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Abstract

We study the singular ordinary differential equation
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where U € RY, the functions ¢s € RY and ¢,, € RY are of class C? and ( is a real valued C? function.
The equation is singular in the sense that (U) can attain the value 0. We focus on the solutions of
(D) that belong to a small neighbourhood of a point U such that ¢5(U) = ¢ns(U) =0, ((U) = 0. We
investigate the existence of manifolds that are locally invariant for ([)) and that contain orbits with a
suitable prescribed asymptotic behaviour. Under suitable hypotheses on the set {U : ((U) = 0}, we
extend to the case of the singular ODE () the definitions of center manifold, center stable manifold
and of uniformly stable manifold. We prove that the solutions of (IIl) lying on each of these manifolds
are regular: this is not trivial since we provide examples showing that, in general, a solution of [{[IJ)) is
not continuously differentiable. Finally, we show a decomposition result for a center stable and for the
uniformly stable manifold.

An application of our analysis concerns the study of the viscous profiles with small total variation for a
class of mixed hyperbolic-parabolic systems in one space variable. Such a class includes the compressible
Navier Stokes equation.
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1 Introduction

In this work we study the singular ordinary differential equation

W _ L5 (U0) + 60). (1.1)

dat - ((U)
In the previous expression, U € RY and the functions ¢, and ¢, are C? (continuously differentiable with
continuously differentiable derivatives) and take values into RY. The function ¢ is as well regular and it
takes real values. We say that the equation is singular because ((U) can attain the value 0.
Equation () is related to a class of problems studied in singular perturbation theory. Consider system

edx/dt = f(x,y, €)
{ dy/dt = g(x,y, €), (1-2)
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where x and y are vector valued functions, ¢ is a parameter. In singular perturbation theory one is typically
concerned with the limit & — 0 and with the corresponding behaviour of the solution (x, y). Note that ([TJ)
can be viewed as as an extension of ([CZ), in the sense that (L) can be written in the form (): in this
case, the singularity ¢(U) in ([T is identically equal to € and hence d¢/dt = 0.

Being the literature concerning ([[C2) extremely wide, it would be difficult to give an overview here.
Consequently, we just refer to the notes by Jones [I2] and to the rich bibliography contained therein. In
particular, [T2] provides a nice overview of Fenichel’s papers [T}, 9, [[0]. The works [T} [9, [T0] provide several
ideas and techniques exploited in the present paper.

The main novelty of the present work is that we consider the case ( is a nontrivial function of the unknown
U. In particular, this means that d¢/dt # 0 in general and hence that we have to face the possibility that
¢(U(0)) # 0, but ((U(t)) = 0 for a finite value of t. This is exactly what happens in the examples I4)
and ([ZI9) discussed in Section P here. Other examples are provided in a previous work by the same authors
], Section 2. Note that, in all these cases, there is a loss of regularity at the time ¢y at which C((U(t))
reaches the value 0, to = min {t € [0, +-00[: ((U(t)) = 0}. More precisely, the first derivative dU/dt either
has a discontinuity or blows up at ¢ = ;.

Our goal here is to study the solutions of (IIl) that lie in a neighborhood of a point U such that
$s(U) = ¢pns(U) = 0 and ¢(U) = 0. We are concerned with the existence of invariant manifolds. More
precisely, the problem is the following.

Consider first the case of the non singular ODE

dU
= 1) (13)

and assume that the point U is an equilibrium, namely f(U) = 0. In a neighbourhood of U one can define a
center and a center stable manifold, which are both locally invariant for [I3]). We recall here that, loosely
speaking, a center stable manifold contains the orbits of ([[3)) that as x — +oo either do not blow up or
blow up more slowly than €"¢, where 7 is a small enough constant depending on the system. More precisely,
the orbits that lie on a center stable manifold are those having the asymptotic behaviour described before
and solving a suitable system which, in a small neighbourhood of U, coincides with the original one ().

Also, assume that there exists a manifold E entirely constituted by equilibria of ([C3) and containing
U. We are interested in the uniformly stable manifold relative to E. By uniformly stable manifold we
mean the slaving manifold that contains all the orbits that when ¢ — +o00 decay with exponential speed to
some point in E. Note that the uniformly stable manifold does not coincide, in general, with the classical
stable manifold. Indeed, the stable manifold contains the orbits that decay exponentially fast to the given
equilibrium U, while on the uniformly stable manifold we only require that the limit belongs to E.

The existence of a center stable and of the uniformly stable manifold can be obtained as consequence of
the Hadamard-Perron Theorem, which is discussed for example in the book by Katok and Hasselblatt [T4].

In the present paper we prove that, under suitable hypotheses, one can extend the definition of center,
center stable and of uniformly stable manifold from the case of the non singular ODE ([L3)) to the singular
case ([LI). The manifolds we define are all locally invariant for ([CI) and satisfy the following property:

(P) If U is an orbit lying on the manifold and ¢(U(0)) # 0, then ¢(U(t)) # 0 for every t.

This, in particular, rules out the losses of regularity (blow up or discontinuity in the first derivative) mentioned
before.
We proceed as follows. First, we consider the non singular ODE

au
Formally, ([C4) is obtained from (1) via the change of variable 7 = 7(t), defined as the solution of the
Cauchy problem

dr 1
U0 )
7(0) = 0.



However, the function 7(t) is well defined only if ¢[U(¢)] # 0 for every ¢. In the work we always refer to the
formulation () and we prove the existence of locally invariant manifolds satisfying property (P). We then
show that a posteriori the change of variable (LX) is well defined and system ([A) is equivalent to () on
these manifolds.

We assume that

1. For every M¢ center manifold of ([l), the intersection between the set {U : ((U) = 0} and M°
contains only equilibria.

We then define a manifold of slow dynamics as a center manifold of [[d]) (any center manifold works). To
simplify the exposition, in the following we fix a manifold of slow dynamics. To define the manifold of fast
dynamics we assume

2. there exists a one-dimensional manifold which is transversal to the set {U : {(U) = 0} and is entirely
constituted by equilibria of ([Cl). In the following, we denote by E this manifold.

The manifold of fast dynamics is then defined as the uniformly stable manifold of ([l) relative to the
manifold of equilibria . Namely, all the fast dynamics converge exponentially fast to some equilibrium in
E.

The manifolds of slow and fast dynamics can be regarded as extensions to the general case of the notions
of slow and fast time scale discussed for example in Fenichel [I1] in relation to system ([C2), namely to the
case ( is a parameter.

We also assume that

3. The singular set {((U) = 0} is invariant for both () and for the solutions of [Il) that lie on the
manifold of the slow dynamics.

It is not hard to show that, as a consequence of the previous assumptions, if we restrict system (4] on
the manifold of slow dynamics, then ([C4) is equivalent to ([[LI)). We can thus go back to the original variable
t and get that the solutions of (1)) lying on the manifold of the slow dynamics satisfy a non singular ODE.
We then define a center manifold of () as a center manifold of the system reduced on the manifold of slow
dynamics (Theorem El). In this way property (P) is automatically satisfied on any center manifold and the
losses of regularity are ruled out. As before, by loss of reqularity we mean the blows up or discontinuities
in the first derivative that may be exhibited by the solutions of ([Il), as shown by the examples ([ZI4) and
I3 in Section A here.

To extend to the case of the singular ODE ([Tl) the definition of center stable and uniformly stable
manifold we need some more work. As mentioned before, thanks to assumption 2, there exists a manifold of
equilibria transversal to the singular surface: we denoted this manifold by E. To define the uniformly stable
manifold of ([II) relative to E we need to study the solutions of () which converges to an equilibrium
on E with exponential speed. Note that this speed can be either bounded or unbounded as { — 0, so
we are looking for a composition of both fast and slow dynamics. Also, to define a center stable manifold
loosely speaking we have to study orbits that are local solutions of [ITTl) and that do not blow too fast when
t — 4-00. Therefore, we have to deal again with a composition of slow and fast dynamics.

In both cases (uniformly stable and center stable manifold) the analysis can be seen as an extension of
the exponential splitting methods for non singular ODEs like (L3]). However, as mentioned before what a
priori can go wrong is that in the change of time scale defined by the Cauchy problem

r 1
dt — C[U(t)] (1.6)
7(0) = 0.

some regularity is missing.
The main result of this paper is the following (a more precise statement is given in Theorem E2):



Theorem 1.1. There is a sufficiently small constant § > 0 such that the following holds. In the ball of
center U and of radius § in RY one can define two continuously differentiable manifolds M* and M®® which
are both locally invariant for (). The first one, M?®, is the uniformly stable manifold of [ relative
to E, while M is a center stable manifold for [LX). If U is a solution satisfying ((U(0)) # 0 and lying
on either M?® or M, the Cauchy problem ([LH) defines a diffeomorphism 7 : [0, +00[— [0, +00[. In other
words, if we restrict to either M* or M°®®, then the formulations [LI)) and ([CA) are equivalent, provided
that C(U(O)) # 0. In particular, property (P) is satisfied on both M*® and M°*s.
Also, if U(T) is a solution lying on either M?® or M, then it can be decomposed as

U(r) = Us(7) + Usi(7) + Up(7), (1.7)

where Uy lies on the manifold of slow dynamics and Uy (T) is exponentially decreasing to 0. The perturbation
term Uy, (7) is small in the sense that

UP(7)] < k¢ (U (0)] U7 (0) =7
for suitable positive constants c, k, > 0.

From the technical point of view, the key points in the proof of Theorem ([Il) are the following two.
First, we introduce a change of variables which allows us to write system

a _

= 0uU) + (U)oU) (1)

in a more convenient form. The precise statement is given in Proposition EEIl This change of variables
exploits many of the ideas which in the case of equation () lead to the introduction of the so called
Fenichel Normal Form (see Jones [I2] and the references therein) . Here, however, we have to rely on the
assumptions 1, 2 and 3 discussed above.

The second main point in the proof of Theorem [l is the analysis of a family of slaving manifolds for
system (C¥)). This analysis exploits the presence of a splitting based on exponential decay estimates and
it is in the spirit of Hadamard Perron Theorem (see for example the book by Katok and Hasselblatt [T4]).
Here the main results are Theorem Bl and Proposition Bl Loosely speaking, Proposition Bl tells us the
following. Fix a manifold S, locally invariant for (L) and entirely made by slow dynamics. Then there
exists a slaving manifold containing orbits that decay to an orbit in S exponentially fast, with respect to
the 7 variable. Also, Proposition Bl ensures that any solution U lying on the slaving manifold admits a
decomposition like (L), namely

U(r) = Us(7) + Ua(7) + Up(7)

where Uy lies on S and Uy (7) is exponentially decreasing to 0. The perturbation term U,(7) is small
and disappears when ((U) = 0, so on the singular surface {U : ((U) = 0} there is no interaction, but
a complete decoupling. Actually, in the statement of Proposition Bl we consider slightly more general
conditions ensuring that the interaction term disappears. However, the case ((U) = 0 is the one we exploit
in the following. From the technical point of view, the most complicated point in the analysis is proof of the
C! regularity of the slaving manifold, since it involves studying the Frechét differentiability of suitable maps
between Banach spaces.

