LIPSCHITZ METRIC FOR THE HUNTER-SAXTON
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ABSTRACT. We study stability of solutions of the Cauchy problem for
the Hunter-Saxton equation u; + uu, = (w3 dz — [ uf dx) with
initial data ug. In particular, we derive a new Lipschitz metric dp with
the property that for two solutions u and v of the equation we have
do (u(t),v(t)) < etdp(uo, vo).
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1. INTRODUCTION

The initial value problem for the Hunter-Saxton equation

1 ’” o0
(1) U + UUy = 4</ u? da / u? dz:), ul¢=0 = uo,
- x

(o)

or alternatively
1
(2) (w + uug)y = iuia ul=0 = uo,

has been widely studied since it was introduced [10] as a model for liquid
crystals. It possesses a number of startling properties, being completely inte-
grable, having infinitely many conserved quantities and a Lax pair. Further-
more, it is bi-variational and bi-Hamiltonian [11]. The initial value problem
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has been extensively studied [12, 13, 15, 16, 17, 3]. A convergent finite dif-
ference scheme exists for the equation |7]. The simplest conservation law
reads

(3) (uz )i + (uu3), = 0.
Furthermore, the equation enjoys wave breaking in finite time. More pre-
cisely, if the initial data is not monotone increasing, then
(4) inf(u,) — —oc as t 1 t* = 2/ sup(—uy).
Past wave breaking there are at least two different classes of solutions. Con-
sider the example [13] with initial data uo(z) = —2X(01](%) — X[1,00) (7). For
t € [0,2) the solution reads

2z 1
T X0e-02/2) (@) + 5 = 2)X(@e-n2/a00)(2), T <2.
Observe that u(t,z) — 0 pointwise almost everywhere as t — 2—. A careful
analysis of the solution reveals that the energy density u2dz approaches a
Dirac delta mass at the origin as t — 2. Two continuations past ¢t = 2 are
possible: The dissipative solution
(6) u(t,r) =0, z€R, t>2,

and the conservative solution
2z 1
(M) ult ) = ;=5 x,en2/0(@) + 5= 2X(2-12/a00(2), > 2.
Another example [10] is the following with initial data ug(x) = 0. One
solution (the dissipative) is clearly u(t, x) = 0 everywhere. Another solution
(the conservative) solution reads

() ultr) =

(8) u(t,r) = _ZtX(—oo,—t2)(x) + 2?$X(—t2,t2)(x) + 2tX(t2,oo) (z).

As a consequence of this the existence theory for the Hunter—Saxton equation
is complicated, and there is a dichotomy between the dissipative and the
conservative solutions.

Zhang and Zheng [17] have proved global existence and uniqueness of
both conservative and dissipative solutions (on the half-line z > 0) using
Young measures and mollification techniques for compactly supported square
integrable initial data. An alternative approach was developed in [3| for the
Hunter-Saxton equation and in [6] for a somewhat more general class of
nonlocal wave equations, by rewriting the equation in terms of an “energy
variable”, and showing the existence of a continuous semigroup of solutions.
Furthermore, the papers [3] and [5] introduce a new distance function which
renders Lipschitz continuous this semigroup of solutions. This is important
because it establishes the uniqueness and continuous dependence for the
Cauchy problem.

We remark that this is a nontrivial issue for nonlinear partial differential
equations. For scalar conservation laws, where u = wu(t,z) € R satisfies
ug + Vg - f(u) =0, as proved in [14] every couple of entropy weak solutions
satisfies |lu(t) — v(t)||pr < |u(0) — v(0)[|gr for all ¢ > 0. For a hyperbolic
system of conservation laws in one space dimension u; + f(u), = 0, it is
well known that, for initial data with sufficiently small total variation, one
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has |lu(t) — v(t)||Lr < C|lu(0) —v(0)||g: for a suitable constant C' and all ¢
positive [1, 9].

The problem at hand can nicely be illustrated in the simpler context of
an ordinary differential equation. Consider three differential equations:

(9a) & =a(z), x(0) = xg, a Lipschitz,
(9b) =1+aH(z), z(0)=uz9, H the Heaviside function, o > 0,
(9c) i = |z|"/?, x(0) = xo, t — x(t) strictly increasing.

Straightforward computations give as solutions

(10a) x(t) = zo + /0 a(x(s))ds,
(10b) z(t) = (1+aH(t —to))(t —to), to=—x0/(1+aH(z0)),

(10c) x(t) = sgn (% + vp) (% + v0)2 where vg = sgn(zo) \xoll/z .
We find that

(11a) ja(t) — 2(t)] < e |zo — 20|, L = |lall,,

(11b) |[z(t) — z(t)] < (1+a) [z — Zol,

(11c) z(t) — z(t) = tvg + |xo|, when Zy = 0.

Thus we see that in the regular case (9a) we get a Lipschitz estimate with
constant et uniformly bounded as ¢ ranges on a bounded interval. In the
second case (9b) we get a Lipschitz estimate uniformly valid for all ¢ € R. In
the final example (9c¢), by restricting attention to strictly increasing solutions
of the ordinary differential equations, we achieve uniqueness and continuous
dependence on the initial data, but without any Lipschitz estimate at all.
We observe that, by introducing the Riemannian metric

_ T dz
(12) d(, 7) = ‘ e
= |2|
an easy computation reveals that

(13) d(w(t), 2(t)) = d(wo, 7).

Let us explain why this metric can be considered as a Riemannian metric.
The Euclidean metric between the two points is then given

1
(14) |x0_:zo|:inf/ 2s(s)] ds
z Jo

where the infimum is taken over all paths x: [0,1] — R that join the two
points 2o and Zg, that is, 2(0) = xp and x(1) = x1;. However, as we have
seen, the solutions are not Lipschitz for the Euclidean metric. Thus we want
to measure the infinitesimal variation x, in an alternative way, which makes
solutions of equation (9c) Lipschitz continuous. We look at the evolution
equation that governs z; and, by differentiating (9¢) with respect to s, we
get

I

_ sgn(w)w,

BEENER
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and we can check that

(15) i (L) o

Let us consider the real line as a Riemannian manifold where, at any point
x € R, the Riemannian norm, for any tangent vector v € R in the tangent
space of z, is given by |v| /4/|z|. From (15), one can see that at the infin-
itesimal level, this Riemannian norm is exactly preserved by the evolution
equation. The distance on the real line which is naturally inherited by this
Riemannian is given by

d(xo f()) = inf 1 ’x5’ d

) e \/m
where the infimum is taken over all paths z: [0,1] — R joining xo and Zo.
It is quite reasonable to restrict ourselves to paths that satisfy xs > 0 and
then, by a change of variables, we recover the definition (12).

