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Convergence of the Space-Time Expansion
Discontinuous Galerkin Method
for Scalar Conservation Laws

P. Engel* & C. Rohde
Institut fiir Angewandte Analysis und Numerische Simulation, Universtitit Stuttgart
Pfaffenwaldring 57, 70569 Stuttgart, Germany

September 15, 2009

ABSTRACT

In this paper we analyse a class of fully discrete Space-Time Expansion Discontinuous-Galerkin methods for
scalar conservation laws. This method has been introduced in [11, 17, 18] for a specific expansion relying on
the Cauchy-Kovaleskaya technique. We introduce a general concept of admissible expansions which in particular
allows us to prove an error estimate for smooth solutions. The result applies for ansatz functions of arbitrary
polynomial order £ € IN provided the time step is sufficiently small. It gives a convergence rate of order k + %
in space and time. Finally we show that the Cauchy-Kovaleskaya technique leads to an admissible exansion.
Furthermore we introduce two new expansions and prove that one of them, the characteristic expansion, is also
admissible.

Keywords: Space-Time Expansion; Discontinuous-Galerkin method; conservation laws; error estimate

1. INTRODUCTION

The class of Discontinuous Galerkin (DG) schemes has become one of the most important discretization tech-
niques for evolution equations, in particular in the field of nonlinear hyperbolic conservation laws. Although it
has been suggested as early as 1974 [16] the breakthrough came with a series of papers by Cockburn&Shu and
co-workers in the nineties [6-8]. The major advantage of the DG method is the cellwise use of polynomial ansatz
functions of order k € INy without introducing a wider and wider stencil for increasing k as it is the case for
e.g. Finite-Difference schemes. The tool of numerical flux functions, widely developped since the eighties, can
then be applied. By now the literature on DG schemes is too voluminous to be cited completely. Let us refer to
textbooks/reviews like [4, 12] and cites therein.

We consider in this paper a scalar conservation law in one space dimension. Precisely with Q = (0,1) (for
simplicity) and T > 0 we search for a function u : Q x (0,7') — R such that

u + F(u), =0 in Q x (0,7), (1a)
u(-,0) = ug in Q, (1b)
u(0,t) = u(1,¢t) (t€0,1)) (1c)

holds. Here F : R — R is the, in general nonlinear, flux and ug : 2 — R the initial datum.

The DG method for (1a) combines features of the Finite-Volume as well as the Finite-Element schemes. Therefore
techniques from both worlds can be used. In [9] it has been shown that the DG-method as a method of lines
together with the TVB-Runge-Kutta time discretization from [19] is total-variation bounded. This implies —
roughly speaking- the convergence of the approximate solutions in L!. Also convergence rates have been verified
[5]. Most notably the analysis covers the case of (discontinuous) entropy solutions for (1a). However, increasing
the formal order of the scheme is not reflected by this analysis in the spirit of techniques for Finite-Volume
methods. We also outline the work [13] which ensures that a cell entropy inequality holds for semi-discrete
DG-methods independent of the polynomial order.

Results which reflect the polynomial order in a L2-error estimate have been obtained by Finite-Element-like
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techniques [22] provided the solution u of (1a)+(1b)+(1c) is assumed to be smooth enough. This assumption
is also the basis of the analysis here (see the precise assumptions in Theorem 4.1 below) but let us note that
classical solutions of (1a)+(1b)+(1c) can only be expected to exist for small times (except in trivial cases). In
this situation L2-error estimates for semi-discrete DG-methods of the type

lu(-8) = un (- 1), < O(BF2) (1€ (0,1)) (2)

have been obtained in [10]. Here h is the mesh parameter, u;, the DG approximation using ansatz functions of
order k € Ny, and || - ||, the L?-norm on €.

Turning to fully discrete schemes less is known than in the semi-discrete case. Moreover the DG concept allows
for various different methods to discretize in time which complicates the situation. If the flux F in (1a) is linear
a fully discrete ansatz with space-time ansatz functions was proven to be convergent in [23] with orders as in (2).
Zhang&Shu analyzed the DG-method together with the second order TVB-Runge-Kutta time discretization.
They have been successfull to prove for monotone numerical fluxes the estimate

[u(-,n7) —up(-,n7)||, = ORF*Y2) £ O(r%)  (k€N,n=0,...,N), (3)

where 7 > 0 is the time step and N € IN such that N7 = T. As stability bound for the time step they assumed
for some constant v > 0 (and k > 2)
T < yh3.

A completely different fully-discrete approach has been developped by Lorcher et al. in [11, 17, 18]: the so-called
Space-Time Expansion Discontinuous-Galerkin method (STE-DG). A nice feature of this approach is its high
efficiency, which can be achieved through local time stepping (The time step of one cell is only restricted by the
values of nearest neighbours). If one uses hp-adaptation techniques together with the STE-DG approach, one
profits even more by local time stepping. The basic idea of the STE-DG aproach is to expand in each spatial
cell I; the approximate solution uy(-,n7) to the complete space-time cell I; x [n7,(n + 1)7). The expansion is
then used to evaluate the flux integrals in time. There is no unique way to define the expansions but in order
to maintain the given polynomial order of the ansatz functions in time the expansion has to be constructed
carefully. We introduce here the class of admissible expansions of order k. The original Cauchy-Kovaleskaya
expansion from [11, 17, 18] belongs to this class (Section 5.1). Moreover we suggest a new characteristic-based
expansion that is also admissible (Section 5.2). In the main part of the paper we exploit then the concept of
admissible expansions to show in Theorem 4.1 the estimate

lu(-,n7) — up(-,n7)||y z(’)(hk+l/2) (keN,n=0,...,N). (4)

Let us note that this result is not restricted to a certain order in time like (3) but covers all temporal orders. To
obtain this generality we have to sharpen the time step restriction in the sense that

T < vh?

has to hold. The technique of proofs relies on the approach as in [23], a careful treatment of the flux integrals
evaluated for the expansions, and of course the admissibility concept. Up to our knowledge the estimate (4) is
the first convergence result that has been established for the STE-DG method. It is important to note that the
estimates in (4) (as well as in (3)) can be improved to the optimal order O(h¥*1) if instead of a monotone flux
an upwind formulation is chosen (see also Remark 4.2 below).