An application of our analysis concerns the study of the viscous profiles with small total variation for a
class of mixed hyperbolic-parabolic systems in one space dimension. The connection between these viscous
profiles and the singular ordinary differential equation (ITl) is discussed in [6], where we also explain what we
mean by viscous profiles and by mixed hyperbolic-parabolic systems in this context. In [6] we also discuss a
remark due to Fréderic Rousset [I5] about the Lagrangian and the Eulerian formulation of the Navier Stokes
equation. Loosely speaking, the connection between viscous profiles and singular ODEs like () is that the
equation satisfied by the viscous profiles may be singular when the system does not satisfy a condition of
block linear degeneracy defined in [5]. In particular, this happens in the case of the Navier Stokes equation



written in Eulerian coordinates. As we see in Section EZIIl the analysis developed in the present paper
applies to the study of the viscous profiles of the Navier Stokes. The recent work [8] by Endres, Jenssen and
Williams deals with another family of problems involving singular ODEs and concerning the viscous profiles
of the Navier Stokes equation.

Viscous profiles provide useful information when studying the parabolic approximation of an hyperbolic
conservation law. If one restricts to systems with small enough total variation, it is often meaningful to
focus on viscous profiles lying on a center, a center stable or on the uniformly stable manifold. The literature
concerning these topics is extremely wide. Here, we just refer to the books by Dafermos [0 and by Serre
[ and to the rich bibliography contained therein for a discussion about the parabolic approximation
of conservation laws. Also, for applications of the analysis of viscous profiles lying on suitable invariant
manifolds to the study of the vanishing viscosity approximation, see for example Bianchini and Bressan [
and Ancona and Bianchini [2]. Concerning the analysis of viscous profiles, we only refer to Benzoni-Gavage,
Rousset, Serre and Zumbrun [3], to Zumbrun [19], and to the references therein. For an alternative approach
to the analysis of the viscous profiles of the compressible Navier Stokes equation in Eulerian coordinates, see
Wagner [I8] and the references therein.

The exposition is organized as follows. In Section [l we discuss a toy model and we introduce the results
that are extended in the following sections to the general case.

In Section Bl we define our hypotheses and in Section 2Tl we show that they are satisfied by the viscous
profiles of the compressible Navier Stokes equation. Also, in Section we discuss two examples: each of
them show that, if one different hypothesis is not satisfied, then the first derivative dU/dt of a solution U of
[T may blow up in finite time.

In Section Blwe define a class of invariant manifolds for an equation with no singularity in it (Theorem Bl
and Proposition Bl). This analysis is applied in Section H to study the singular ODE ([I1]). In particular, in
Section Bl we define the notions of slow and fast dynamic and we extend the definition of center manifold to
the case of the singular ODE ([IT)). In Section we discuss how to extend the notions of uniformly stable
and center stable manifold: the main result here is Theorem EE2l Finally, Section is devoted to the proof
of Proposition EZ1l a technical result which reduces our system to a more convenient form.

1.1 A toy model

In this section we discuss a toy model for system ([CIl). The goal is introducing in a simplified context the
analysis that is extended in Section Hl to the general case. All the conditions introduced in Section B are
satisfied by the toy model discussed here, except for Hypothesis 2l Hypothesis lis a technical condition and
prescribes that the functions ¢s and ¢, in [ satisfy the following: ¢4 (U) 4 ((U)pns(U) is identically 0
when U is out of a small enough neighbourhood of the origin.

Actually, our toy model can be handled with known geometric singular perturbation theory techniques.
Indeed, in the present section we assume that the function ¢ in ([[TJ) is just a parameter, namely

dg
“«_y 1.
7 =0 (1.9)
Also, we focus on the case of a linear system:
av 1
—_— = _AS Ans V Rd. 1'1
T V+ Vv € (1.10)

In the following we consider only non negative values of ¢ and we focus on the limit ¢ — 0. The study of
the limit ¢ — 0~ does not involve additional difficulties.

Consider the system
av
-
which is obtained from ([CI0) via the change of variable 7 = ¢ . In the following, we denote by n_ the number

of eigenvalues of Ag having strictly negative real part (each of them counted according to its multiplicity)



and by ny the number of eigenvalues with strictly positive real part. We denote by ny the multiplicity of the
eigenvalue 0 and, relying on Assumption 1 in the introduction, we assume that there are no purely imaginary
eigenvalues. Also, if we write the Jordan form of Ay, then in the block corresponding to the eigenvalue 0 all
the entries are 0.

Let ¢ — 0%: we are concerned with the behavior of the eigenvalues of the matrix A, + (A,,. Thanks to
results concerning the perturbation of finite-dimensional linear operators (see for example the book by Kato
I13], page 64 and followings), these eigenvalues can be classified as follows:

1. n_ eigenvalues converge to the eigenvalues of A, with strictly negative real part. We denote by M ~(()
the eigenspace of As 4+ (A, associated to these eigenvalues.

2. n, eigenvalues converge to the eigenvalues of A, with strictly positive real part. We denote by M¥(¢)
the eigenspace of As + (A, associated to these eigenvalues.

3. the remaining ng eigenvalues converge to 0 as ¢ — 0*. We denote by M°({) the eigenspace of Ag+( A,
associated to these eigenvalues.

When ¢ — 0T, the subspace M ~(¢) converges to M ~(0), which is the eigenspace of A, associated to
eigenvalues with strictly negative real part. The convergence occurs in the following sense: M~ ({) is the
range of a linear application P~(¢) € L(R?, R?). As ¢ — 0%, P=(() converges to P~(0) and the range of
P~(0) is exactly M ~(0). Similarly, when ¢ — 07, the subspaces M*({) and M°(¢) converge respectively to
M™(0) and M°(0), the eigenspaces of Ay associated to the eigenvalues with strictly positive and zero real
part. We refer again to Kato [I3] for a complete discussion.

If V belongs to M~ ({), then (L)) is equivalent to

av-

= [4; +com)|v,

where V— € R"- and A7 is a n_ X n_-dimensional matrix which does not depend on ¢ and whose eigenvalues
have all strictly negative real part. In the previous equation, the entries of the vector V'~ are the coordinates
of u with respect to a basis of M~ (¢) and O(1) denotes a n_ x n_-dimensional matrix which possibly
depends on ¢ but remains bounded as ( — 0T. Its exact expression is not important here.

If ¢ is sufficiently small, then all the eigenvalues of the matrix [AS + ¢ O(l)} have strictly negative real

part and hence the solution V= (7) converges exponentially fast to 0. More precisely, one has
V() < e T2V (0)],

where ¢ > 0 satisfies —¢ > A for every A eigenvalue of A;. Coming back to the original variable ¢, V™~ satisfies
V()] < e V().

and hence the speed of exponential decay gets faster and faster as ¢ — 07. In this sense, we can regard V~
as a fast dynamic.
Conversely, assume that V' € M((), then [CII) is equivalent to

0
v ¢|LoAnsRo + CO(l)} Vo,
dr
where Ry and Lg are two matrices that do not depend on (. The matrix Ry has dimension N X ng and
its columns constitute a basis of M°(0). The matrix Lo is ng x N-dimensional and satisfies LoRy = I,,-
Also, V? = L%V and O(1) denotes an ng x ng-dimensional matrix, which possibly depends on ¢ but remains
bounded as ¢ — 0. Its exact expression is not relevant here. Coming back to the original variable ¢, one
gets
av?e

= |LoAnsRo +CO(1) Vo, (1.12)



and hence V' can be regarded as a slow dynamic, because it satisfies the non singular ODE ([CT2).
Applying the same techniques mentioned before, one gets that the eigenvalues of LoA,sRo + (O(1) can
be divided into 3 groups:

1. eigenvalues that converge to the eigenvalues of LA, s Ry with strictly negative real part. We denote
by M°~(¢) the corresponding eigenspace.

2. eigenvalues that converge to the eigenvalues of LoA, s Rg with strictly positive real part. We denote by
MPOF(¢) the corresponding eigenspace.

3. eigenvalues that converge to the eigenvalues of LyA,sRo with zero part. We denote by M (() the
corresponding eigenspace.

If V(t) € M°(¢), then V(t) converges exponentially fast to the equilibrium 0 when ¢ — 400, but the speed
of exponential decay does not blow up as ( — 07.
The space
M*(¢) = M~ () & M°~(¢) (1.13)

can be regarded as uniformly stable space for ((LI), because every orbit entirely contained in this space
decays exponentially fast to 0. Also, the speed of exponential decay is uniformly bounded from below by a
constant which does not depend on (. Another way of interpreting this observation is the following: combine
equations (LX) and (CIO) and consider in R the system

d¢/dt =0
{ dV/dt = AV/¢ + ApsV. (1.14)

Every point in the subspace {(¢, 0)} is then an equilibrium for (CI). Also, for any (, every orbit V/(t)
lying on M ({) converges to the equilibrium (¢, 0), and the speed of exponential decay is bounded below by
a constant independent of (.

Conversely, the space M (() can be regarded as a center manifold of the original equation ([CI0).

In Section Bl we will extend the previous considerations to the case of the non linear equation

v 1

% - m(bs(U) + d)ns(U)v

where ((U) is in general a non constant function.

2 Hypotheses

In this section we discuss the hypotheses assumed in the work.
More precisely, in Section X0l we state the conditions imposed on the singular ODE

v 1

yr m¢s(U)+¢ns(U)~ (2.1)

These conditions can be divided into two groups: Hypotheses [ Bl B allow to avoid some technical compli-
cations, but could be actually omitted at the price of much heavier notations. On the other side, Hypotheses
A B B [ B are much more important and they will be deeply exploited in Section Bl Note, however, that in
Section Bl we are not directly concerned with the singular ODE (I) and that we do not exploit Hypotheses
b0 OR

Moreover, in Section we discuss three counterexamples. They show that, if either Hypothesis [ or
Hypothesis Blis violated, then the results discussed in the following sections do not hold. In particular, there
might be solutions of ([I]) that are not continuously differentiable.

Finally, in Section ZT.Jl we verify that the conditions introduced in Section Bl are satisfied by the viscous
profiles of the compressible Navier Stokes equation written in Eulerian coordinates.



2.1 Hypotheses satisfied by the singular O.D.E

Define
F(U) = ¢5(U) + ¢(U)dns (U) (2.2)

and consider the non singular ordinary differential equation

U

= F{U) UeRY. (2.3)

Formally, 3) is obtained from Il via the change of variables 7 = 7(t) defined as the solution of the
Cauchy problem

1
& = U] o
7(0) = 0.

However, the function 7(t) is well defined only if ([U(t)] # 0 for every t. To overcome this difficulty we
then proceed as follows: we state all the hypotheses referring to the formulation [Z3)). Relying on these
hypotheses, in Section Bl we prove the existence of various locally invariant manifolds for [3)) satisfying the
following property. If U is an orbit lying on one of these manifolds and ¢[U(0)] # 0, then C[U(¢)] # 0 for
every t. If we restrict to the orbits lying on these manifolds, ([Z3]) is equivalent to E&II).

To simplify the exposition, we assume the following:

Hypothesis 1. The initial datum U(0) of @3) satisfies ((U(0)) > 0.

The case ¢(U(0)) < 0 does not involve additional difficulties. The main difference is that, if ((U(0)) < 0,
then the change of variable defined by (24]) has negative derivative. As a consequence, when ¢ — +o0o the
function 7(¢t) — —oo. Loosely speaking, the statements given in the present paper can be extended to the
case ( (U (0)) < 0 in the following way. All the statements concerning the fast dynamics and referring to the
stable space or to stable-like manifolds have to be replaced by analogous statements concerning the unstable
space or unstable-like manifolds. However, we will not consider the case ( (U (0)) < 0 explicitly.

