STRONG COMPACTNESS OF APPROXIMATE SOLUTIONS TO
DEGENERATE ELLIPTIC-HYPERBOLIC EQUATIONS
WITH DISCONTINUOUS FLUX FUNCTION

HELGE HOLDEN, KENNETH H. KARLSEN, DARKO MITROVIC,
AND EVGUENI YU. PANOV

ABSTRACT. Under a non-degeneracy condition on the nonlinearities we show
that sequences of approximate entropy solutions of mixed elliptic-hyperbolic
equations are strongly precompact in the general case of a Caratheodory flux
vector. The proofs are based on deriving localization principles for H-measures
associated to sequences of measure-valued functions. This main result implies
existence of solutions to degenerate parabolic convection-diffusion equations
with discontinuous flux. Moreover, it provides a framework in which one can
prove convergence of various types of approximate solutions, such as those
generated by the vanishing viscosity method and numerical schemes.

1. INTRODUCTION

Let Q be an open subset of R™. In the domain €2 we consider the quasilinear
elliptic equation

div,o(z,u) — D* - B(u) + ¥ (x,u) = 0, (1)
where D? - B(u) = 03, bij(u) (we use the conventional rule of summation over

repeated indexes), B(u) = {b;;(u)}}';_; is a symmetric matrix. We shall assume
that this matrix is only continuous: b;j(u) € C(R), ¢,j =1,...,n. In this case the
ellipticity of (1) is understood in the following sense

B(u1) — B(ug) >0, wuj,us € R, uy > ug, (2)

that is, for all £ € R™ we have (B(u1) — B(uz2))¢ - &€ > 0 (here u - v denotes the
scalar product of vectors u,v € R™).

We suppose that o(x,u) = (p1(z,u),. .., on(z,u)) is a Caratheodory vector (i.e.,
it is continuous with respect to u and measurable with respect to x) such that the
functions

on(z) = max |p(z, u)| € Lie () 3)

for all M > 0 (here and below | - | stands for the Euclidean norm of a finite-
dimensional vector). We also assume that for all p € P, where P C R is a set of
full measure, the distribution

divep(z,p) = vp € Mioc(€2), (4)
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where M, (§2) denotes the space of locally finite Borel measures on 2 equipped with
the standard locally convex topology generated by semi-norms pg(p) = Var (dpu),
with @ = ®(z) € Co(Q).

The function ¥ (z,u) is assumed to be a Caratheodory function on © x R, and

Bum(x) = ‘rr|1<a§4 |¢(2,u)| € Li(Q) for all M > 0. (5)

Let 7, = v, + 7, be the decomposition of the 7, into the sum of regular and
singular measures, so that 7, = wy(x)dz, w, € L, (), and 73 is a singular measure
(supported on a set of zero Lebesgue measure). We denote by |v,| the variation of
the measure ,, which is a non-negative locally finite Borel measure on (2.

As usual we denote

1, u > 0,
SlgD(U) = 715 u < 07
0, u = 0.

Now, we introduce a notion of entropy solution of (1).

Definition 1. A measurable function u(z) on Q is called an entropy solution of
equation (1) if ¢;(z, u(x)), bij(u(z)), ¥ (z,u(z)) € LL (), i,j = 1,...,n, and for

almost all p € P the Kruzkov-type entropy inequality (see [10])
divg (sign(u(z) — p)((z, u(z)) — (z,p))) (6)
— D* - (sign(u(z) — p)(B(u(z)) — B(p)))
+ sign(u(z) — p)lwp(z) + P(z, u(z))] — || <0

holds in the sense of distributions on € (in the space D’'(f2)); that is, for all non-
negative functions f(x) € C§°(Q)

| sienuta) =) [t u@) = o(o.p) - VI + (Blu(o) = B) - D1
~(pla) + Ul ule) @) do+ [ )bl >0

We use the notation D?f for the matrix {3§im7,f}§’7j:1 and

n
P-Q=TrPQ= ) pijgi;
i,j=1
denotes scalar product of symmetric matrices P = {pij};szl, Q= {qij}?,j:l. In
particular,
(B(u(x)) = B(p)) - D*f = (bij(u) = bij(p)33,,, f-

In the case when the second-order term is absent (B(u) = 0) our definition extends
the notion of the entropy solution for first-order balance laws introduced for the
case of one space variable in [6, 8], see also [7] for one-dimensional degenerate
convection-diffusion equations.

We also notice that we do not require u(x) to be a weak solution of (1). If
u(z) € L*>(Q) and v, = 0 for p € P, then any entropy solution u(z) satisfies
(1) in D'(Q), ie., u(z) is a weak solution of (1). Indeed, this follows from (6)
with p > ||ulleo and p < —|Ju|lec. But in general, entropy solutions are not weak
solutions, even in the case when the singular measures 7, are absent. For instance,
as is easily verified, u(z) = signa |z|~/? is an entropy solution of the first-order
equation (zu?), = 0 on the line Q = R, but it does not satisfy this equation in
D'(R).

We assume that equation (1) is non-degenerate in the following sense:
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Definition 2. Equation (1) is said to be non-degenerate if for almost all z € Q
for all £ € R™, £ # 0 the functions A — £ - p(x, ), A — B(A) - £ are not constant
simultaneously on non-degenerate intervals.

In this paper, we establish the strong precompactness property for sequences of
entropy solutions. This result generalizes previous results of [12, 13, 14, 15, 17] to
the case of quasi-linear elliptic equations.

Theorem 3. Suppose that ug, k € N, is a sequence of entropy solutions of the
non-degenerate equation (1) such that

o (@, ur(2))| + [ (2, ur(2))| + [ Blu (@) + m(ux(z))

is bounded in L,

there exists a subsequence of ug, which converges in L
u(z) of (1).

We use here and everywhere below the notation |B| for the Euclidean norm of a
symmetric matrix B, that is |B|?> = B - B.

