A Note on the New Glimm Functional for General

Systems of Hyperbolic Conservation Laws

Jiale Hua and Tong Yang

Department of Mathematics
City University of Hong Kong
Kowloon, Hong Kong

Abstract

For systems of hyperbolic conservation laws, a new Glimm functional
was recently constructed when the linearly degenerate manifold in each
characteristic field is either the whole space or it consists of a finitely
many smooth and transversal manifolds of co-dimension one. This new
functional leads to the neat consistency and convergence rate estimation
of the Glimm scheme. In this paper, by the motivation of the result in [2],
we show that the corresponding new Glimm functional can be constructed

for general systems only under the strict hyperbolicity assumption.

1 Introduction
Consider the Cauchy problem for a one dimensional system of conservation laws

ug + fo(u) =0, t>0, —oo <z <00,
o+ La(w) w

u(z,0) = up(z), —00 <z < 00,

where u € R™,u — f(u) is a smooth vector valued map defined in an open set
Q CR".
As usual, the system in (1.1]) is assumed to be strictly hyperbolic, that is,

for every u € Q the matrix A(u) = V, f(u) has n real distinct eigenvalues

Ar(u) < Az(u) < ... < Ap(uw).



And correspondingly, there are n linearly independent right eigenvectors de-
noted by

ri(u), ro(u), ..., ro(u).

One of the features of the hyperbolic systems is the formation of the shock
waves. For this, there have been extensive studies on the well-posedness theory
and the solution behavior, etc, cf. [41|5}/7,/9,[10L/11}12}|13/17,[18,[23,[24] and the
references therein.

In particular, the vanishing viscosity limit of the solutions to the hyperbolic
system with artificial viscosity was established in [4]. That is, the solutions u¢
to the system

uf + A(u®)us, = eus t>0, —oo <z <00,

o (1.2)
ut(z,0) = up(x), —00 < x < 00,

converges to a unique solution of the hyperbolic Cauchy problem under
the assumption of small total variation.

For later presentation, we firstly recall the following basic definition of the
characteristic fields, cf. [1§].

Definition 1.1. Fori € {1,2,...,n}, the i-th characteristic field is called gen-

winely nonlinear in € if

VAi-ri 0,  for allu €€, (1.3)
while the i-th characteristic field is called linearly degenerate if

VAi-r; =0, foralluef. (1.4)

In the case when each characteristic field is either genuinely nonlinear or
linearly degenerate, the global existence was established in the fundamental
work of Glimm [12] in the framework of solutions with small total variation.
This is achieved by the introduction of the Glimm scheme and the use of the
Riemann problems as building blocks. Moreover, a deterministic version of the
Glimm scheme was later given in [19].

The Glimm functional introduced in [12] is a key component in the subse-
quent research in this direction. The functional measures the interaction poten-

tial of waves which is used to control the total variation of the solution. The



decrease of the functional also plays an important role in the wave front tracking
algorithm.

Use {Sy;t > 0} to denote the standard Riemann semigroup generated by
whose trajectory Syuq is a solution to the Cauchy problem. The L' sta-
bility theory, cf. [4,|6/7,/16L/21], guarantees the existence of such a semigroup.
From the uniqueness of the solution to problem , the approximate solu-
tions constructed by the deterministic version of the Glimm scheme converge
to Siup as the mesh size tends to zero. The convergence rate was proved to
be o(l)s% [ln s| when each characteristic field is either genuinely nonlinear or
linearly degenerate, where s is the mesh size, [g].

For general systems, the solution to the Riemann problem has different struc-
ture so that the Cauchy problem exhibits richer nonlinear phenomena. To es-
timate the wave interactions, one uses the same Glimm functional for waves in
different families but a different one for waves in the same family.

More precisely, in [14}/20,22], the systems under the following assumption
are studied:

For each characteristic field, the linear degenerate manifold
LD; ={u: VX;(u)-r;(u) = 0} is either the whole space or it
(H) consists of a finite number of smooth manifolds of codimen-
sion one, which are transversal to the characteristic vector
ri(u).
In fact, a “cubic” functional was introduced in [20] and was used in [22] in
order to take care of the wave interactions globally. The functional used in
[20,22] is defined by the product of the strengths of two interacting waves and
their effective “interaction” angle. Based on this improvement to the classical
Glimm functional, the existence theory with the wave tracing argument for
general systems under the assumption (H) was established in [22]. However, this
functional is not satisfactory in proving the consistency and the convergence rate
of the Glimm scheme. In fact, the consistency of the Glimm scheme was proved
in [22] by carefully and artificially dividing the waves into groups according
to their wave strengths in comparison with the grid size to some power. And
the convergence rate of the Glimm scheme was shown to be o(1)s7 |In s| in [25]
and then o(1)s% [Ins| in [15], which are slower than the one given in [8] under
the condition that each characteristic field is genuinely nonlinear or linearly

degenerate.



Recently, in [14], a new Glimm functional for wave interactions in the same
family is constructed so that the Glimm theory can now be presented in an
elegant way under the assumption (H). In fact, the new Glimm functional for
the wave interactions in the same family is optimal in the following sense. First,
it yields a clear and complete proof of the consistency of the Glimm scheme.
Then it leads to the proof of the same order of convergence rate for the general
systems under the condition (H) as for those under the condition that each
characteristic field is genuinely nonlinear or linearly degenerate. Finally, it
has the same decay effect as the classical one introduced by Glimm when the
assumption of genuine nonlinearity is imposed. Accordingly, the Glimm scheme
for general systems under the assumption (H) can be analyzed satisfactorily
without any artificial adjustment.

The motivation of this paper is the study on very general hyperbolic systems
given in [2,3l|4]. In particular, a Glimm functional is constructed in [2,[3] for
the systems without the assumption (H), which can be viewed as an elegant
generalization of the one in [20,22] in the integral form except that every wave
in the same family is considered as approaching.

With the integral form of Glimm functional for systems without the assump-
tion (H) given in [2], we can now combine it with the new Glimm functional
introduced in [14] to define a Glimm functional for systems without the assump-
tion (H) so that all the properties induced by the new Glimm functional under
the assumption (H) can still hold without this assumption.

Precisely, the following Glimm type functional will be defined.
F(J) = L(J)+ MQ(J),
where
L(J) = Z{|a| : a any wave crossing J}, Q(J) = Qq(J) + EQS(J),
Qu(J) = Z{|a| |8 : interacting waves a and (3 of distinct

characteristic fields crossing J},
Q) =D Qs
i=1

Here || is the wave strength of a wave o, M > 0 is a sufficiently large constant,
J is any space-like curve. An i-wave ay, that is, a wave in the i-th family, on

the left and a j-wave [3; on the right are said to be approaching, if ¢ > j.



Figure 1: Shock splitting

The definition of @, is complicated because it is closely related to the con-
struction of i-wave curve in the general system, cf. [2]. Thus, its definition is
postponed to the next section. Intuitively, its form can be illustrated by con-
sidering two i-th family shocks «, 8 («, 8 of the same sign) with speeds 04,03
respectively. In this case, the interaction functional Qs corresponding to these
two waves is just

la| 18] ! !
J7 oa(§) — op(g)|dedg

_ Jo_Jo

Qs(%ﬁ) - t.v.(a,ﬂ)i 7

where t.v.(«, §); is the sum of all i-waves lying between « and (3, including « and

(1.6)

0, and the integral is along the re-defined i-wave curves for o and (8 introduced
by 2] which will be recalled in the next section.