To conclude we give an outline of the rest of the paper. In Section 2 we recall basic notations. Section 3 is devoted
to the numerical method. The notion of admissible expansions is introduced. Three examples of expansions, the
Cauchy-Kovaleskaya expansion, the new characteristic expansion and a new Riemann-solver-like expansion are
discussed. In Section 4 the main theorem 4.1 is given and proven. Finally in Section 5 the admissibilty of the
Cauchy-Kovaleskaya expansion and of the new characteristic expansion are verified.

2. NOTATIONS AND FUNCTION SPACES

In the following section we will introduce basic notations we need to describe the method in Section 3. Let

Fh={02x5<$%<"'<1ﬁ+%=1} (5)



be a (not necessarily equidistant) grid and J € IN the number of mesh cells. Define for each j € {1,...,J} the
mesh cell

I; = (mj_%,xj+%),
with centre
(zj_1 +2jp1)

1

and the local mesh parameter
Axj = Tig1—x1
Next define the grid parameter h as
h:= max Agz;.
1<5<Jd

In the same way we introduce a time grid and for simplicity we choose a constant time-step 7 > 0 and define for
n € {0,..., N} the time levels t" by t" = n7. Choose N € IN and 7 such that tN = N7 =T,
Define for all functions v : Q x [0,7] = R

v () = v(z, t").

In the following we will need a number of function spaces:

DEFINITION 2.1 (FUNCTION SPACES).
Let k € Ng and Ty, be a grid as in (5).

1. Define the space C”IE of piecewise k-times differentiable functions on I' by
ch = {f . [0,1] —>]R‘ Il € CH(Ip)j € {1,...,J}}.

2. Let VIF C CE be the space of piecewise polynomial functions of order k on T', defined by
VE = {vh :[0,1] — IR’ Uh|[]- € Pk(Ij),j € {1,...,,]}},

where Pk(Ij) is the space of polynomials up to degree k on I;.

3. A morm on CF is given by

=Y |

0<I<k—1

a””k“Hm’ (v e Cky.

6wlUH + h?
For M > 0, define the set of bounded piecewise polynomsial functions on I' by
VFk,M = {U € Vrk ‘ ||UHh,k < M}

By |||, we denote the mazimum norm on €.

All elements of these function spaces allow discontinuities at cell boundaries. So there is a need for the following
notation: Define for all v € CE and x € [0,1]

vt (x) := limv(y) and v™ (z) :=limv(y), (6)
ylz ylz
o(x) == % (v (2) + v~ (2)) and [v] (z) == vt () — v ().
Furthermore we define for any 5 € {1,...,J} with obvious notation
(v)j+% =v(z;41) and [v]j+% = [v] (x4 1)



We also need different norms and semi-norms on these function spaces. We use ||, to name the L?norm.
Moreover we define for v € CE the semi-norm

2

e, o= | 30 () + () | ™)

1<5<J

By C > 0 we denote a generic constant, that may change from line to line, but does not depend on the mesh
parameter h.

3. THE NUMERICAL METHOD

We introduce the STE-DG method in this section. Our presentation covers the original STE-DG method as it
has been suggested in [11, 17, 18], but is more general: We present a number of new expansions to which our
analysis applies. But first we recall the definition of a numerical flux function.

3.1 Numerical Flux Functions

The use of numerical fluxes is standard for the d.... of hyperbolic conservation laws. Following e.g. the notion
in [15] we define:

DEFINITION 3.1 (NUMERICAL FLUX FUNCTION).
A function H: R? — R is called numerical flux function (for F), if the following properties hold:

e H is consistent to F, i.e. H(w,w) = F(w) for all w € R.

e H is locally Lipschitz continuous, i.e.

VM > 03Cun > 0o, v1,wo, w1 € Ba(0) : [H(vo, wo) — H(vi,w1)| < Cwn (Jvo — v1] + [wo — wa) .

We call H a monotone numerical flux function (for F), if further H is non-decreasing in the first argument
and non-increasing in the second argument.

As we will see in the proof of convergence, we have to deal with a term depending on the numerical flux we have
chosen. To capture this term we introduce for a given numerical flux H and p = (p~,pT) € R? the quantities

{ ] ~Y (F(p) — H(p~,p*)) falls [p] # 0,

a(H;p) = (8)

F'(p)| falls [p] = 0.