More generally, we establish the strong precompactness of approximate sequences
ug(z) for non-degenerate equation (1). The only assumption we need is that the
sequence of distributions

dive@(@, sa,p(ur(2))) = D* - B(sa,p(ur()))

is precompact in the Sobolev space WCZ11C>C(Q) for some d > 1, for each a,b € R,
a < b (see relation (78) below). Throughout this paper we use s, (u) to denote
the cut-off function

Q), where m(u) is a nonnegative super-linear function'. Then
g

L () to an entropy solution

a, u<a,
Sqp(u) = max(a, min(u, b)) = Cu, a<wu<b,
b, u>b.

Observe that the non-degeneracy condition is essential for the statement of
Theorem 3. In the case of the equation divp(u) — D? - B(u) = 0 this condi-
tion is necessary for strong precompactness property. For instance, if € - p(u) and
B(u)¢ - € are constant on the segment [a,b] with £ € R™, £ # 0 then the sequence
ug(x) = [a+ b+ (b—a)sin(k - x)]/2 of entropy solutions does not contain strongly
convergent subsequences.

We also stress that for sequences of weak solutions (without additional entropy
constraints) the statement of Theorem 3 does not hold. For example, the sequence
uy, = signsin kz consists of weak solutions for the Burgers equation u; + (u?), = 0
(as well as for the corresponding stationary equation (u?), = 0) and converges only
weakly, while the non-degeneracy condition is evidently satisfied.

Theorem 3 will be proved in the last section. The proof is based on general
localization properties for ultra-parabolic H-measures corresponding to bounded
sequences of measure-valued functions. It also follows from these properties the
strong convergence of various approximate solutions for equation (1).

We describe below one useful approximation procedure. We assume for simplicity
that ¢(z,u) =0, b;j(u) € C*(R), 4,5 =1,...,n. Asshown in [17], there exists a se-
quence gp, (z,u) € C°(QxR) such that @, (z, u) T o(x,u)in LE (2, C(R,R™))
while for each p € P, divypm(x,p) = v () + (), where 4 () = wp(x) in

Li (), [7ps ()] T |7, weakly in Mioe(2).

LA nonnegative super-linear function m satisfies m(u)/u — oo as u — co.
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By the ellipticity assumption A(u) = B’(u) > 0, we can choose a sequence of
smooth symmetric matrices A, (u) = {af}(u)}}',—; such that A, > e,1, ey >0
(here I is the identity matrix), and for each M > 0

e/ max |Ap,(u) — A(u)] — 0.

lul<M m—o0
Then we have the limit relation
(A () = A(w) (A (w) 72 = 0 in C(Q).
Moreover, passing to a subsequence of A,, if necessary, we may achieve that for
each M > 0 and every compact K C €

ma (A (u) = A)(An() ] = o (1n (KM +1)717), (7)

where
M
I.(K,M)=1 —|—/ / |divyom (z, p)|dpdz.
KJ-Mm

In general, the sequence I,,(K, M) may tend to infinity as m — oco. We consider
the approximate equation

divy[om(z,u) — Ap(u)Vu] =0 (8)

and suppose that u = w,,(z) is a bounded weak solution of (8) (for instance, we
can take u = u,,(z) being a weak solution to the Dirichlet problem with a bounded
data at 99). This means (see [11, Chapter 4]) that u € L>(Q) N Wy,,.(92), where
W21,IOC(Q) is the Sobolev space consisting of functions whose generalized derivatives
are in L2 (), and the following standard integral identity is satisfied: For all

f = f(x) € C}(Q2) we have
/Q [om (2, u(r)) = Am(u)Vu(z)] - Vf(z)de = 0. (9)

We also assume that the sequence u,, is bounded in L*°(€2). Under the above
assumptions we establish the strong convergence of the approximations.

Theorem 4. Suppose that equation (1) is non-degenerate. Then the sequence

U () mjoou(x) in Ll (Q), where u = u(z) is an entropy and a distributional

solution of (1).

We remark that Theorem 4 allows to establish the existence of entropy solutions
of boundary value problems for equation (1) (as well as initial or initial boundary
value problems for evolutionary equations of the kind (1)).

For example, in [17] we use approximations and the strong precompactness prop-
erty in order to prove the existence of entropy solutions to the Cauchy problem for
an evolutionary hyperbolic equation with discontinuous multidimensional flux. This
extends results of [9], where the two-dimensional case is treated by the compensated
compactness method.

We also remark that another approach to prove the strong precompactness prop-
erty for equation (1) based on the kinetic formulation and averaging lemmas was
developed in [21]. But this approach can be applied only when the flux ¢ = p(u)
does not depend on z € R™, and when the flux vector as well as the diffusion matrix
are sufficiently regular.

In Sections 2, 3 we describe the main concepts, in particular the concept of
measure-valued functions, and introduce a notion of the H-measure. Most of the
statements in the sections are taken from [16]. For completeness we also reproduce
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the proofs of these statements. In [16] we considered the strong pre-compactness
property for the general ultra-parabolic equation

divp(z,u) — D* - B(z,u) + (z,u) = 0, (10)

where it is assumed that B(z,u) is a Caratheodory matrix-valued function, which
satisfies the ellipticity condition sign(uy — ug)(B(z,u1) — B(x,uz)) > 0, and degen-
erates on a fixed subspace X (that is, X C ker(B(z,u) — B(z,ugp))).

We have more complicated situation in (1) since the diffusion matrix B = B(u),
u € R, degenerates on a subspace X = X (u) depending on u € R. Still, since the
matrix B = B(p), p € R, is continuous, we will be able to reduce our investigation
on the behavior of the corresponding H-measure in a neighborhood of a fixed point
po € R (see the statement of Theorem 25). Therefore, we will be able to use
techniques from [16] (of course, in a rather nontrivial manner).