However, the functional Q, = Ea’ﬁ Qs(a, B) with «, 8 being in the same
family may not be decreasing through wave interactions. Its value may increase
due to the shock splitting as shown in the following simple example, cf. Figure
That is, the denominator t.v.(ag,7); after shock splitting: o — a1 + as
is smaller than the one before the shock splitting: t.v.(a,7);. Hence there is
an increase in the functional, and such increase can not be controlled by the
cancellation or decrease in the Glimm functional. One of the key observations in
this paper is that the increase in ()5 due to shock splitting can be compensated
by shock merging and eventually the magnitude of oscillation of this kind in
Qs will be shown to be bounded. And this is essential for the use of the new
Glimm functional in the proof of consistency and convergence rate of the Glimm
scheme.

With the above preparation, the main theorem on the new Glimm functional

can be stated as follows.



Figure 2: The wave interaction

Theorem 1.1. (i) Suppose that there is no shock splitting in the wave in-
teraction. Let uj, u,, and u, be three nearby states and the Riemann problem
(ug, wm) and (Um,u,) and (u;, u,) be solved by waves aq, -+, an, B, , Bn and
01, , 0, Tespectively, see Figure @ Jt and J~ are two mesh curves. Denote
the interaction potential before and after the interaction by Q= and QT and
their difference QT — Q™ by AQ. Similar definitions hold for L, F.

Then

AF =AL+ MAQ < —c{Q(a,3) + C(a, B)}, (L.7)

where C(a, B) is the total cancellation in the interaction and Q(«, ) is the

amount of interaction potential of o and 3 which will be given precisely in the

next section. Here, ¢ is some positive constant depending only on the system.
(#i) On the other hand, if there exists shock splitting, F may increase. How-

ever, for any given time T > 0, we have
F(T) — F(0) < O(1)(Tot. Var. ug)*. (1.8)

Remark 1.1. Note that the new Glimm functional may not be decreasing in
time because of the definition of Q4(t) given later. However, the new Glimm
functional consists of two parts, G(t) and S(t) as shown later in the proof. G
is non-increasing like the classical Glimm functional and the decrease of G can
be used to control the product of wave strength and variation of its propagation
speed. On the other hand, S(t) can be either positive or negative which represents
the oscillation in the interaction potential due to the shock splitting. And it will
be shown later that the absolute value of S(t) is uniformly bounded by the total

variation of the initial data to the second power.



As an application of this Glimm functional, one obtain the optimal con-
vergence rate of Glimm scheme o(1)+/s|In(s)| for general hyperbolic systems as
in [8] for systems under the assumption (H). Here s is the grid size of the Glimm
scheme. Note that another work on this problem can be found in [1].

The rest of the paper will be arranged as follows. In the next section, we
will introduce the new Glimm functional and prove the interaction estimates.
The application of the new functional to the convergence rate will be given in

the last section.

2 Glimm Functional and Interaction Estimates

To study the Cauchy problem (1.1}), it is important to understand the Riemann

problem first, in which the initial data has the following simple form:

(@) u~, for z <0, 2.1)
Ug\r) = .
ut, for x>0.

To solve the Riemann problem, let us recall the approach introduced in [3//4].

Consider a travelling wave for the viscous hyperbolic system
up + A(u)uy = Uy,

with propagation speed o. The equation can be written as a first order system
on R” x R™ x R:

b= (A(u) — o)v, (2.2)
o=0.

The center subspace N for the system linearized at (u°,0,\?) consists of all
vectors (u,v,0) € R” x R™ x R such that

V; =0, for all j # 1,

where V; = (19, v). Here 19,79, are the left and right eigenvectors of A(u’) corre-
sponding to the eigenvalue \? = \;(u°). And these eigenvectors are normalized

as follows:

Br) =06, 9 =1, foralli,j=1,---,n



For each i = 1,--- ,n, by the Center Manifold Theorem, there exists a
smooth manifold M; C R +1 tangent to A at (u°,0,A?), which is locally
invariant under the flow (2.2]). This manifold can be written in the following

form

M; ={(u,v,0;); v =07 (u,v;,04)}, with v; = <l?,v>, (2.3)
1, i=j

(10, 7 (u, 03, 0,)) = ’ (2.4)
0, i#j.

Given the manifold M;, we can define the generalized eigenvalue S\l(u, Vi, 04) =
(19, A(u)7;(u, v, 0;)) corresponding to the generalized eigenvector 7;(u, v;, 0;).
The two smooth functions 7, 5\2 defined on the n + 2 variables (u,v;,0;) €

R™ x R x R have the following properties

aA:\i(uo,O,)\?) =0.

3

Fi(u®,0,A9) =0 AP, 0,A%) = X0,

And for some constant Cy > 0, it holds

3(:; 5\1(% Vi, Ui)

< Co |vi] [u —uo|. (2.5)

< Co lu—uol, ‘

u7vi70-i)

o

Given the functions 7, \; and any fixed s and @ with |@ — u°| + |s| being
sufficiently small, a curve T¢[u] (i = 1,--- ,n) can be constructed by solving for

0 < 7 < s the integral system

u(T) =u-+ foT 7:1(“(5)7 ’Ui(g)’ O’i(f))df,
vi(7) = fi(r37) — convie ) fi(737), (2.6)

0i(7) = & convy ) fi(T17),
where f; is the scalar reduced flux function
Firs) = [ RO, 0€)d () = (ulr).oi(0). (7).
Conv[a,b] g(T) = 1nf{99(y) + (1 - 9)9(2’) 10 e [07 1],% KAS [av b]a T = ey + (1 - 9)2}

If s < 0, concave envelope of fz is considered.
For each i and some small parameter s, the above system defines a continuous

differentiable curve:

v: 7 (u(r;s,a),vi(7; 8,1),0:(7;8,1)), T€0,8]or[s,0],



which is used to solve the Riemann problem. In the following, when there is no
ambiguity, we may omit the dependency of u,v;,0 on s,u. Also for later use,
define T![u)(7) = u(r;s,u), T €[0,s] or [s,0].

To solve the system , a general class of Lipschitz continuous curves is
studied:

Li(s,a) = {’y (1) = (u(r),vi(7),04(7)), such that |u(r) —a| = |7|,v;(0) =0,
()| < 61, |o3(T) = A)| <2Co61 <1, 7 €0,5] or [S,O]},
for some small constant 0 < §; << 1 and Cj is defined in (2.5).
Definition 2.1 ( [3,4]). Define the distance D(-,-) in T;(s,a) by
D(7,7') = 01 [lu = w'll oo + llvi = vill 1 + llvioi = vioill L1,
where

v = (u,v;,0;) € Ty(s,a), v = (v, v}, o)) € Ty(s, ).

