below are correct. So, following Schonbek [21], we assume that for every £, > 0
we have u. 5 € L>=([0,T]; H*(RY)).
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Later on, we will assume that the initial data ug depends on . In this section,
we shall determine a priori inequalities for the solutions of problem (3), (4).
To simplify the notation we will write u. instead of wu. s.
We shall need the following assumptions on the diffusion term b(\) = (b1 (N), ..., b (N)).
(H1) For some positive constants Cy, Cy we have:
CiA2 < A-b(N) < Co|A]? for all A € RY.

(H2) The gradient matrix Db(\) is a positive definite matrix, uniformly in
A € R, ie., for every \, o € R?, there exists a positive constant C3 such that we
have:

0" Db(N)o > Cs|ol*.

We use the following notation:
d
ID%uf? = ) 107 4, ul.
ik=1

In the sequel, for a vector valued function g = (g, ..., gq) defined on R* x R? x R,

we denote:
gl* = Z |9l

The partial derivative J,, in the point (t, x,u), where u possibly depends on (¢, x),
is defined by the formula:

axig(ta z, U(t, .TE)) = (Dﬂcig(t7 Zz, )\))|)\:u(t,m)-

In particular, the total derivative D,, and the partial derivative 0, are connected
by the identity

D.,g(t,x,u) = 0z, g(t, z,u) + Oyug(t, x,u)0y, u.

Finally we use

dlvxgtxu Zngltl'u g:(glvu'agd)?

Ayq(t,z,u) = ZDrlzth’“)’ ge C*(RT xRYxR).

With the previous conventions, we introduce the following assumption on the
flux vector f:

(H3) The growth of the velocity variable u and the spatial derivative of the flux
f is such that for some C,a > 0 we have

d
Z'aufi(t7$,u)| SC,
i=1
p(t, =)
< 47 7
Z |0, (8 2, 0)| < 1+ |u[te’

1,j=1

where € M(R* x R9) is a bounded measure (and, accordingly, the above in-
equality is understood in the sense of measures).
Now, we can prove the following theorem:
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Theorem 1. Suppose that the flux function f = f(t, x,u) satisfies (H3) and that it
is Lipschitz continuous on RT xR xR. Assume also that initial data ug belongs to
L*(R%). Under conditions (H1)-(H2) the sequence of solutions (uc)eo of (3)—(4)
for every t € [0, T satisfies the following inequalities:

t
/Rd |u5(t,m)|2dx+5/0 /R Vo (¢, ) 2dwdt (5)

t ue (')
<Cy (/ luo(z)|*da —/ / / div, f(t’,x,v)dvdxdt') ,
R4 o JreJo
52/ \Vugtx\dx—i—a// D?u.(t',z)|*dzdt’ (6)

< C5(62/ |Vu0(:c)|2dx+5/ / Z|61kf(t',x,us(t',x))|2da:dt'
R o JrRe ]

100 F | i xR cm) )

for some constants Cy and Cs.

and

Proof: We follow the procedure from [7]. Given a smooth function n = n(u),
u € R, we define

qi(t, T, u) :/ n' (v)0 fi(t, x,v)dv, i=1,...,d.
0

If we multiply (3) by n’(u), it becomes:

d
In(ue) + Z@,qi (t,z, ue) (7)

_Z/ zwfz (t,z,v)n’ dv+Zn Ue) O, fi(t, T, ue)

=1

d
= 5289“(7) (ue)b;(Vue)) —en”( Zb, Ve )0y, te
i=1 i=1
d

MZ% 0 aye) — ' (0) 3 0, (0102

i=1

u

Choosing here n(u) = 72 and integrating over [0,%) x R? we get:

t
/Rd |u5(t,x)|2dz+6/0 /Rd Vue(t',x) - b(Vue(t', x))dxdt’ (8)
d t ue (t',z)
:/ |u0(x)|2d:c+2/ / / vDZ  f;(t',z,v)dvdzdt’
R i=i/0 JreJo ’
d t
—Z/ / ue(t', 1) 0y, fi(t 2, uc (¢, x))dadt’
i=1 /0 JR?
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d t ue (t',z)
— [ twoteae =3 [ [ 0 it ey dvdaat
R4 — Jo JreJo

where the second equality sign is justified by the following partial integration

/ / / UD2 oIt @, v)dodadt!
Rd
/ / ueOy, [i(t', z, ue)dxdt! —/ / / O, [i(t', 2, v)dvdxdt’.
Rd Rd

Now inequality (5) follows from (8), using (H1).
As for inequality (6), we start by using (8), viz.

t
/ o (t, 2)[2da + ¢ / Vu(t' 2) - b(Vu. (', 2))dadt’
R4 0 d

R
d t ue (')
:/ ‘uo(x)‘zdfo/ / / O, [i(t', x,v)dvdxdt’,
R4 i1 70 JRrd Jo
d t ue (t',x)
g/ \uo(x)\zdx+2/ / / |8y, fi (¢, 2, 0) |dvdzdt’
R4 i1 70 JRrd Jo

t t',x)
< ug(x 2d;v+// /'u(i’dudxdt’
| wo@pas+ [ ] G
t
:/ \uo(x)\de+c// u(t', x)dadt,
d 0 Rd

d
where C' = [ 5] T”‘*'

From here, using (H3), we conclude in particular that

t
5// |Vue(t', z)Pdxdt’ < Cpy (9)
0 JRd

for some constant C7; independent of ¢.

Next we differentiate (3) with respect to x and multiply the expression by axku
Integrating over RY, using partial integration and then summing over k = 1,...,d
we get:

d
1/ 8t|VuE|2dx—Z/ (VO 1) - (Do, F(t, 2, 0) + D f O 1) da
2 Rd =1 Rd

d
=Y | (VOr,ue)" Db(Vue)(VOy, uc)dw
Rd §

Integrating this over [0,t] and using the Cauchy—Schwarz inequality and condition
(H2) we find:

1

d t
2 2 ’
5/Rqus(t, )| dx+503;/0 [Rd |V, e |2 ddt
< 1/ |VUO|2d.%'
2 Jra
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d

+ ) V(O te) || L2(re xre) 102, F( -5+ 1) + Ouf Oy e | L2 (met xR -
k=1

Then, using Young’s inequality (the constant C5 is the same as above):

036 2 06

ab < — —b*, a,bcR,

where C3, Cg are independent on €, we can write

d t
1
f/ |V (t, ~)|2d:1:+6032/ / |V Oy, ue|*dxdt’
2 Jra i—1/0 JRa
1 € d t
< 7/ |Vuo|2d$+Cng/ / \Vﬁmku5|2dxdt’
2 Rd 2k:1 0 Rd

e
_|_7
€ Jo dez::l

Multiplying this by €2, using (a + b)? < 2a? + 2b2, and applying (9), we conclude:

—/ [Vue(t, ) dat—&—C;,—/ / | D?u, |2dxdt’

< —/ |Vug|2dadt’
2 d

2
dzdt’.