We remark that, for a wide class of ordinary differential equations of the
form # = f(t,z), = € R™, a Riemannian metric that is contractive with
respect to the corresponding flow has been constructed in [2|. Here the
coefficient of the metric at a point P = (¢, ) depends on the total directional
variation of the (possibly discontinuous) vector field f up to the point P.
The equations (9a) and (9b) provide two examples covered by this approach.

The aim of this paper is to construct a Riemannian metric on a func-
tional space, which renders Lipschitz continuous the flow generated by the
Hunter—Saxton equation in the conservative case. Let us describe the re-
sult of the paper in a non-technical manner. From the examples above,
it is clear that the solution itself is insufficient to describe a unique solu-
tion. Similar to the treatment of the Camassa-Holm equation [8, 4], it
turns out that the appropriate way to resolve this issue to consider the
pair (u, ) where we have added the energy measure pu with absolute con-
tinuous part satisfying pac = u2dz. To obtain a Lipschitz metric we in-
troduce new variables. To that end assume first that one has a solution
u = u(t,x), and consider the characteristics y;(¢,&) = u(t,y(t,&)), the La-
grangian Velocity U(t f) = u(t,y(t,€)), and the Lagrangian cumulative en-

ergy H f v(tE) 2(t,x) dzx. Formally, the Hunter-Saxton equation is
equlvalent to the hnear system of ordinary differential equations
ye =0,
(16) U = 21— L H(o0)
2 4 ’
Ht =0

in an Hilbert space. The quantity H(co) = [ u2(¢,2) dx is a constant. We
first prove the existence of a global solution, see Theorem 2.3, and the ex-
istence of a continuous semigroup. However, in order to return to Eulerian
variables it is necessary to resolve the redundancy, denoted relabeling, in La-
grangian coordinates, see Section 2.3. We introduce an equivalence relation
for the Lagrangian variables corresponding to one and the same Eulerian
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solution. Next, we introduce a Riemannian metric d in Lagrangian vari-
ables. Denote by X = (y,U, H). The natural choice of letting the distance
between two elements X and X as the infimum of | X o f — X o f|| over
all relabelings f, fails as it does not satisfy the triangle inequality. At each
point X, we consider the elements that coincide to X under relabelings.
Formally it corresponds to a Riemaniann submanifold whose structure is
inherited from the ambiant Hilbert space. At each point X, we show that
the tangent space to the relabeling submanifold corresponds to the set of
all elements V' such that V = gX, for some scalar function g. Given X
and a tangent vector V to X, we can consider the scalar function g which
minimizes the norm ||V — gX¢||. This function g exists, is unique and is
computed by solving of an elliptic equation, see Definition 3.1. We then
define the seminorm ||V||| = ||V — gX¢|| and consider the distance given by
the infimum of fol H’X(S)H’X(s) ds over all paths X(s) joining Xy and Xj,
that is, X(0) = Xp and X (1) = X;. The seminorm ||| - || has the property
that it vanishes on the tangent space of all elements that coincide under
relabelings, and, in particular, it implies that if X is a relabeling of Xy then
d(Xo, X1) = 0, see Section 3. With the proper definitions we find, see Theo-
rem 3.14, that d(S;(Xo), S¢(X1)) < e“*d(Xo, X1) for some positive constant
C, where S; denotes the semigroup that advances the system (16) by a time
t. By transfering this metric to Eulerian variables we finally get a metric
dp such that dp(T}(u,p), Te(a, i) < e“tdp((u,p), (@, 1)), where Ty is the
semigroup in Eulerian variables.

In Section 5, we compare the metric dp with other natural topologies.
In particular, in Proposition 5.2 we show that if (uy,, u,) converges in the
topology induced by dp, then u, converges in L*°(R). Furthermore, if u,
converges in L®(R) and ug, converges in L?(R), then the mapping u
(u,u2dz) is continuous on D.

2. SEMI-GROUP OF SOLUTIONS IN LAGRANGIAN COORDINATES
2.1. Equivalent system. The Hunter—Saxton equation equals

1 x o
(17) Ut + Uty = 4(/ uidaz—/ u? dz).

—0o0
Formally, the solution satisfies the following transport equation for the en-
ergy density u2 du,
(18) (uz)e + (uu3)y =0
so that fR u% dx is a preserved quantity. Next, we rewrite the equation in
Lagrangian coordinates. We introduce the characteristics

The Lagrangian velocity U reads

U(t,€) = ult,y(t,€)).

Furthermore, we define the Lagrangian cumulative energy by

(t.8)
o= [* e a

—00
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From (17), we get that

1/ (v o 1 1
Ut:utoy+ytuxoyzz< us dx — uxd:c):§H(t,§)fZH(t,oo)
y

— o0

and

y(t,€) ) )
H, = / (W2(t,2)) da + g (t, )

- / ((2); + (ue2)p)(t, x) d
=0

by (18). Hence, the Hunter—Saxton equation formally is equivalent to the
following system of ordinary differential equations:

(19&) y=U,
1 1
(19¢) H, = 0.

We have that H(oco) = Hp is a constant which does not depend on time,
and global existence of solutions to (19) follows from the linear nature of
the system. There is no exchange of energy across the characteristics and
the system (19) can be solved explicitly, in contrast with the Camassa—Holm
equation where energy is exchanged across characteristics. We have

(202) (6 = ((HO,8) ~ HO,00) + U0,6)t +3(0,6),
(20b) U6 = (GH(O,8) ~ {HO.00) + U(0,6),
(200 H(E)=H0.0).

Our goal is now to construct a continuous semigroup of solutions in Euler-
ian coordinates, i.e., for the original variable, u. The idea is to establish a
mapping between the variables in Eulerian and Lagrangian coordinates, and
we have to decide which function space we are going to use for the solutions
of (19). Later, we will introduce a projection and therefore we need the
framework of Hilbert spaces. A Riemannian metric also comes from an un-
derlying Hilbert space structure. Given a natural number p, let us introduce
the Banach space (if p > 1, then EP = HP(R))

EP ={feL®R)| fD e L*(R) fori=1,...,p}
and the Hilbert spaces
HY = HP(R) x R, HY = HP(R) x R%
We write R as R = (—o00,1) U (—1,00) and consider the corresponding par-
tition of unity x* and x~ (so that x* and x~ € C®(R), x*T + x~ = 1,

0 < xt <1, supp(x™) C (=1, 00) and supp(x~) C (—o0,1)). Introduce the
linear mapping R from HY to E? defined as

—_ R1

(f,a) —= f(&) = F(&) +ax™ (&) ,
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and the linear mapping Ry from HY to EP defined as

(F a,0) 2 F(€) = F(€) + ax™ (&) + bx~ (6).