U 2 )

And define the distance P(v;~') for Ti(s,u) and T%(s',4') (ss' > 0) by
P(v;y) = D01, 1) + s — &)

Here |1 is the restriction of v on the interval I and I is the common part of
[0, s] and [0, s'].

In [2,[3], it is proved that the map defined by the right hand side of (2.6) is
a contraction map in I';(s,@). So (2.6 can be solved uniquely to define a curve
v : 7+ (u(r),v;(7),0:(7)). Based on this, the Riemann problem can be solved

as follows.

Lemma 2.1. [3,4] Let A be a smooth, matriz valued map defined in a domain
Q C R v : 7 (ur),v(r),0;(r)) is the solution to defined in a
small neighborhood of zero. Define the right state u™ = u(s). Then the unique
vanishing viscosity solution of the Riemann problem is the function

u”, if x/t <o;(0),
u(z,t) = Su(r), if x/t=o01), (2.7)
ut, if x/t > oi(s).



On the other hand, any i-wave (u;, T[u;](s)) can be associated with a curve
~ defined as the solution to (2.6]).

Remark 2.1. From the construction of the solution to the Riemann problem,
it is easy to see that inside an i-wave, the speed o;(T) is monotone increasing,
since convig f; is convex for s > 0 while conc, g f; is concave for s < 0. And
when the assumption (H) is imposed, the solution constructed can be reduced to

the one given in [20,22], which satisfies the Liu’s entropy condition.

Definition 2.2. [2] Given two points ug and ug, set uy = T: [ug](s1),u] =
Ti [ug)(s2), for some i € {1,--- ,n}. Assume that sy is positive. Let f1 be the
scalar reduced fluz function for with initial data ug in [0, s1], fo the reduced
fluz function in [0, s3] if s2 > 0 or in [s2,0] if s2 < 0 and with initial data uy.

The amount of interaction J; for the i-waves s1, s2 is defined as follows:

1. if $5>0,

s1
Ji(s1,82) = /
0

s1+s2 ~ - ~ ~
[ feonvio (o) + até = 1)) = convigu, (U F2)(€)]

conviy 5,1 f1(€) — convig s, 1,1 (f1 U fz)(f)’ d¢

(2.8)
where fi U fy is the function defined in [0, s, + s3] as
~ ~ f1($)7 s € [0751]7
(f1Uf2)(s) =" N
f1(s1) + fa(s —s1), s € [s51,582];
2. Zf —51 < 89 <0,
s1+82 _ ~
Ji(s1, 82) =/ CONVyo,s,] J1(&) — CONVI[Q, 5, +s9] fl(f)‘ d¢
L. (2.9)
[ Joonviu 7€) - concpy s Fi(6)] 6
S1+s2
3. Zf So9 < —Sq,
O ~ ~
Hisusa) = [ Joonciun fa(6) = conels - Fa©)] €
sits2 (2.10)

concys, o) f2(€) — convi_y, g fz(f)’ d¢.

S1
/
0

10



fi Ufz(T)

Figure 3: The amount of J; is represented in colored area, when s1,ss > 0
If s1 < 0, then concave envelope is used instead of convexr envelope in the above
definition.

The amount of J; is in fact the area bounded by conv fl, conv fQ and conv/( flu
fg). When s1, 59 > 0, the area is illustrated in Figure For other cases, readers
are referred to [2].

In [2], the following Glimm type functional is defined.
Fo(J) = L(J) + MQu(J),

where the subscript “o” is used in contrast to the new one which we will define

later. In the above definition,
1
Qo)) = Qul)) + 7Q0s(),
QOS(J) = Z Qisa
i=1

— Z{/[O o /[0 g loa(T) — 03(7)|dTd7" : @ and 8 are i-waves crossing J}.
or [,0] “ or [3,0]
(2.11)

L(J), Qg are defined in (1.5). And 0,(7) = o(7;a,u4) is the solution of (2.6)

with initial state u-

Remark 2.2. For two i-waves «, 3 with signed strengths also denoted by o and

B respectively, denote fz,f;’ the corresponding reduced flux functions. Assume

11



that af > 0. For simplicity, suppose further that o > 0. Then we can define
s = sup {7’ € [0,a] : convig 4 ﬁ(f) = CONV[g,q44] (fz U f )(5)7 V¢ € [O,T]} ,
s’ = inf {T € [0, 3] : convyg g fl(&) = CONV[) o4 3] (ﬂ U f{)(a +&), V¢ € [, ﬂ]} .

We call an (o, B) = Q' (a—s, 8') the quantity of effective interaction potential.
By the definition of J;(a, 3), we can see that

Ji(a7ﬁ) = O(l) ~1clis(aa ﬁ) (212)

The functional @, is non-increasing through the interaction. Indeed, the

following lemma holds.

Lemma 2.2. Let u, U, and u, be three nearby states and let the Riemann prob-
lems (up, tm), (Um,ur) and (u,u,) be solved by waves ay, -+ ,cn, B, -+, 0n
and 6y, - , 0, Tespectively. The corresponding curves defined by are Yoi, Ya,i V5,i
(i=1,---,n). Denote the interaction potential before and after the interaction
by Qy and Q.
Then for some positive constant c,

P(Yarpi7:) = O() Y syl + > Ji g s (2.13)
i>j i
Zlé — (i +8) = 0() > a3y +ZJ : (2.14)
>
> In@) = n(a:) = n(Bi)l = O1) ¢ D lailds| + ZJ : (2.15)
i=1 >
AQO = Qj — Q; < —c Z |Oéiﬂj| + Z Ji p . (216)
i>j i
Here n(o) = [, o(7)dr with o(7) = o(T;0,ua) and ug is the left state of the
i-wave «. And
Ya,i Uya,is a;, Bi > 0,
Yat8,i = il —Q; < ﬂz < 07 fOT' Q; > 07

V8,il[8,ci 8] Bi < —ay <0,
,7(1,1'(7-)7 0 S T S ai7

with Yo ; U~yg,i(T) =
Va,i(ew) +784:(T — ), o <7 <o+ fi

12



A similar definition can be given for a; < 0.

Proof. The estimates , and can be found in . We only
prove here.

Denote 4(r) = (u(r), vi(r),5(r), ¥'(7) = (! (7),0!(r), 0L(r)), 7"(r) =
(u"(7),v} (1), 0} (7)) the solutions to corresponding to the i-waves d;, a;, 3;
respectively. By the construction 7 we have

9

5 ~
n(s) = / oi(r)dr = Fi(6is7) = / Sa(u(r), vi(7), 03(r))dr,
n(as) = / " ol (r)dr = filany) = Ka(u! (7). 0! (), o' (r))dr,
B B Bi _
n(6:) = / o (r)dr = FiBin") = / S (1), (7), 0¥ (7))dr.