8mkf(tl, T, ue) + O f Oy, e

+2506// Z|8wkft z,u.(t', x))|*dedt’
R4

k=1
+ CoCul0uf 1|7 (m+ xRiXR)-

2 max{l 2Cg,C6€11}
min{1,C3}

This inequality is actually inequality (6) when we take C5 =
a

3. THE MULTIDIMENSIONAL CASE
Consider the following initial-value problem: Find u = u(¢,x) such that
Opu + div, f(t,z,u) =0, (10)
u(z,0) = up(x), =R, (11)

where 1y € L?(R?) is given initial data.
For the flux f = (f1,..., fa) we need the following assumption, denoted (H4):
(H4a) For the flux f = f(t,z,u), (t,z,u) € Rt x R? x R, we assume that
f € C(R; BV(RT xR%)) and that for every | € R we have max,e_) f(t,z,u) €
L (RTxRY),p>2.
(H4b) There exists a sequence f, = (fiq,---,fdo), © € (0,1), such that f, =
fo(t,z,u) € CLRT x RY x R), satisfying for some p > 2 and every | € R*:

El)lli% g[la;( ||f9< 5 7Z)_f( R 7Z)HLP(R+><Rd) :O? (123‘)

Z 100, fiot, 2, u)| < 1’“(t .7) (12b)

=1 + |u|1+a
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d
93 Z |81’7:fi9(t71'7u)|2 S /1’2({;71')7 (12C)
i=1
! C

Z |0 fio(t, T, u)| < m, (12d)

i=1

- ps(t, @)

3\,

Z |a%iufig(t;$,u)| S W7 (126)
i=1

where 1; € M(RT x RY), i = 1,2,3, are bounded measures.

In the case when we have only vanishing diffusion it is usually possible to obtain
uniform L* bound for the corresponding sequence of solutions under relatively
mild assumptions on the flux and initial data (see, e.g., [, 17]). In the case when
we have both vanishing diffusion and vanishing dispersion, we must assume more
on the flux in order to obtain even much weaker bounds (see Theorem 3). We
remark that demand on controlling the flux at infinity is rather usual in the case
of conservation laws with vanishing diffusion and dispersion (see, e.g., [7, 14, 13]).

Remark 2. For an arbitrary compactly supported, nonnegative ¢; € C5°(R* x R%)
and g2 € C§°(R) with total mass one, denote by

1 z. 1 u
polzru) = @d“(pl(é)ﬁ(g) ¢2(6(9))’

z € Rt x R? and u € R, where (3 is a positive function tending to zero as o — 0.
In the case when the flux f € C(R; BV(R* x R%))N BV (R x Rt x R%)) is locally
bounded, straightforward computation shows that the sequence f, = f % ¢, =
(fios- -, fao) satisfies (H4b) with (o) = o.

We also need to assume that the flux f is genuinely nonlinear, i.e., for every
(t,z) € RT x R? and every ¢ € R?\ {0}, the mapping

d
R3Am Y it N (13)
i=1
is nonconstant on every non-degenerate interval of the real line.
We will analyze the vanishing diffusion-dispersion-smoothing limit of the problem
d
Opu + divy, fo(t, o, u) = ediv, b(Vu) + 6> 03, . u (14)

LTG0

j=1
u(z,0) =up(x), x€ RY, (15)

where the flux f, satisfies the conditions (H4b). We denote the solution of (14),
(15) by ue = uc(t,z). We assume that

[uo.e — wollL2(ray — 0 and ||ug c||p2(ray + €l|vo el g1 (rey < C- (16)

We also assume that ¢ = g(¢) — 0 and 6 = d(¢) — 0 as ¢ — 0. We want to
prove that under certain conditions, a sequence of solutions (ug)eso of (14), (15)
converges to a weak solution of problem (10), (11) as ¢ — 0. To do this in the
multidimensional case we use the approach of H-measures, introduced in [24] and
further developed in [16, 17]. In the one dimensional case we use the compensated
compactness method, following [21].
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In order to accomplish the plan we need the following a priori estimates:

Theorem 3 (A priori inequalities). Suppose that the flux f(t,x,u) satisfies (Hj).
Also assume that initial function ug satisfies (16). Under these conditions the
sequence of smooth solutions (us).>o of (14), (15) satisfies the following inequalities
for every t € [0,T):

t
/ |u€(t,x)|2dx + 5/ / \Vug(x7s)|2dxds < (C4 (/ |u0,5(x)|2dx + Cw) ,
R4 0o JRd R

(17)

and

62/ |Vu8tx\dx+s// D*u (', x)|*dxdt’
<C 52/ Vo (2)2de + S0+ 212} | (18)
— 4 Rd O,E Q 11 ﬁ(g)g i

for some constants Cig,C11,C12 (the constants C3,Cy are from Theorem 1).

Proof: For every fixed g, the function f, = (fie, ..., fao) is smooth, and, due to
(H4), we see that f, satisfies (H3). This means that we can apply Theorem 1.
Replacing the flux f by f, from (14) and ug by uo . from (15) in (5) and (6), we

get:
t
/Rd \ug(t,x)|2dx+€/0 /R Ve (2, 5)|?dads (19)

t ue (')
< C’g(/ |u075(x)|2d1:—/ / / div,, fg(t’,x,v)dvdzdt’),
Rd o JrdJo
52/ Ve (t,z)|*de + & / / 2u (', x) P dadt! (20)

< 04(5 / Vg e (z)[? d$+||aufg||Loc(R+dexR)

+€/ /RdZZ:izaxkfwt @, ue(t, x))]dedt').

To proceed, we use assumption (H4). We have:

t ue (')
// / div fio(t', z, v)dvdzdt (21)
0 JR4JO
t d
< Oy, fio(t', z,v)|dvdzdt
< ) o, D 0ttt

//d/1+||1+ddxdt§010,
R

which together with (19) immediately gives (17).
Similarly, combining (H4) and (20), and arguing as in (21), we get (18). a

and
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In this section we shall inspect the convergence of a sequence (ue)e>¢ of solutions
to (14), (15) in the case when

b(A1,.. s Ad) = (A1, ..o, A)

for the function b appearing in the right-hand side of (14). This is not an essential
restriction, but we will use it in order to simplify the presentation.
Thus we use the following theorem which can be proved using the H-measures

approach (see, e.g., [17, Corollary 2 and Remark 3]). We let 6 denote the Heaviside
function.
Theorem 4. [17] Assume that the vector f(t,xz,u) is genuinely nonlinear in the

sense of (13). Then each sequence (ve(t,z))e>0 C L®(RT x RY) such that for
every ¢ € R the distribution
Ot(0(ve — ¢)(ve — ¢)) +divy ((ve — ) (f(t, z,ve) — f(t,2,¢))) (22)

—1

is precompact in Hy__, contains a subsequence convergent in L} (RT x Rd).

loc
We can now prove the following theorem.