Observe that results analogous to Theorems 3 and 4 were proved in [16] for
equation (10) under the stronger non-degeneracy assumption:

For almost all x € Q and for all € € X, € € X+ such that £ # 0, £ # 0, the
functions X\ — & - o(x,\), X — B(x,\)¢ - € are not constant on non-degenerate
intervals.

Here X' denotes the orthogonal complement to the subspace X.

In Section 4 we prove the localization property for the above defined H-measures
corresponding to sequences of measure-valued functions. Finally, in the last Sec-
tion 5, these results are applied to prove our main theorems.

2. MAIN CONCEPTS

Recall (see [2, 3, 22]) that a measure-valued function on ) is a weakly measurable
map x — v, of the set {2 into the space of probability Borel measures with compact
support in R. The weak measurability of v, means that for each continuous function
f(A) the function z — [ f(X)dv,()) is Lebesgue measurable on €.

Remark 5. If v, is a measure-valued function, then, as was shown in [13], the
functions [ g(\)dv,(A) are measurable in Q2 for all bounded Borel functions g(\).
More generally, if f(z, ) is a Caratheodory function and g()) is a bounded Borel
function then the function [ f(x, A)g(A)dv, () is measurable. This follows from the
fact that any Caratheodory function is strongly measurable as a map z — f(x, -) €
C(R) (see [5, Ch. 2]) and, therefore, is a pointwise limit of step functions fy,(z, \) =
> i 9mi(®)homi(A) with measurable functions gp,;(«) and continuous h,;(A) so that
for x € Q fi(x, ~)m:>oof(:lc7 -)in C(R).

A measure-valued function v, is said to be bounded if there exists M > 0 such
that suppv, C [-M, M] for almost all x € 2. We denote by ||v;|oo the smallest
value of M with this property.

Finally, measure-valued functions of the form v, (\) = 6(A—u(x)), where 6(A—u)
is the Dirac measure concentrated at u are said to be regular; we identify them with
the corresponding functions u(x). Thus, the set MV (Q2) of bounded measure-valued
functions on € contains the space L>°(2). Note that for a regular measure-valued
function v, () = §(\ — u(x)) the value [|Vz]|oo = ||t]|oo- Extending the concept of
boundedness in L*°(£2) to measure-valued functions, we shall say that a subset A
of MV (Q) is bounded if sup,, ¢ 4 [|Vz o0 < 00.

Below we define the weak and the strong convergence of sequences of measure-
valued functions.

Definition 6. Let v* € MV (Q), k € N, and let v, € MV (Q). Then
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(1) the sequence v* converges weakly to v, if for each f()\) € C(R),

/f()\)duf()\) kjoo/f()\)duz()\) weak star in L% (Q);

(2) the sequence v*

x

[rovako) = [ ran) i L.

converges to v, strongly if for each f(\) € C(R),

k

The next result was proved in [22] for regular functions v. The proof can be

easily extended to the general case, as was done in [13].

Theorem T. Let v¥, k € N, be a bounded sequence of measure-valued functions.
Then there exist a subsequence v = vF k = k., and a measure-valued function
vy € MV(Q) such that v, — v, weakly as r — oo.

Theorem T shows that bounded sets of measure-valued functions are weakly
precompact. If ug(z) € L>®(Q) is a bounded sequence, treated as a sequence of
regular measure-valued functions, and ug(x) converges weakly to a measure-valued
function v, then v, is regular, v,(A) = §(A — u(x)), if and only if ug(z) — u(z)
in L _(Q) (see [22]). Obviously, if uj(z) converges to v, strongly then uy(z) —
u(z) = [Advy(N) in L () and then v, (\) = §(A — u(z)).

We shall study the strong precompactness property using Tartar’s technique of
H-measures.

Let
Flu)(€) = / eET (N Dy, € € R,

be the Fourier transform extended as unitary operator on the space u(x) € L?(R"),
and let S = S"~1 = {¢ € R" : |¢{| = 1} be the unit sphere in R™. Denote complex
conjugation of u € C by .

The concept of H-measure associated to a sequence of vector-valued functions
bounded in L?(£2) was introduced by Tartar [23] and Gerdrd [4] on the basis of the
following result. For a fixed I € N, let Uy(z) = (Ut(2),...,U}(z)) € L*(Q,R') be
a sequence weakly convergent to the zero vector as k — oc.

Proposition 7 ([23, Thm. 1.1]). There is a family of complex Borel measures

= {uij}i’jzl on Q x S and a subsequence U,.(x) = Ug(x), k = k., such that
W (@ Bao(©) = i [ OO @O () e )

r=o0 JRn €]

for all ®1(x), P2(z) € Co(Q) and Y(§) € C(5).

The family p = {u”}i j—1 is called the H-measure associated to U, (x).

Here, we shall need more general variant of the H measures developed in [16]
and based on the concept of the parabolic H-measures recently introduced in [1].

Suppose that X C R™ is a linear subspace, X+ is its orthogonal complement,
Py, P, are orthogonal projections on X, X, respectively. For ¢ € R", we write

é:Plga g:P2£7
sothathX,f_EXJ‘,gngrf_. Let
Sx ={ee R P+ 8" =1}

Then Sx is a compact smooth manifold of codimension 1. In the case when X = {0}
or X = R" it coincides with the unit sphere S = {& € R" : |{| = 1}. Let us define
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the projection mx : R™\ {0} — Sx by

€ 3
x(§) = =03 + == -
(1612 +1€[*)12 (1] + 1€+
Observe that in the case when X = {0} or X = R",

mx(§) = £/I¢].