Before stating the other hypotheses, we recall that we want to study () and ([Z3) in the neighbourhood
of an equilibrium point U such that F(U) = 0 and ¢(U) = 0. It is not restrictive to take U = 0. Namely, in
the following we assume

F@)=0 ¢(0)=0. (2.5)

Also, we can assume the following. Fix a positive constant 6 > 0 and consider a smooth cut-off function
p(U) satisfying

U |UI<S
p(U) _{ 0 |U]> 2.

In the following, instead of studying system 3 we focus on

au
— = p(U)F(U).

= JU)F)

However, to simplify the notations instead of writing each time p(U)F(U) we assume that Hypothesis
holds.

Hypothesis 2. The function F satisfies the following condition: if |U| > 26 then F(U) = 0.

The exact size of the constant § will be discussed in the following.

Note that Hypothesis Blis not restrictive if the goal is to study the solutions of ([Z3) that remain confined
in a neighbourhood of the origin of size 4. Loosely speaking, the analysis developed in Sections Bland Bl can be
extended to the orbits of systems that violate Hypothesis ] as far as these orbits remain in a neighbourhood
of the origin with size §. In particular, the manifold described in Sections Bl and Bl are no more invariant if
Hypothesis B is violated: they are just locally invariant.



We also introduce the following simplification. It is not restrictive to assume that all the eigenvalues of
DF (6) have non positive real part. Indeed, this condition is satisfied if we restrict to a center-stable manifold
for (Z3). As mentioned in the introduction, the existence of a center stable manifold can be obtained as a
consequence of the Hadamard Perron theorem, which is discussed for example in the book by Katok and
Hasselblatt [T4] (Chapter 6, page 242). Also, note that if ((U(0)) < 0 then it is not restrictive to assume

that all the eigenvalues of DF (0) have non negative real part: this can be obtained considering the solutions
that lie on a center unstable manifold.

Hypothesis 3. The Jacobian DF (6) admits only eigenvalues with non positive real part.
Also, we assume the following non degeneracy condition:
Hypothesis 4. The gradient V¢(0) # 0.

Let S be the singular set
S:={U: ¢(U)=0}. (2.6)

Thanks to the implicit function theorem, Hypothesis Bl ensures that in a small enough neighbourhood of 0
the set § is actually a manifold of dimension NV — 1, where N is the dimension of U.

Hypothesis 5. Let M be any center manifold for ([Z3) around the equilibrium point 0. If Ul <d and U
belongs to the intersection M NS , then U is an equilibrium for 3)), namely F(U) =0 .

Concerning equilibria, we also assume the following

Hypothesis 6. There exists a manifold of equilibria M®? for [Z3]) which contains 0 and which is transversal
to S.

Let neq be the dimension of M®. We recall that the manifolds & and M® are transversal if the
intersection S N M*®? is a manifold with dimension n., — 1 (as pointed out before, the dimension of S is
N —-1).

Hypothesis 7. For every U € S,
V¢(U) - F(U)=0. (2.7)

Thanks to Hypothesis [ and to the regularity of the functions ¢ and F, the function

V) - F(U)
{0

can be extended and defined by continuity on the surface S.

Hypothesis 8. Let U € S be an equilibrium for [3), namely ((U) = 0 and F(U) = 0. Then
GU)=0. (2.8)

G(U)

In Section [l we introduced, in the case of a toy model, the notion of slow and fast dynamics. These
notions will be extended in Section Bl to the general non linear case. Hypotheses Bl and [ can be then refor-
mulated saying that the set S is invariant for the manifold of the slow and of the fast dynamics respectively.

Remark 2.1. Consider system
du 1

— = o ¢s(U ns(U). 2.9
= )+ () 29)
Also, let f(U) be a regular, real valued function such that f(0) > 0. Clearly, 3) is equivalent to
dUu 1
= 7 0s(U)f(U) + éns (U) (2.10)

dat — ¢(U)f(0)

and ((U)f(U) — 0% if and only if ((U) — 07, at least in a sufficiently small neighbourhood of U = 0. By
direct check, one can verify that Hypotheses[l... B are verified by the couple (¢, F') if and only if they are
verified by the couple (¢f, Ff).



Remark 2.2. As we will see in Section B, Hypothesis [ can be reformulated saying that the slow dynamics
intersecting the singular manifold {U : ((U) = 0} are equilibria for system (£3). Heuristically, this means
that we require that the limit as ((U(0)) — 0" of a solution of () is a solution of the limit system. In
other words, we want to rule out the possibility of a relaxation effect.

As it shown by the examples discussed in next section, the assumptions on the invariance of the manifold
{U : ¢(U) = 0} with respect to the slow and the fast dynamics (Hypothesis [ and B respectively) are due
to the fact that we want to have a smooth invertible time rescaling ¢t = ¢(7) defined by Z4)).

2.1.1 The case of the compressible Navier Stokes in Eulerian coordinates

In this section we show that Hypotheses[ B ... B are satisfied by the ODE for the viscous profiles of the
compressible Navier Stokes equation written in Eulerian coordinates. Also, Hypothesis Bis not restrictive if
the goal is to study the viscous profiles entirely contained in a small neighbourhood of an equilibrium point.
The case of the Navier Stokes written in Lagrangian coordinates was already discussed for example in
Rousset [16]. When the equation is formulated using Lagrangian coordinates, the ODE satisfied by the
viscous profiles is not singular.
The compressible Navier Stokes written in Eulerian coordinates is

pt + (pv)z =0
(pv): + (;ovz +p)w = (va)w (2.11)
(pe + p%)t + (v [%pvQ + pe —l—p])z = (k@x + m}vr)r.

Here, the unknowns are p(t, ), v(t, ) and e(t, ). The function p represents the density of the fluid, v is
the velocity of the particles in the fluid and e is the internal energy. The function p = p(p, €) > 0 is the
pressure and satisfies p, > 0, while 6 represent the absolute temperature. In the case of a polytropic gas, the
following relation holds: § = e(y — 1)/R, R being the universal gas constant and 7 a constant specific of the
gas. Finally, v(p) > 0 and k(p) > 0 represent the viscosity and the heat conduction coefficients respectively.

After some manipulations (see [6] for details), one gets that the equation satisfied by the steady solutions
of the compressible Navier Stokes can be written in the form

v 1

— =—F
&~
T
provided that U = (p, v, e, 2’) , C(U) =v and
Aélz/au
F(U) = vz (2.12)

b1 |:A22U — AglAgl/a11:| zZ

The equation satisfied by the travelling waves of the compressible Navier Stokes equation in one space
variable is similar, the only difference being that the singular value is v = o, where o is the speed of the
travelling wave.

In &IA), Az is a vector in R? and Ab, denotes its transpose. Also, w = p, ad 7 = (Ugg, ew)t. The
function aj; is real valued and strictly positive if p is bounded away from 0. The matrix b has dimension
2 x 2 and all its eigenvalues have strictly positive real part. The exact expression of these terms is not
important here. Finally,

— v—"V'pz/p De/p
Aoz = ( Pe/p —vvape/(pp)  vpe/p — (v — DK peps/(Rpp) ) (2.13)

Note that Az depends on p, but, plugging w = —AZ} 7/(a11v) into @I3) one gets that Asv evaluated at
a point (p, v =0, e, Z=0) is the null matrix.
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Thus, the Jacobian DF satisfies

0 — A3y /an
DF(p,v = ,6,226)2 0 0, ,
6 —b‘1A21A2Tl/a11

where 02 denotes the 2 x 2 null matrix. Since Ao Agl /a11 admits only eigenvalues with strictly positive real
part, then DF admits only eigenvalues with non positive real part and hence Hypothesis Bl is satisfied. Also,
the dimension of every center manifold of

avu

dr
is 3. Since the subspace {Z = 6} is entirely constituted by equilibria of the equation, it coincides with
the center manifold. Thus, Hypothesis B is satisfied. Since ((U) = v, then Hypothesis B is also verified.
Concerning Hypothesis B, this is satisfied because {Z = 0} is transversal to the singular surface {v = 0}.
Finally, by direct check one can show that also Hypotheses [l and B are verified. Thus the machinery
developed in this work applies to the study of viscous profiles with small total variation of the compressible
Navier Stokes equation written in Eulerian coordinates.

F(U)

2.2 Examples

2.2.1 Example ([ZT4)

Example [ZT4) deals with a system which satisfies Hypotheses [l Bl ... B and Hypothesis B but does not
satisfy Hypothesis [l We exhibit a solution of this system which has a blow up in the first derivative and
hence it is not continuously differentiable. The loss of regularity experienced in Example T4 regards a
solution U such that ¢[U(0)] # 0, but ¢(U) reaches the value 0 for a finite value of ¢.

Consider the following system:

{ duy /dt = —uy/uy (2.14)

dUQ/dt = —U2

T
Let U = (ul, ug) , C(U) =uq and

System (I can then be written in the form

v 1

In this case, the function F(U) defined by Z3) is

_( Tue
ro=( )
By direct check, one can verify that Hypotheses [l ... B and Hypothesis § are satisfied by [ZId). On the
other side, Hypothesis [l is not verified in this case. Indeed, the singular surface S defined by ([Z8) is in this
case the line {u; = 0} and
VC -F= —U2

is in general different from 0 on S.

11



The solution of [ZT)) can be explicitly computed and it is given by

w1 (t) = /w1 (0) +ua(0) (et —1
() = \/ua(0) + ua(0) (e~ — 1) s

ua(t) = uz(0)e™*

Choosing u2(0) > u1(0) > 0, one has that the solution us(t) can reach the value 0 for a finite ¢. Note that
at that point ¢ the first derivative du; /dt blows up: thus, the solution ([ZIH) of @I is not C?.

2.2.2 Example ZT0)

Example (ZZ2) deals with system (ZT6]), which is apparently very similar to [(ZId)). However, in the case of
&T18) HypothesesL Bl. .. Bl are all verified. We show the solutions of {Td) are regular. Also, if ([U(0)] # 0
then C[U(¢)] # 0 for all values of ¢.

Consider system

dul/dt = —U2g
{ dUQ/dt = —’LL2/’LL1 (216)
T
Set U = (ul, UQ) , C(U) = uy. System (TG can be written in the form

dUu 1

% = m(bs(U) + (bns(U)

_ 0 o —U2
o= 0,)  em@=( 5% ).
Also, the function F(U) defined by 22 is in this case
_ —UuU2U1
Foy= ().

By direct check, one can verify that Hypotheses[l. .. B are all verified in this case.
To study system (T0) we can proceed as follows. From (I0) we have

provided that

—dul/dt =2 dug/dt

Uy U1

and hence

u () =u —u
In |"LL1(0)] = Q(t) 2(0)

Eventually, we obtain
uy (t) = uy (0)et2®—u2(0), (2.17)
Choose u1(0) > 0. To prove that uq(t) # 0 for all ¢ it is enough to show that ug(¢) is well defined (and in

particular finite) for every ¢ > 0. In the following we also prove that us(t) is also C* for every ¢ > 0. This
guarantees that no loss of regularity occurs.