The mappings R1 and Rs are linear, continuous and injective. Let us intro-
fiuce E? and EY, the images of HY and HY by Ry and R, respectively, that
is,

E? = Ry (HY) and ES = Ro(HY).
One can check that the mappings Ri: HY — EY and Ry: HY — Eb are
homeomorphisms. It follows that E¥ can be equipped with two equivalent

norms | - || and HRl_l( : )HH” (and similarly for E¥) and, through the map-
1
pings Ry and Re, EV and Ef can be seen as Hilbert spaces. We denote
BP = E¥ x EY x EY.
We will mostly be concerned with the case p = 1 and to ease the notation,
we will not write the superscript p for p = 1, that is, B = B, E; = E},

etc. In the same way that one proves that H!(R) is a continous algebra, one
proves the following lemma, which we use later,

Lemma 2.1. The space E is a continuous algebra, that is, for any f,g € F,
then the product fg belongs to E and there exists constant C' such that

1f9lle < Cllfllgllglle
for any f,g € E.

Definition 2.2. The set F consists of the elements ((,U, H) € B = F5 X
FEy x Eq such that

(i) (¢, U, H) € (Wh)?, where ((€) = y(€) — &
(ii) y¢ > 0, He > 0 and ye + He > ¢, almost everywhere, where c is a strictly
positive constant;

(iii) ye He = Ug almost everywhere.

Theorem 2.3. The solution of the equivalent system given by (19) consti-
tutes a semigroup Sy in F which is continuous with respect to the B-norm.
Thus X (t) = (y(t),U(t), H(t)) = Si(Xo) denotes the solution of (19) at time
t with initial data Xo. Moreover, the function & — y(t,€) is invertible for
almost every t and we have, for almost every t, that

(21) ye(t, &) > 0 for almost every £ € R.

Proof. Let (, Coos C—00); (U, Uso,U_o) be the preimage of ¢ and U by Ra,
respectively, and (H, Hy,) the preimage of H by R;. Inserting these variables
into (19), we obtain the following linear system of equations

gt:U)
1

Ut = §H7

-Ht:Oa

and
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1
(Uioo)t - :l:ZHOOa

(Hioo)t = 0.

Since it is linear, the system has a global solution in B, and we have Lip-
shitz stability with respect to the B-norm. Again due to the linearity, it is
clear that the space (W1°°(R))? is invariant. After differentiating (19) with
respect to £, we obtain

(22a) Yer = U,
(22b) Ui = 3 He,
(22¢) He = 0.
Hence,

d
ﬁ(ngg - Ug) =0
so that if the relation

holds for ¢ = 0, then it holds for all . By assumption, since (y, U, H);—¢ € F,
we have

(24) (ye + He)(t,€) > 0

for t = 0. By continuity, (24) is true in a vicinity of ¢ = 0, and we denote by
[0,T) the largest interval where it holds. For ¢ € [0,T), it follows from (23)
that

and
1
(26) \Ue| < 5(?]5 + He).
Hence,
d 1 Ug 1

iy + He) (e + He)? = 2y + He)

and, by the Gronwall lemma,
1
<

Ye +H§(t’§) T Ye +H§
fort € [0,T). It implies that 7' = oo and we have proved that (y(¢), U(t), H(t))
remains in F for all ¢. The proof of statement (21) goes as in [8, Lemma 2.7]
and we only give here a sketch of the argument. Given a fixed £ € R, let

Nf = {t € [O’T] ’ yﬁ(taé) = O}
For any t* € Ng, we have

(27) (0,€)e'’?

(28) ye(t*,€) =0, from the definition of ¢*,
(29) Ye (15, €) = 0, by (28) and (23),

* 1 *
(30) Yeur(t*,€) = S He(t",€) > 0, by (28) and (27).

Since the second derivative in time is strictly positive, the function ¢t —
ye(t, &) is strictly positive at least on a small neighborhood of t* excluding



LIPSCHITZ METRIC FOR THE HUNTER-SAXTON EQUATION 9

t* where it is equal to zero. Note that we can also use the explicit formula-
tion given by (20) to get the same conclusion. We use Fubini’s theorem to
conclude this argument, see [8] for the details. O

2.2. Functional setting in Eulerian variables. Let us define m = ugg.
After differentiating (17) twice, we obtain

(31) m¢ + umy + 2uym = 0.

Note that if we replace m by u — sy, then (31) will give the Camassa—Holm
equation. For the Camassa—Holm equation there exists a particular class of
solutions that takes the form

N
m= Zpi(t)(sqz'(t)'
=1

Such particular solutions also exist for the Hunter—Saxton equation, and they
correspond to piecewise linear functions (indeed, u,, = 0 if u is linear). Let

t2 t
t) = —— t)=——, Ht) =
yl() ]’ Ul() 4’ 1() 07
and
t2 t

y2(t) = KR Us(t) = T Hy(t) =1.

Then (y1,Us, H1) and (ye, Us, Hy) are solutions of (19) for the total energy
H(oo) = 1. One can check that the function u defined as

Ui (t) if z < yi(t),
u(t,x) = § SO U () + 205 Uh(1) i p(t) < @ < (),
Ug(t) if x > yg(t),

is a weak solution of (17). At ¢ = 0, we have u(0,2) = 0. However zero is
also solution to (17) and therefore, if we want to construct a semigroup of
solution, the function u at ¢ = 0 does not provide us with all the necessary
information. We need to know the location and the amount of energy that
has concentrated on singular set. In the above example, the whole energy
is concentrated at the origin when ¢ = 0. The correct space where to con-
struct global solution of the Hunter—Saxton equation is given by D defined
as follows.

Definition 2.4. The set D consists of all pairs (u, p) such that
(i) w € E, u is a finite Radon measure;

(ii) we have

(32) flac = uldz

where s denotes the absolute continuous part of p with respect to the
Lebesgue measure.