We denote L
p(©) = (162 + 11*) "
The following useful property of the projection holds:
Lemma 8 ([16, Lemma 1]). Let &, n € R™, max(p(§),p(n)) > 1. Then
6lE—nl
max(p(§), p(n))

Proof. We define for £ € R, @ > 0 &, = a2 + af. Observe that for all a > 0
mx(€a) = mx(§). Without lose of generality we may suppose that p(§) > p(n), and,
in particular, p(§) > 1. Remark that 7x(§) = &, mx(n) = ng, where a = 1/p(§),
B =1/p(n). Therefore,

[mx(§) — mx ()] = [§a — ngl (12)
< |§oz - na‘ + |770z - 776|
1/2 - _on1/2
= (@€ — > +a?lE — %) + (8% — a2 + (6 - a)*[nf?) "
_on1/2
< ale —nl + (8- a) ((B+ )2l + [7%)"
Here we take into account that o < 1 and therefore a* < «2. Since
(B+ a)? <457 = 4(|ill* + a|*) 1/ < 4/]dl,
we have the estimate

Imx (&) —mx(n)] <

(8 + @)% + 17> < 4071 + 172) < 4 0712 + [71) " < 6(p(n)>. (13)
Concerning the term 3 — a, we estimate it as follows
__p&) —p(n)
TR0

€12 = |a> + 1€)* = |al*
~ ) P(E) + p()(P(E)2 + (p(n))?)
(€ + 17DIE = A + (€] + 171 (€17 + [71*)IE — 7]
+(p

p(&)p(n)(p(€) + p(n)((p(£))? (m)?)
€] + 17l + (€] + 17D (&2 + [7]%) B
< SO + I GO BB
< (€ )2+ (p(n)* + (p(&) + () ((p(£))* + (p(n ))2)\§—n|
- p(&)p(n)(p(&) +p(m)((p(£)* + (p(n))?)
<1+m> p(n) 1€~
= p&) +pn) pE)pn)
2|€ — )
< pEln a4
Here we use that & < (p(€))2, £ < p(¢), 71 < (p(n))?, 7 < p(n), and that p(&)+p(n) >
1. Now it follows from (12), (13), (14) that

p() p€)  — p&)  max(p(&),pn)’
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as was to be proved. O

Let b(z) € Co(R™), a(z) € C(Sx). Then we can define pseudo-differential
operators B, A with symbols b(z), a(rx(£)), respectively. These operators are
multiplication operators

Bu(z) = b(z)u(z), F(Au)(§) = a(rx (£))F(u)(E).

Obviously, the operators B, A are welldefined and bounded in L2. As was proved
in [23], in the case when Sx = S, mx (§) = £/|¢| the commutator [A, B] = AB—BA
is a compact operator. Using the assertion of Lemma 8 one can easily extend this
result to the general case (when dim X = 1 this was done in [1]). For completeness
we give below the details for the general setting.

Lemma 9 ([16, Lemma 2]). The operator [A, B] is compact in L?.

Proof. We can find sequences ar(z) € C®(Sx), bi(x) € C*(R"), k € N, of
symbols with the following properties: F(b;)(§) € C{°(R™) and, as k — oo,
ax(z) — a(z), bp(z) — b(z) uniformly on Sx, R™, respectively. Then the sequences
of the operators Ay, By with symbols ax(7x(§)), bi(x) converge as k — oo to the
operators A, B, respectively (in the operator norm). Therefore, [Ag, Bx] — [A, B]
and it is sufficient to prove that the operators [Ay, By] are compact for all k € N
(then [A, B] is also compact operator as a limit of compact operators).
Let u = u(z) € L2(R™). Then by the well-known property

F(bu)(€) = F(b) * F(u)(€) = / F(B)(€ — n)F(u)(n)dn,
we obtain

F([Ag, Bplu)(§) = F(AxBru)(§) — F(BrAgu)(§)
= ag(mx (€))F(bxu)(§) — F(brAru)(€)

— [ (@l (€) ~ aulmx () F01)(E ~ P (w)(n)dn

We have to prove that the integral operator Kv(§) = [z, k(& n)v(n)dn with the
kernel k(&,7n) = (ax(mx (€)) — arp(7x (1)) F(bx) (€ — n) is compact on L?(R™).
Since aj € C*°(Sx), Lemma 8 implies
€ =l
max(p(§), p(n))’

for max(p(§),p(n)) > 1. Thus for all £,n € R™ such that max(p(§),p(n)) >m > 1
and £ — 7 € supp F(bg)

lak(mx (§)) — ar(mx(n))| < C

Jax(mx (€)) — ax(mx ()] < I€ . (15)
Let xm(£,m) be the indicator function of {(£,7) € R*" : max(p(£),p(n)) < m}, and
kem (§,m) = x(&m) (ar(mx (§)) — ar(mx (1)) F(bx)(§ — n),

rm(§,m) = (1= x(§,n)) (ax(mx (§)) — ar(mx (1)) F(bx)(§ —n).

Then k(&,n) = km(&,n) + rm(&,n) and K = K,,, + R, where K,,, R, are in-
tegral operators with the kernels k,,(£,7), rm(&,n), respectively. Since the func-
tion k,,(&,n) is bounded and compactly supported, the operator K,, is a Hilbert—
Schmidt operator, which is compact. On the other hand, in view of (15),

Roo©) < o [ 166 = ) P(BR)E ~mllv(mldn = S IEFG] = 0](€)
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and, by Young’s inequality,
C n
|Bmtlle < SIEFGOI Iz, v e 2R

Therefore, ||R,,| < const/m and R,, — 0 as m — oo. We conclude that K,,, —» K
and therefore K is a compact operator, as a limit of compact operators. This
completes the proof. O

Now we fix a space X C R™. An ultra-parabolic H-measure u¥, i,j = 1,...,1,
corresponding to a sequence U,.(x) € L?(Q, R!) is defined on Q2 x Sy by the relation
similar to (11), namely, for all ®1(z), P2(z) € Co(), ¥(§) € C(Sx),

(i, 21 (@) Ba@(€)) = lim [ F@UEF(@UD)©p(rx(€)de.  (16)

r— Jpn

The existence of an H-measure % is proved exactly in the same way as in [23], using
Lemma 2. This H-measure satisfies the same properties as the “usual” H-measure
P9 (corresponding to the case X = {0} or X = R").