Theorem 5. Assume that the flux vector f is genuinely nonlinear in the sense of
(13) and that it satisfies (H4). Furthermore, assume that

L pe)
with —=~
(B(e))?
and that ug ¢ satisfies (16). Then there exists a subsequence of solutions (ue)eso of
(14)—(15) that converges to a weak solution of problem (10)—(11).

3 2

0’ =¢, § =e?p*(e) — 0 ase — 0, (23)

Proof: We shall use Theorem 4. Since it is well known that the sequence (uc)e>0
of solutions of problem (14)—(15) is not uniformly bounded, we cannot directly
apply the conditions of Theorem 4.

Take an arbitrary C? function S = S(u), v € R, and multiply the regularized
equation (14) by S’(u.). As usual, put

q(t,z,u) :/0 S (0) Dy f, dv, q=(q1,---,q4)
We easily find that
0 S(ue) + divy q(t, z, ue) — divy q(t, 2, v)|vmu. + 5 (ue) divy fo(t, z,0)|v=u. (24)
= ediv, (9 (ue)Vue) — 8" (u)|Vue?

d d
+0Y Dy (8" (u)03, ue) = 6 8" (u)0a, uc02, e
j=1 j=1
We will apply this formula repeatedly with different choices for S(u).
In order to apply Theorem 4, we will consider a truncated sequence (T}(u;))e>0,
where the truncation function 7; is defined for every fixed [ € N as:

=1, u< -l
Ti(u)=<qu, —l<u<l, (25)
l, u > 1.

We shall prove that the sequence (T} (u.))e>o is precompact for every fixed I. Denote
by w; a subsequential limit (in L{,.) of the sequence (7}(uc))c>0, which gives raise

to a new sequence (u;);>1 that we prove converges to a weak solution of (10)—(11).
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To carry out this plan we must replace 7; by a C? regularization 7; ,: R — R.
We define T} ,: R — R by T} ,(0) = 0 and

1, lu| <1 —o,
T, () =S =M -6 < Ju <1, (26)
0, lul > 1.

Note that as o — 0 we have T} ,(u) — Tj(u) in L?
defined by (25).

Next we want to estimate |7}, (uc)Vue|[z2m+xra)- To accomplish this, we
insert the functions Tlia for S in (24) where Tlig are defined by Tlia (0) =0 and

loe for every p < oo, where Tj is

1, u <,
(T (u) =g = I <u<l+o,
0, u>1l+o,
1, u > —l,
(Tl_g)’(u) = l""f%, —l—0<u< -l
0, u < —l—o.

Notice that
(T (w) <1, [T (w)] < Jul,

27
Tf;(u):Tfo(u) for —lI<u<l @7)

By inserting S(u) = —T+( ), ¢ = qs+(t,z,u) = — [(T, v)0y fo dv in (24) and
integrating over II; = [0,¢] x R? we get:

—/ T?;(’U,a)dx—F/ lg(uo)dx-i- // |Vue|?dxdt
Rd I n{l<u.<l4o}
= // div, q+(t,m,v)|u:uadmdt+// (zﬁg)/(us)divx Folts 2, 0) o, dadt
1L, 11, '

(28)
5 d
_Z // Zamjusaix,ugdxdt.
7 JJImn{i<uc<i+o} 24 e
Similarly, for S(u) = Tl_a(u), q = q_(t,z,u) fo v)0y fo dv we have from

(24):

/ 1, (ue)dx —/ 17 (uo)dx + £ // |Vu|?dxdt
Rd Rd 0 JJmn{-l—o<uc<—1}

= // divy q— (¢, z,0)|y=q, dxdt — // (T} ) (ue) divy folt, 2, v)|p=u. dxdt
11 I
(29)

)
+ 7// Za%ue e usdxdt.
0

tﬂ{ l—o<u-.<— Z}J 1
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Adding (28) and (29) we get:

E// \Vu,|?dxdt
0 JJmn{i<|u|<l+c}

=— /Rd (Tz o (ue) — Tzﬁ,(us)) dx + /Rd (Tz (ug) — TzJ,ra(UO)) dz

+ // divy ¢ (t, 2, 0)|p=y, dxdt — // divy g4 (¢, 2, V) |pmy, dxdt
e
// lo) "(ue) divy folt, 2, v)]= usdxdt+// ' ) (ue) divy fo(t, z,v)|pmy. dzdt
e

d

_ f// 2617% e, Usdxdt
o

N{—l—o<u.<— l}] 1
5 d
_ = // Z@IJUEG Jusdxdt.
o MN{i<uc<l+o} ;=

From (27) and definition of ¢_ and ¢4 it follows:

E// |Vu€|2dxdt§/ 2|u5|dx+/ 2|up|dx (30)
0 JJmn{i<|u|<l+o} |ue|>1 Juo|>1

d
+2// /leiwfw(t,%vﬂdvdwdt
I, .

+ 2/ Z |0 fio(t, @, ue)|dadt

thl
d

5
+2— // Z |0, 02 o, Ue |dzdt.
I.n{l— a<\u5|<l}

Without loss of generality, we can assume that [ > 1. Having this in mind, we get
from (H4) and (30):

< // Ve [2dzdt (31)
0 JJmn{i<|u|<l+o}

g/ 2|u5|2da:+/ 2|uo|?dx
[ue |>1 |uo|>1
+2//Ht/ 1+||1+advdmdt

+2//H Z|8 Jio(t, x, ue)|dadt

t4=1
d

)
+ 2; /-/H Z |8Iju€a§jzjug|dxdt

eN{I<|uc|<l+o} 51

< /Rd2(|u5(m,t)| + |uo(x,t)[?) da
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d