We define - using the same notation - for p = (p=,p*) : [0,T] — R?

tn+1

1 _
an(H;p) ::m/ a(H; (p (t),p+(t))) dt, (0<n<N).
4n
To simplify the notation we also introduce

an(Hip)l = Y (anlHip)yy)laly,  (0<n< W), ©)

2
1<5<J



3.2 Expansions: Definition and Examples

The key element in the STE-DG method is the expansion. One can see it as a local approximation to the solution
of (1a) on [t",t"*1) x I; only using the information wuy (-, t")|y,, where up € V¥ is the approximate solution (see
Definition 3.7 below). In particular this implies that the exact solution generally does not provide a suitable

example, as the exact weak solution depends on the values of up(-,t™) in at least one of the neighbouring cells
Ii+1 (, if the flux is non trivial). We use the following general framework.

DEFINITION 3.2 (EXPANSION).
We define the space of time-dependend piecewise polynomszial functions by

Vi = {vp € L®([0,1] x [0,7],R) | va(-,t) €VF,0<t <7}
A function E : VIF — VE is called expansion, if the equation
E[’Uh](-, 0) = Vp,

holds for all vy, € V¥,
For any s € [0,T] define further E as

Es[vh](xvt) = E[vh](xvt - 5)

for any x € Q and t € [s,s + 7).

REMARK 3.3. Note that we do not require the expansion to be a linear operator. In general the expansion is
nonlinear. For a specific example we refer to Section 3.2.1.

Before we introduce the method, let us present some relevant choices for expansions. We present three different
expansions. The first one was introduced by Lorcher et al. in [17]; the second one is new. These two expansions
have clear algorithmical importance. The last expansion - an extension of the Godunov ideas - seems to be more
theoretical, but illustrates nicely the fundamentals of the STE-DG approach.

3.2.1 Example 1: Cauchy-Kovalevskaya Expansion

Lorcher et al. introduced the STE-DG method in [17] together with the so-called Cauchy-Kovalevskaya (CK)
expansion. To get this expansion one has to perform a Taylor expansion of the exact solution in space and time
for each grid cell I;. Then the time derivatives are replaced by space derivatives using the differential equation
(1a). We need the following auxiliary notation.

DEFINITION 3.4 (DERIVATIONAL OPERATORS).
Let F € C*(R) in (1a).
For any function v € CF define the derivational operators in I;, 1 < j < J, associated with (1a) by

OpV 1= Uy,

o = —F(v)p = —F'(v)v,,

Dpiv = —(0,F(0)) = —(F'(0)vy)e = —F"(v)02 = F'(v)v4s,
v = —(0hF(v)s = —(F'(0)0yv), = 2F (0) F" ()02 + (F'(v))* 4z,
Note that the derivatives vy, Vyy, - .. are well defined (only) for inner points of each cell. In the following we will

not use this notation at cell boundaries of T'y,.



DEFINITION 3.5 (CAUCHY-KOVALEVSKAYA EXPANSION).
The Cauchy-Kovalevskaya expansion ECX : VIF — VE on I;, 1 <j < J, is defined by

k
E°Kup)(y, s) := Z % ((y — )0, + sét)l vp ()

=0

T=T

fory € I; and s € [0,7].

Let us discuss the cases k = 0 and k = 1 for the sake of illustration.
In the case £ = 0 we obtain

ECK[”Uh](%S) = vp(y).

As we will see below the STE-DG method together with the CK-expansion reduces then to the standard finite
volume scheme.
Take k£ = 1 for instance, then the CK-expansion on I; will simplify to

E5u](y,5) = (v(@) + (y = 2;)8p0(x) + sdyo(x) )

(v(@) + (y = 2 va (@) = sF'(v(2))v2(2))], (10)
= v(z)) + (y — x5)va () — sF'(v(x))va (25)
=v(y) — sF'(v(x;))va ().

T=Tj

For the last equation we used v € P'. As mentioned in Remark 3.3 this expansion is nonlinear in v, if F is
nonlinear.
3.2.2 Example 2: Characteristic Expansion

Another way to get an expansion is to use characteristics. Up to our knowledge this choice has not been discussed
in the literature before.
To illustrate this concept we define k + 1 points in each cell I;, 1 < j < J, by

l
Yjl = mj_%_‘_A-TjE, (1=0,...,k).

For some given v € V¥ and all ¢ € [0, 7] we define p§. € P¥(I;) as the polynomial that satisfies

P5 (i +tF (v(y50))) = v(y5,0), (1=0,....k).
Note that p} is well defined, if the set
{yja +tF (v(yi0) o,k
contains exactly k + 1 elements. This is guaranteed, if

h

t<7< ,
2k + 1) [F'(v) |

(11)

holds. Thus we need here already a CFL-like condition to ensure, that the expansion is well-defined. With this
notation we define:

DEFINITION 3.6 (CHARACTERISTIC EXPANSION).
The characteristic expansion E€" : VF — VE is defined by

EC"v)(x,t) := pj(x) for € I; and t € [0, 7].

10



Y3,0 Yj1 Yj,2

Figure 1. Region of good approximation (white) and bad approximation (shadowed).

For arbitrary £ € IN we get on I;, 1 < j < J, the formulation

—Yjm — tF (0m)
EChvh x,t) E g L= Yjm m , (xel;,0<t< 7). 12
0<I<k 0<1;[<k Yid = Yjam + 1 (0) = F'(m)) ( ’ : -
o ‘m#Al

Here v; = vp,(y;,1). For k = 0 we obtain again the standard finite volume scheme.

We already got the CFL condition (11) by just examining when the characteristic expansion is well-defined. We
observe, that the characteristic expansion only uses information inside the cell, such that we get a good approx-
imation for the solution in the mid of the cell. This is visualised in Figure 1. Depending on the characteristic
velocity the approximation gets worse closer to the cell boundary. A similar behaviour can be observed for the
CK-expansion.