The concept of an H-measure was extended in [13] (see also [14, 15]) to sequences
of measure-valued functions. A similar extension can be provided for ultra-parabolic
H-measures. We study the properties of such H-measures in the next section.

3. ULTRA-PARABOLIC H-MEASURES CORRESPONDING TO BOUNDED SEQUENCES
OF MEASURE-VALUED FUNCTIONS

Let v¥ € MV(Q) be a bounded sequence of measure-valued functions weakly
convergent to a measure-valued function v0 € MV (Q). For x € Q and p € R we
introduce the distribution functions

ur(w,p) = Vi ((p, +00)), uo(w,p) = VY((p, +00)).
Then, as mentioned in Remark 5, for k € NU{0} and p € R, the functions ug(z, p)

are measurable in x € Q; thus, ug(z,p) € L*®(Q) and 0 < ug(z,p) < 1.
Let

E=EW)) = {po € R :up(z,p) o uo(x, po) in L%OC(Q)} .
We have the following result, whose proof can be found in [13].

Lemma 10. The complement E = R\ E is at most countable and if p € E then
ug(x,p) L uo(x, p) weak star in L>(Q).

By Lemma 10, as k£ — oo,
Ui (x) == u(z,p) — uo(z,p) — 0 weak star in L>(Q), for p € E.

Let X be a linear subspace of R™. The next result, similar to Proposition 7, was
also established in [13] in the case X = R™. The general case of arbitrary X was
proved exactly in the same way.

Proposition 11. (1) There exists a family of locally finite complex Borel measures

P}, jep in Q x Sx and a subsequence U, (v) = {UF(2)},cp, UF(z) = U (z),

k = k., such that for all ®1(x), Po(z) € Co(), (&) € C(Sx),
(1.0 @F@0©O) = m [ PO F@IN@ (s ). (17)

T—00 R”

(2) The correspondence (p,q) — pP? is a continuous map from E x E into the space
MIOC(Q X S)

We call the family of measures {u??} the ultra-parabolic H-measure corre-

pq€E

sponding to the subsequence v = v¥ k = k,.
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Remark 12. We can replace the function ¢ (7x (¢)) in relation (17) (and in (16)) by a
function ¢(¢) € C(R™), which equals ¢ (7w x (§)) for large |¢|. Indeed, since U — 0

T—00

weak star in L>°(Q), we have F(®,UZ)({) — 0 pointwise and in L _(R") (in

view of the bound |F(®2U7)(§)| < [[@2U|1 < const). Taking into account that
x(&) =¥(&) — ¥(mx(§)) is bounded and has a compact support, we conclude

F@UT)(@x(§) — 0 in L2(R").
This implies that

lim [ F(2,U7)(€)F(@07)(€)x(€)de = 0.

T —00 R”

Therefore

lim [ F(®,UP)(&)F(Q2UF)(E)(€)de

T™—00 RrRn

= lim | F(@U)(OF@:UN©w(nx(9)ds = (1, @1 (2)B2{@)(¢))

r—oo Jpn
as required.
We point out the following important properties of an H-measure.

Lemma 13 ([16, Lemma 4]). (i) y?? > 0 for each p € E;

(i) pP? = p9 for all p,q € E;

(iii) for p1,...,pi € E, g1,...,q1 € Co(Q2 x Sx), the matriz A with components
a;; = (WP, 9,G;5), 1,5 = 1,...,1, is Hermitian and positive-definite.

Proof. We begin by proving (iii). First, let the functions g; = g;(x, £) be finite sums
of functions of the form ®(z)y (&), where ®(x) € Co(2) and (§) € C(Sx). Then
it follows from (17) that

aj = lim [ Hy(€)H] (€)de, (18)

T—00 Rn

where HY(€) = F(gi(-,mx(€))UF)(€). Hence, setting

9i(w,€) = g(w,6) = > Br(@) i (6),
k=1

we obtain

Hi(E) =Y F(®RUP)(E)tn(mx(€)).
k=1
It immediately follows from (18) that a;; = @j;, 4,5 = 1,...,1, which shows that A
is a Hermitian matrix. Furthermore, for a1,...,q; € C, we have

l

2 aieict; =l
ij=1

l
[HA ()P >0, Hp (&) = Hi(&)a,
=1

R»

which means that A is positive-definite.
In the general case when g; € Cy(Q x Sx), one carries out the proof of (iii) by

approximating the functions g;, ¢ = 1,...,[, in the uniform norm by finite sums of
functions of the form ®(z)y(§).
Assertions (i) and (ii) are easy consequences of (iii). Indeed, setting | = 1,

p1 = p and g; = g, we obtain the relation (uPP,|g|?) > 0, which holds for all
g € Co(Q x Sx), thus showing that p?? is real and non-negative. To prove (ii)
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we represent an arbitrary function g = g(x,&) with compact support in the form
9=a102. Let I =2, p1 = p and py = ¢. In view of (iii),

<H’pqag> = <,upqa91972> = <qu792971> = <‘qu’§> = <W? g>
and pP? = p9P. The proof is complete. O

We consider now a countable dense index subset D C E.

Proposition 14 ([16, Proposition 3]). There exists a family of complex finite Borel
measures 24 on Sx withp,q € D, x € ', where Q' is a subset of Q of full measure,
such that pP? = pPldx, that is, for all ®(x,&) € Co(Q x Sx) the function

o (20,00 = [ B dut©)
X
is Lebesgue measurable on 2, bounded, and

G 0(w.€) = [ (21(6), 80,
Moreover, Var p2? <1 for all p,q € D.