We introduce the subset F( of F defined as follows
(33) Fo=A{X=(y,UH)eF|y+H=I1d}.
We can define a mapping, denoted L, from D to Fy C F as follows.
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Definition 2.5. For any (u,p) in D, let

(34a) y(§) =sup{y | u((—o0,y)) +y <&},
(34b) H(E) =& —y(&),
(34c) U(§) = uoy(§).

Then X = (¢,U,H) € Fy and we denote by L: D — Fy the mapping which
to any (u, ) € D associates ((,U, H) € Fy as given by (34).

Thus, from any initial data (ug, po) € D, we can construct a solution of
(19) in F with initial data Xo = L(ug, o) € F. It remains to go back to the
original variables, which is the purpose of the mapping M defined as follows.

Definition 2.6. Given any element X in F. Then, the pair (u, ) defined
as follows'

(35a) u(x) = U(§) for any & such that x = y(§),
(35b) p = yu(He d§)

belongs to D. We denote by M : F — D the mapping which to any X in F
associates (u, p) as given by (35).

The proofs of the well-posedness of the Definitions 2.5 and 2.6 are the
same as in [8, Theorems 3.8 and 3.11].

2.3. Relabeling symmetry. When going from Eulerian to Lagrangian co-
ordinates, there exists an additional degree of freedom which corresponds to
relabeling. Let us explain this schematically. We consider two elements X
and X in F such that X = X o f, for some function f, where X o f denotes
(yo f,Uo f,Ho f). The two element X and X correspond to functions in
Eulerian coordinates denoted u and u, respectively. We have

U(€) = uoy(€), and U(§) = o H(&).
Then, if y and gy are invertible, we get
a=Uog ' =Uofo(yof) ' =Uoy=u

so that X and X, which may be distinct, correspond to the same Eulerian
configuration. We can put this statement in a more rigorous framework by
introducing the subgroup G of the group of homeomorphisms from R to R
defined as

(36) f—1d and f~! —1Id both belong to W*°(R).
For any a > 1, we introduce the subsets G, of G defined by
-1
GCY = {f eG | ||f - IdHleOO(]R) + Hf - IdHWl,oo(R) < Oé}.

The subsets G, do not possess the group structure of G but they are closed
sets.

IThe push-forward of a measure v by a measurable function f is the measure fuv
defined by fzv(B) = v(f'(B)) for all Borel sets B.
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Definition 2.7. Given o > 0, the set Fo (respectively G,) consists of the
elements ((,U,H) € B = E3 X Ey x Ey such that

(37a) (U H) € (Wh)?,
(37b) y+ H e G,,
(37¢) yeHe = Ug (respectively ye He > Ug),

where ((§) = y(§) —&.

We have F, C Go. One can check, using [8, Lemma 3.2|, that F =
U a>0Fa, and we denote G = U >0 Y9a- The following proposition holds.

Proposition 2.8. (i) The mapping (X, f) — X from F x G to F given by
X = X o f defines an action of the group G on F. Hence, we can define the
equivalence relation on F by

X ~ X if and only if there exists f € G such that X = X o f,

and the corresponding quotient is denoted F/G.
(i) If X ~ X, then M(X) = M(X), i.e., the relabeling of an element in F

corresponds to the same element in D.

The proof of this proposition and of the remaining propositions in this
section can be found in [8] with only minor adaptions. Given X € F, we
denote by [X] the element of F /G which corresponds to the equivalence class
of X. We shall see that we can identify F/G with the subset Fy of F.

Definition 2.9. We define the projection I1: G — Gy as follows
M(X)=Xo(y+H)
We have II(F) = Fo.
We have the following proposition.

Proposition 2.10. (i) For X and X in F,
X ~ X if and only if II(X) = II(X).

(ii) The injection X — [X] is a bijection from Fy to F/G.

Proposition 2.11. (i) The sets D and Fy are in bijection. We have
MoL=1Idp and Lo M|z, =1dg, .

(ii) The sets D and F /G are in bijection.

The following proposition says that the solutions to the system (19) are
invariant under relabeling.

Proposition 2.12. The mapping Sy: F — F is G-equivariant, that is,
(38) Si(X o f) =5(X)o f
for any X € F and f € G. This implies that

[ToS;oll =10 S;.
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Hence, we can define a semigroup of solutions on F/G. It corresponds to
the mapping S from Fy to Fo given by

(39) S, =105,
which defines a semigroup on Fo.
We can rewrite system (19) as
(40) X, =F(X)
where F': B — B is given by
(41) Fly, U, H) = (U,  H ~ ;H(c0),0).
Proposition 2.12 follows from the fact, which can be verified directly by
looking at (41), that
(42) F(Xof)=F(X)of.
We want to define a distance in Fy which makes the semigroup S; Lipschitz

continuous.

3. A RIEMANNIAN METRIC

We want to define a mapping d from F x F to R, which is symmetric and
satisfies the triangle inequality, and such that

(43) d(X,X) =0 if and only if X ~ X,
and
(44) d(S:X, S X) < Cd(X, X),

because such mapping can in a natural way be used to define a distance
on F/G which also makes the semigroup of solutions continuous. Since the
stability of the semigroup St holds for the B-norm, it is natural to use this
norm to construct the mapping d. A natural candidate would be

d(X,X) = fi}lEfGHXof —Xof|g,

which is likely to fulfill (43) and (44). However it does not satisfy the triangle
inequality. Formally, let us explain our construction, which is inspired by
ideas originating in Riemannian geometry. Let us think of F as a Riemannian
manifold embedded in the Hilbert space B. There is a natural scalar product
in the tangent bundle of T'F of F which is inherited from B. We can then
define a distance in F by considering geodesics, namely,

(45) d(Xo, X1) = igl{f/ol HX(S)HB ds

for any Xp, X7 € F and where the infimum is taken over all smooth paths
X (s) in F joining Xy and X;. The distance equals to the B-norm. It makes
the semigroup stable but it clearly separates points which belong to the same
equivalence class and so does not fulfill (43). For a given element X € F, we
consider the subset I' C F which corresponds to all relabelings of X, that is,
I'=[X]={Xof|feG} Ifwesubstitute in (45) the following definition

1
(10 %0, X0) = inf [ 1)y
0
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where [|| - | is a seminorm in T'F with the extra property that it vanishes on
TT x(s), then the property (43) will follow in a natural way, and we expect
the stability property (44) to be a consequence of the equivariance of S, as
stated in Proposition 2.12. We will carry out the plan next.