It suffices to consider the case where «;, 3; > 0. The other cases can be proved

similarly. In this case, we have

n(6i) —n(ew) —n(Bs)|

=0() ¢ > el + ) Ji

+/ai i(u(r), vi(r), 0i(7)) = Xi(w (1), vi(7), 0}(7))]dT
0

Bi _ -
+/ Ni(u(es + 7),vi(e + 7), 03 + 7)) — Ni(u”(7), 07 (7), 07 (7))]dr
0

:O(l) Zlalﬁj|+zjz + I + I5.

i>7 i

By the property of \; (2.5)), the integral I; can be estimated as follows:

| ) -]
Lﬁio‘i]

L gou)/m [ HDu&(u,vi,oi)
0

+ | Dokt viod | ) = i)

[0,a4]
Dy, Ni(u, vy, 04)
|vi]

i (7)o () — agw] dr

L([)(iai]

< O(1) max{|a;|, 5} [ Ju—llpee A+ llvi =2illps A+ llvioc = vioill },
[0,04] [0,04] [0,04]

13



where 0 = SUPg< <4, 0<rr <, { [t (T') = uol, [u" (7") — ug|}. However, by (2.13)
and the definition of the norm P(-; -), we have

I <0(1) Z i B5] + Z Ji
i>j i
The bound of I3 can be obtained similarly. So (2.15) holds. O

Corollary 2.1. In the same setting as Lemma for any constant @, the
following holds when a;3; > 0, = B, = 0(k # 1)

di o Bi
/0 loi(T) —o|dr —/0 lo; (1) —aldr _/0 lo? (1) — adr| < O(1)J;. (2.17)

Proof. It suffices to consider the case when J; is a single shock. If this is not the
case, it is easy to see that either o;(7) = o.(7) or 0;(6; — 7) = 0(8; — ) outside
the shock. Therefore, the contribution of these parts to both sides of (2.17)) is
zero.

From the monotonicity of o;(7) and (2.15)), we can compare o;, 0} and o}’:
oi(1) > 0i(s) =0, > al (7)), for 7 €[0,04], T €10,0]. (2.18)

Now suppose that o; > &. The other cases can be treated similarly.

Since ol(1) > 0;(s) > &, we have
i (e 77
/ 0:(7) —a|dT—/ 10!(7) — 5| dr
0 0
i Qg
_ / (03(r) — 7)dr — / (o!(r) — 5)dr
0 0

=n(d;) —n(as) — (0 — ).

By (2.14)) and (2.15)), the above equality can be estimated by

(2.19)

d; (e
/ l03(7) — 5| dr — / l0%(7) — 8| dr = n(B:) — 3B + O(1) .
0 0
On the other hand,
Bi Bi
w5~ ot = [ @ln) ~a)r < [ lot(r) - alar
0 0
Hence, (2.17) follows. O

14



Another lemma is borrowed from [2], which is useful to estimate the differ-

ence of o.
Lemma 2.3. Let f,g be C' functions on the interval [0, s]. Then we have
|| d(convig,q f) — d(convioq 9)|| ;. < [ldf — dgl| 1 - (2.20)

Inspired by the analysis in [14], we can improve the above interaction po-
tential in a way similar to (1.6)). To do this, we define the following quantities

for an i-wave (u, T¢[u](s)). For any 7 € [0, s] or [s, 0],

max[mb]cgjys]{b : T € [a,b], such that J¢ (5, s,u) =0on [a,b]}, s>0,
a<

[T]:ﬁ i
o ming, yjc(s,01@ : 7 € [a,b], such that d%o({“; s,u) =0on [a,b]}, s<0,
a<b
ming, ycjo,s){@ : 7 € [a,b], such that %a({;s,ﬂ) =0on [a,b]}, s>0,
[7)ai = asb

max[a’b]igf’o]{b : T € [a,b], such that d%o(f; s,u) =0on [a,b]}, s<0.

When there is no ambiguity, we may write [7]* to omit the dependency of [r]*
on s,u,i. If [7]7 # [7]*, then (T:[a]([r]™), Ti[u]([r]*)) is a shock; while if
(7]~ = [7I*, (Tila)([7] "), Tila)([7]*)) is just the state T:[a]([r]").

Then we can define the quantity t.v.(«, 3); for general i-waves instead of

only shocks under the same setting of Definition [2.2]

t.’l}.(Toit[’U,a](Tl),Té[ug}(’rg))i =|[n]t—=[n]" |+ ‘Z’y‘ + [t =[], (2.21)

where the sum of the signed strength of v is over all the i-waves between
(Ti[ua)(Ir1]7), Tilual((n]9)) and (Thupl([r2]), Tlug)(1m2]*) ) excluding the
waves (T4 [ua) (Im1]7), Tilual (1])) and (Thlus] (2] 7). Tilusl(m2]+) ).

With the above notations, we define Qs = Y, Q¢ as follows:

—og(r")|drdr’

loa(r
{ . - ~— raand 3
=X /orO[S]O]/[Om t.(Ti| ua]( 7), Tlug)(7'))s (2.22)

are i-waves crossing J with left states u, and ug}.

Qa,L(J) and M are defined as before.

Remark 2.3. From the Lipschitz continuity of the function o, (), it is easy to

see that

Qi(a, 8) < O(1)]af]. (2.23)
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Ay

Figure 4: Case I

Now we are ready to prove Theorem Theorem [I.1]is proved by consider-
ing some typical cases. In the first two cases, we assume that there is no shock

splitting while the case with shock splitting will be discussed in the third case.

Proof of Theorem[1.1l Case (I)(cf. Fig: Suppose that o, 8,¢;(1 =1,2,3,--+)
are i-waves. -y can be any other family wave. Note that there can be count-
ably many waves in other families. Here we choose one 7 to represent them
for simplicity. The following argument will be the same if there are more than
one wave in other families. The total strength of all waves is bounded by
Tot. Var.w = O(1)L(t—). Assume « interacts with 3 at time ¢:

at+ B0+ ok
ki

Again, denote the left states of these i-waves «, 3,0;,e; by uqa,ug, us,, us, re-
spectively. And for simplicity, we assume « > 0,¢; > 0.

Consider two subcases as follows.

Case (I.1) 8 > 0. Notice that in this case, there is no cancellation. Without

loss of generality, we can assume that the i-wave J; is a single shock. Then

Q'(8:,6;) =0, % (t.v.(TgZ [ue, ("), T3 [us,](7))i) = 0, for 7 € [0,5;], 7" € [0,e].
(2.24)

From the standard wave interaction estimate, we know that the change in the
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functionals L and Q4 at time t are

AL = L(t+) — L(t—) = O(1) J;(a, B), (2.25)
AQq = Qa(t+) — Qalt—) = O(1)(L(t—))Ji(a, B). (2.26)
And due to , we have
Y AQY =Y (Qu(t+) — Qk(t—)) = O()(L(t=))Ji(a, B). (2.27)
ki ki

Before the wave interaction at time ¢, the wave interaction potential Qs is

Ny \aa —05 7|drdr’
2/@&/{0/3]:511 Talus)():

492 Z / / |0€L — cra |d’7’d’7’ / / |J€l — Jﬁ( )|drdr’
[0,e] Y [0,0] L. U ué‘z Tl ua [0,e;] ¥ 10,0] L. U U‘Ez TZ [u,@]( ))

l

+Qi(a, a) + QL(B, B) +ZQS (e1, 1)
l

(2.28)

After the wave interaction, it becomes

|UEz os, (T \deT i
t
) Z /Osl]/oé t.v.( uEz )T +ZQ €1,€1).