Proof. We claim that prgVar yP? < meas for p,q € E, where meas is the Lebesgue
measure on ). Assume first that p = ¢. By Lemma 13, the measure PP is non-
negative. Next, in view of (17) with ®;(z) = ®2(z) = (z) € Cp(Q) and () =1,

(|2 (@)]*) = lim [ F(QUE)(€)F(QUF)(€)d¢

T—00 Rn
— lim [ U ()20 () 2 < / () da
700 Q Q

(we use here Plancherel’s equality and the estimate |UP(x)| < 1). Thus, we see that
that prouP? < meas.
Let p,q € E, A be a bounded open subset of , and g = g(=,&) € Cy(A x Sx),

lg| < 1. Let also g1 = g/+/|g| (we set g1 = 0 for g = 0) and g2 = /|g|- Then

91,92 € Co(A x 5x), 9 = 9192, |91]> = |92|* = |g|, and the matrix

(W’p, lgl) (%, 9) )
(pra, gy (u,|gl)

is positive-definite by Lemma 13; in particular,

(1P, g) | < (1, [g]) (199, g[)"? < (1PP(A x Sx)ut9(A x Sx))'/? < meas(A).

We take into account the inequalities prouP? < meas and prop?? < meas to obtain
the last estimate. Since g can be an arbitrary function in Co(A x Sx), |g] < 1,
we obtain the inequality Var pP?(A x Sx) < meas(A). The measure pP? is regular,
therefore this estimate holds for all Borel subsets A of {2 and

prg Var P4 < meas. (19)
It follows from (19) that for all ¢¥/(§) € C(Sx) we have
Var prg ((§)p?!(x,8)) < [[¢]lccpro Var u?? < [|1h][cc meas . (20)

In view of (20) the measures prg((&)uP?(x,€)) are absolutely continuous with
respect to the Lebesgue measure, and the Radon—Nikodym theorem shows that

pro (€)™ (2, €)) = h¥1(x) meas,

where the densities /}’(x) are measurable on Q and, as seen from (20),

175 (@)oo < 1]l - (21)
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We now choose a non-negative function K (x) € C§°(R"™) with support in the unit
ball such that [ K(z)dx =1 and set K,,(z) = m"K(mz) for m € N. Clearly, the
sequence of K, converges in D'(R") to the Dirac J-function.

Let Blim ¢, be a generalized Banach limit on the space [, of bounded sequences

m— 00

¢ ={cm}men, i€, L(c) = Egg Cm 1s a linear functional on I, with the property:

lim ¢, < L(c) < lim ¢,

m— oo m—0oo
(for convergent sequences ¢ = {¢,,}, L(c) = lim ¢,,). For any complex sequence
m—00

Cm = G, + iby,, the Banach limits are defined by complexification:
Blim ¢, = L(a) + iL(b),

where a = {am}, b = {by} are real and imaginary parts, respectively, of the
sequence ¢ = {cy,}. Modifying the densities h}(x) on subsets of measure zero, for
instance, replacing them by the functions

Blim [ A (y) Kz — y)dy

m—00 O

(obviously, the value hiq(x) does not change for any Lebesgue point x of the function
hy!), we shall assume that for all 2 € Q

hyl(x) = Blim [ A7 (y) K (2 — y)dy. (22)

m—00 Q

Let Q' be the set of common Lebesgue points of the functions
hiq(z)v UO(IIZ’,p) = Vg((pa +OO))3 ua (I,p) = Vg([pa +OO)) = qligl, UO(xaq)a

where p,q € D and v belongs to some countable dense subset F' of C'(Sx). The
family of (p, ¢,v) is countable, therefore ) is of full measure.

The dependence of hﬁq on 1, regarded as a map from C(Sx) into L>(Q), is
clearly linear and continuous (in view of (21)), therefore it follows from the density
of Fin C(Sx) that x € Q' is a Lebesgue point of the functions Al(z) for all
(&) € C(Sx) and p,q € D (here we also take (22) into account).

For p,q € D and z € Q' the equality (1)) = hl/(z) defines a continuous linear
functional in C(Sx); moreover, ||| < 1 in view of (21). By the Riesz—Markov
theorem this functional can be defined by integration with respect to some complex
Borel measure p2%(¢) in Sx and Var u?? = ||I|| < 1. Hence

hy! () = (W5 (€), ¥) = g P(E)dpz' (§),  ¥(§) € C(Sx). (23)

Equality (23) shows that the functions z — [ (£)dur?(£) are bounded and mea-
surable for all ¥(§) € C(Sx). Next, for ®(z) € Co(Q) and ¥(§) € C(Sx) we
have

/Q</SX q’<x>¢<€>du§%£>> de = /Q () (x)dw = /Q ®(x)dpro, ((€)u™) "

- / P(2)p(§)dp(a, §).
QxSx

Approximating an arbitrary function ®(z, ) € Cp(2 x Sx) in the uniform norm by
linear combinations of functions of the form ®(x)y(£) we derive from (24) that the
integral fo O (z, £)duPi(€) is Lebesgue-measurable with respect to « € €, bounded,
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that is, uP? = pP9dz. Recall that Var p2? < 1. The proof is complete. U

The assumption that x € Q' are Lebesgue points of the functions wug(z,p),
ug (x,p) for all p € D, will be used later. Observe that since p € D C E is
a continuity point of the map p — wug(z,p) in L{ (), then ugy (z,p) = uo(x,p)
a.e. in Q. By construction z € Q' is a common Lebesgue point of the functions
uo(x,p), ug (z,p), therefore

vo({p}) = ug (¢, p) —uo(z,p) =0, peD. (25)

Remark 15. (a) Since the H-measure is absolutely continuous with respect to z-
variables (17) is satisfied for ®(x), ®o(z) € L?*(2). Indeed, by Proposition 14
we can rewrite this identity in the following form: For all ®;(x), ®2(z) € Co(Q),
P(§) € C(Sx)