Plugging (22I7) into the second line of ZIH) we get

dus /dt = —#&))6“2@)*“2“). (2.18)

Note that ug = 0 is an equilibrium for ZI8). Also, if u2(0) < 0 then dug/dt > 0 and hence uz(0) < us2(t) <0
for every t. Conversely, if u2(0) > 0 then dus/dt < 0 and hence 0 < ug(t) < uz(0) for every ¢. In both cases,
we get that us(t) is well defined and regular for every ¢ > 0.
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2.2.3 Example [ZT9)

With Example [23]) we discuss a system which satisfies Hypotheses[ Bl. .. [ but does not satisfy Hypoth-
esis B As in Example T4, we exhibit a solution of this system which is not continuously differentiable
and the loss of regularity regards a solution U such that ¢[U(0)] # 0, but ((U) reaches the value 0 for a
finite value of .

Consider the following system:

dul/dt = —Us
dUQ/dt = —’U,Q/’U,l (219)
dU3/dt = —Us
T
Let U = (ul, Uo, ug) , C(U) = uy and
0 —us
¢S(U) = —uz2 ¢ns(U) = 0
0 —Uus

System (ZI4]) can then be written in the form

dUu 1
7 = A Ps U ns U
= )+ ol0)
and the function F(U) defined by ZZ) is
—usul
F(U) = —Uug
—usul

By direct check, one can verify that Hypotheses[. .. [are verified by [ZI9). On the other side, Hypothesis
is not satisfied in this case. Indeed, the surface S = {U : ((U) = 0} is the plane {u; = 0}. Thus, the set
of points such that ((U) =0 and F(U) =0 is {u; = ug = 0} and

V(- DF - (vg)T = —ug

is in general different from zero on this line.
An explicit solution of ([ZIJ) can be obtained as follows. From the third and the first equation we get
respectively

us(t) = uz(0)e™"
up(t) = u1(0) — uz(0) + uz(0)e "

Assume that u3z(0) = Au(0) for some constant A whose exact value is determined in the following. The
equation satisfied by us becomes

dUQ u9

dt  Aur(0)e=t +ug(0)(1 — A)°

Thus, we obtain
1

%[m (ug(t))} = m% [m (ul(O)(l — A)et + Aul(O))}

1
us(t) = B [(1 ~ A)et + A} (A —1)ui(0)

for a suitable constant B. If (A — 1)uy(0) > 1, then the first derivative dus/dt blows up at t = In(A/A — 1).
Note that this is exactly the value of ¢ at which uq(¢) attains 0.

In general, for every uy(0) > 0 if 1/(A — 1)u1(0) is not a natural number, then the solution is not in
C™ for m = [1/(A — 1)u1(0)] + 1. Here [1/(A — 1)u1(0)] denotes the entire part. Thus, we have a loss of
regularity in higher derivatives.

and hence
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3 Uniformly stable manifolds

In this section we consider the system
au
dr
where U € RY and the F : RY — R is a regular function. We are interested in the behavior of the solutions
in a small enough neighbourhood of an equilibrium point. We can then assume that such an equilibrium
point is 0, namely F(0) = 0. Also, we assume

F(U), (3.1)

U| >26 = F(U)=0. (3.2)

Because of Hypothesis B B3) is not restrictive in view of the applications discussed in Section H Also,
because of Hypothesis Bl we assume that all the eigenvalues of the Jacobian DF'(0) have non positive real
part. Note, however, that in this Section we exploit none among Hypotheses [l B B B, [ and

3.1 Notations and preliminary results
3.1.1 Fréchet differentiability of the fixed point of a family of maps

In the following we have to study the regularity of the fixed points of a family of maps depending on a
parameter. To do this, we exploit Lemma Bl Note that the hypotheses there are not sharp and the result
could be improved. However, to avoid technical complications we restrict to those hypotheses since they are
satisfied in the cases we discuss in the following.
Let X be a closed subset with non empty interior in a Banach space X and let Y be an open subset of
another Banach space Y. Also, let
T:XxY—X

be a map such that, for every y € Y, T(-, y) takes values in X and is a strict contraction, namely there
exists some constant k < 1 such that

IT(x1, y) = T(22, y)llx < Kllor —a2llx Var, 22 € X,
Thanks to the Contraction Mapping Theorem, we can define a map

Y - X

which associates to y the fixed point of the map T'(-, y). We denote this map by z(y) and we are interested
in its regularity. Assume that, for every y, x(y) belongs to the inner part of X. Also, assume that, for
every (Z, ) € X x Y such that Z is an inner point, T'(-, §) is Fréchet differentiable at  and denote by
T.(Z, §) € L(X, X) its differential. Also, assume that, for every (Z, §) in the same conditions as before, the
map T(%, -) is Fréchet differentiable at § and denote by T),(Z, ) € L(Y, X) its differential.

The proof of the following result relies on standard techniques (see for example the book by Ambrosetti
and Prodi [1]) and will be therefore omitted.

Lemma 3.1. Assume that the map x(y) is Lipschitz continuous and fix a point (T, §) such that T = x(g).
Also, assume that T is Fréchet differentiable with respect to the variable y at the point (Z, §), namely Ty(Z, )
exists. If Tp(x, y) is defined and continuous in a neighbourhood of (T, §), then x(y) is Fréchet differentiable
at § and the differential is

172, 9)] o1, (@). 7). (33)

where I denotes the identity.

Note that the map {I — Ty [z(9), QH is invertible because T'(-, %) is a strict contraction on X.
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Remark 3.1. We want to give a sufficient condition to have that x(y) is Lipschitz continous. Assume that
there exists a constant L such that, for every y1, y2 € Y,

1T (x(y1), y1) — T (x(y1), y2)llx < Lllyr — v2lly- (3.4)

Then the map z(y) is Lipschitz continuous. Indeed,

lz(y1) = 2(y2)llx = 1T ((1), v1) — T(2(y2), y2)llx
<N (), 1) = T(2(), v2)llx + 1T (1), y2) = T (2 (y2), y2)llx
< Ly = w2lly + Kllz(yr) — 2(y2)llx

Since k < 1, we get that x(y) is Lipschitz continuous.

3.1.2 First change of variables

Consider system BJ)). Let V'~ be the eigenspace of the Jacobian DF (6) associated to eigenvalues with
strictly negative real part. Also, let V° be the eigenspace associated to the eigenvalues with 0 real part.
Also, fix V°, a center manifold of (&) around the equilibrium 0. Finally, let V= be the stable manifold. The
manifolds V? and V™ are tangent at the origin to V? and V'~ respectively. Note that RY = V0@V~ because
DF (6) admits only eigenvalues with non positive real part. Thanks to the local invertibility theorem, in a
sufficiently small neighbourhood of the origin we can define a local diffeomorphism T such that the following
conditions are satisfied. Let U = Y(U), then U satisfies

auv - -

7 = JU), (3.5)
where f(U) = DY(T=Y(U))F(T1(U)). Write U = (X, X°), where X° has the same dimension as V°
and X~ has the same dimension as V. Then the stable manifold of (&J) is the subspace {X° = 0}, while
the center manifold is the subspace {X~ = 0}. In the following, we assume that the constant & in @) is
small enough to have that the local diffeomorphism Y is defined in the ball of radius 26 and center at the
origin. Also, to simplify the notations we do not write U, X~ and X°, but just U, X~ and X°.

3.1.3 A priori estimates
We rewrite system (B3 as

dX0/dr = FO(X~, X0) (3:6)

{ dX~/Jdr = f~(X—, XY)

The subspaces {X~ = 0} and {X° = 0} are locally invariant for [B0) since they represent respectively a

center and the stable manifold. Thus, f~(0, X%) = 0 for every X? and f°(X~, 0) =0 for every X . As a
consequence, R

FXT X0 = AT (X, XOX (X, X%) = A%(X, X0)X° (3.7)

for a suitable matrices A~ and A°. By construction, A~ (0, 0) admits only eigenvalues with strictly negative

real part and A°(0, 0) has only eigenvalues with zero real part. As a consequence, the following holds. Let

n_ denote the dimension of X~ and fix a constant ¢ > 0 satisfying ReA < —c for every X eigenvalue of

A=(0, 0). Then there exists a constant C_ > 0 such that

VX eR™, |eA O0ix—| < e X (3.8)

satisfies



-,

where ¢ > 0 is as before a constant such that Re\ < —c for every \ eigenvalue of A~ (0, 0).

Plugging (B7) in BH) we get

{ dX~Jdr = A~ (X~, X°) X~ 59)

dX9/dr = A%(X~, X0) X0,

In view of the applications discussed in Section Hl it is convenient to take into account the following
situation. Assume that there exists a continuously differentiable manifold Z, containing the stable manifold
{X° =0} and satisfying

X, Xx%=0 VX, X%ez. (3.10)
Actually, this assumption is not restrictive, in the sense explained in Remark B2 at the end of Section B3

Applying, if needed, a local diffeomorphism, we can assume that X° = (¢, uo) and that Z5 = {¢ = 0}.
Since the stable manifold is entirely contained in Zj, such a diffeomorphism does not produce any change
on X, but only on X9, In the following we assume that the constant § in Hypothesis Blis so small that the
local diffeomorphism is defined in the ball of radius 20 and center at the origin.

Consider the system restricted on the center manifold { X~ = 0}: since the subspace {¢ = 0} is entirely
made by equilibria, then we get that the equation

dXx°/dr = A°(0, X°)x°
becomes

duO/dT = 0(6) Cv U’O)Cv
where B and C' are suitable matrices. Note that, by construction, B(ﬁ, 6, 6) admits only eigenvalues with
zero real part. Fix a constant € such that ReA < —e < 0 for any A eigenvalue of A~ (0, 0): also, we impose
€ < ¢, where c is the same as in [BH). Assuming that the constant ¢ in Hypothesis Bis sufficiently small we

can assume that every solution ¢ of ([BTITl) satisfies
¢(r)] < OL)e! ¢ (0)) (3.12)
for some suitable constant O(1). Since in (BII)) the matrix C' is uniformly bounded, we get that
[uo(7) = uo(0)] < O™ (0)] (3.13)

{ d¢/dr = B(0, ¢, uo)¢ (3.11)

for a constant O(1) (possibly different from the one in [I2)). We introduce the following notation: given
a point X° = (¢, ug) on the center manifold we call Y the point

YO = (0, uo). (3.14)

Clearly Y° depends on X°, but to simplify the notations we won’t express this dependence explicitly.
Combining (BI2) and [BI3) we then obtain

1 XO(r) = Y°(0)| < koesI™11¢(0))] (3.15)

for a suitable constant kq.
Finally, note that, since both A~ and A are zero when |(X~, X°)| > 24, then any non constant solution
of (B satisfies
X)) <20 |X (1) <25 VT (3.16)

Remark 3.2. The hypothesis that there exists a manifold of zeroes Zj is not restrictive. Indeed, assume
that the set of the zeroes of f© coincides with the stable manifold {X° = 0}. In this case, we can set ¢ = X©,
the component ug disappears and given X° the element Y is just X° itself. This notation ensures that the
estimate (BIH) still holds. As it will be clear from the the following, the only fact about Z, we exploit in
the proof of Proposition Bl is estimate (BIH). As a consequence, Proposition Bl can be extended to the
case Zy is just the stable manifold.

In other words, the presence of a manifold of zeroes wider then the stable manifold is not strictly necessary
for the existence of the uniformly stable manifold introduced in Theorem Bl However, it allows to get a
sharper estimate in ([B24]).
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3.1.4 Linear change of variables

In the statement of the following lemma we denote by n. the dimension of X%, then N = n. +n_. The
proof is standard, so we omit it.