(2.29)

Then

AQ; = QL(t+) — QL(t— )
o |0’a — 05 7/)|drdr’
a 2~/[0a]/0,8]tv 7), Th[up)(1'))i

- Z {/[0 el /[0 8] tU|GEL Uel_ 0()S (Ta |[i:?zl))

/ / \UEZ IdeT / / |aal — 03( )|deT }
[0,e:] J/[0,0] L. U usz TZ ua [0,e:] Y[0,0] t. U U’EL [uﬁ}( ))

- {Q; Oé,Oé +le(ﬁ7ﬁ)}
=—2Q4 (o, B) + I+ 11
By the definition of t.v.(-, -)4, and , we know that for any [ €
{1,2,3,---} and 7’ € [0, ],
t (T2, [ue ) (7)), T3, Jus ) (7)) = to. (T2 [ue ) (1), T3, [us,](5:) )i
=t.v.(T7, [ue, ) ("), Tslug) ()i + O(1) Ji(ex, B),

(2.30)

17



t. (T2, lue ) ('), Talug)(B))i > tv.(TZ [us )(7'), Thlup](1))s, for T € [0, ],

t0.(T5[ua) (0), Talug)(8))i > t-v.(Talupl(r"), Thlus) (1)), for 7,7 € [0, ],
(2.32)

t (T2 [ue J(7), Thlup) (B))i = tv.(T7 [ue, [(7"), Ta [ua] (7))i, for 7 € [0, ],
(2.33)

t.v.(Té[ua](O),Té[u[;}(,@))i > t.v.(Té[ua](T"),Té[ua](T))i, for 7,7 € [0, o,
(2.34)

t.v.(Té[ua](O),Té[uﬂ(ﬁ))i > t.v.(Tgé[ua](T),Tlg[u,g](T’))i, for T € [0,a],7" €[0,4],
(2.35)

and

t0.(T2, lue ) ('), T3lug)(B))i > tv.(Talua] (0), T[us] (8))s- (2.36)

Notice that (2.30)) is true when there is no shock splitting.
Then by applying (2.30) and (2.31)), I can be estimated as follows:

|0, (7') = 05, (7)|dT
I<Z /o,g, {/ (T4 [ue,)(71), Th[ug](8))i + O(1) Ji(ev, B)

_/ |aal<7>—ag<l>|d7 [ el el }
0.1 8018 e (), T} [udw»i 0.0 0T [ue, ) (), T [uﬁm))-

n Z 5 / / |O’5l |deT / / \Usl (7)|drdr’
[0,e] J[0,a] t. U usl TZ uﬂ [0,e:] /[0,] t. ’U U’El TZ [Ua]( ))’L

/fo loe, (T |d7'_fo loe, (T )_0'[3 )|dT — fo loe, (T oo (T)|dT
% / ar £0.(T5, [ue, (), Tals) (B)):

N Z 5 / / |0€l |d7’d7‘ / / \05, (7)|drdr’
[0,e1] J[0,0] t. U uEz Tl U5 [0,e:] /[0,0] L. U uEz TZ [UOLK ))l

+ O1)(L(t=))Ji(e, B)
=1, + I + O(1)(L(t—))Ji(a, B). (2.37)

The estimate of I is simple because it is always negative due to (2.33). And
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from Corollary

‘5l|Ji(a’ﬁ) . 4 o
1= 00 2 e w0, T3l < O ) @iler D)

Here we have used (2.36) and (2.12)).

On the other hand, 1T < 0.

Therefore,

AQ; = —2Q4 (e, B) + T+ 11
< = 2Qi(a, B) + O()(L(t-)) Qi (v, B).
By combining the estimates (2.25)), (2.26)), (2.27)) and (2.38)), we can get (|1.7]) for

some suitably chosen constant M when the total variation of waves is sufficiently

(2.38)

small.

Case (I.2) § < 0. In addition, we assume that 6; > 0 and |a| > |3|. The
case when §; < 0 can be treated similarly.

Then in this case, the amount of cancellation is C(«,3) = |3]. By the

Lipschitz continuity of the wave curve, it is straightforward to get

AL = L(t+) — L(t—) = —C(a, B), (2.39)

AQa = Qu(t+) — Qa(t—) = O(1)(L(t-))C(a, B), (2.40)

D AQE =) (Qk(t+) - Qk(t-)) = O(1)(L(t—))C(a, B). (2.41)
k#i k#i

Similar to the previous case, we have

AQ, = QL(t+) — QL(t-)

- 00(r) = op(r"ldrdr
- 2/[0a]/ﬁ0]tv Ua](T )T’[Uﬂ]( )i
|0’5L " — o5, (7)|drdr’
+Z {/[05, /[oa]tv T2 Jue, ) (77), Ty, [us, ] (7))

/[0 el] /[0 o] t- U‘Uq Ual]_( Ui( |deT /[0 el /[ﬁ o) t- v|06l usl_( Ul)i(T);E;?(TTI))z }

+{Qi(6:,6:) — Qi(, ) — Qi(ﬂ,ﬂ)}
=-2Q%(a,B) + I+ I1.

By the Lipschitz continuity of o(7;s,u) on s, we have

|o5.(7) — 0a(7)| < O(1)C (e, B). (2.42)
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A

Figure 5: Case 11

a B

Since there is no shock splitting, then for 7 € [0, §;],

|to- (T2 [ue ) (77), T3, [us, ) (7)) =t (T2 Jus )(77), Ta [ua] (7))i| < O(1)C(a, B).
(2.43)

Thus
B loe (") —os,(T)|drdr" oo, (7') — oa(r)|dTdT’
= zl: 2{ /[o,sl] /[o,ai] [tU(TﬁL [ue, J(7), Ty, [us,J(7))i tv. (T2 [ue,J(7), Té[ua](T))i]

B loe, (') — o (7)|dTdT’ loe, (7)) — og(7)|drd7’
/[O,al] {/[a-,a] o (T2 [ue, J(77), T& [ual(7))s ’ /[5,0] to.(T7, [Usz](T’)aTE[Uﬁ](T))iH

<O()(L(t=))C(e, B),

where we have used (2.23) and (2.42)). Similar argument can be applied to IT.
Thus,

AQ; < O(1)(L(t-))C(a, B). (2.44)

holds by choosing a suitably large constant M when the total variation of
the solution is small.
Case (IT)(cf. Figfp): Assume that e;(I =1,2,3, ), a are i-waves and {3 is
a j-wave (i > j). 7 can be any other k-family wave (k # ¢). The interaction is
at time ¢
at+B—a+B+ D
k#i,j

For simplicity, we may also assume «,e; > 0.
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From the standard wave interaction estimate (2.14]) and (2.23)), we know the

changes in the functionals L and @ at time ¢ are

AL = L(t+) — L(t—) = O(1) |af|, (2.45)
AQq = Qa(t+) — Qa(t—) = —|aB + O(1)(L(t-)) [l , (2.46)
D> AQE =) (QF(t+) — Q(t-)) = O()(L(t—)) |as| . (2.47)

ki ki
And
AQ, = Q,(t+) - Q, (t—)
:22{622(61755) gla }"_Ql a d) Qi(OL,Oé)

a Z { /[0 €1 /[o a) t- UIUE, Ua,]_( U(; (Tz‘i;dT /[o el /o [0,a] 2 U|0€l Ueﬂ_( UIC;:(;E@';:?(T;)%

+{Qia,a) — Qi (a,a)}.