/Qq’l(w)%(ﬂfxl/)(&),ui"(f»dfﬂ: lim [ F(®,U7) (&) F(22U7) (€)1 (mx (€))dE. (26)

T —00 Rn

Both sides of this identity are continuous with respect to (®1(z), Pa(x)) in L*(Q) x
L2( ) and since C’O(Q) is dense in L?(Q) we conclude that (26) is satisfied for each

0y (), Po(x) € L2(Q);

), ®
(b) if z € Q' is a Lebesgue point of a function ®(z) € L?(Q2), then
(

() (!, () = lim lim [ F(QL,,UP)(§)F(®nUr) ()Y (rx(§))dE  (27)

m—0o00 r—00 Rn

for all ¢(¢) € C(Sx), where
(29,,UF)(y) = ©(y)@m(x — UL (y), (2mUN)(y) = Prm(z — y)U(y),

and @,,(z —y) = \/Km(x — y), the sequence K, is defined in the proof of Propo-
sition 14.
Indeed, it follows from (26) that

Jim - F(®0,,UP) () F (2m U7 ) ()1 (mx (§))dE = A gt ()@ (y) K (z — y)dy. (28)

Now, since z € Q' is a Lebesgue point of the functions h}(y) and ®(y), and the
function hiq(y) is bounded, x is also a Lebesgue point for the product of these
functions. Therefore,

im ; ho! (V)@ () K (2 — y)dy = @(2) Ry (z) = @()(up?, 1 (E)),

and (27) follows from (28) in the limit as m — oo;

(c) for z € Q' and each family p;, € D, ¥;(§) € C(Sx), i = 1,...,1, the
matrix (py", p;), i,5 = 1,...,1, is positive definite. Indeed, as follows from
Lemma 13(iii), for ay,...,a; € C

l
S s ity aiy
=1

l

= Tim > (4P (y,€), Blw — )i T — y)i5(€) ) aici; = 0,

m—oo =
Taking in the above property l= 2 p1 D, P2 =q, Y1(§ /\/W (1=0
for v = 0) and ¥2(§) = |Y(§)], ¥(€) € C(Sx), we obtam, as in the proof of

<u’i”7|¢|> (B9, 4)
(e, ) (e, [9])

| (129, 9) | < (2P, J3p]) - (ud?, )2,

Proposition 14, that the matrix < ) is positive definite. In

particular,
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and this easily implies that for any Borel set A C Sx
Var j29(A) < (WP (A)ug?(A)2. (20)
Denote by 6(A) the Heaviside function:

1, A>0,
H(A):{ 0, A<0.

Below we shall frequently use the following simple estimate.

Lemma 16 ([16, Lemma 5]). Let pg,p € D, x(A) = 0(A — pg) — (X — p),
Vetw) = [ IOl + )

®(y) € L*(Q), x € ' is a Lebesgue point of (®(y))?. Then
i T [9( — )W)V )2 < 200(@)luo(z, p0) — wo(a. )2 — 0.

m—00 r—00 p—po
Proof. 1t is clear that
Ve(y) = |ur(y,po) — ur(y,p) + uo(y, po) — to(y, p)|
= sign(p — po) (ur (¥, po) — ur(y,p) + uo(y, po) — uo(y, p)) <2
and, in particular, (V,.(y))? < 2V,(y). Therefore,

[®m(z — 1)@ (y) Ve (W)l3
< 2sign(p — po) /(‘I’(y))QKm(a: —y)(ur(y,p0) — ur(y, p) + uo(y, po) — uo(y,p))dy.

Since po,p € D C E, ur(y,po) — ur(y,p) — uo(y,P0) — uo(y,p) as r — oo weak star
in L*°(Q) and we derive from the above inequality that

Tim | @ (2 — ) 2(y) V2 ()3

< 4sign(p — po) / ((9)) Ko (2 — ) (105, po) — 10y, p)) .

Now, passing to the limit as m — oo and taking into account that x € Q' is a
Lebesgue point of the bounded function ug(y,po) — uo(y, p) as well as the function
(®(y))? (therefore, x is a Lebesgue point of the product of these functions), we find

i T ([, (@ — )8V ()3 < 4(0())[uo (e, po) — ol p)l.

m—0o0 r—00

This implies the required relation

lim Tim || @ (z — ) @(y)Vi(y) 2 < 2|18 (2)||uo(, po) — uo(x, )|/,

m—0o0 1r—00

To complete the proof it only remains to observe that, in view of (25), v2({po}) =0
and therefore ug(z, p) — uo(x,po) as p — po. O

The following statement is rather well-known.

Lemma 17. Let U.(z) be a sequence bounded in L?*(R"™) N LY(R"™) and weakly
convergent to zero, a(€) be a bounded function on R™ such that a(§) — 0 as || —
0o. Then a(§)F(U,)(€) — 0 in L*(R").

T—00

Proof. First, observe that by the assumption a(§) — 0 at infinity for any € > 0 we
can choose R > 0 such that |a(§)| < ¢ for [¢] > R. Then

[ JOPF@)©Fde < Pl =20 < 02 (a0

where C' = sup,.¢n ||Ur||2 is a constant independent of r.
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Furthermore, by our assumption U, — 0 as r — oo weakly in L'. This implies
that F(U,)(§) — 0 pointwise as r — oo. Moreover, |F(U,)(§)| < ||Ur|l1 < const.
Hence, using the Lebesgue dominated convergence theorem, we find that

[ wa@PIr@)©Pd —0 (31)
|§I<R
as r — oo. It follows from (30), (31) that

lim [ [a(&)]P|F(U.)(€)[?de < Ce.

r—oo fpn

Since € > 0 is arbitrary, we conclude that

lim [ |a(&)]*|F(U,)(§)*dg = 0,

r—oo fpn

that is, a(¢§)F(U,)(¢) — 0in L?(R™). The proof is complete. O

7—00

We now fix ¢ € ', po,p € D. Let L(p) C R™ be the smallest linear subspace
containing supp pPPo, and L = L(pg). As follows from (29), supp uPP° C supp uboro
and therefore L(p) C L.