1)
+ K1+ Ky + 27 Z €0z, el L2(rt smety €% O, e L2 (me+ xR
i=1

52 52 1/2

<K K3K
=he (0252(5(9))2 i 0254) o

where K;, i =1,...,5, are constants such that (cf. (17) and (18)):

ps(t, )
———— dvdzxdt < K
//Ht/ 1+||1+ rar < K,

// 2\8 Jio(t, z,ue)|dedt < Ko,
I

tg=1

d

D lledesuell L2 ms xrey < Ks,
i=1

d 1 o\ 12
Z H526:vi:viua||L2(R+><Rd) < (W + ) Ky,

i=1 0

/ 2(|U5($,t)‘2+‘uO(:L‘7t)|2) dr + K1 + Ks < K,
Rd

d

5 ) 5 3>\
2?H€VUEHL2(R+XRd)§ €% 0z, ue | L2(R+ xR) < (U%%Q(s) + 02€4> K3Ky,

where we in the last formula used the assumption e = g from (23). These estimates
follow from (H4) and the a priori estimates (17), (18). Thus, in view of (31),

€ ) 52 62 1/2
— |V’U,E| dxdt < K5 + ( + > K3Ky, (32)
o //Htﬁ{l<|u5<l+a} 02e2f2(e) o2t

which is the sought for estimate for ||7}", (uc) Ve |2 (r+ xR4)-
Next, take a function U,(z) batlbfylng U,(0) =0 and

0, 2<0,
/ _ zZ
U,(z) = Z, 0<z<p,
1, z>p.

Clearly, U, is convex, and we have U)(z) — 6(z) in L
p < 005 as before, 6 denotes the Heaviside function.
Insert S(ue) = U,(T},6(us) — ¢) in (24). We get:

(R) as p — 0, for any

O Tio ) =)+ dive [ U (0) = T ()00 olt,2,0)d0

= / ) Uy (Th,0(v) = )T} ,(v) divy O, fo(t, 2, v)dv

— Up(T1,0(ue) — )T 5 (ue) dive fo(t, x,v)o=u.
+ AU, (Tl o(ue) —¢) — EDiu[Up(Tl,o—(us) - C)]|VUE|2

+6ZD”“ u Tlo(us)_ )]85111 )
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—5ZD U,(T1,6(ue) — ¢)] O, u882 U

We rewrite the previous expression in the following manner:
o1 (0T (o) = &) (Ti(we) = ©)) + div, (0(Ti(ue) = ) (F(t 2. Ti(wo)) - f(t.,0)))
= 0,(0(Th(u2) = )(Ti(u:) = ) = Up(Th o (1) — <))
+div, (0(Ty(we) = ©)(F (2, Ty(w.)) = F(t,2,0))
- [ U0 - T 0Lt )
+ / U (T () — T (0) divs Dy folt, 2 0)do
= Up(Ty o 1te) = T o (1) dive fo(t, 2, 0) oz,

+e8,Up(Tho(ue) = ¢) = Uy (Tho (us) = )(T] 5 (ue))*| Ve
= eUp(Th,0(ue) — )Ty (ue)[Vue |

+52D% DulUp(Ti (1) — )02, 1)

_5ZD Tla U’E) _C)] 8%“'582111

or
o (0T (u2) = &) (Ti(we) — ©)) (33)
+ div,, (0(Ti (o) = )(f(t,2, Th(w2)) = f(t.,¢)))
= Fl,a + F2,€ + FS,E + F4,5 + F5,€ + FG,E + F?,s
where

Fl,s = 0 (Q(TI(UE) - C)(Tl(us) - C) - Up(Tl,a(ua) - C)))
P = div, (0(Ti(us) = (¢, Ti(ue) = f(t,, <))

— [ U Ta0) = T 000,500,
Ty, — / U/(Th0 (0) — €T,y (v) divy By fo(t, 2, v)d

- Up(Tl,n (ue) — C)Tl,,a (ue) divy fo(t, o, v)|v=u.,

Fye=eAU,(T10(ue) — )

+6ZDM WlUp(Ti (1) = €02, )

5= _EU;KTLU(UE) - c)ﬂ"/a(u5)|Vu5|2,
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d
Ige=—0 Z DZu [Up(Tl,a(us) -] aziusaiziuea
i=1

I7e= *5U;/(Tl,<r(us) - c)(Tl/7g(u5))2|Vu5|2.
To continue, we assume that o depends on ¢ in the following way:
o= %) (34)

From here, we shall prove that the sequence (T}(u.))e>o satisfies the conditions
of Theorem 4. Accordingly, we need to prove that the left-hand side of (33) is
precompact H_! (R x R).

To accomplish this, we use Murat’s lemma ([5, Ch. 1, Cor. 1]). More precisely,
we have to prove:

(i) When the left-hand side of (33) is written in the form div Q., we have Q. €
L (RT x RY) for p > 2, and

(ii) The right-hand side of (33) is of the form M, + H~' . where Mioe,B

loc,c?
denotes set of families which are locally bounded in the space of measures and

—1 . e . —1
Hy,. . is set of families precompact in H,.

First, since Tj(ue) is uniformly bounded by I, we see that (i) is satisfied.
To prove (ii), we consider each term on the right-hand side of (33). First we
prove that:

Pie = 0 (0(Ty(ue) — ) (Ty(ue) — ) = Up(Tho (ue) =€) € Hyge

loc,c*
Trivially we have:
0(Ti(ue) — c)(Ti(ue) — ¢) = Up(Tio(ue) — c)
= 0(Ti(uc) — )(Ti(ue) — ¢) = O(Th,0(ue) — ¢)(Th,0(ue) — )
+ O(TLU(UE) - C)(TLU(UE) - C) - Up(Tl,cf(ua) —c).

Since the function 6(z — ¢)(z — ¢) is Lipschitz continuous in z with a Lipschitz
constant one, and, according to definition of U, it holds |U,(z) — 6(z)z| < 3p, we
have from the last expression:

10(Ti(ue) = ¢)(Ti(ue) = ¢) = Up(Ti0(uc) — )|
< Ti(ue) = Tho(ue)| + O(p) < O(0) + O(p).

From this and assumptions (23) and (34) on 0 = o(e) and p = p(e) it follows
that as ¢ — 0

0(Ti(ue) = ¢)(Ti(ue) — ¢) = Up(Tio(ue) —¢) = 0
in L} for all p < oo. Thus, (since we can take p = 2 as well) we see that

Fl,s S H_l

loc,c*

Next we shall prove that
Dy,e =div, (0(Ti(ue) = O)(f(t 2, Ti(we)) = f(t,¢))
~ / U T () — T ()0, folt, 2, 0)dv) € Higl + Mies.
Indeed,
6(Ti(ue) — O)(f (1,2, Tilue)) — f(t, )
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— [ U 0) = T 0105000

= 0(Ti(ue) — o) (f(t, 2, Ti(ue)) — f(t 2, c))
- Q(TZ’J(UE) - C)(fg(t7x71—1l,a(u6)) - fg(t,x, C))
+ H(Tl,ff(ua) - C)(f(tvvalﬁ(uE)) - f(tax’ C))

— [ 0T ) - T 00, fult 000

—/%wamw»wwﬂxm—ﬂw»mnwmmm.