It is easy to verify the following inequality for any constant &:

/ |5’70’5¢(7’)|de/ |6 — oa(T)|dT
[0,&] [0,a]

min{a,a}
g/ 162 () — oa(r)|dr + O(1)]a@ — al.
0

(2.48)

In addition, by applying Lemma [2.3] and the similar argument in proving

(2.15), we have
min{a,a}
[ o)~ aamlar
0

dez va) = dfi(r; %‘)Hp < 0(1)D (s, 7a).

min{&,o}

(2.49)

Here 74,75 are the solutions to (2.6)) corresponding to o, &@. Then by (2.14]), we
can conclude that for any [ € 1,2,3, -,

’ [ Joa() = oatnldr = [ fou () - oalrldr
[0,a] [0,a]

On the other hand, when there is no shock splitting, we have

<O0(1)]af|. (2.50)

[t0- (T2 [ue)(77), Ta[ua] (7))i — t0.(T7, [ue, ) (1), Ti[ual(7))s| = O(1) ap|.
(2.51)
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a { Qg . m v T
Figure 6: A shock splits into several shocks
Thus,
AQ, < O(1)(L(t-)) |af] (2.52)

By combining (2.45)), (2.46), (2.47)) and (2.52)), we can get (|1.7).
Case (IIT) In this case, we consider the case when shock splitting hap-

pens. In fact, when the characteristic field is not genuinely linear, a shock may
split into several small shocks, cf. Figure [6 through the wave interaction, in

particular, through wave cancellation.

Since convig a, 4. +am] filr) = CONV[0, 0y 4+ 1] filr!) = Convig a,.] fi(t"),
the large shock with strength oy + --- 4+ «a;, may split into two shocks with

strength a1 + - - - 4+ aup—1 and auy:
lar + -+ am] — o+ a1 | 4,

where |1 + -+ @, | is a shock consisting of m parts from left to right denoted
by a;, i =1,---,m as shown in Figure[6] This could happen for example when
there is an i-wave 8 on the right of |ay + -+ + @, ] with —a,, < 8 < 0 that

cancels part of a,,,. Then the interaction:
lar+- - +am] +8— lar+ -+ am-1] + [ + 5]
is equivalent to a shock splitting and an interaction

lar+ -+ am] = lar+ -+ a1 + o,
Qp + 8 — \_am+ﬁj~

The splitting of a shock is the consequence of cancellation, however, the amount

of cancellation can be arbitrarily small.
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Observe that the change of the speed of the shock through the splitting is
ZeT0: 0|y 4oitam| = Olai4tam_1] = °* = Oay = *+* = Oq,, = 0. Then the
splitting of the i-th shock |y + -+ 4y, | into |a; + - -+ aym—1] and «,, makes

the functional Q% increase by amount

Q;(Lal ++O‘m—1J77) +Q7;(O(1,'Y) _QZ(Lal ++OénLJ,"Y)

1 1 _
_/[077] ! (t.v.(am,T};[uv](s))i - t.v. (Lal 4+ O‘mLTHUy](S))l) |am‘ |U - U'y(s)| ds,

or [v,0

(2.53)

when there is an i-th shock 7 on the right of |y + -+ + @ |-
To understand the effect of the shock splitting on the functional @, we
consider the following typical subcases.

Subcase (III.1): We first consider a series of splittings in the time interval
[0,T1:
lon + -+ am] = o+ +ama] + [am—1 + an
— lar+ - amos] + am_2 + am_1 + am
— a1+ oo+ Gy

And assume for the moment that there are no other wave interactions in the

meanwhile. In this case, the change of the functional Q¢ is

=Y > Qilar,7) =Y Qilar +as+ -+ am,7)

k=1 ~

o/ |7 — 0 5)| o] 7= 0,(5)
;(/ (mmmﬁkm muxzmwmmm>

or ['y 0] (el

MS i MS
=[]

Oty o — )| o — oy (s)| d
[0,4] y

ol \ [0 (e T ()] [ (LZF ) Tius ] (9)), ]

i
I

3
3
S

ok ||]-

>
Il
—

SN
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Here, we have used

o —0,(s)] < t.v.(ak,Té[uv](s))i, (2.54)

0< (Z o — ag) < tw. (\‘Z alJ ,Tf/[uy](s)> . (2.55)
=1 =1 i

Thus, the total effect of all these shock splittings on the functional @) is bounded
by

> 1AQL < O(1)(L(0))* < O(1)(Tot. Var. ug)?. (2.56)

Note that the above estimate is independent of how |« + - - + @y, | splits and
how large m is.

As for the case when there are other wave interactions of i-waves, from
, the difference of the total strength of + is bounded by the decrease of
F,. Therefore, the bound also holds.

Subcase (II1.2) Now we consider the case when a shock splits into several
parts but then they merge into one shock wave after some wave interactions.
This procedure introduces some oscillation terms in the interaction potential.
A typical case is the following series of interactions or shock splittings between

i-waves (see Fig[7):

la+B8+s+v] = la+B+s]+7, 2.57
(a)+la+B+s] = B+s,
YH+e— [v+el,
s+ ly+el—ls+v+el,

B+ |s+v+e|l = [B+s+v+e].

2.58
2.59
2.60
2.61

~ ~ o~ o~
_ D D D —

Here S1, S92 are the points where conv f, and ﬂ have contact.

And similar to the above cases, suppose first that there are no other wave
interactions in the meanwhile and § is an i-wave on the right. To illustrate the
idea, in the following, we assume that J is a shock (6 > 0).

By definition, the difference of Q% through this sequence of interactions is

S8QL = Qi) + Qi+ +5),) = Qo+ +5+7),0)
+Q2(575) + Q’:(ﬂvé) - Qi(La+ﬂ+ Sjv(s) - Qi((ia)vé)
QUL+ +e).6) — Qile.) ~ QL1.0) — QL(s,8) ~ Q(3,0) — Qils, Ly +¢))
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Figure 7: Wave interaction and shock splitting

+QLB+s+v+¢€),0) = Qils+v+e],8) —QLB,I)
=QL([B+s+7v+e€l,0) —QLla+B+s+7],0) —Qi(e,0)
—Ql(v,e) — Qi(s, [y +¢l)

{Q;(LB+S+V+EJ>5) o 25([375) +Qgs($,5)+Q25(’7,5)

- Qi)

tv.(8,0);
(OGN L Q0D _ g0t s o))
=I+1I. (2.62)
Since t.v.(e,8); < t.v.(3,6);, we have
1<o. (2.63)

While 1T < O(1)]4||«r|, where « is the cancellation.

Thus, modulo the cancellation, AQ% < 0. In fact, this reflects the fact that
the interaction of same family waves in same direction always simplify the wave
pattern. So it is not a coincidence.