3.2.3 Example 3: Expansion with Exact Solution

It is also possible to use not only the information of one cell, but also the neighboring cells. In a Godunov-
like ansatz we may solve generalised Riemann problems for discontinuous initial data to get the unique entropy
solution, which we can use as an expansion. So suppose that we have a function v;, € Vi¥. Let v € L% (2 x (0,7))
be the unique entropy solution of
v+ F(v), =0 in Q x (0,7),
v(+,0) = vy in Q,

assuming periodic boundary conditions. Then we are able to define the exact expansion by
Efly] ==

Formally this is no expansion is the sense of Definition 3.2, because E¥*[v;] ¢ VE. But one may weaken this
assumption or just project v to VE. For more information on the use of generalised Riemann problems for
numerical purposes see for example [1, 2, 20].

3.3 Definition of the STE-DG Method

With the definition of an expansion we are able to define the Space-Time Expansion DG method (STE-DG).
DEFINITION 3.7 (SPACE-TIME EXPANSION DG METHOD).

Let E : VIF — VE be an expansion, H : R? — R a numerical fluz function for F and T, a given grid.

A function up, : Q% [0,T] — R is called solution of the STE-DG method of order k € Wy, if the following
properties hold:

11



1. For each n € {0,...,N} it holds, that
u = up(-,t") € V¥

and
up = Em[u}] on Q x (£, "),

2. For each vy, € V¥ it holds, that

/ugvhdx:/uovhdx. (13)
Q Q

8. For each j € {1,...,J}, n€{0,...,N} and vy, € V¥ it holds, that

/ (uZJr1 — up)vp dz = Hj [up, vp). (14)
I.

) .

REMARK 3.8. If the integral can not be calculated exactly, one has to use quadrature rules. For more details
- for example, which order one should use - see [17]. We assume throughout the paper that the integral can be
computed exactly.

Here M} (p,vn) is defined for p € CO([t", "1, V%) and vy, € V¥ through

D=

= [ ([ Pt @) 4 (00,

3.4 Admissible Expansions

For the convergence analysis we need more requirements on the expansion.
In the first step we will define some error functions. In the proof of convergence we have to analyse the difference
between E[u}] and E[u"]. But E[u"] is only well defined if u™ € Vi¥. So let @ be a projection from CE to Vi
and look at

Plu) := B [Qu™]] on Q x [t",t"11),

instead of E[u™]. With the projection Q we can define the error functions we need:

DEFINITION 3.9 (ERROR FUNCTIONS).
Let u be the exact solution of (1a)+(1b)+(1c) and uy the solution of the STE-DG method of order k € IN from
Definition 3.7.

(i) The function

e'{ Qx[0,7] — R
’ (z,t) — e(x,t) = up(z,t) — u(x, t).

is called error function of the discrete solution up to u.
(ii) The function

{ ax[0,7] — R
’ (z,t) —  n(x,t) = Plu|(x,t) — u(x, t).

is called projection error.

12



(iii) The function

e'{ Qx[0,7] — R
’ (z,t) —  e(x,t) = Plu)(z,t) — up(z, t).

is called approximation error.

With these notations we can define the properties, which an expansion has to satisfy, in order to guarantee
convergence:

DEFINITION 3.10 (ADMISSIBLE EXPANSION).
An expansion E : V¥ — VE is called an admissible expansion of order k, if the following properties hold:

(i) For all M > 0 there is a constant C' > 0 independent of h, such that
[(E[on](-,t) = vn) — (Elwn] (-, 1) —wa)lly < Chllon —wal, (15)
hold for t € [0,7) and all v, wy, € VF]fM.

(i) There is a projection Q : CF — V¥ and a constant C' > 0 independent of h, which satisfy for all t € [0,T],
0<n< N and vy, € VI@ the inequalities

19l + hE [0 O, + k()] < CRE, (16a)
[n(, ") = (- t")||, < CTAF! (16b)

and

< CpFt! lonll, - (16¢)

2.

1<§<J

/ n(z,t) Ozvp, dz

I;

REMARK 3.11. There is always a natural choice of Q if an expansion is given. Usually an interpolation is used,
which keeps the values of the function or its derivatives at selected points. It is also possible, that global properties
like integral means are preserved. For example the CK-expansion uses the space derivatives up to order k in the
centre of the cell. So a suitable projection Q on a cell I; is just the Taylor expansion of order k in the centre x;.

REMARK 3.12. Condition (i) can be seen as a stability restriction and (i) as a consistency restriction, which
corresponds to the order of the method.

REMARK 3.13. The two expansions introduced in Section 3.2.1 and 3.2.2 are admissible expansions. In Section
5 we give the proof, that both expansions are admissible.

3.5 Consequences for Admissible Expansions

With help of the inverse properties (see Lemma A.1), we get the same inequality as in (15), but with a different
norm:

(B[] (-, t) = vn) — (Elwn) (- t) — wp)p, < Ch? |lop — wpl, . (17)

Furthermore we present some consequences formulated in the following lemma:

13



LEMMA 3.14 (CONSEQUENCES FOR ADMISSIBLE EXPANSIONS).
Let E be an admissible expansion of order k defined in Definition 3.10. Define

. Qx[0,T] — R,
T { (z,t) — Y(z,t) = e(z,t) — (),

where n = LLJ Let M > 0. Then there is a constant C > 0 independent of h satisfying the following.