Since T} (u) € {0,1},
/ U (T (0) — T )00 (12,0

= [ 0T - T 2. T,
from which we conclude
O(Ti(u2) — ) (F (1,2, Tilwa) — F(t,,0))
~ [ 0 a0) = T 0105, 0,000

= 0(Ti(ue) — ) (f(t, 2, Ti(ue)) — f(t, 7, ¢))
= 0(T10(ue) = ) (f(t, 2, Tho (uc)) = f(t 7, 0))
+0(Tho(ue) = ) (f(t, 2, Tio(ue)) — f(E, 2, ¢))

—/%Uunam—dnw&nwanwmw

— [ U a0) = T 0) = TSl )

= 0(Ti(uc) — o) (f(t, 2, Ti(ue)) — f(t,2,0))
- Q(Tl,d(uﬁ) - c)(f(t7x7Tl,0’(u6)) - f(t, 1‘70))
+ H(Tl,a(us) - C)(f(t, x?Tl,U(ué‘)) - f(tvxv C))

= [ 0T00) — DLt Tite)

—/%Wﬂww—QUL@%JWW&h@%WW

- /u (U(Th,0(v) = €) = 0(T1.0(v) = )T} (V)0 fo(t, 2, Ty (v))dv

= F%,e + F%,e + Fg,a?
with

P%,e = H(Tl(uf) - C)(f(t>x7Tl(u€)) - f(t7.1', C))
- Q(Tl,U(uE) - C)(f(t’xaﬂ,0<u8)) - f(t,ac,c)),

F%,a = H(Tl,o<u€> - C)(f(tvx’TlJ(ua)) - f(tha C))

15

(35)
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-/ 0T (0) — D, [t 2, Ti(w)) o,

3. - | U T (0) = (T (0) — TY(0))D ot 7, v}
— [ O 0) = ) = 0T (0) — DT @Ol Ti) v

Consider now each term on the right-hand side of (35). Since 7; is continuous
function and T;(u) € [—1,1], the function f(¢,z,T;(w)) is uniformly continuous in
u € R. Therefore, we have pointwise on Rt x R%:

T3.el = 10(Ti(ue) — o) (f(t, 2, Ti(ue)) — f(t,2,¢))

= 0(T1o(ue) — ) (f(t, 2, T1o(ue)) — f(t,2,0))| = 05(1)
where 0,(1) — 0 as 0 — co. Since max,e(—1 ) f(t,z,u) € L (RT x RY), p > 2,
Lebesgue’s dominated convergence theorem yields T3 | = o, rr (1) where

Jr+ xra 100,00 (1)[Pdzdt — 0 as ¢ — 0. Thus, we conclude
div, Ty . € H'(RT x RY). (36)

We pass to Fg,e. We have to make a case distinction depending on the relative
size of ¢ and [. Consider first the case when |c| < [, in which case we have Tj(c) = ¢,
thus:

T3] = 10(Th,0 (ue) = )(£(t, 2, Tro(us)) = f(t2,0)) (37)

/ 0T (v) — ) Dy lfolt, 2. Ti(v))]dov]
— 10(Th o (2) — OF(ts 2, Th o (1)) — £t 2, €))

Ty () — / Dalfolt, 2, To(w)))de]

= 0(Ti,6(ue) — ) (f(t, 2, T1,0 (ue)) — f(t, @, ¢))
= 0(Th 0 (uc) — ) (folt, 2, Ti(ue)) — fo(t, @, c))|
<|0(Tho(ue) — ) (f(t, 2, Th o (ue)) = folt, @, Ti(ue)))]
+10(T1o (ue) — ) (f(t 2, ¢) — folt @, )|
<|0(T10(ue) — ) (f(t, 2, Ty (ue)) — folt, z, Th o (ue)))|
+10(Th0(ue) — ) (folts @, Tio(ue)) — folt, z, Ti(ue)))|
+10(Th0(ue) = )(f(t,2,¢) = fo(t, z, )|
=0p,17 (1) + 06,12 (1) + 0512 (1),
where 0,(1) comes from (36) and term |o, 1 (1)| appears due to (H4b), (12a).

For ¢ > [ we have 6(T} »(ue) —c) = 0 and for ¢ < —I we have §(T} ,(us) —c¢) = 1.
Thus, the problematic case is when ¢ < —I. In this case, instead of (37) we have:

T2, = 0(Ty 0 (us) — &) (f(t, 2. T o () — f(t.,€))
/ 0Ty (v) — ) Dulfolt, 2, Ty(v)))dv
=flt,z, T o(ue)) — folt,z, Ti(us)) + f(t, ,1) — f(t,2,¢)
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implying
div, ' € HIOC .
since f(t,z,T},0(us)) — fo(t,z, Ti(u)) — 0 in LY
and f(t,x,l) — f(t,z,c) € BV(R* x R%).
It remained to estimate I'j _. Noticing that |[U)|, [T}, < 1 we get

+ Mloc,Ba (38)
(R* x R?) for p defined in (H4),

Ue

|| Up(Tio(v) = o) (T} 5 (v) = T} (v) 0o fo(t, 2, v)dv] (39)

where C' is the constant from (12d).
Similarly, from (12d) and since |T}(v)| < 1, we have:

| /us (Up(T1.0(v) =€) = 0(T1.0(v) — )T} (0)0u fo(t, x, Ti(v))dv] (40)

(23)

<c / ! (Tho (v) =€) — 0(T10 (v) — o) dv = O(=2~) E 0 (),

B(e)

from which we conclude that T'3 _ tends to zero in L2 . From assumptions (23) and

(34), as well as estimates (36)— (40) it follows that the expression from (35) tends

to zero in L12OC from which it follows that I'y . € Hlogc
The next term is

;.= / U;;(Tl,o(v) - C)Tl/,a(v) div, 8vfg(tv xz, U)dv
- U;I)(Tl,rf (ue) — C)Tl/,a (ue) divy folt, z,v)|v=u.-
According to (H4) it is clear that I'; . € Mo . Indeed, since [U/|,|T],| < 1 we
have from (12b) and (12e):

M3(tax)
T3¢ S/F{de+lll(tv$)

implying the claim.
Next, we claim that:

F4€_ZD (eD4, Up(T1,0(ue) — €) + 0D [Up(Ty0(ue) — €)]02,,,us) € Hppt

loc,c*

Due to a priori estimates (17) and (18) and, again, the fact that [T} [, |U,| < 1, we
see that for every i =1,...,d

€Dy, Up(Th,0(ue) — ¢) + 0Dy [Up(Ti,0 (ue) — c)]@iimiue —0

in L2(R* x R%). Therefore, 'y . € Hloic
Further, we claim that

Ise= 5U;IJ(TI,U(UE) - C)Tl/,/o(uaNVUEF € Mioc,B.