Let us first investigate the local structure of I around X. Given a smooth
function g(&) (one should actually think of g as an element of TG|yq ), we
consider the curve f in G given by

f(0,8) =&+ 09(8).
It leads to the curve in X o f(#) in I" that we differentiate, and we obtain
d
—(X = gX¢.
(X o 1(6)) = 9Xe
We now define the subspace F(X) which formally corresponds to the sub-
space TT x of T'G.

Definition 3.1. Given a fived element X € GN B2, we consider the subspace
E(X) defined as
E(X) ={9(6)Xe(€) | g € En},
where X¢(€) = (ye(§), Ue(€), He(€))"
Lemma 3.2. Given any X € B?, the bilinear form ax defined as
ax(g,h) = (9X¢, hXe)

is coercive, that is, there exists a constant C' > 0 such that

1
(47) ol lgll%, < ax(9,9) = llgXell

for all g € Eo. Moreover, the constant C depends only on || X| g2 and

1
zd e

Proof. Given g € FEs, let (§,0-00sgo0) = Rz_l(g), we have the following
decomposition, g = §+ g—coX™ + goox " and, by definition,

2 12 2 2
19l %z, = 19l + [9-c0l” + |gool” -

Let us denote § = g_ooX ™ +9ooX . Given X € B2, we have limg_, o0 ye(€) =
1 and limg_ 4 oo (|Ce| + |Ue| + |He|)(€) = 0. The following decomposition hold

9Ye = Gye + GCe + g-coX + GrooX

so that R;l(gyg) = (gye + 9C¢, 9—c0s Yoo ). We have also that R;l(gUg) =
(9Ue,0,0) and Ry (gHe) = (gHg,0). Hence,

2 _ ~ 2 2 2 2 2
l9Xells = llgye + 3¢l + l9Uelln + ll9Hel 21 + 9-o0” + 900|” -
Let us prove that

(48) [9ll2 < CllgXell g -
We have

(49)  llgye + 3Cel%a + [ gUell%2 + llgHe |2 = /R P2 + U2 + HY) de

n /R GA(CE+ U2+ HY) dE +2 /R (9yedGe + GUeiUs + gHeg He) de
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For all € > 0, we have
2 /R (GyedCe + gUegUe + gHegHe) d€ > —¢ /R 9y + U + H}) d¢

1 ~
-2 [#@ vz

and, by taking e sufficiently small and inserting this inequality into (49), it
yields

/R (2 + U2 + H2)de < C(gye + G2 + | gUel|2

HllaHel 3+ [ (G + U2 + 1) de)
< C(llgXell + 1900l + 19100l*)
2
<C H9X§||B .
Since yg + Ug + Hg(g) > 2(ye + He)?, (48) follows. Similarly, by using (48)
and a decomposition using € and % as above, one proves that

H§§”L2 <C ”gXEHB )

which concludes the proof of the lemma. O

From Lemma 3.2 and Lax—Milgram theorem, we obtain the following def-
inition.
Definition 3.3. Given any X € B? and V € B, there exists a unique
g € Es, that we denote g(X,V'), such that
(50) (9Xe,hXe) = (V,hXe)  for all h € Es,
and we have

|V —gX¢|| < | X —hXe|  for all h € Es.

Given X € BZand V € Band g = g(X,V), let (7,900, §oo) = R;l(g).
When V is smooth (say V' € B2), one can show that the following system of
equations for g, g_o, and goo is equivalent to (50),

(51)  — [ Xel* Gee + 2(Xee - Xe)Fe + (| Xell” + Xe - Xeee)g

and
(52a) (1+ HaHJQLIl)goo + (a,ﬁ>H1 9—c0 = Voo — @Xfa ),

where a(§) = x*(§)[Ce, Ue, He]™ and 5(§) = x(€)[e, Ue, He]” are known
functions as they depend only on X, which is given. By Cauchy—Schwarz,
the determinant of system (52) for the unknowns g_., and g is strictly
bigger than 1, and therefore we can write g_oo and go, as functions of V,
X¢ and integral terms which contain g. Since ]Xg]Z is strictly bounded away
from zero, equation (51) for g is elliptic.
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Lemma 3.4. The mapping g : B> x B — E is continuous and

for some constant C' which depends only on |V1l|, [[Voll, I X1l 52, [[Xoll 52,
| (voe + Hoe) ™| oo || (w16 + Hie) ™| oo

Proof. From Lemma 2.1, it follows that [[gX¢| 5 < [lgllg, [ Xell 5 for any

X € B2 and g € Fy. By (50) and (47), we get |gl13, C < [Vl lglle, I Xe]
which implies ||g[|, < C'[[V]|p, for a constant C' which depends only on
| X|| g2. We have, for all h € Es,

(53)  ((g1 — 90)X1e, hX 1) = — (go(X1e — Xog), hX1¢)
— (90 Xoe, M(X1¢ — Xog)) + (Vi — Vo, hX1e) + (Vi, h(X1e — Xog))
which gives
[((91 = g90)X1¢, b X16)| < C||A]lg, (V1 = Vollg + [[ X1 — Xol g2)-

The results follows by taking h = —£=9%— and using (47). O

lg1—g0l &,
We can now define a seminorm on TF|x C B.

Definition 3.5. Given X € B2, we define the seminorm ||| - || on B as
follows: For any element V € B, we set

IVIllx = [V = g(X, V) Xell 5 -
Using the definition (46) we then get that
(54) if X() ~ Xl, then d(X(),Xl) =0.

Indeed, If Xy ~ X7, there exists a function f € G such that X; = Xy o f.
We consider the path X (s,&) = Xo((1—s)§+sf(§)) which joins X and X;.
We have

Xo=(f =D Xoe((1 = 5)§+5f(8))-

Furthermore

Xe=((1—s)Id+sf'(£) Xog((1 = 5)§ + 5£(E))-
We see that (1 — s)Id +sf(£) > min(Id, /') > 0. Thus

(f-1)
(1—s) 1d+sff(§)X5’

and X, € B, which implies that P(X;) = 0 and therefore |[| X[ x5 = 0, for
all s € [0,1]. Then, (54) follows from (46). In (46), we consider the infimum
over curves in F. However, for any a > 0, the set F, is not convex due to
the condition (37c) in Definition 2.7. We relax this condition and consider
instead the set G, which is preserved by the semigroup and which is convex
for a = 0.

X, =

Lemma 3.6. The set Gy is convex.
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Proof. The set G is convex. The condition (37b) implies, for a = 0, that

(55) e+ He=1

which gives yg +2yeHe + H §2 = 1. Then the condition (37¢) is equivalent to
(56) yi + HZ + 202 <1

which defines a convex set. O

The solution semigroup can be extended to curves in G. First we define
the class of curves we will be considering.