Lemma 3.2. For every M > 0, there exists a linear change of variables R™ — R™ such that in the new
coordinates XV satisfies

dX°/dr = A(X~, X°)X°, (3.17)
for a suitable matriz such that R -
A°(0, 0) = A° + N°, (3.18)
where A° and N° enjoy the following properties:
e’ X0 < | X V>0, X°eR"™ (3.19)
and 1
INYXO| < M|X0|, X0 ¢ R, (3.20)

We specify in the following how we chose the constant M.

Remark 3.3. If we apply the linear change of coordinates introduced in Lemma B2 then it is no more true
that X9 = (¢, ug) where {¢ = 0} is the manifold Z; of equilbria for f0. However, estimate (@IH) still holds,
provided that we change if needed the value of the constant ko and we take, instead of X°(7), Y, and ¢(0),
their images trough the linear change of variables.

3.2 Uniformly stable manifold of an orbit

We are now ready to introduce Theorem Bl In formula ([B24), ¢ is the component of X% = ({, ug) according
to the decomposition introduced in Section

Theorem 3.1. Let HypothesesA and[d hold. If the constant § in Hypothesis[@ is sufficiently small, then the
following holds.
Fiz an orbit YO(1) = (0, X°(7)) of

{ dX~/dr = A~ (X~, XO)X~ (3.21)

dX°/dr = A°(X~, X0)X°
that lies on the center manifold and satisfies | X°(0)| < 8. Then we can define a uniformly stable manifold
relative to Y°(7). This manifold is defined in the ball of radius § and center at the origin, is parameterized by
{X° =0} and is tangent to this subspace at the origin. Also, it is locally invariant for @ZI), meaning that
if the initial datum lies on the manifold, then (X*(T), XO(T)) belongs to the uniformly stable manifold for
|7| sufficiently small. Every orbit lying on the uniformly stable manifold relative to Y°(T) can be decomposed

X(r)=Y%r)+ Y~ (1) + UP(7), (3.22)

where the components Y~ = (X~ (7), 6) and UP (1) satisfy respectively
X (7)] < k- |X(0)]e™ /2 (3.23)

and
UP(7)| < kplC(0)] | X (0)]ec7/%. (3.24)

In B23) and B2, ¢, k- and k, are suitable constants. In particular, c is the same as in BF).
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3.3 Proof of Theorem B.1]
Let the orbit (6, XO9(7)) be given. We denote by X° = X°(0) and by Y the corresponding projection,
defined as in (@Id). Also, if we write X° = (¢(0), u0(0)) then we set

¢ = ¢(0). (3.25)

By definition, X°(7) is a solution of the Cauchy problem

0 _ A0(g yoO
(g
The proof of Theorem Bl is divided in several steps: in Section B3] we introduce the spaces of functions
we exploit in the proof. In Section B3 we are concerned with the component Y~ (7) in (B22). In Section
we deal with the “perturbation” term UP(7) in (B22). Both the components Y~ (7) and UP(7) are
obtained as fixed points of suitable contractions: in Section B34 we study their regularity applying Lemma
B Finally, in Section B3H we conclude the proof of Theorem Bl putting together all the considerations
carried on in Sections B30l B232 and B34

3.3.1 Definition of the functional spaces

Let n_ denote the dimension of X . Also, n. denotes the dimension of X°, as in the statement of Lemma
.2
In the following we exploit the following Banach spaces of functions:

Yy = {X— e ([0, 4o, R™ ) X < +oo} (3.27)
and
O = {XO € C°([0, +oo, R™ ) : [|X°o < +oo}, (3.28)
where the norms || - ||— and || - [|o are defined as follows:
X1 = sup e} X0 = sup {e X)) (329

The constants ¢ and ¢ are the same as in [BJ) and @I3) respectively. Also, we consider the following closed
subsets of Y~ and Y:

V5 = {X— € CO([0, oo, R™ )¢ | X~||_ < k_a.} W = {XO € CO([0, +oof, R™ )1 [ X < k05.}

(3.30)
We specify in the following how to determine the exact value of the constant k_, while the constant kg is
the same as in [IH). Also, note that the spaces Y5 and ) are equipped with the same norms || - |- and

| llo as Y~ and YO respectively.
We will also need the space of functions defined as follows. Let ¢ be as (BH) and let a € [0, ¢[. Consider
the space

Vi = {(U‘, U°) € C([0, +oof, ™™= ) [|X ™ lpert < —|—oo} (3.31)

which depends on a because it is equipped with the norm
1 U pere = sup {7/ [(U=(7)] + |U°()D] }-
Also, we will exploit the closed subset
Y, = {07, 0% ([0, +ool, R™F™= ) (U7, U”)lpers < Fipd?}, (3.32)

which is equipped with the same norm as YP. We specify in the following how to determine the values of
the constants k, and a.
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3.3.2 Analysis of the stable component

This step is devoted to the definition of Y~ (7) = (X (1), 0). Fix a vector X~ € R"~ satisfying |X | < 4.
We define X ~(7) as the solution of the Cauchy problem

{ dX~/dr = A" (X", Y") X~ (3.33)

X7(0) = X7,

where Y is given by BI). It is known that, for any fixed Y% and X~, X~ can be obtained as the fixed
point of the application
TV - Y5
defined by
T=(X )] =ed "X+ / eAT(r=9) [A* (X (s), Y°) — A’}X’(s)ds (3.34)
0
where A~ = A~ (0, 0). The space Y5 is defined in (30). More precisely, if the constant k_ in (B30) satisfies

k_ < C_ and the constant § is ([B30) is sufficiently small, then the map T~ takes values in ); and is indeed
a contraction. Also, the fixed point satisfies

(X~ (1) < k| X e/ (3.35)

We are now interested in the differentiability of the fixed point with respect to Y° and X . To study it, we
recall that
ZO = {(X_v 07 EO)} g RN

We then regard T~ as an application
T : Z5 X y(; — Yy

and we verify that the hypotheses of Lemma Bl are satisfied. The space Y~ is defined by @Z0). The
Frechét derivative of T~ with respect to (X, Y°) is a linear map 7~ € £(Zy, Y~). Evaluated at the point
(h~, h°) € Z; it takes the value

T=(h™, hO)[r] =e* "h™ + / " A=) [DXOA* (X~ (s), XO)[QO]}X’(s)ds
0

In the previous expression, DyoA™ (X ~(s), ZO) [R°] denotes the differential of the function A~ (X~ (s), XO)
with respect Y, applied to the vector . IfEX =0 then, no matter what Y is, the differential 7~ maps
(h~, h°) into the function e? A

The Frechét derivative of T~ with respect to X~ is a linear map S~ € £()Y~, Y~). Evaluated at the
point h~ € Y it takes the value

5 (h)lr) = / AT A (X (), YO) = A7 |17 () + [Dy- A7 (X (), YO) b ()] X (5) s
0
In the previous expression, Dx- A~ (X ~(s), Y°)[h~ (s)] denotes the differential of the function A~ (X ~(s), Y'°)
with respect X ~, applied to the vector h™(s).

Both 7~ and 8~ are continuous if viewed as maps from Zy,x Vs to L(Zy, Y~ ) and L(Y~, V™) respectively.
Thus, the hypotheses of Lemma Bl are verified and hence the application

AN

which associates to (X, Y"°) the fixed point of B3) is continuously differentiable (in the sense of Frechét).
When both X~ = 0 and Y° = 0 the Frechét derivative is the functional that maps (h~, h°) € Z; into the

function e? "h”.
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3.3.3 Analysis of the component of perturbation

This step is devoted to the definition the component U (7). First, we apply the change of variables introduced
in Lemma B2 and we get that the matrix A(X~, X°) in @) satisfies

—.

A(0, 0) = A° + N°,

where A° and N° enjoy I9) and (B20) respectively. Relying on Remark B23, we can still exploit estimate

BI5).
We impose that X (1) = Y(7)+Y*(7) + UP(7) is a solution of ([BX). We then write U?(r) = (U~, U°)T

and, subtracting (B20) and B33)) from @), we get
AU~ Jdr = AU~ + {A‘(X‘ +U, X0+ U%) — A (G, 6)} U-
+ [A*(X* YU, X"+ U%) — A (X, XO)} X~ 596
dU° Jdr = A°U° + NOU® + [AO(X’ +U-, X0+ U%) - A, 6)] o '
+AX U, X0+ U0) - AT, X)) X°

Here, A= = A= (0,0).
Let V2 be the metric space (B32) and consider the application T}, defined for (U~, U®) € )% as follows:

13U, V)] = [T O (X (6) 4 U9 X006) 4 U9) — A (X (5), X)X (9
+ AT (X7 (5) + U (), X°(5) + U(s)) = A™ (0, 0)]U (s) s

T2 (U, U%)[r] = /

—+o0

) (3.37)
AN 4 A(X () + U (s), XO(s) + U°(s)) — A4°(0, 0)|U°(s)

+ [AO (X*(s) + U (s), XO(s) + U°(s)) — A0, XO(S))} Xo(s)}ds

In the previous expression, X ~ is the solution of ([B33)) and X° is the solution of [EZH). We want to show
that 7}, maps V¥ into itself, provided that § is sufficiently small. We have

ITh U™, U]l < / " LU ()] + [0°(s)] + 1X°(s) — YOI 1X ()
+ LX) + U7 ()] + [X°(s)] + |U(s) ] [0 (5)] s
< C_efcr/o eI [2k}p52€78(0+a)/4 + k)o|£|6€s} k_|£7|67cs/2

+C_e°T / eSS T [k_ X~ |e—05/2 + 2kp52e—5(c+a)/4 + 25:| kp526_s(c+a)/4d$
0

8 2 4
< {—Ckapk,(S} §2eTBeta)/4 + —chkok,§26_7(20—45)/4 + { LC_k_kyo 52— T(3cta)/4
c—a c+ 2¢ c—a
4 8

cC—a cC—a

[ DO k0% 26T 4 [ g| L% T,

(3.38)

In the previous expression, C_ is the same constant as in (@) and L is a Lipschitz constant of A= (X, X°)
with respect to both the variables X~ and X°. To obtain ([B38) we exploit (15, (EI0), @35) and the
fact that, belonging to V¥ . (U™, U") satisfies

U= (7)], [U%(7)| < kpoeTleFa/4, (3.39)

Also, the term ¢ is the same as in ([B2H) and we rely on the fact that X |, [(] <.
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In the following expression L denotes a Lipschitz constant of AO(X ~, XY) with respect to both the

variables X~ and X°. Also, we exploit the estimates (E13), ((20), B33), E39) and EI0).

T2U, U0 < /+ "IN ()] 4 L[IX )] + U (8)] + [XO(8) + U0 [0 s

+ /+ LX)+ 061X O(s) s

T 1 T
S / —|U0(s)|d8—|—L/ |:]€7|X7|e*08/2+2kp52678(c+a)/4+25:|kp52678(c+a)/4d8
+o0 M +o0

+ Lk_ | X~ |e*/?28ds + L / 2k, 02e TV 495

+0o0 +oo
4 4Lk_06 4Lk,62 8LJ
< k 52 —7(ct+a)/4 k 52 —7(3c+a)/4 P k 52 —7(cta)/2 k 52 —7(ct+a)/4
~ M(c+a)” ‘ +30+ap ‘ i cta P0° +c+ap ‘

4 16L9
+ —k,L(Sze_CT/Z + Tkp62e—‘r(c—i-a)/4
C C a
(3.40)

Combining B38) and BA0) we get the following. Assume that the constant k), in B32) is sufficiently large
(namely, k, > 4Lk_/c). Then for every a < ¢ —4¢e we can choose § and M in such a way that T}, take values
into Vi . Also, estimates similar to (B38) and (BZ0) ensure that one can choose the constants in such a way
that T}, is a strict contraction. As a remark, we point out that, the bigger is a, the smaller is 4.