Since |Uj| <1 and |T}",| < L we have from (32)

: / U (T (112) — YTV, ()| [ Vae [Pt
R+ xR
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c ) 52 52 1/2
< — \% drdt < K, K3 Ky < K,
T o /l<u5|<l+a| ueldadt < K5 (0254 - 02(5(9))254> =T

for some constant Kg, according to assumptions (23) and (34) on 6 = d(¢), o0 = o(e),
0= o(¢) and B(g) = B(e3). Thus, we see that I's . € Mjocp-
Next, we need to show

FG e — 5ZD ﬂ Neg us) - C)] 611u63'37'p7u€ S MIOC,B-

In view of a priori estimates (17), (18) and assumptions (23), (34), it holds

1) D U,(T1,6(ue) — ¢ Bug »; Ue|dzdt
[/ > o) = O] |

i=1

5 6 1/2 1/2
< Z ( + ) (// |8miu52da;dt) (// |8§imiug|2dxdt>
i-1 \7 P R+ xR R+ xR4
) ) d 1/2 1/2
< (2 + 2) Z (5/ |(9mu5|2d:cdt> (53/ |6§,z,u5|2dxdt>
E“O0 E°p =1 R+ xRd R+ xR iTq
1) 1) € 1 ~
co(Lh DY (e <o
(520 e?p) \e  (B(0))?

for some constants C' and C. The second estimate holds since U ,,’)' < % and Tl’,'o < é
implying | Dy [U,(Th,6(us) — ¢)]] < (% + %) Therefore, I's . € Mioc B-
Finally, we will prove that
L7 = _EU;/(TZ,GWE) - C)(Tll,a<u6))2|v%|2 € Mioe,B-
First, notice that suppU, = (0, p), and therefore:
U)(Tio(ue) —c) #0 for ¢ <Tjq(uc) <c+p. (41)

Then, assume initially that ¢ > 1. In that case U, (T}, (uc) — ¢) # 0 only if uc > 1.
But, then Tl’ﬁ(ug) =0 and thus I'7. =0 € Mo B.

Now, assume that ¢ < [. In this case, we can assume that ¢+ p < [ — o since we
can choose p and o arbitrary small. Therefore, from the definition of I'7. and (41)
it follows that we can assume T} ,(ue) = u.. Thus,

F7a = —EU;)/(’LLE — C)|VUE|2 € Mloc,Bv

according to (41) and (32) (we put there | = ¢).
Collecting the previous items, due to the properties of I'; ., ¢ = 1,...,7, it follows
from (33) that

00(T1(ue) — c)(Ti(ue) — )
+ div, H(Tl(us) - C)(f(t>$7ﬂ(u€)) - f(t“%‘, C)) € MlOCyB + Hlo(}c

Therefore, we see that (ii) is satisfied and we can use Murat’s lemma to conclude
that

3t9(Tl(u€) - C)(Tl(us) —c)
+ div, 0(Ti(ue) — ) (f(t, x, Ty(u)) — f(t,x,c)) € H!

loc,c*
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Thus we conclude that the conditions of Theorem 4 are satisfied, and we find that
for every | > 0 the sequence (7} (u.))e>o is precompact in L (R x R).
Since the sequence (u.)csq is uniformly bounded in L?(R* x RY), from [/,

Lemma 7], we conclude that (u.)c>o is precompact in L (R x R%). a

4. THE ONE-DIMENSIONAL CASE

We will analyze the convergence of the sequence (uc)esq of solutions to (14), (15)
in the one dimensional case. Unlike the situation we had in the previous section, we
shall assume that the flux is continuously differentiable in the u variable. This will
enable us to optimize the ratio /2. We will work under the following assumptions
on the flux f = f(¢,z,u) denoted (H4’):

(H4a’) For the flux f = f(t,z,u) we assume that f € C}(R; BV(R* x R;)) N
LR xR"xR,) and 9, f € L°(R x Rt x R,).

(H4b’) There exists a sequence (f,),>0 defined on RT x R x R, smooth in
(t,x) € RT x R and continuously differentiable in u € R, satisfying for some p > 2:

;E)%gleal%”fg(tvmvz) - f(tax»Z)HL{’OC(R‘*’xR) =0,

.ul(tv x)

|0a fo(t, @, u)| < T+ [u[ra

93|8$f9(taxa U)|2 < ,[LQ(t,CC)’

2 ﬂg(t7$)
|amuf9(tﬂ IE,U)| < W’

‘6uf(t,l‘,u)| S Ca

where p; € M(RT x R), i = 1,2,3, are bounded measures (and, accordingly, the
above inequalities involving p;, i = 1,2, 3, are understood in the sense of measures).
Under these assumptions we will prove the following:

e Without assuming non-degeneracy of the flux, the sequence (u.)e>o con-
verges along a subsequence to a solution of (10)—(11) in the distributional
sense when § = O(g2) and g = O(¢) (less stringent assumptions than in the
multidimensional case).

e If, in addition, we assume f € C?(R; BV(RT xR,))NL®(R x RT xR,),
and that f is genuinely nonlinear in the sense of (44), the sequence (u¢)->0
of solutions to problem (14)—(15) is strongly precompact in L] (R x R)
when § = O(£?).

Remark 6. The proof relies on a priori inequalities (17) and (18). Notice that in
the inequality (18) we can take 3(p) = 1 due to (H4a’).

We shall need the fundamental theorem of Young measures.

Theorem 7. [18] Assume that the sequence (ue,) is uniformly bounded in
LR LP(RY) N L™ (RY x RY), p,r > 1. Then, there exists a subsequence (not
relabeled) (uc, ) and a sequence of probability measures

Viea) € M(R), (t,z) € RT xR
such that the limit
g(t,x) .= lim g(t,x,ue, (t,))
k—o0
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exists in the distributional sense for all g measurable with respect to (t,xr) € RT x
R4, continuous in u € R and satisfying uniformly in (t,z):

lg(t, 2, u)| < C(1+ [ul?)

for constants C', M and q such that 0 < q < p. The limit is represented by the
expectation value

3t z) = / gt 2, Nie.my (N),
R+ xR4

for almost all points (t,r) € R x R4,

We refer to such a sequence of measures v = (V(1,)) as the Young measure
associated to sequence (Ue, )keN-

Furthermore,

—u in LT (RYxRY), 1<r<p

Ue loc

k

if and only if

vy = Ou(y) a.e.
Before we continue, we need to recall the celebrated Div-Curl lemma.