T

If up € th,M: then for all t € [t",t" 1) the inequalities

CC)n, < CRE [y, TG0, < Chler], (18a)
and

leC,t)lly < Clle™]l, - (18b)
hold.

Proof: The proof is an elementary consequence of (15) and (17). O

To get more compact formulas we define also
w(z,t) = e(z,t) + () (x € Q), (19)

where n = LH and 0 <t <T.

4. THEOREM OF CONVERGENCE

With the notations and definitions developed in the previous sections, we are able to formulate the main theorem:

THEOREM 4.1 (CONVERGENCE).

Let k> 1. Let u € Ck*2(Q2 x [0,T)) be a classical solution of (1a)+(1b)+(1c) with F € C*2(R).

Let E : V¥ — VE be an admissible expansion of order k, H : R> — R a monotone numerical flux function for F
and I'y, a given grid.

For any v > 0, there is a constant C > 0, such that the inequality

ny2 | T - . n12 2k+1
Jmax 3+ 2 ST an(Hiun)upl® < Ch (20)
0<n<N
holds, provided we have h small enough and

REMARK 4.2. The convergence rate in (20) can be improved if we restrict ourselves to upwind numerical flux
functions for F. Precisely we get as in [23] the rate

max_|[le"[|, < ChF*
0<n<N

By upwind numerical flur we mean, as in [23], a monotone numerical flux function satisfying

- _J F(p7) if F'(¢) >0 Vge [min(p~,p*),max(p,p")],
Hip ’p+){ F(p*t)  if F'(q) <0 Vg & [min(p~,p*), max(p~,p*)].

REMARK 4.3. The STE-DG scheme is for the case k = 0 of piecewise constant ansatz functions nothing but
a standard finite-volume scheme evolving cell averages. If the fluz functions are e.g. monotone in the sense of
Definition 3.1 extensive convergence results —including the case of discontinuous entropy solutions— are available.
It is worth mentioning that estimate (20) gives the same L*-rate that is already known for finite-volume methods
provided the solution is smooth [14, 21]. Moreover the result of Shué?? applies here.

14



REMARK 4.4. The time step restriction (21) is not the one expected for first-order equations but rather for
(explicit) schemes for parabolic evolution. The numerical experiments in [18] clearly show that convergence of
the STE-DG scheme can be expected provided just a classical CFL-conditon of the form ™ < vyh for some v > 0
depending on F' controls the time step. Thus our proof appears not to be optimal. This seems to be an unsolved
problem, in fact it is exactly the same reason why Zhangé4Shu introduce in [23] for a second-order RK-DG method

a restriction of type T < yh*/3.
4.1 Proof of Theorem 4.1
In the following we will first assume, that
F' and its derivatives up to order k + 2 are bounded.

Later on we will see, that this assumption can be skipped.
The classical solution u of (1a)+(1b)+(1c) satisfies the following equation

/I (u™ T —u™ oy, dz = H [u, vp]
j
for all v, € V{¥. By subtracting (23) from (14) and summing over all 1 < j < J, we get
Z / (E"H — e”) vp dx = K™ [up, vp].
1<j<g s
Here K™ is defined by
]Cn[u;“ Uh] = Z </ (nn+1 _ nn) vp dx + H;l [U, ’Uh] - H?[uh, ’U}J) .

1<j<g \7 15

The terms €" and n™ have been defined in Definition 3.9 and H} was defined in Definition 3.7.

By choosing v, = €™ € VF’“ in (24) we get the error equation
n+11|2 nn2 _ n+1 n||2 n n
€7 H 5 = Nlellz = [|e™™ = €[], + 27 [un, €7
In the following lemmata the terms on the right hand side of (26) are estimated:
LEMMA 4.5 (ESTIMATE FOR K" [up, €"]).
Let the assumptions of Theorem 4.1 and (22) be true.

For each M > 0 there is a constant C > 0 independent of h, such that the following holds:
If up € ViFy, and €|, < h* for some n € {1,...,N}, then

.
K s €] < Cr(lle" 3+ hH) = 2 (i un) €.

LEMMA 4.6 (ESTIMATE FOR [[e"*! — 6””3)'

Let the assumptions of Theorem 4.1 and (22) be true.

For each M > 0 there is a constant C > 0 independent of h, such that the following holds:
If up € th,M and ||e"||, < h* for some n € {1,..., N}, then

et = en|[5 < Or(llen[3 + h+2).

15
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The proofs of the Lemmata 4.5 and 4.6 are postponed to Section 4.2 and 4.3, respectively.

In the following we will use induction with respect to n =0,..., N to prove
T = m
Hean + 3 Z G (H; up ) [u)? < CR2EH (27)
0<m<n

with a constant C' > 0 independent of i (and n).

First check (27) for n = 0. Since u{ is the L?-projection of ug (27) is clearly satisfied.

Next we make the induction step n +— n+ 1. Since &, (H;uy)[uf"]? is nonnegative (see Lemma A.2), (27) implies
that

el < A (28)

for h small enough. To verify that the constant C in (27) does not grow from one induction step to the next, we
will only use (28) instead of (27) to prove the induction step.

Since u is ||-|| .-bounded and (28) holds, we get, that wy, is also [|-|| . .-bounded, uniformly in k. So we can change
the function F' in such a way, that F itself and its derivatives are bounded and F'(uy) is unchanged. So we see,
that the assumption (22), we made at the beginning of the proof, was not necessary.