We set a = 12¢ and we choose § in such a way that TP is a contraction from yf;lz . to itself. The constant
¢ is the same as in (BIJ). However, in the following we regard T? as a map Vi, — V5,, where V5, is the
space (B32) obtained setting a = 0. In this way, we obtain that 7% is a contraction on Yj,, but, thanks to
our choice of 4, the fixed point automatically satisfies the sharper estimate

U= (7)], [U(7)| < kpo2eT(eF120/4, (3.41)
Also, in the definition of the space V%) one can take 6% = |¢||X ™| and hence
U=()], [U(r)] < kpe™ T2 g X7, (3.42)

where X ™ is defined by (B333). Also, to simplify the notations in the previous expression we denote by ¢ the
point obtained applying the change of coordinates introduced in Lemma to the vector (¢, 6) defined by

B23).
3.3.4 Frechét differentiability of the component of perturbation
We are now concerned with the Frechét differentiability of the fixed point of the map 7T}, defined by B3D).
Since T,(U~, U°) depends on X~ and XY, we regard T}, as a map
T: V8 xY — Vb (3.43)

In the previous expression, Y = ¥~ x Y°, where Y~ and )" are defined by ([Z1) and ([IZ8) respectively.
Also, they satisfy X~ € Y~ and X° € )°.

The proof of the differentiability relies on Lemma Bl (taking Y = Y and X = Yj;). We thus verify that
the hypotheses of Lemma Bl are satisfied.
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To simplify the exposition, we write (B3D) as
THU, U%)[r] = /0 eA_(T’S){F(X’(s), U=(s), X(s), Uo(s))X’(s)
+ G(X*(s) +U(s), X°(s) + Uo(s)) U’(s)}ds

; (3.44)
TXU~, U%)[r] = /+ AN 4 B (X () U7 (6), X00s) 4 U(5)) [U°()
+L(X7(5) + U (), X°(s), U°(s)) X°(s) s,
where the functions F, G, H and L satisfy
F(X*(s), 0, X°(s), 6) =) G(G, 6) =] H(G, 6) =] L(ﬁ, X0, 6) = 0. (3.45)

Note that X%(s) = Y is an equilibrium for (E2H).

Relying on (BZ]), one can show that the condition 4] is verified here, so applying Remark Bl we get
that the fixed point (U~, U) is Lipschitz continuous with respect to (X9, X 7).

Concerning the Frechét differentiability of T}, with respect to (X%, X~), we proceed as follows. Fix

an element (U°, U™, XY, X7) € Y& x Y satlsfymg the estimates (B1H), BI4), B30 and BZI). The
Frechét differential of T, with respect to (X, X") computed at the point (U°, U™, X% X7) is a linear

map 7 € L(Y, VF). The image of the element (h %) € Y =Y~ x YV is given by

T 0] = [ (X (6, U6, X0, U)o

Dy F(X7(s), U (), X°(s), U°(s)) 0 (5)| X~

Dx-G(X () + U (), X°s) + U°(s) )0~ (5)| U (5)

DxoF (X7 (5), U (s), X°(s), U(s) )h°(s)] X~ (5)

DxoG (X7 (5) + U (s), X°(s) +U(s) ) 1°(s)| U (s) }ds

T2 (h™, hO)[r] = /+ Oo A= Dy H(X () + U (s), X°(s) + U°(s) )0 (5)| U°(s)
)
), X

+ o+ o+ o+

(3.46)
D L(X(s) + U(s), X°(s), U°(s)) ™ ()] X°(s)
(X~ () +U (s )

L(X~(s) + U (s), X°(s), UO(S))hO(s)
:DXOL(X*(S) LU (s), X°(s), Uo(s))ho(s)}xo(s)}ds

DyoH

+ o+ o+ o+

In the previous expression, [Dx-F (X (s), U~ (s), X°(s), U°(s))h~(s)] denotes the differential of the
matrix valued function F' with respect to the variable X~. The differential is computed at the point
(X~ (s), U(s), X°s), U°(s)) and is applied to the vector h™(s). To prove that indeed

(TH(h™, 1°), T*(h™, 1°)) € Yy
one exploits estimate ZT) and the identity L(0, X°, 0) = 0.
We now discuss the the Frechét differentiability of 7, with respect to (U° U~). Fix an element

U U, X% X") e Vi x V. The Frechét differential of T}, with respect to (U°, U™), evaluated at the
point (U%, U=, X° X7), is a linear map S € L(YF, V§) and the image of the element (h~, h°) € VP is
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given by

'DUOH(X*(S) +U(s), XOs) + UO(S))hO(s)} U%(s)
n 'DUOL(X*(S) F U (s), X°(s), Uo(s))ho(s)] Xo(s)}ds
One can verify that, if (U°, U, X%, X~) € Y& x Y, then indeed S(h~, h°) € V§. Also, S is continuous as

a map from X? x Y in L(V§, V¥).
This shows that the hypotheses of Lemma Bl are all verified.

3.3.5 Conclusion

Applying Lemma BTl we get that the map

Y=V (3.48)
that associates to (X —, X°) the fixed point of ([I30)) is Frechét differentiable and that its differential when
X~ (7) = 0 and X°(7) = 0 is the functional that associates to (h~, h°) € Y the functions U~ () = 0,
U°(r) = 0. We then perform the linear change of variables which is the inverse of the change of variables
introduced in Lemma In this way, we go back to the original variables. To simplify the notations, we
still denote by (U_(T), UO(T)) the functions obtained applying the change of variables.

To define the map that parameterizes the uniformly stable manifold we proceed as follows: the orbit
XO(7) is fixed. For every X € R"- there exists a unique solution of @33)). Also, in Section BZZA we showed
that the map

X — X () (3.49)

is continuously differentiable in the sense of Frechét. As a consequence, the map obtained composing ([B29)
and ([FZR) is Frechét differentiable. Note that such a map associates to X~ the functions (X, U, UY).
The function ¢ that parameterizes the uniformly stable manifold is then defined by setting

6(X) = (X(0). X°(0) + U°(0)).

Thanks to the previous considerations, ¢ is continuously differentiable and the manifold is tangent to the
stable space {(X~, 0): X~ € R™} at the origin. Also, estimate (B2 is a consequence of [FZJ).
This concludes the proof of Theorem Bl

3.4 Uniformly stable manifolds

Let V° be a fixed center manifold for the equation
du
— = F(U), 3.50
= F(U) (3.50)

23



which satisfies Hypotheses Bl and Bl introduced in Section 2l In Theorem Bl we consider a fixed orbit lying
on VY and we construct the uniformly stable manifold relative to that orbit. In this section we discuss what
happens if, instead of having a single orbit, we have a whole invariant manifold.

More precisely, let Sp be an invariant manifold for () and assume that Sy is entirely contained in the
center manifold {X~ = 6} Also, denote by S° the tangent space to Sy at the origin. Choosing a sufficiently
small constant in Hypothesis B we can assume that Sy is parameterized by S°. By construction, S° is
contained in {X~ = 0}. Also, as in Section assume that Zy = {(X~, 0, ug) : ¢ = 0} is a manifold of
zeroes for the function fo in (BH).

As a consequence of Theorem Bl we get the following result:

Proposition 3.1. Let Hypothesesd andE hold. Let Sy be an invariant manifold for [B3) entirely contained
in the center manifold {X— = 0}. If the constant 6 in Hypothesis @ is sufficiently small, then the following
holds.

There exists a continuously differentiable manifold Mg which is defined in the ball of radius & and center
at the origin. Also, Mg salisfies the following properties:

1. Mg is locally invariant for B3), meaning that if the initial datum lies on the manifold, then the
solution ((X~ (1), X°(7)) of B3 lies on ME for |7| sufficiently small.

2. S is parameterized by S% x V'~ and it is tangent to this space at the origin. Here, S° is the tangent
space to 8° at the origin and V— = {(X~, 0) : X° =0}.

3. Any orbit Y () lying on M can be decomposed as
Y(r)=Y"(r)+ Y () + YP(7), (3.51)

where YO(1) = (6, CO(7), uo(7)) is an orbit lying on Sy. The component Y (1) = (X~ (1), 0, 6) lies
on the stable manifold and the perturbation term YP (1) satisfies

YP(r)] < CICO) Y (0)]e™7, (3:52)
for some positive constant C. In BDI), the constant ¢ > 0 is the same as in BF).

In the following we call M the uniformly stable manifold relative to Sp.

Proof. Let (0, X°(7)) and (X~ (7), 0) be two orbits of (@) lying on the center manifold {X~ = 0} and on
the stable manifold respectively. We then have X%(7) € Y9, X () € Y5 , where the metric spaces VY and
Y5 are defined by B30). As in Section B3 we use the notation Y = Y5 x yg. Consider the map

.Y —-Yx go

which associates to X ~(7) and X°(7) the function (X~ (7), X°(7), U~ (1), U°(7)), where (U~, U") is the
perturbation term constructed in Section B33 We recall that Vi is the set obtained setting a = 0 in [B332).
As shown in Section B234 the map ® is continuously differentiable in the sense of Frechét. Also, let

X =0} x {X~ =0} - )5

be the map that associates to (X, ¢, u®) € Z the unique solution of the Cauchy problem ([E33). We recall

that in @33) Y, denotes (0, uy). As shown in Section BZZ the map f~ is continuously differentiable in
the sense of Frechét. Also, let

fOAXT =0} — )

be the map that associates to (X°, 6) the unique solution of the Cauchy problem ZH). The map f° is also
continuously differentiable in the sense of Frechét. Finally, fix a continuously differentiable map

gO:SO—>V0
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parameterizing Sp. Define the map
P8 x VO =Y x Vi

setting
Y, XT) =2 <f‘ (X7, 9(x), 10 90(10)) (3.53)

The map v is then continuously differentiable in the sense of Frechét. By construction, (X O X 7)) is an
element in the form (X~ (7), X°(7), U~ (7), U°(7)) and, setting

Y(7) = (X~ (1) + U (1), X°() + U°(7)),

we get that Y (7) can be decomposed as in ([&). Also, the perturbation term (U°, U~) automatically
satisfies (Bh2). We then define the map

o : S¥ x VT — Retn-

parameterizing M’ by setting
do(X°, X7) = (X7(0), X°(0) + U°(0)) = Y (0),

where X°(7), X~ (7) and U°(7) are given by ([B53).

The map g is continuously differentiable, being the composition of maps that are continuously differen-
tiable in the sense of Frechét. Also, by construction the manifold M’ is invariant for (Z3). To prove that
the manifold M’ is tangent to S% x V'~ at the origin it is enough to observe that the Frechét differential
of f7 at X~ = 0 is the functional h_ — e* Th™, while the Frechét differential of f° at X0 = 0 is the
functional hy +— eA'THO. O

4 Invariant manifolds for a singular ODE

In Section H] we extend to the general case the considerations introduced in Section [l in the case of a toy
model. In doing this, we apply the results obtained in Section Bl to study the singular ordinary differential
equation

dUu 1

— =——F(U). 4.1

7= TtV (1)

Actually, most of the time we focus on system

au
— =F(). 4.2
= W) (42)
We discuss several situations where (1) and ([Z2) are equivalent, namely the Cauchy problem

{ dofa = v/
7(0)=0

defines a continuously differentiable diffeomorphism 7 : [0, +oo[— [0, +oo.