Definition 3.7. Given o > 0, we denote by C, the set of curves X(s) =
(C(s),U(s), H(s)) where

X:[0,1] = G, N B?,
and such that
X €C([0,1],B%) and X € Cp([0,1],B)

where Cpe([0,1], B) denotes the set of functions from [0,T) to B which are
piecewise continuous.

We denote C = |J,Ca. The solution operator S; naturally extends to
curves in C.

Lemma 3.8. For any initial curve Xy € C, there exists a solution curve
X:[0,1] x Ry — B? such that

(i) X(5,0) = Xo(s);

(ii) for each fized t € Ry, X (-,t): [0,1] — B? belongs to C;

(iii) for each fired s € [0,1], X (s, -): Ry — B? is a solution of (19) with
initial data Xo(s).

Moreover, we have

(57) (y+ H)(t, -) € Gy with a(t) < ¢t

for some constant C.

Proof. The proof follows as the proof of Theorem 2.3. We use a fixed point
argument, for 7" small enough, on the set C(]0,7],C) where C is the Banach
space of curves with piecewise constant derivatives, i.e.,

C= {X € C([O, 1],32) |Xs S C([Si,8i+1],3), 1= 1,...,n}

where the sequence 0 = s; < --- < s, = 1 is chosen such that Xy, € C. We
then extend the solution globally in time and obtain (57) as in the proof of
Theorem 2.3. O

Define a metric on Gy as follows.

Definition 3.9. For two elements Xo, X1 € Go N B2, we define

1
58 d(Xo, X1) = inf X, o ds.
53) (¥, X0) = jut [ IX (5o

Note that the definition is well-posed because Cy is nonempty since, as
Go N B2 is convex, we can always join two elements in Cy by a straight line.

Lemma 3.10. The mapping d: Gy X Go — Ry is a distance on Gy N B2.
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Proof. Let us first prove that d(Xo, X1) = 0 implies Xo = X;. For any ¢ > 0,
we consider X € Cy such that
(59) [ 1l s <
Since y(s,&) + H(s, &) = & for all £, we get
ys+ Hs =0, and ye+ He=1
We consider the orthogonal decomposition of Xg, i.e.,
(60) Xs(5,6) = 9(s,8) Xe(s,€) + R(s,6).
It follows, by adding the first and third components in (60), that
0=ys+ Hs = g(s,8)(ye + He) + R1 + Ry = g(s,§) + R1 + Ry
(where Ry and Rj3 denotes the first and third components of R) and therefore
(61) 9(s,€) = Ra(s,§) + Rs(s,§).

Since, in a Euclidean space the shortest path between two points is a straight
line, we have

(62) 1%, = Xoll pooge) / 1Xu(5, )l ds

From the definition of Gy, it follows that y¢, H¢ and U are bounded by one
in L*(R), see (56). Therefore, (62) and (60) imply

1
1) = Xoll ey < / (lg(s, Mg + IR, ) o) ds
<9 / IR(s, )| ds  (by (61))
<2/ IR(s, |rBds—2/ X (s, sy ds < <.

Since € is arbitrary, it follows that X; = Xg. The triangle inequality is
obtained by patching two curves together and reparametrizing them while
the symmetry of d is also obtained by reparametrization. Both proofs are
somehow standard. (]

On Gy, the distance d is weaker than the B-norm as the next lemma shows.
Lemma 3.11. For any Xo, X1 € Gy N B2, we have
(63) d(Xo, X1) < [[ X1 — Xol| .
Proof. Consider X € Cy defined as follows
X(s) =(1—9)Xo+ sXi.
We have

1 1
A0%0.X0) < [ 1K@ ds < [ 1)y ds = 11 = Kol

because || Xs||| = || P(Xs)|| < || Xs|| as P is an orthogonal projection. O



18 BRESSAN, HOLDEN, AND RAYNAUD

Definition 3.12. For two elements Xo, X1 € Go, we define
(64) d(Xo, X1) = lim d(XJ,X7)
n—oo

for any sequences Xy and X7 in Go N B? which converge in B to X and
X1, respectively.

Definition 3.12 is well-posed thanks to (63). The mapping S; maps F to
F, and we can formally define what is called in differential geometry the
tangent map of S, T'S¢, which is a mapping T Fx to T'Fgs,x. The following
theorem expresses the fact that 7'S; is uniformly continuous (in time) with
respect to the seminorm ||| - |||.

Theorem 3.13. There exists a constant C such that, for any initial curve
Xo(s,&) € Co, if we consider the curve solution X (t,s,&) with initial data
Xo(s,&) given by Lemma 3.8, we have

(65) 1 (s, )l x sy < €N Xs (5,0l x.0)-
Proof. We rewrite the system
(66) Xt = F(X)

where F' is given by (41). The mapping F is linear and therefore differentiable
and we have, for any X, X € B,

(67) DF[X|(X) = F(X)

where DF[X] denotes the diffential of F at X. For X € B?, since X¢ € H',
we have limg_,oo He(§) = 0 and one can then check directly that, for any
g € E3,

(68) DF[X](9(§)Xe(§)) = 9()(DF[X](Xc(E)))-

However, the simplicity of system (19) may hide the more fundamental na-
ture of relation (68), which in fact corresponds to the infinitesimal version of
the equivariance property of F' stated in (42). Indeed, given a smooth func-
tion g, we consider the family of diffeomorphisms parametrized by 6 given
by f(€) = & + 0g(¢). The equivariance property (42) of F gives

F(Xo f')=F(X)o [

which after differentiation by € and taking the value at 6§ = 0 yields (68).
After differentiating (66) with respect to s, we get

(69) Xst = DFX](X5)
while differentiating it with respect to & yields
(70) Xei = DFIX](Xe).
We consider the decomposition of X given by
(71) Xs =g9(X,V)X¢ + R.

Since, for every s € [0,1], X, € C1([0,T],B), X € C'([0,T)], B%) and
(57) holds, we can use Lemma 3.4 to prove that g € C*([0,T], E2), for any
s € [0,1]. By differentiating

(9Xe, hXe) = (X5, hX)
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we obtain that g; is defined as the unique element in Fo such that

(9:Xe, hXe) = (X, hXe) + (X, hXer) — (9Xer, hXe) — (9Xe, hXer)
for all h € Ey. We differentiate (71) and get
Xot = g1 Xe + 9Xet + Ry
After using (69) and (70), it yields
DF[X](Xs) = g1 Xe + g(DF[X](X¢)) + Ry
Using (68), this identity rewrites
Ry = DF[X)(X, — gX¢) — g1 Xe
or
(72) R, = DF[X|R — g, Xe.