By using (16a) and (28) and inverse properties, from Lemma A.1, we get a constant M > 0 independent of h,
such that

up € Vi s (29)
The error equation (24) together with estimates from Lemmata 4.5 and 4.6 yield
n 2 ni| 2 T _ n ni2
€M I3 = €™ ll5 + San(Hs un) ") < Cr([le” 5 + A1) (30)

By the Gronwall inequality we finally get
ntin2 . T B .
He +1H2 + 5 Z am(H;up) [e ]2 < Ch2H1, (31)

0<m<n

In the last step we substitute € to e by using (16a). This finishes the mathematical induction and the proof of
Theorem 4.1. [

4.2 Proof of Lemma 4.5

To prove this lemma we first use the periodicity of the solution and rewrite K" from (25) as

]Cn[’LL}“Gn] _ Z / (,'771+1 _ nn) " dx
I;

1<5<d
tn+1
+ Z / (/ (F(u) — F(up)) dt) Oy €™ dx
1<j<g /i \7#"
gttt
n (32)
+ ) (F(u) = F()); 1 dt €]
1< i</t
gt
+ (F(Th)—H(Uh))]+1 dt[e"}J+%
1<j<g /"

= Wi+ Wy + W3+ Wy.

In the following we will estimate all W;’s separately. To estimate W, we use Young’s inequality and (16b) to get

1
Wi < gt 7 et < CrhAE o e,
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Next we estimate the term W,. First we note that, because u is continuous,
[un] = [u+e] = [e] = [w—€"]. (33)
Now we use the definition of a from (8) at each cell boundary =, 11 to get with (33) the estimate
(F(un) — H(un)) [€"] < a(H;un)[un] ["]
= a(H;un) (][]~ []°) (34)

attw) (- 7).

For the last line we used Young’s inequality. Next, we use the fact, that the expansion is admissible, and the
definition of &, from (9) to get

3 _ n 2 - 2
Wy < =2 (H;up)[e J?+Crhnly, +Crh™ Y],
< —ZTdn(H; up)[€")? + CTh?* 2 L Cr ||e"||§ .
For a closer look at W5 and W3, we use Taylor expansions of F' at v and get
_ / n 1 " n\2 / 1"
F(u) = Fun) = F'(u)e" = SF"(u)(e")” = F(u)w + F (u)we
1 1=
_ §F”(u)w2 _ EF///(w _ 6")3
=11+ P2+ 3+ Pa+ P5 + P
and
— ) = F’ 71*1” —\2 _ () "ioN—"m
F(u) — F(uy) = F'(u)e 2F (u)(e™)* — F'(u)w 4+ F" (u)we
1F//( )—2 éﬁv///(w o GT)S (35)
=1 Y1 + 2 + Y3 + s + Y5 + V6.
Here F""" and F""" denote remainder terms in Taylor expansions of the bounded function F””. Define for 1 < i < 6

xS [ ([ e

1<5<J

gntl

,t) dt) 0.€" () dx

and

tn+1

=Y [ wtepnaey,

1<5<J

Formula (32) implies
Wy=X14+---+X¢ und Wz3=Y;+- - +Ys

In the remaining part of the proof we will estimate X; 4+ Y; for each i separately. From integration by parts we

get
X1 = 7; 1<Z<J/tn+1 </I F' (), (&) da + (Fl(u) {(Gnﬂ)j#) “

2

tn+1

=—3 Z / /aF' 2 da dt.
i

1<]<J
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Here we used €"0,€" = 30, (€)? and €[e"] = 21(e")?]. So we get as a result
Xi+Yy <COrle|ls.

To estimate X9 + Y5 we use also integration by parts and

1 nszx;r% 1 n 21 n 1 ni3
Z —=(€") I —§(€j+%) le ]j-i—% = Z ﬂk ]j+%
1<5<J ‘”*Ij,% 1<5<J
to get
tr 1
Xo+Ye= Y / (( F" (u)[e" 3> +6/ O F" (u) (¢")? dx) dt. (37)
1<i<g /" J+3 I;
By using the Taylor expansion
F"(u)[e"] = (F"(ar) + F"e)[e") = —F" (w)[un] + F" (wy)[w] + F"'[e"]e (38)

and (16a), as well as the Lemmata 3.14 and A.2 we get

a(Hun) + (Ol + X 0Olp, + el t)lI2)

a(Hsup) + C(h+h2 (€], + lle(-, )II2,)-

1 i

ﬂF (u)[e"] < g
1
=3

Finally (28) leads to

T -1 n — n n n
Xy +Ya < gO’zn(lﬁf;Uh)[enl2 +Cr(L+h72 [y + P e 2, + 1€ 1.0) €™ )5
< zan(Hyup) [ + O7 |5 -
Rewriting X3 we get
tn+1
X3 =— / / (n—"17) 0" dtdx.
1<J<J e
Here @, ..., @ are the values we get by using the mean value theorem for integration. With (16¢), Lemma 3.14

and the inverse properties from Lemma A.1 we get the estimate
Xy < OThH [+ Cr [T, 0.7, < Cr ()3 +5%++2)
To handle Y3 we use
F (w3, )] < 20(Hiun) 4y +C el

which follows immediately from (51a) in Lemma A.2 in the appendix. By using Young’s inequality, (16a) and
Lemma 3.14 we get

o= Y < /t F'(u)T dt [e"] - /t F(u)gdt [J])
J+

1<5<J 1

2
tn+1

r,)* (2a(H;up) [€"]7);, 1 dt
! >1§;Ln Pt (39)

2 2 — 2 2 2 T _
7 (e 3 + nlE, + B e 12 e 13 + Pl ) + Sain (Hun) "]

6
.
7 (e 3 4+ A1) 4+ Zan (Hug) [,

_ 2 9
<r (TR, + 1R, 4 e |
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In a similar way we get the remaining inequalities
T 2 2
X+ Ve < Opn*lloe le"llz < CT eIz,
X5+ Y5 < O7 (|l 3 + h?42),
Xo+Ys < Ch7 e |%, (7 llen]l3 + CTh?+2) < COr (Jle|3 + h+2) .