In Section Bl we exploit all Hypotheses[l... Bl Also, we rely on Proposition BTl whose proof is given in
Section 3 Before stating it, we have to introduce some notations. Let N denote the dimension of U. Also,
n_ is the number of eigenvalues of DF(0) with strictly negative real part, while (ng + 1) is the number of
eigenvalues of DF (6) with zero real part. Each eigenvalue is counted according to its multiplicity. Thanks
to HypothesisBL N =n_ +ng + 1.
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Proposition 4.1. Let Hypotheses ... [ hold. If the constant § in Hypothesis[A is sufficiently small, then
in the ball with radius § and center at the origin we can define a continuously differentiable diffeomorphism
T satisfying the following properties. Write Y(U) = U as a column vector:

_ ¢
U= Uuo )

u_
where ¢ € R, ug € R™ and u_ € R"~. If U satisfies @) then U satisfies
d¢/dr = G1o(¢, uo)uo¢® + G1- (¢, uo, u—)u—¢

duo /dr = {Gm(g uo) + [Go_ (C, uo, u_) — Go_(C, ug, 0)] }Cuo (4.3)

du_/dT = G4(¢, ug, u—_)u—

In the previous expression, Gig is a row vector belonging to R, G1_ is a row vector in R"~, the matrices
Go1 and Go_ belong to M™*™ and the matrix G5 belongs to M™—*"—,

A center manifold of system @) is the subspace {(C, uo, 0) : u_ = O}, the stable manifold is the
subspace {(0,0,u_): ¢ =0, ug = 0}. Let MY be the uniformly stable manifold relative to the manifold

E ={(¢, 0,0): up=0, u_ = 6}, which is entirely constituted by equilibria. Then M = {(C, 0, u_): ug= 6}

In the statement of Proposition EZIl by uniformly stable manifold relative to E we mean the manifold
defined by Proposition Bl Also, note that by construction all the eigenvalues of the matrix G4(0, 0, 0) have
strictly negative real part.

4.1 Slow and fast dynamics
Let E denote, as before, the manifold of equilibria {(¢, 0,0): up=0, u_ =0}.

Definition 4.1. A manifold of slow dynamics is a center manifold of ([3). In the following we fix the
manifold of the slow dynamics {u_ = 0} and we denote it by MO.

The manifold of fast dynamics of system (E3]) is the uniformly stable manifold relative to E, namely the
subspace {ug = 0}.

Note that both these manifolds are invariant for system 3]). Also, for every point (¢, 0, u_) belonging
to the manifold of fast dynamics, denote by ({(7), 0, u—(7)) the solution of () such that

(¢(0), 0, u—(0)) = (¢, 0, ).

Combining (BHI) and [BEA) we get that this solution decays exponentially fast to an equilibrium point.
Namely, there exists (- such that

li cr/4 . =0= 1l ct /4 — (oo
Jlim e Pu(r)] =0=lim e7|¢(r) — (oo,

-,

where the positive constant ¢ satisfies ReX < —c for every A eigenvalue of G(0, 0, 0).
Consider system (E3) reduced on the manifold of slow dynamics:

d¢/dr = (*Gro(C, uo)uo
duo/dT = Go1(¢, uo)uol (4.4)
u_=0

If one goes back to the original variable ¢ obtains

d¢/dt = (G1o(C, uo)uo
dUQ/dt = G01 (C, UO)U/O (45)
u_ =0,
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namely an equation with no singularity. Note that [@Zl) and ) are equivalent. Indeed, by the uniqueness
of the solution of a Cauchy problem associated to ), the following holds. If {(0) > 0 then ((¢) > 0 for
every t. Thus, the Cauchy problem

dr _ 1
dt — C(t) (4.6)
7(0)=0

admits a global solution 7 : [0, +00[— [0, 400 whose derivative is always different from 0. Thus, 7(¢) defines
a change of variables and 4] is equivalent to ([EH).
One of our original goals is to study the solutions of
dU _ ¢s(U)

dt — ¢(U)

+ ¢ns(U)

—

lying on a center manifold. Let M be a center manifold for ([X) around the equilibrium point (0, 0, 6)
Then M is a center manifold for

& (GG, wouo + G o, Y
% = {Gol(C» ug) + [Gol(C» ug, u—) — Go—(¢, wo, (_)')} }uo (4.7)
Lo = 26u(6 va uu

We collect these results in the following

Theorem 4.1. Assume that Hypotheses ... [ are satisfied. There exists an invariant center manifold
MO for system @) around the equilibrium point (0, 0, 6) which is contained in the manifold of the slow
dynamics. In particular, equation (D) restricted to M0 is non singular and every solution satisfies the
following property: if ((0) > 0, then ((t) > 0 for every t.

Remark 4.1. Hypothesis Bl ensures that the manifold {U : {(U) = 0} is invariant with respect to the slow
dynamics. This hypothesis is not necessary to define an invariant center manifold M% contained in the
manifold of the slow dynamics. However, it is necessary if we want that ([ is equivalent to ), namely
that the change of variables defined by D) is well defined. To see this, we can proceed as follows.

Consider the equation

dau
e FU).

Assume that one proceeds as in the proof of Lemma B2 and exploits Hypotheses[l. .. [ but does not exploit
Hypothesis @ The system one eventually gets, restricted on the subspace {u_ = 0}, is

d¢/dr = (g1 (¢, o, 0)
duo/dT = Go1(¢, uo)uol (4.8)
u_ =0

where g1 is the same function as in ([26) and satisfies
91(2,0,0)=0 Vz.
Going back to the original variable ¢, E8) becomes

d¢/dr = g1 (¢, uo, 0)
dUQ/dT = GOl(C; U())U,Q (49)
u_ =0
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Thus, even if we do not assume Hypothesis B the equation

du
— =FU
7 U)
restricted on the manifold of the slow dynamics {u_ = 6} is non singular. Also, one can define an invariant

center manifold M® which contains only slow dynamics.
Note, however, that if Hypothesis Bl is not satisfied it may happen that for a solution U lying on M%0
C(U(O)) > 0 but ¢(U) touches 0 in finite time. An example is the following.
Consider the equation
dul/dt = —U3
dug/dt = u3(1 — uz)
du?,/dt = —U3/U1

and set
T
CU) =wuy FU) = ( — uiuz, ulug(l — ug), —U3> .

Then Hypotheses[ Bl ... [d are satisfied, but Hypothesis Bl is violated. The manifold of slow dynamics is the
subspace {uz = 0} and it coincides with the center manifold M%. Restrict to this subspace and consider
the equation

duy /dt = u3(1 — ug).

If 0 < u2(0) < 1, then 0 < wa(t) < 1 for every ¢. Also, dus/dt > 0 for every ¢t and hence u2(0) < ua(t) < 1
for every t. Since
dul/dt = —Usg,

then by a comparison argument uq(t) < u;1(0) — u2(0)t for every ¢ > 0. In other words, if u1(0) > 0 then
u1(t) attains the value 0 for some t < u1(0)/u2(0).

4.2 Applications of the uniformly stable manifold to the analysis of a singular
ordinary differential equation

We first recall a preliminary result we need in the following

Lemma 4.1. Let {(7) be a real valued, continuous and bounded function satisfying ((t) > 0 for every
T € [0, +oo[. Let t(7) be the mazimal solution of the forward Cauchy problem

dt/dr = ((7)
{ H0) =0 (4.10)

Then t(7) is defined on the whole interval [0, +o00l. Also, the following statements are equivalent:

1. t(7) is a continuously differentiable diffeomorphism t : [0, +o00[— [0, +o0].

2. /OJrOO ¢(r)dr = 4o0.

Condition 2 guarantees, in particular, that the inverse map 7(t) is defined on the whole interval [0, 4+o0[
and that it is continuously differentiable there. Also, note that ((t) = ¢ (T(t)) is automatically strictly bigger
than 0 for every ¢.

Before stating the most important result in this section we need to introduce some notations. As before,
¢ > 0 denotes a positive constant satisfying ReA < —c for any A which is either an eigenvalue of G4(0, 0, 0)
or an eigenvalue with strictly negative real part of of Go1(0, 0). We denote by V0~ the subspace

VO ={(0, € 0)},
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where 5 € R™ belongs to the eigenspace of G1¢(0, 6) associated to the eigenvalues with strictly negative real
part. Also,

VO ={(0, & 0)},

where 5 € R™ belongs to the eigenspace of G10(0, 0) associated to the eigenvalues with non positive real
part. Clearly, VO~ C V%=, With V=~ we denote the stable manifold:

V== ={(0, 0, u_): u_ € R"}

Finally, as in Section BTl we denote by E the manifold of equilibria {(¢, 0, 0) : ¢ € R}.
The most important result in this section is the following;:

Theorem 4.2. Let Hypotheses[l ... [ hold. If the constant 6 in Hypothesis @A is sufficiently small, then in
the ball with radius § and center at the origin one can define two manifolds, M?* and M®®, satisfying the
following properties:

1. both M?® and M are locally invariant for @3), namely: if the initial datum lies on the manifold,
then the solution (({(7), uo(T), u—(7)) of @) also lies on the manifold for |7| sufficiently small.

2. M?* is contained in M5,

3. M? is parameterized by E ® VO~ @V~ and it is tangent to this subspace at the origin. Also, M is
parameterized by E ® V™ @V~ and it is tangent to this subspace at the origin.

4. let U(T) = (C(T), uo(T), u,(T)) be an orbit lying either on M?® or on M and satisfying ¢(0) > 0.
Then the maximal solution of the forward Cauchy problem

dt/dr = ((7
{ t(({) —0 (7) (4.11)

defines a continuously differentiable diffeomorphism t : [0, +o00[— [0, +o0[. Let 7(t) denotes its inverse.
Then the function U(t) = U (7(t)) is a solution of @) and satisfies ((t) > 0 for every t > 0.

5. any orbit lying on M? can be decomposed as
U(r) =U" (1) + U () + U?(7), (4.12)

where U™ (T) satisfies
U= ()| < k_e 2|U(0)] (4.13)

for a suitable constant k_. Conversely, the component U (1) = (¢*(7), ug! (1), 6) lies on the manifold
of the slow dynamics. Also, if we use the variable t defined as the mazximal solution of the Cauchy
problem I, we have that the following property is satisfied. Denote by ¢ and wug the first and the
second component of U respectively. Then there exists a point ((so, 6) such that

Jim (100 = Guol + fuo(8)])e/2 = 0. (4.14)

Finally, the perturbation term is small in the sense that
UP(7)] < hp|CHO)[U(0) ™7/ (4.15)
for a suitable constant k, > 0.
6. any orbit U(T) lying on M can be decomposed as
U(t) =U" (1) + U () + U"(7), (4.16)

where U~ and UP satisfy |U~ (1) < k-0~ (0)] and [UP(1)] < kol QI (0)]e 7/ re-

spectively. Here k_ and k, denote the same constants as in I3) and @IH). The component
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Usl(r) = (CSl(T), ul(7), 6) lies on the manifold of the slow dynamics. More precisely, the follow-
ing holds. Consider the maximal solution of the Cauchy problem

{ dt/dr = ¢*U(7)
t(0)=0

and set (°'(t) = ¢*'(7(t)) and u'(t) = u'(7(t)). Then ((*'(t), u®(t)) is a solution lying on a center-
stable manifold of

d¢/dt = (G10(C, uo)uo

duo/dt = G01 (C, U,Q)UO

u_ =0,

Note that, strictly speaking, in @I2) and in TI0) the component U~ does not lie on the manifold of
the fast dynamics. Indeed, as we will see in the proof, U~ is a solution of [F33)) and hence does not lie
on {(0, 0, u_)}. However, loosely speaking it can be regarded as a fast dynamic because of its exponential
decay.