Lemma 8 (Div-Curl). Let Q C R? be a bounded domain. Suppose

1_ 1 2 _ 2

e T
1_ 1 2 2

w, =W, w;—w,

in L*(Q) as € | 0. Suppose also that the two sequences {div (U;’U§>}s>0 and

{curl (w;,wg)}wo lie in a (common) compact subset of ngi (Q), where

div (v},02) = 05,0} + 05,07 and curl (wl, w2) = 9y, w? — Op,wk. Then along a

subsequence

(vl,02) - (wlw?) = @, 7%) - (W', w®) inD(Q)ase]O0.

Lemma 9. Assume that (u:)e.>o € L>(R* x R) weakly converges in L*(R* x R)
to a function u € L*(RT x R). Assume that n(t,z,\), (t,7,\) € R* xR? is a
function such that n € C?(Ry; L™ N BV (R x Ry)).

By 1, we denote the truncation of the function n:

n(t,z, ), [N <n, n
(62, \) = . (t,z) eRT xR, 42
mlt ) {0’ NS () (@)

and qn(t, 2, \) the corresponding entropy fluz.
If for every n € N we have

div(n, (ue), gn(t, z,ue)) € Hyt (RT x R). (43)

oc,c

then the limit function u is a weak solution to (2).
Furthermore, if the flux function f = f(t,x, \) is twice differentiable with respect
to A\, and it is genuinely nonlinear, i.e., for every (t,r) € Rt x RY the mapping

R > A~ Oxf(t,x,A) is non-constant (44)

on non-degenerate intervals, then (uc)e>o strongly converges to u in Li, (RT x R).
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Proof: We shall apply the method of compensated compactness as in [21].
First notice that according to Theorem 7 there exists a subsequence (ug,) C ()
and a sequence of probability measures

Vi) € MR), (t,z) e RT xR
such that the limit
glt,) = lim glt,, e, (t,7))

exists in the distributional sense for all g measurable with respect to (t,z) € RT xR,
continuous in v € R and satisfying uniformly in (¢, z):

lg(t, z, u)] < C(1+ |ul?)

for constants C', M and ¢ such that 0 < g < p, and is represented by the expectation
value

gt x) = / ot 2 N (N),
R+ xR

for almost all points (¢,z) € RT x R. From this, due to (H4), we conclude that for
the flux function f(¢,z,v) we have

lim f(t,x,usk(t,x)):/ ft, x, )\)dl/(t,gg)()\).
k—oo R+ xR

To continue, notice that

u@ﬂﬁzi/AdwmwQ} (45)

Take n(u) = I(u) = u in (42), and consider the vector fields (I, (uc), fn(t, 2, ue))
where fo,(t, z,u.) = I (v)O\f(t, x,u.), and (=, (t, x, ue), ¢n(ue)), where ¢ € C1(R)
is an arbitrary entropy, and v, is the entropy flux corresponding to ¢,. Here I,
and ¢,, denote the smooth truncation functions of I and ¢, respectively, cf. (42).

According to (43) we can apply the Div-Curl lemma on the given vector fields.
Hence, we get after letting ¢ — 0 along a subsequence:

/ (In()‘)wn(ta Z, )‘) - ¢n()‘)fn(t7 z, )‘))dy(t,x) (>\)
= [ (@nlt.)ut,0,3) = Fult, )0t (), (40

where
ﬁ@@:/ﬁﬁJAW%MM,%@@:/Q@W%Mm

Then, put ¢(A) = |A — u(t,z)|. Notice that for [A| < n we have ¢, (¢t,2,\) =
sgn(A — u(t,x))(f(t, 2, \) — f(t,x,u(t,z))). Therefore, we have from (46):

/ " (sen(h— u(t, 1) (2. A) — F(t 2, ult,2)) — uts ) — AL (2 X)) dey ()

—n

- /" (u(t, z) sgn(A — u(t, 2))(f(t, 2, A) = f(t, 2, u(t,2))) — [u(t, ) = Al fa)dv(s,z) (V)
(/n / ) ¢n t T /\) qﬁn()\)fn(t,x,)\))dV(t’w)()\)
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</_” / > (& 2)on(t, 2, A) = fadn(N)dvie.z) ()

([ ) 0= [tz i,

It is clear that for every fixed (t,2) € R x R? the right-hand side of (47) tends
to zero as n — oo implying:

/ (/\ Sgn()‘ - u(t,m))(f(t,x, )‘) - f(ta x,u(t,x))) - Iu(tvx) - /\|f(ta €, /\))dy(t,w)(/\)

— / (u(t,x)sgn()\ —u(t,z))(f(t,z,A) — f(t, z,u(t,x)))
— Ju(t,z) = Al f(t, z))dvg ) (A) = 0.
Now a standard procedure gives (see, e.g., [10, Remark 2.3])
(s, utt,a)) = F(t.2)) [ 1A= ult.)ldvy (1) =0, (48)

where f(t,x) = [ f(t,x, \)dv( 4 (A). From here it follows that u is a weak solution
to (10). This concludes the first part of the lemma. For the details of the procedure
one should consult, e.g., [21].

Now, assume that f € C?*(R; BV(R* x R,)) N L¥(R x RT x R,), and that it
is genuinely nonlinear in the sense of (44).

Then, take arbitrary n; (¢, z,u) € C1((R; LN BV (R} xR,))) and 7y € C*(R);
thus 0,71 depends explicitly on (¢, z), while D, ns does not. Denote by 11 ,, and 172 ,
the appropriate smooth truncations, cf. (42), and by ¢1 ,, and ga,,, the corresponding
entropy fluxes, that is,

A
an(taxa)\) = / aznl,n(taIaz)azf(taxaz)dza

A
qlm(t,x,)\):/ 0:M2.n(2)0, f(t,z,2)dz

Due to (43) and the Div-Curl lemma the following commutation relation holds:

/ (nlyn(t7 €, )‘)QQ,n(ta €, /\) - 772()‘)q1,n(t7 z, /\)) dV(t,:c) (49)
R
:/ nl,n(taxa)‘)dl/(t,a:)/ q2,n(t7xa)‘)dl/(t,w)
R R
—/ 772,n()\)dl/(t7w)/ Qi (t, o, N)dv (g ).
R R

Letting n — oo as in (47), we get:

[ 0 Naa(t,2,3) = (N (1,3) doe (50)

R

=/ nl(tv‘x’)‘)dy(t,m)/ q2(t, 2, N)dv (s 5 —/ 772(/\)dy(t,z)/ qi(t, , N)dv ).
R R R R

Then, following [10], we insert in (50):