By summing up over all terms we get the result of the lemma. O

REMARK 4.7. The estimation of Y3 has to be improved to get a convergence rate of k + 1 instead of k + % The
term h2k+1

4.3 Proof of Lemma 4.6

First we rewrite [[e"*! — e”Hi by using (24) and v;, = "1

— €™ and get
He"Jrl — e””i = K" [up, "1 — €. (40)

In the remaining proof we deduce an estimate for K" [uy, v;,] and each vy, € Vll“. K™ [up, vy we can rewrite it as

" up, vp) E / ntl_ Yoy, dx

1<5<J
tn.+1
/ / (u, up) Opvp da dt
1<]<J
tn+1
+ Z / uuh)[vh] 1 dt
<</t

=: 01(vp) + O2(vy) + O3(vp).

Here II and f[j 41 are defined by

M(w,up) = F(u) — F(up) and Hj+%(u,uh) = (F(u) — H(uh))j+%.
Let ¢ be a fixed but arbitrary positive number. The first term 6, (v) can easily be estimated by using Young’s
inequality and (16b) by
101 (vn)| < CT B2 4. |lun| - (41)
To estimate 65(vp,) we make a Taylor expansion of II and get
(u,up) = F(u) — F(up) = F'le = F'e — F'n.

Here F’ € R is the number arising when using the mean value theorem. Altogether we get by Young’s inequality,
(16b) and (18b)

g+l 2

102(0n)] < 8 llvnl3 + Ch* e(-,t) = (-, t) dt

tn

2
< 8l + O35 (JleC-€DI + - €D

2

2
2 T n 2
<6 llonll3 + €35 (e +n2++2)
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Here &}, &7 € (¢",t"1) are values, which arise from applying the mean value theorem in time. To handle 63(vy,)
we split it and make a Taylor expansion to get

Tl(u, un) = F(u) — F(ug) + F(ug) — H(up)
= (P7— F'e) + (F(m) - H(w))

= Q1+ Q2.
Here F' € R is again a number arising from a Taylor expansion. Define
gl
= / Vo dionlyy (i=1.2).

1<j<J
The term T} is estimated by the same type of arguments as 6s:

tn+1

T3l < 6 llonl} +Cht Y (w4 g0t) ~ sy 1) di

1<5<J

2
< s lonl; + €7 (e €DI7, + InC- €D, )

(43)

2
2 T n| 2
< 6llonll3 + O35 (Ilen 3 +%+2) .

Here £}, €2 € (t",t"11) are values, which arise from applying mean value theorem. With the definition of o from
(8) we get
Q2| < a(H;up)|[un]| < a(H;un) (|[e]] + [[0]]) -

Together with Lemma A.1 this gives
2 2
T5| < 6 [lunlly + C’—@Z 2(H;up)[€")? + Cr2h%*

ni 2
< Bl + O T e+ Crh

By adding (41), (42), (43) and (44) we get
K vn) < 48 Jonl + €y 11 + Cr2h-
hyUh| & Vhllg h2 € |lo T .
Now choose § = & and use (40) and (21) to get the final result
n+l n||2 n |2 2k+2
He —€ ||2§C’7' (He 5+ R )

This completes the proof of this lemma. [J

5. ADMISSIBLE EXPANSIONS

Theorem 4.1 applies to the STE-DG method if the expansion is what we called admissible (cf. Definition 3.10).
We introduced this notion to abstain from the special choice for expansions, and to work out the essential
conditions for obtaining convergence. Whether an expansion is admissible has to be checked by a case-by-case
study. In this section we verify the admissibility for the Cauchy-Kovaleskaya expansion and the characteistic
expansion.
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5.1 Cauchy-Kovalevskaya Expansion

In this section we will outline the proof of the fact, that the CK-expansion from Definition 3.5 is an admissible
expansion of order k in the sense of Definition 3.10. To do this we first define the projection Q“¥ by

cx [ CE — VF
Q { v — QYE[v] = TFu;x;] on I, Vi<j<.J. (45)

Here T*[v; x;] denotes the Taylor expansion of order k of the function v in ;.
In the first step we prove two auxiliary lemmata. The first describes derivational operators; the second relates
time derivatives of the expansion and Taylor expansions of derivational operators.

LEMMA 5.1 (FORM OF DERIVATIONAL OPERATORS).
Let the assumptions in Theorem 4.1 hold. Let Ty, | € IN, denote the set of multi-indices given by

T={j=rs-sdt) : 1+ 202+ + 1 =1},

Let the assumptions of Theorem 4.1 hold. Then there are functions K, i € Tiyp, such that for all I,p € N the
derivational operator from Definition 3.4 applied to a function v € CE has the form

I+p )
9.9 v@) = 3 Kyw@) [ @) (46)
i€T1yp m=1

For all i € Ty, we have K; € C*~=P*L(R) and K; is bounded and has bounded derivatives.