We take the scalar product of R; and, since g;X¢ and R are orthogonal, we
obtain

(Ri, R) = (DFX](R), R)
< [[DFXIR)IIR]
(73) < C|R?

because the mapping DF[X]: B — B is uniformly bounded, see (67). Thus,
(73) yieds

d 2 2
—IR|I < C||R||.
SIRIE < R
By Gronwall’s inequality, it implies
X @) = (IR < [[RO)[] " = (| X(0)][[ .
O

Theorem 3.14. The semigroup Sy: Go — Gy is Lipschitz continuous with
respect to the metric d. We have, for some constant C,

(74) d(S(Xo), Sp(X1)) < e“d(Xo, X1)
for all Xy, X1 € Gg.

Proof. We consider first initial conditions Xy, X7 € Fy. There exists a curve
X(s) in Cp such that

1
/0 X () lx ey ds < d(Xo, X1) +e.

We consider the corresponding solution given by Lemma 3.8, that we simply
denote X (s,t). By Theorem 3.13, we have

(75) X (s )l s,y < €N X (5,0l x(s.0)-

Given a time 7', we consider the projection of the curve X(s, T, -) on Gy,
that we denote X (s, &), which is given by

X(s, ) =1(X(s,T, -)).
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We denote by f(s,t,€), the inverse of (y + H)(s,t,£) with respect to &,
which is allways well-defined and bounded as (y + H)(s,t, - ) € G4, for some
a < €t see Lemma 3.8. The definition of II gives

X(s5,8) = X(s, T, f(5,T,€)).

We have X (0, -) = SpXo and X(1, -) = S7X; and the curve X belongs to
Cop. We have

(76) Xs(s,8) = Xs(s, T, f) + fs Xe(s, T, f)
and

(77) Xe(s,8) = feXs(s, T, f).

We consider decomposition of X given by

(78) Xs(s,T,8) = g(s,T,6) Xe(s, T, 6) + R(s, T',§).

where ¢(s,T,-) = g(X(s,T,-), Xs(s,T,-)). Combining (76), (77) and (78),
we end up with

_ 5’T7 _
1) (5. = (DT 4 5,70 ) Kelon) + R T
fe(s,T,€)
Hence,
(80) 1 X5 (s, I < (1R (s, £(s, T, 6))l -
Let us prove that
(81) 1R(s, T, f(s, T, )l < e || R(5, T, 6]
for some constant C. We have to prove that for any g € Es, we have
(82) lg o fllg, < e lglls, -
We have
(83) g0 fll Loy < Nlgll Lo my
and

(g0 £l = [ (oc0 DPAE e
< el ey [ (060 D2 de

(84) = | Fell ooy 912y -

Since fe = mof, we have Hf&”Loo(R) < e“T by (57), as (ye+He)(s,0,€) =
1 for all &, and (83), (84) imply (82). Using (81), it follows from (80) that

(85) 1Xs(s, I < CllXs(s, T, )l
because ||R(s, T, )| = ||| Xs(s,T,€)||.- Hence, we finally get

1
405 Xo, 5 X1) < / 1%l ) ds
0
1
< OT /0 1Xo(s. Tl x oy ds (by (85))

1
< 0T /0 11X (5, 0)llLx(s0) ds (by (75))
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< e*T(d(Xy, X1) + €)

which implies (74) as ¢ is arbitrary. To extend this result to any Xg, X; € Gy,
we use the fact that the mapping S; is continuous with respect to the B-norm
(Lemma 3.15) and G N B2 is dense in Gy (Lemma 3.16). O

Lemma 3.15. The mapping 11: Fo, — Fo is continuous with respect to the
B-norm. It follows that S; is a continuous semigroup with respect to the
B-norm.

Proof. The proof of the continuity of II is the same as in in [8, Lemma 3.5].
The continuity of S then follows from (39) and the fact that Sy: Fo — Fy)
for a < eCt. O

Lemma 3.16. The set Go N B? is dense in Gy.

Proof. Given X € Gp, we first assume that Xo¢ has compact support. We
consider a mollifier p°. Given X € Gy, we consider the approximation X¢ =
X *p® = (C*p%,U % p°, H % pf). By the Jensen inequality, since p* > 0 and
Jz p°(n) dn = 1, we have

</RC5(£—77)/)5(77) dn)2 S/RCg(f—U)QPE<77> dn

and similar inequalities for Us and He¢. Hence, since X satisfies (56),
((y)* + (HE)* +2(Ug)*)(€) < /R((yg)2 + (He)* +2(Ug)*) (& = m)p®(n) dny

</p‘5(77) dn =1,
R
and X°¢ also satisfies (56). Since y + H = Id, we have

Y+ H = /R(é—n)ps(n)dnzf

(we consider an even mollifier) and X¢ satisfies (37b) for o = 0. Since X¢
has a compact support, which we denote K, X (&) is constant for £ € K¢
and X° = X on a the complement of a compact neighborhood of K, for e
small enough. Since X* — X on any compact set, it follows that X¢ — X in
L*>(R). By the standard convergence properties of approximating sequences,
we have X{ — X¢ in L?(R) so that, finally, X* — X in B. Let us now
consider the case where X € Gy does not have a compact support. For any
integer n, we define X" € Gy as follows

Xn(—n) if€ < —m,
X" =X if —n<E<n,
X"(n) it&>n.
We have

0 otherwise,

XQ _ {Xg if £ € (—n,n),

so that X2 has a compact support and the condition (37c) is satisfied. Since
X € B, we have lim;, 4+ X(§) = X(4o00) and X" tends to X in L*(R).
Since X{' is a cut-off of X¢ with a growing support, X¢' tends to X in L?(R).
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Therefore X™ tends to X in B and we have proved that the functions X € G
such that X¢ has compact support are dense in Go. O
4. SEMI-GROUP OF SOLUTIONS IN EULERIAN COORDINATES

We now return to the Eulerian variables.
Definition 4.1. Let
(86) T, = MS,L: D— D.

Next we show that T; is a Lipschitz continuous semigroup by introducing
a metric on D.
Using the bijection L we can transport the topology from Fg to D.