A
771(@557)\) = f(t,.%‘,)\) - f(t,a:,u(t,x)), QI(t7xa )‘) = /(t )(avf(t,x,v))de,
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772(>‘) =A— u(t,x), C]Q(t,.’L’, /\) = f(tl‘?)‘) - f(t,x,u(t,x)),

which yields the following relation:
2
([ ten - e uteonivies 1)

A
+ /R ((A —u(t,x)) / L Ouf (02,0 o~ (. 0) — St .1) ) oy (V) =

By the Cauchy—Schwarz inequality

A

(f(h.%‘,)\) - f(t7x7u)>2 = (/ (9Qf(t,.’[:, Q)d9>

(t,)
A
<O uto) [ (0uf (b 0) P dodvn (V).
u(t,x)
with equality only if f,(¢,z, 0) is constant for all ¢ between u(t, z) and A. Still, this
is not possible according to the genuine nonlinearity condition (44). Thus, from
this and (51) we conclude that

A

(O — u(t, 2)) / 9of (¢, 2, @) ddu(s o) (A) = 0,

u(t,z)

1

e convergence of (ug)e>0

i.e., that v ;) = 0y(1,2) a-€. On R* xR implying strong L
along a subsequence (see Theorem 7). a

Now we are ready to prove the main theorem of the section:
Theorem 10. Assume that
§=0(e) = 0(?), 0=0(), ¢—0, (52)

and up € H'(R).

Assume that the flux function f from equation (10) with d = 1 satisfies (H4’).
Assume also that the function b from (14) satisfies (H1) and (H2). Then a sub-
sequence of solutions (ue,) C (ue) to problem (14)—(15) converges in the sense of
distributions to a weak solution of problem (10)—(11).

If the fluz function f € C*(R; BV(RT x R;)) N L®(R x R x R,), and if it
is genuinely nonlinear in the sense of (44) then a subsequence of solutions (ue,) C
(ue) to problem (14)—(15) converges strongly in L*(R* x R) to a weak solution of
(10)~(11).

Proof: Assume that n(¢,z,)), (t,z,\) € R x R? is a function such that n €
C?(R;L>® N BV (R} x R,)). As usual, denote by 7, the truncation given by (42),
and let the entropy flux corresponding to 7, and f be:

Gn(t,x,u) = /U Ounin (t, x,0)0y f (¢, , v)dv. (53)

According to Lemma 9, it is enough to prove that for every fixed n € N the
expression div(n, (t, 2, uc(t, 7)), gn(t, 7, uc(t, 7)) is precompact in H,;! (R* x R).
In order to prove the latter, take the following mollifier n,, (¢, 2, u) = 9, (-, -, u) *

ﬁw(#)w(ﬁ)’ where w is a nonnegative real function with unit mass. Denote
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the entropy flux corresponding to 7,, and f by:

ety 2, u0) = / Bt (1,2, 0)00 f,(t, 2, v) . (54)

Recall that here (and in the sequel) we assume that ¢ = O(e). Actually, we can
take o = & without loss of generality.

Notice that according to the assumptions on 77 and the choice of the mollifier
Mn,e We have:

|at"7n,s(t7$7u)‘v |amnn,€(t7x7u)|7 |8zvnn,e(tax7u)| < M(t7$)7

|0 e (t, @, W) 2, |07 y10,e (8 2, w)]* < ;

for a locally bounded Radon measure p € M(RT x R).
Then, apply equation (24) with S replaced by 7, .. We find

Dtnn(taxaus) + D:EQn(t)m7u8)

— / ’ (8ivfg(t, Z,0)Optne (b, 2,0) + Oy fo(t, 2, v)@ivnn,g(t, z, v)) dv

- a’unn,s(ta x, ua)aarfg(ta x, UE) - 6t77n,8(t7 x, ue)
+ D, (0pne (T, T, ue)b(Ozue)) — 5831)7771,5(15, Z, Ue )b(0p e ) Ot
— Eaxb(ug)aivnmg(t, X, Ue) — 585wu68§7]77n,8(t, X, Ug)

)
+ §Dz(6vnn,5(t,x7ug)331u5) - *812;1;7771,6(157xaua)DZ(azHE)Q

2
+ Dz(qus(ta z, us) + Qn(ta z, Us))
+ De(=nne(t, 2, ue) +nn(t, o, uc)). (56)

Now, we apply a similar procedure as in the multidimensional case.
Combining (H4b’) and (55) we get for a constant C; depending only on 7,

| / - (20 Folt. .00t 2.0) + 8, Fylt 2,0t 0) )] (5)

§ Cl (ﬂB(tv LE) + /“L(ta .’[)),

implying boundedness in the sense of measures.
Similarly, for a constant Cl:

| - avnn,E(ta z, Us)axfg(ta z, Us) - 8t77n,6(t7 Zz, UE)‘ (58)
< CQ(MI (tv .’[) + N’(ta fE)),

implying boundedness in the sense of measures.
Then, combining (55) with (17) and (18) we infer (see estimation of I's.):

— Eﬁxb(ug)azvnn,s(t, T, ue) — 58§xu58§vnn75(t, x, ug) (59)
is bounded in M(R* x R).
Next,
D, (68,U17n(t, x, ue )b(Optie ) + 00y (t, , usk)ﬁgwugk) (60)

is precompact in H (R x R) since |n,| < C, § = O(e?), 0 = O(e), and from (17)
and (18) (see also Remark 6) we have

eb(Dpue) 4+ 602, u. — 0ase — 0
in L2(R* x R).



DIFFUSION-DISPERSION-SMOOTHING LIMITS 25
Similarly, by (17) and (18) (see estimation of I's. again):

Eam}nn,s (t, &€, us)b(axus)amus + gavvnn,s (t, z, UE)Dz(azus)2 (6]—)

is bounded in M(R* x R).
Next, due to (H4b’) and the definitions of ¢, . and g,:

|qn,€(t7 T, UE) - (Jn(t’xvu€>|

<4nC  max_ |f,(t,z,v) — f(t,x,v)] — 0in L} (RT xR) ase — 0
—2n<v<2n

for arbitrary p > 0 and a constant C' > 0, implying precompactness in ngcl of the

sequence

Dy (gn,o(t, z,ue) — qu(t, z, ue)). (62)
Similarly, it is easy to see that

L Hax (=ne(tyzue) +nu(t,z,us)) — 0 in L2(RT x R),

and thus
Di(—npe(t,,u) + otz u)) € HIHRT x R). (63)
From (57)-(63) and the fact that (n,(t,z,u:), ¢, (t,z,u:)) € L°(RT x R), we
conclude using Murat’s lemma that
div(n, (¢, =, ue), gn(t, v, ue)) € Hy,! (RT x R). (64)

oc,c

Finally, relying on Lemma 9 we conclude the theorem.
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