Proof: This is a straightforward consequence of the definition of derivational operators and the regularity as-
sumptions on F' made in Theorem 4.1. [J

LEMMA 5.2 (DERIVATIONAL OPERATORS AND TAYLOR EXPANSIONS).
For v e V¥ and 0 <1 < k the following representation formula holds:

;! ECK[th:O =Tkt [5tlv;xj] = 5tlv — RN [@lv;mj} on I;. (47)

Proof: This is a straightforward consequence of the definitions of the CK-expansion (see Definition 3.5) and of
derivational operators. [J

Define W := (E“X[w] —w) — (E“X [v] —v). By using the Lemmata 5.1 and 5.2 we get the following representation

w= Y (tmin<m’1>amm(w — ) By (@, w,0) + t(z — ;) (8™ (w — v))(€2) Do (0, £, 0, v)) .

0<m<k

Here By, Dy, : [0,1] x [0, 7] X th,M X th,M — R are uniformly bounded with respect to h.
Finally we get (i) in Definition 3.10 by using inverse properties (see A.1)

72 min(m,1) T2p2k—1
h2m + h2m+1

W nz<e 3 )Iw—v§ < OR?|jw — |2

0<m<k

Note that we used the time step restriction 7 < yh? from (21) here.
To prove (ii) we note, that

ESK [QCK[U"H = T [u; (z;,t")] on I; x [t",t" 1], V1<j<J,0<n<N, (48)

and use approximation arguments of the Taylor expansion. Here u denotes the exact solution and T* is the
Taylor expansion in space and time.
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5.2 Characteristic Expansion

In this section we want to prove, that the characteristic expansion from Section 3.2.2 is an admissible expansion
of order k. We use here the time-step restriction

T < 'yh%. (49)
By using the basic formulation (12), we derive the following lemma:

LEMMA 5.3 (ERROR REPRESENTATION).
Let v, w € VIE. For each 1 < j < J and 0 < | < k, there is a term T;; = Tj,;(z,t,v,w) with support in
I; x [0,7] x ViF x V¥ such that for 0 <t <7

W = (E"[w] — w) — (E"[v] = > > Tiu(w—v)(y)

1<j<J 0<I<k
and
IT;4] < C% (50)
holds.

Proof: To prove this result we first rewrite (12) and get for z € I, j € {1,...,J},

EC}’ Z ] H ghm (2, t, 01, Vi),

0<I<k 0<m<k

m#l
where F'(D)
l,m L= Yjm —
g (x,t,a,b) =
) = i + (@ — F0)
and
v = v(y;,)-
In the next step we rewrite W(z,t) = s (9, E“"[w] — 9, E“"[v]) (=, 8)’s:§t with 0 < & < t, in such a way, that
it is factorised with one factor (w — v)(y;,;). By using the estimates
l,m l,m 1 l,m l,m T l,m l,m 1
|g’ |§C, |3tg’ |§OE’ |8a9’ |7|6b9’ |§Cﬁa |ata9’ |7|8tbg’ |SCE

we get the final result (50). These estimates hold for z € I;, ¢t € [0,7] and a,b € R. O

With Lemma 5.3 and (49), we can easily prove, that (i) in Definition 3.10 holds.

To prove (ii) of Definition 3.10 we define Q" in such a way, that the properties Q“"[v] € V¥ and Q“"[v](y;.) =
v(y;.1,0) hold for each 1 < j < J, 0 <1 < k and v € CF. Having the projection Q“" we only need standard
interpolation properties to prove (ii).

6. CONCLUSION

Last we want to summarise the results of this paper:

We introduces the Space-Time Expansion DG method in a abstract setting and proof a convergence result only
using the few properties of an admissible expansion. We also introduced two different admissible expansions
namely the Cauchy-Kovalevskaya and the characteristic expansion. We achieved a convergence rate of k + % in
theorem 4.1, which in not optimal, but can be improved to k4 1 by assuming that the numerical flux is a upwind
flux as in [23]. Looking at experiments done by Munz et al. (see [11, 17]) the order k + 1 seems to be optimal.
But the same experiments suggest that the time step restriction 7 < vh? is not optimal. A time step restriction
of the form 7 < «vh, with v > 0 small enough, should be possible.
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Furthermore we did not mention, that the STE-DG method can be extended to use local time stepping (see
[11, 17]). Local time stepping saves a lot of computation time. To get a convergence result for the local time
stepping variant of the STE-DG method there is still some work to do.

Acknowledgment: The authors thank the German Research Foundation (DFQG) for financial support of the
project within the Cluster of Excellence in Simulation Technology (EXC 310/1) at the University of Stuttgart.

APPENDIX A.

We collect well-known results from the literature, which are used in the main part of the paper.

LEMMA A.1 (INVERSE PROPERTIES).
There is a constant C > 0 independent of h, such that the following inequalities hold for all vj, € Vi¥:

_ _1 _1
10zvnlly < Ch™ lvnlly,  lonlp, < CR72 Jlonlly,  Nlonll < Ch72 [uall,-
The seminorm was defined in (7).

Proof: See [3]. O

We also need some information about o and & defined in (8) and (9):

LEMMA A.2 (PROPERTIES OF THE NUMERICAL FLUX).

Let H : R?2 — R be a monotone, numerical fluz for F.

Then the quantities o(H;p) and &,(H;p) are nonnegative and bounded for all p € R2.  Moreover there is a
constant C > 0, such that

SIF @) < a(H:p) + Cllpl |, (512)
<" (B)[p) < o(H:p) + €[] (51b)
Proof: See [23]. O
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