The above computation can also be viewed from another aspect which gives
a better understanding of the oscillation terms involved. That is, if we consider
the interaction (2.57), [2.58), [2-59), (2.60) and (2.61)) one by one and take
the terms I in subcase (I.1) into account. Indeed, from the analysis in
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subcase (I), the difference of Q% after the interactions (2.59) and (2.60)) is

LD <O 1 !
5AQS <Qos(e,9) {t.v.(H‘FGJa‘S)i  t.(e,0);
i ) 1 B 1 (2.64)
+ Qo ([v + €], 6) [t.v.(LS +y+el,6);  tu(ly+el,6)

—QL(v,€) = QLls, [y +e)),

where the first and second terms come from the term I in subcase (I.1). They

can be written in the following forms respectively:

0s(€,0) [tv.(h i .0 t.v.(le, 5)2-]

~Qilly + ) - Qie0) - LellH OGS0 (269

=Q (v + €], 8) = Qile, ) — QL(,8) + O(1)6Q; (7, ),

7 1 :
os<H+EJ»(S)L.U.(@HHJ,&)Z- - t;v.mm,é)i}

=Qi(ls+7+¢),0) = Qv +¢),0) - ZS(LHtmesjf)ﬂeJZOSé)LjM’é)

=Qi(ls +v+¢),0) = QLY + €], 8) — Qi(s,8) + O(1)dQL(s, v +¢)),

(2.66)

where we have used Corollary as in subcase (I.1). This is essentially the
same as our previous computation.

Combine subcase (III.1) and (II1.2), we can see that the total contribution
of shock splittings can be bounded by in any time interval [0, 7).

The proof of the interaction estimate in general case is the combination of

the above typical cases. O

From the proof of Theorem we can divide the functional ), into two

functionals which are useful in the wave tracing argument.

Corollary 2.2. In any time interval [0, T], denote the time when the interaction
of i-th family waves or the splitting of i-th family shocks happens by ti, k € N,i =
1,---,n. Define a functional S(t) with S(0) = 0. S is unchanged except at ti.
At t, we define the quantity S(ti+) = S(t,—) + AS(t}) by distinguishing two

cases:
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(i) In the case of wave interaction of i-family waves as in Figure we define
AS(t},)

|02, () — 0a(7)] . |02, (T") — 0a(T)] rdr!
% / ol / e, {t.v«Tgl fue (), Tafusl(B)): 10 (T e [ (77, Ta () } drdr
(2.67)

Similarly, if there are i-family waves €, on the right of a and (3, we define

AS(t)

_ 05(r) —0e (™) lop(r) — 0e, () o
2 /OLOE:%] /o:’;i]]{tv (T5lual(@), T2, [ue, ) (7)) t.v.<Tg[u@1<r>,Tgk[uekur'))i}d o
(2.68)

And in general, when there are ith-family waves on both left and right of a and
B, the AS(t%) is the summation of the above two terms.
(ii) In the case of shock splitting of i-family as in Figure : a — ap + g,

we define

AS(ty)

! 1
22/(”[0,;/7] (t v(ao, Ti[us)(s))i . (len +O‘2J’T§[UWKS))1-> las||oa — o (s)] ds.
(2.69)

Then we can define a functional S(t) for all time t. With S, we can define
another non-decreasing functional G.

In any time interval [0, T], denote by tr, k € N the time when the interaction
of different family waves happens. G is unchanged except at ty, € {ti;k € N,i =
1,--+,n}U{tr; k € N} and

G(0) = F(0), G(tp+)=G(tx—) + AG(tx), (2.70)
AG(f}c) = AS(tk) — AF(tk), (271)

where AF(ty) = F(ty+) — F(ty—) as usual. At any ty, when the waves a and 3

interact, we have

AG(tk) > ¢(Q(a, B) + C(e, ) > 0, (2.72)
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where ¢ > 0 is a constant depending only on the system. And for any T > 0,

S(T) < O(1)(Tot. Var. ug)?, (2.73)
0 < G(T) < O(1)(Tot. Var. ug)?, (2.74)

where ug s the initial data and the 0(1) constant is independent of T.

Furthermore, in the case 1.1 as in Figure[}), we have
a+pg .
/ los, (s) — (0o Uog)(s)|ds < O(1)AG(t},). (2.75)
0

Proof. In the proof, without loss of generality, we assume that there is only
one wave interaction at a given interaction time. On the other hand, if there
are more than one wave interactions happen at one time, the change of the
functional is just the sum over all the changes through all the interactions at
that time.

By the estimate of I in Theorem [1.1| case (I), we see that in case (I)

AF(ty) < {=c(Qi(a, B) + Cla, B))} + AS(t}),

when Tot. Var.(u) is sufficiently small. Here AS(t) comes from the estimate of
I, in the proof of Theorem case (I.1). As for Theorem case (III), it is

easy to see that
AF(t}) = AS(t}). (2.76)
In both cases, we have
AG(t) = AS(t) — AF(t) > ¢ (Q(a, B) + Cla, ) = 0. (2.77)

On the other hand, at the time #; when different family waves interacts as in

Figure 5] we have
AG(tr) = =AF(tr) > cQa(a, f) = 0. (2.78)

Therefore, we define a non-decreasing functional G at any time when the waves
interact or shocks split and (2.72) holds. And (2.73)) can be justified by applying

the argument used in (2.64). Then (2.73)) and (2.74) are the direct consequences
of the definition and the estimates (1.8]) and (2.56]).
The proof of (2.75) is similar to the proof of Theorem 3.3 in . By defi-

nition, in case (I.1), it suffices to consider the case that d; is a single shock. In

this case, by (2.15]),
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() +n(B) vo(a, )

="rg TO0T T

And as discussed in Corollary the monotonicity property of o, and os
implies that

a+p
/0 105,(5) — (00 U ) ()] ds
o B8
— [ (ats) = s+ [ (oo 5) = asl)as
0 0

(2.79)
_ o Bn(a) — an(B) bs (@, 3)
B + +oW) a+p
<0(1)Q\ (e B) < O()AG(t]),
And this completes the proof of the corollary. O

3 Application

As an application of the Glimm functional (2.22)), in this section, we study the
convergence rate of Glimm scheme.

To state the theorem, the following equi-distributed random sequence is
used, cf. [8].

Lemma 3.1. Let

1
Dy = sup |A— — Z X0, (00) | 5 (3.1)

m<l<n
then there exists a sequence {0;};>0 C [0,1] such that

1+1In(n—m)
n—m

Dy < 0(1) Vn>m>1 (3.2)

Similar to [22], all the waves in the solution are partitioned into small sub-

waves as follows.

Definition 3.1. Let u, = T[w)](s). (u;,u,) is an i-wave. A set of vectors

{vo,v1,- -+ ,vp} is a partition of (u,u,) if

(i) vo = Uy, vp = Uy,
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(ii) there exists a set of scalars {7°, 71, 7% - 7P} such that

OZTOSTlgTZS"'STp:S7 fOTS>O7
0=7'>7'>72>...>7P =5, fors<0;

vy, = Tj[ul](Th), forh=1,---,p.

Then set
(1) yn =vp —vn_1, sp =70 =77, for h=1,--- ,p,

h
(2) )‘i,h = if:h—l Ul(fa Saul)dga
where sy, Xin are the strength and speed of the subwave yp,.
Then as a consequence of Theorem we have the following theorem.