Proof. We first define M?.
Consider system [3) restricted on the manifold of the slow dynamics. Thanks to the analysis in Section
ETl the variables ¢ and 7 are then equivalent. Using the variable ¢, we get

d¢/dt = (G1o(C, uo)uo
dUQ/dt = G()l (C, UO)U/O (417)
u_ =0,

The manifold E = {(¢, 0, 0) : ¢ € R} is then entirely constituted by equilibria. Applying Proposition Bl
to system [LID) with Sy = E, we then obtain M}, the uniformly stable manifold relative to E, which is
parameterized by E @& V%=, Note that so far we have used only the variable ¢: M%® is a uniformly stable
manifold for (@IT) with respect to the variable ¢ and by construction it is included in {u_ = 0}, a center
manifold for [@3]) with respect to the variable 7. The manifold M?# is then obtained exploiting the variable
7 and applying Proposition Bl to system #3]) with So = MEs. Also, the set

Zo ={(0, ug, u—) : up €R™, u_ € R"}.

satisfies (BI0). Properties 1, 3 and estimates @I3) and @IH) in the statement of Theorem are then
automatically satisfied, so we are left to prove estimate (T4 and property 4.
To show that estimate ([T holds we apply Lemma EETl Thanks to @I2),

¢(r) = ¢*(r) +¢P(7),

where Us!(7) = (¢*1(7), u§'(7), 6) lies on the manifold of the slow dynamics and ¢? is the first component
of the perturbation term UP. Let £ be defined as the maximal solution of

{ Elf/dr = ¢%(T)
t(0) =0,

Then there exits (Cs, 0) such that

i (|6H(E) = Cool + g (D)) e = 0. (4.18)

f—oo
Since |¢P(7)| < kp62e=¢7/4, then for every T
[t(r) — t(1)| < O(1)8°
v(% t(7) is defined by @II). Since also |uf (1) — ug(7)| < kpd2e /4, we conclude that ([EI) implies
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Concering the proof of property 4, we apply Lemma BTl Since U®!(7) = (CSl(T), udt (1), 6) lies on the
manifold of the slow dynamics, then by the analysis in Section Bl it satisfies condition 1 in the statement
of Lemma EZT] and hence

+oo
/ ¢ (r)dr = 400.
0
Since [¢P(7)| < 62e°7/*4, then
+oo
[+ o) mar = +oc.
0

Applying again Lemma BTl we get property 4.

To define the manifold M we proceed as follows. Consider M, a center-stable manifold for EIT).
This manifold is parameterized by E @ V9~ and it is tangent to this space at the origin. The manifold M
is defined applying Proposition Bl to system (3 with Sy = M and exploiting the presence of the set
Zo = {(0, up, u—) : up € R™, u_ € R"} satisfying (BI0). Proceeding as before one gets that properties
1, 3, 4 and 6 are satisfied.

To verify property 2, we first observe that M} C M°®. To obtain M?® and M°® we applied Proposition Bl
to So = Mp® and Sp = M°® respectively. Going back to the proof of Proposition Bl one can notice that
the way we constructed the uniformly stable manifold with respect to Sy is we associated to any orbit lying
on Sy the manifold constructed in Theorem Bl Thus the inclusion M} C M has as a consequence the
inclusion M?® C M5, O

4.3 Proof of Proposition Bl

4.3.1 A preliminary result

Before proving Proposition EZIl we have to introduce a preliminary result, Lemma
Let T be a continuously differentiable local diffeomorphism. To simplify the exposition, we also assume
that Y(0) =0. Let U := T(U) and

F(U) = DY (XY Y U))F(YHU)) (4.19)
If the function U(7) satisfies ([EE2), then U(7) solves
L 1) (4.20)
Also, given a real valued function ¢(T7), let
CO) = ¢[x~1D)]. (4.21)

By direct check, one can verify that the following holds true.

Lemma 4.2. Assume that Hypotheses, [ ... [ are satisfied by F' and ¢. Also, assume that Hypothesis[d is
satisfied for some 6. Then HypothesesO, [ ... [@ are verified by F and ¢ and there exists §, possibly smaller
than &, such that Hypothesis[@ is as well satisfied.

4.3.2 Proof of Proposition LTt first part

We are now ready to prove Proposition EEIl The proof actually relies on standard techniques, but we give it
for completeness. We proceed in several steps.

o Step 1: let U = (uy ...un)T be the components of U. Thanks to Hypothesis Bl V¢ (0) # 0. Just to fix
the ideas, we can assume
a¢

8—u1(6) # 0.

By a smooth local change of variables we can assume that ((U) = w;. Thanks to Lemma B2 Hy-
potheses[ll ... Bl are satisfied by the ODE written using the new variable. To simplify the exposition,
we write U and ( instead of U and (.
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e Step 2: thanks to Hypothesis[l there exists a manifold M®? which is entirely constituted by equilibria
and which is transversal to the manifold S, namely to {u1 = 0}. Via a smooth local change of variables
we can assume that the one-dimensional subspace

E:Z{’[LQZ---:@NZO} (422)

is entirely contained in M*“?. Hypotheses [l ... [ are satisfied in the new variables thanks to Lemma
4.2

e Step 3: let E be as in [@ZA) and denote by V¢ the eigenspace of DF(0) associated to eigenvalues
with 0 real part. Also, let V™~ be the eigenspace associated to eigenvalues with strictly negative
real part. The dimension of V¢ and of V~~ is ng + 1 and n_ respectively. Thanks to Hypothesis B
N =nop+ 1+ n_. The vector (1, 0...0) belongs to V¢ because E C V°. Also, we can assume, via a
linear change of variables, that

Vc:{unoJrg:...uN:O} VS:{CZO,’LLQZ...’LLHOJrl:O}.

Fix a center manifold M*¢ for system
du
dr
around the equilibrium point 0: M€ is parameterized by V¢ and it is tangent to this space at the
origin 0. Also, let MY be the uniformly stable manifold of system ([EZ3) relative to the manifold of
equilibria E defined by [22): this manifold is paramerized by V* @ E and it is tangent to this space
at the origin. By a local smooth change of variables we can assume that actually

FU) (4.23)

./\/lC:{un0+2:...uN:O} %S:{UQZ...IL”O+1:0}.
Note that the Hypotheses[l ... B are satisfied because of Lemma

e Step 4: consider the following decomposition:

C f1(<7 Uo, U’—)
U= () F(U) = FO(C, Uug, u_) (424)
u— F—(C; Uo, U_),

where (, f1 € R, ug, Fyp € R™ and u_, F. € R". In the new coordinates, the center manifold M*®
is the subspace {u_ = 0} and the uniformly stable manifold M%? is {ug = 0}.

The center manifold {u_ = 0}is invariant for the equation
au
— =F(U) (4.25)
dr

and hence F_((, uo, 6) = 0 for every ¢ and ug. By regularity,
F_((, uo, u—) = Gs(¢, ug, u—)u_

for a suitable matrix Gy € M"-*"-. Also, the uniformly stable manifold is invariant and hence
proceeding as before we get that

Fo(¢, ug, u—) = Ge(C, uo, u_)ug
for a suitable matrix G, € M *"0_ Finally, Hypothesis [ implies that
f1(0, up, u—) =0
and hence by regularity f1(¢, uo, u—) = g1(¢, uo, u—)¢. Consider the decomposition

Ge(C, o, u—) = Ge(C, uo, 0) + [Ge(C, uo, u) — Ge(C, ug, 0)].
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Thanks to Hypothesis [ the subspace {¢ =0, u_ = 6} is entirely constituted by equilibria and hence
G(0, ug, 0) = 0.
By regularity, G.(¢, uo, 6) = Go1(¢, up)( for a suitable matrix Go; € M"™*"0 | Putting all the previous
considerations together, we get that system [ZH) can be written as
d¢/dr = g1(C, uo, u-)¢
duo /d7 = {Gor (¢, u)C + [Ge(C, uo, 1) = Ge(C, w0, 0)] buo (4.26)
du_ /dr = Gs(C, o, u_)u_

Consider the decomposition
gl(c; Uo, U_) = gl(c; Uo, 6) + I:gl(Ca Uo, U_) - gl(<7 Uo, 6)]

By construction G (0, 0, 0) admits only eigenvalues with strictly negative real part, thus G (¢, uo, u—)u_ =0
implies u_ = 0. Thus, the set {U : ¢(U) =0, F(U) = 0} is the subspace {¢ = 0, u_ = 0}. Thanks to
Hypothesis B, we have _

gl(O, U, 0) =0.

By regularity, we thus have
91(¢, w0, 0) = g11(C, u0)¢ [91(C, w0, u—) — g1(C, uo, 0)] = G1-(C, uo, u_)u_

for a suitable row vector G (¢, ug, u_) € R". Also, since the manifold {ug = 0, u_ = 0} is entirely
constituted by equilibria, then g11(¢, 0) = 0 for every ¢ and hence

911(¢, uo) = G1o(C; uo)uo

for a suitable vector G1p € R™. In other words, ([26) reduces to

dC/dT = <2G10(<, UO)U/O + CGl_(C, ug, u_)u_
duo /dr = {Gm(g, w0)C + [Go(C, w0, u_) — Ge(C, ug, 0)] }uo (4.27)
du_/dr = G4(¢, ug, u—)u_

Step 5: we introduce a refined change of variables. Consider system (L26) restricted on the invariant
subspace {¢ = 0}. One obtains

dug/dr = |G(0, ug, u_) — G¢(0, ug, (_)')} ug
(4.28)
du_/dr = G4(0, ug, u_)u_

The subspace {u_ = 6} is entirely constituted by equilibria. Also, given a point (ug, u—) belonging to a
small enough neighbourhood of 0, then the solution of (E2R) starting at (ug, u—) decays exponentially
fast to a point in the subspace {u_ = 0}. This is a consequence of the fact that G(0, 0, 0) admits
only eigenvalues with strictly negative real part.

We can define a change of variables U = YT4(U) such that in the new variables U the following holds. For
every tp(0) € R™ and for every i_(0) € R"~, the solution of [{Z8) starting at the point (i (0), @—(0))
converges exponentially fast to the point (i (0), 6) In other words, the set {@gp = @(0)} is the stable
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manifold of system @2J) around the equilibrium point (u(0), 6) Let F(U) be defined as in (EEI),
with T = T%. Then

By regularity,

[Gc(éa U, a*) - 66(57 U, 6)} = [007 (Ca U, ﬂ*) - GO*(Ca U, 6)}C
for a suitable function Go_ € M"™o*no,

Step 6: to conclude the proof of Proposition BTl it is enough to define the local diffeomorphism Y as
the composition of all the local diffeomorphisms defined in the previous steps.
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