Definition 4.2. Define the metric dp: D x D — [0,00) by
(87) (1), (8, 5)) = d(L(u, ), L(@, ).
The final result in Eulerian variables reads as follows.
Theorem 4.3. We have that (T}, dp) is a continuous semigroup on D.

Proof. We have the following calculation
dp (Ty(u, 1), T 1)) = d(L(Ty(u, 1), LTy, 1))
=d(LTyM L(u, p), LT M L(u,
= d(S;L(u, ), St L(a, 1))
< ed(L(u, p), L@, 1))
= e“dp((u, ), (a, j1)).

7))

By a weak solution of (1) we mean the following.

Definition 4.4. Let u: R x R — R that satisfies:
(i) u € C(]0,00); L°(R)) and u, € L*([0,00); L*(R));
(ii) the equation

(88) //[o,oo)xR (uqbt — (uuy — V)qb) dxdt = /Ru0¢]t_o dz

holds for all ¢ € C§°([0,00) x R). Here V(t,z) = 1([* _udz — [°u2 dz)
is in L>°([0,00); L°(R)). Then we say that u is a weak global conservative
solution of the Hunter—Sazton equation (1).

Theorem 4.5. Given any initial condition (ug, o) € D, we denote (u, u)(t) =
Ti(uo, po). Then, u(t, x) is a global solution of the Hunter—-Saxton equation.

Proof. After making the change of variables x = y(¢, &), we get, on the one
hand,

/ / wey dedt = / / u(t, y (. €))dn(t, y(t, €))ye (1, €) ded
[0,00) xR [0,00) xR

- / / U(o(t,y)e — ye¢x(t,y))ye dédt
[0,00) xR
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=— // (Urye + ye 1 U)d(t, y) ddt
[0,00) xR

-/ /[O’OO)X]R U26(t, y)e dedt

+ / (Uye) 0, €)6(0, (0, €))ye (0, €) de
R

=[] (G e ety dsar

w [ weney dae
[0,00) xR
(59) + [ u(0.2)6(0,2) da.
R
and, on the other hand,

/ / (utty — V) dadt
[0,00) xR
_ / / (utiz — V) (£,9)6 (¢, y)ye dédt
[0,00) xR

= // (UUg)qS(t, y) dédt
[0,00) xR
(90) -/ /[ Vet s

By using (37c) and the fact that Us = u, o yye, we get
(91)

23

U2
/uida::/uioyygdf:/ 5d§:/ He de.
R R {€eR|ye(t,€)>0} Ye¢ {€€R]ye (£,6)>0}

The statement (21) implies that, for almost every ¢ € R, the set {£ € R |

ye(t, &) > 0} is of full measure and therefore (91) yields

(92) /Rui dx = /RHg d¢ = H(o0),

for almost every t € R. Similarly, for almost every t € R, we get

1 y(t,f) 1
Vit o) =5 [ ddo—g [l

o0

£
— 5 |yt Ot do - (H()
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After gathering (89), (90) and (93), we obtain that u is a weak solution of
the Hunter—Saxton equation. It follows from (91) that

/R (1, 3) dx < H(t,00) = H(0,00) = io(R)

so that u, € L>°(R, L?(R)). By construction of the semigroup T}, we know
that (u, u)(t) € C(R, D) where D is equipped by the metric dp. Proposition
5.2 below then implies that u € C(R, L*°(R)). O

5. THE TOPOLOGY INDUCED BY THE METRIC dp

Proposition 5.1. The mapping
u— (u,u? dz)

s continuous from Ey into D. In other words, given a sequence u, € FEo
converging to u in Es, that is,

Up, — w in L2 (R) and upz — ug in LQ(R),
then (un,u2, dx) converges to (u,u? dx) in D.
Proof. Let X,, = (Yn, Un, Hy) = L(un,u2, dx) and X = (y,U, H) = L(u,u2 dz),
see (34). Following the proof of |8, Proposition 5.1|, one can prove that
X, — X in B.

Hence, by (63) in Lemma 3.11, we get that lim,, .~ d(X,, X) = 0 and there-
fore
(U, u2, dz) — (u,u> dz) in D.

O

Proposition 5.2. Let (up, pn) be a sequence in D that converges to (u, )
in D. Then

up — u in L2 (R).

Proof. Let X, = (yn, Upn, Hy) = L(up, pn) and X = (y,U, H) = L(u, ), see
(34). By the definition of the metric dp, we have lim,,_,o, d(X,,, X) = 0. We
claim that

(94) X, — X in L™(R).

The proof of this claim follows the same lines as the proof of Lemma 3.10.
For any € > 0, there exists N such that for any n > N there exist a path
X" € Cy joining X,, and X such that

1
(95) Il s <
We have the decomposition

(96> Xg(57§) = gn(sag)Xg(&g) + Rn(S,f)

In the same way that we obtained (61), we now obtain

(97) g"(s,§) = RY(s,§) + R5(s,§).
and it follows that

1
1 X0 = Xl ey < /0 1X2 (5, ) o ds

| ™
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1
/ (g™ (5, lpee + 1R (5, )l poe) dis
< / IR (s, e ds  (by (97)
<2 / IR (s, )l ds =2 / X7 (s, Yl ds < <.

and this concludes the proof of the claim (94). The rest of the proof is
similar to the proof in [8, Proposition 5.2]. We reproduce it here for the sake
of completeness. For any x € R, there exists &, and &, which may not be
unique, such that x = y,(&,) and = y(§). We set z,, = y,(§). We have

(98) un(x) - u(x) = ’U,n(.%') - un(xn) + Un(g) - U(€>

and

(@) — ()] = \ L " Ve dn‘

&n 1/2
<& — U2, d > Cauchy—Schwarz
3 f(/E £an (Cauchy—Schwarz)
&n 1/2
S ( J dn> (from (37¢))
3
< Ve - §\/\yn(£n) - yn<f>| (since H,¢ < 1)

= Ve — EVy(6)
(99) < Ve —Ely - ynn”?

From (34a), one can prove that

ly(€) — & < u(R)
and it follows that

|€n - €| < 2,un(R) + |yn(€n) - yn(§)| = 2Hn(OO) + !y(&) - yn(£)|

and, therefore, since H,, — H and y, — y in L>®(R), |&, — | is bounded by
a constant C' independent of n. Then, (99) implies

(100) [ () =t (n)| < Clly = vl 12 )

Since y, — y and U, — U in L*°(R), it follows from (98) and (100) that
Up — u in L*°(R).

O
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