Theorem 3.1. The waves in an approrimate solution in a given a time zone
A={(z,t): —o0o <2 <o00,Ms <t < (M+N)s}, for any given integers M and
N, can be partitioned into subwaves of categories I, I1 or I11 with the following
properties:

(i). The subwaves in I are surviving. Given a subwave a(t), Ms < t <
(M + N)s, in I, write o« = a(Ms) and denote by |a(t)| its strength at time t,
by [o()] the variation of its speed and by [a] the variation of the jump of the
states across it over the time interval Ms <t < (M + N)s. Then

> (o] + [a(Ms)[[o(a)]) = O(1)(D(A) + 5),
acl
where D(A) = G((M + N)s—) — G(Ms+).

(i1). A subwave a(t) in II has non-zero initial strength |a(Ms)| > 0, but is
cancelled in the zone A, |a((M + N)s)| = 0. Moreover, the total strength and
variation of the wave speed satisfy

> (lo] + (b)) = O(1)(D(A) +5), Ms <t < (M+N)s,

acll

> (o] + a(Ms)|[o(e)]) < O(1)(D(A) +5).

acll

(#i3). A subwave in II1 has zero initial strength |a(Ms)| = 0, and is created
in the zone A, |a((M + N)s)| # 0. Moreover, the total strength and variation
of the wave speed satisfy

Y (@] +la@®)) = O()(D(A) +5), Ms <t < (M+N)s,
aclll
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Y (o] +[a((M + N)s)|[o()]) < O()(D(A) + ).

aelll
By using Corollary the proof of this theorem is similar to the one in [14].
So we omit the proof for brevity. By the argument used in [8], we can get the
convergence rate of the deterministic version of Glimm scheme as stated in the
following theorem. The only difference is that now we use D(A) = AG instead
of |AF|. We omit its proof for brevity.

Theorem 3.2. Let {0,,,}55_, be a sequence of numbers in [0,1] satisfying (3.2).
Given any initial condition @ with small total variation, let u(-,t) = S;u be the
unique solution of , and let u® be the corresponding Glimm approximate
solution with grid size s in the time direction, generated by the sampling sequence
{0m}2°_1. Then for every T > 0,

S(,T) —u(-, T)||
o () — (- T

=0. 3.3
5—=0 s2 [Ins| (33)

The limit is uniform with respect to @, as long as T.V.u remains uniformly small.

Acknowledgments: The research was supported by the the Strategic Re-
search Grant of City University of Hong Kong No. 7002447.

References

[1] F. ANcoNA AND A. MARSON, Sharp convergence rate of the
glimm scheme for gemeral monlinear hyperbolic systems. Available at
http://www.math.ntnu.no/conservation,/2009/012.html, 2009.

[2] S. BIANCHINI, Interaction estimates and Glimm functional for general hy-
perbolic systems, Discrete Contin. Dyn. Syst., 9 (2003), pp. 133-166.

[3] ——, On the Riemann problem for non-conservative hyperbolic systems,

Arch. Ration. Mech. Anal., 166 (2003), pp. 1-26.

[4] S. BIANCHINI AND A. BRESSAN, Vanishing viscosity solutions of nonlinear
hyperbolic systems, Ann. of Math. (2), 161 (2005), pp. 223-342.

[6] A. BRESSAN, Hyperbolic systems of conservation laws, vol. 20 of Oxford
Lecture Series in Mathematics and its Applications, Oxford University
Press, Oxford, 2000.

31



[6]

[15]

[17]

A. BRESSAN, G. CRASTA, AND B. PiccoLl, Well-posedness of the Cauchy
problem for n X n systems of conservation laws, Mem. Amer. Math. Soc.,
146 (2000), pp. viii+134.

A. BRrESSAN, T.-P. Liu, AND T. YANG, L! stability estimates for n x n
conservation laws, Arch. Ration. Mech. Anal., 149 (1999), pp. 1-22.

A. BRESSAN AND A. MARSON, Error bounds for a deterministic version of
the Glimm scheme, Arch. Rational Mech. Anal., 142 (1998), pp. 155-176.

R. CouraNT AND K. O. FRIEDRICHS, Supersonic Flow and Shock Waves,
Interscience Publishers, Inc., New York, N. Y., 1948.

C. M. DAFERMOS, Hyperbolic conservation laws in continuum physics,
vol. 325 of Grundlehren der Mathematischen Wissenschaften [Fundamental

Principles of Mathematical Sciences], Springer-Verlag, Berlin, 2000.

R. J. DIPERNA, Convergence of approximate solutions to conservation

laws, Arch. Rational Mech. Anal., 82 (1983), pp. 27-70.

J. GLIMM, Solutions in the large for nonlinear hyperbolic systems of equa-
tions, Comm. Pure Appl. Math., 18 (1965), pp. 697-715.

J. GLuiMM AND P. D. LAX, Decay of solutions of systems of nonlinear hy-
perbolic conservation laws, Memoirs of the American Mathematical Society,
No. 101, American Mathematical Society, Providence, R.I., 1970.

J. Hua, Z. JianG, AND T. YANG, A new Glimm functional and conver-

gence rate of Glimm scheme for general systems of hyperbolic conservation
laws. To appear in Arch. Ration. Mech. Anal, 2009.

J. Hua AND T. YANG, An improved convergence rate of Glimm scheme for
general systems of hyperbolic conservation laws, J. Differential Equations,
231 (2006), pp. 92-107.

T. IcucHt AND P. G. LEFLOCH, Existence theory for hyperbolic systems of
conservation laws with general fluz-functions, Arch. Ration. Mech. Anal.,
168 (2003), pp. 165—244.

S. N. Kruzkov, First order quasilinear equations with several independent
variables., Mat. Sb. (N.S.), 81 (123) (1970), pp. 228-255.

32



[18]

[19]

[20]

[24]

P. D. LaX, Hyperbolic systems of conservation laws. II, Comm. Pure Appl.
Math., 10 (1957), pp. 537-566.

T. P. Liu, The deterministic version of the Glimm scheme, Comm. Math.
Phys., 57 (1977), pp. 135-148.

——, Admissible solutions of hyperbolic conservation laws, Mem. Amer.

Math. Soc., 30 (1981), pp. iv+78.

T.-P. Liu AnND T. YaNG, Well-posedness theory for hyperbolic conserva-
tion laws, Comm. Pure Appl. Math., 52 (1999), pp. 1553-1586.

——, Weak solutions of general systems of hyperbolic conservation laws,
Comm. Math. Phys., 230 (2002), pp. 289-327.

O. A. OLEINIK, Uniqueness and stability of the generalized solution of the
Cauchy problem for a quasi-linear equation, Uspehi Mat. Nauk, 14 (1959),
pp. 165-170.

J. SMOLLER, Shock waves and reaction-diffusion equations, vol. 258 of
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles

of Mathematical Science], Springer-Verlag, New York, 1983.

T. YANG, Convergence rate of Glimm scheme for general systems of hy-

perbolic conservation laws, Taiwanese J. Math., 7 (2003), pp. 195-205.

33



	Introduction
	Glimm Functional and Interaction Estimates
	Application