Suppose that f(y, A) is a Caratheodory vector-function on € x R such that

2
I1f (@, )00 = ‘gfllgﬁlf(xﬂﬂ < an(z) € L (), (32)
for all M > 0. Since the space C(R,R"™) is separable with respect to the stan-
dard locally convex topology generated by seminorms || - || a,00, then, by the Pettis
theorem (see [5, Ch. 3]), the map x — F(z) = f(z,-) € C(R,R") is strongly
measurable and in view of estimate (32) we see that F(z) € L _(Q,C(R,R")),
|F(2)]? € LL.(2,C(R)). In particular (see [5, Ch. 3]), the set {2 of common

loc

Lebesgue points of the maps F(z),|F(z)|* has full measure. For z € Qf we have

lim [ Ko (z = y)||F@)]* = [F(y)]*[lar.edy =0

for all M > 0. Since, evidently,

IF(z) = F(y)lI3,00 < 21F (@) = F@)ll 00| F (@)l 101,00 + |[F (@) = [F () * ]| 0,00
it follows from the above limit relations that for x € {2y
lim [ Kp(z —y)||F(x) = F(y)ll3s,00dy =0, (33)

for all M > 0. Clearly, each o € Q¢ is a Lebesgue point of all functions x — f(x, ),
Ae R Let Q" = Q@ NQy, v = v — 12 Suppose that z € Q”, py € D,

X(A) = 0(A = p1) — (A — p2), where p1,ps € D.

For a vector-function h(y, A) on £ x R, which is Borel and locally bounded with
respect to the second variable, we denote I,.(h)(y) = [ h(y, \)dy; ()). In view of the
strong measurability of F(z) and (32) we see that the sequence I, = L.(f - x)(y) is
bounded in L% (£2) (also see Remark 5). Moreover, this sequence weakly converges
to zero as r — oo. The latter easily follows from the fact that fx(y) can be pointwise
approximated by finite sums of functions of the kind h(y, ) = g(y)0(A — p), where
9(y) € Li(Q) and p € D. Since I.(h)(y) = g(y)UP(y) we see that I.(y) is
approximated in L2 () by finite sums of the indicated functions g(y)UP(y). By
Lemma 10 the functions g(y)UF(y) — 0 as 7 — oo weakly in L2 _(Q) and we
conclude, by the approximation arguments, that the same remains true for the

original sequence I, (y).
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Let X be the subspace from the definition of ultra-parabolic H-measure, X L
be the orthogonal complement to X. We denote by L, L the spaces obtained by
orthogonal projections of L on the subspaces X, X, respectively: L = P;(L),
L = Py(L).

Proposition 18 ([16, Prop. 4]). Assume that f(z,)) € LY, and p(€) € C=(R™)
is a function such that 0 < p(§) <1 and p(§) =0 for €2+ €A <1, p(&) =1 for
€12+ |€* > 2. Then for all (&) € C(Sx)

§E - F(@unlr(f - X)) mrm—m07m B
’/ (I€]2 + |€]4)1/2 F(2,Ur) (€ (mx (€))d| = 0.

Here @, = @,(x —y) = o/ Km(x —y) and I.(f - x) are supposed to be functions
of the variable y € Q2.

lim lim

m—00 r—00

Proof. Note that

L < [ 1 IWlaVar0) < 20 ), (34)
where M = sup ||v}||co. Let us first show that for each m € N

. P(S)E'F((I)mjr)(g)ipo T _
tm [ e R G T ) =0, (35)

For that, it is sufficient to demonstrate that

LOE L R@, ) 0w (R, (30
(1€% + lgl)Y/ ree
Remark that the sequence ®,,UP°, r € N is bounded in L?(R") and in L'(R")

(since supp ®@,,, is compact) and weakly converges to zero. Hence, (36) follows from
Lemma 17. We only need to demonstrate that the function

a(e) = — pQ)¢]

(1€]7 + 1¢14)172

satisfies the assumptions of this lemma. First, we show that a(§) < 1. Indeed,
for [£]2 + |€]* < 1 the value p(¢) = 0 while in the case |¢]? + [£]* > 1 we have

p(©)I¢]
1 1.
(@ + e = D <
Then, observe that for [£]2 4 |£[* > R* >0

4
<
O = g g

Therefore, a(§) — 0 as || — oco. Thus, assumptions of Lemma 17 are satisfied and
by Lemma 17 We conclude that (36), (35) hold.

< (|EP+E V<R

In view of (
i T ’ / = 5: 24;}2(5)PW£’°)(5>¢(WX<£>>d5‘
(37)
F(®,,1, — o
= Jim i | [ <?§|2+(| 54)1/)2(5)F(<I>me°)(£)w(7rx(€))d€.
Let g(\) = f(x,N), Il = I( = [g(M)x(N)dvy(N), M = sup || || oc. Then

1< / @A) — Fle |dVar () < 21F(y) — F(2)]aro0.
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This and the Plancherel identity imply that
/ POE - F(@m (L — 1))(§)
" (161 + 1€]4)1/2
S W lloo 1 (@m (I = L2/ F(@mUF0)l2 < [[¢lloo |®m (I = 17) |2
1/2
<2l ([ Kl = nIFG) - F@lRin)
R’n.
It follows from the above estimate and (33) that
/ POE - F(2in1,)(8)
w812
B / POE - F(Pm}) ()
no (117 4 1g14)r 2

F(®,UP)(§)¢(mx (§))dS

F(@nUr)(§)¢(mx (€))dE

lim lim
m—0o00 r—0o0

F(®n,UP) ()¢ (mx (€))dE

im Tim P(E)g F((I)m(IT - I;))(f)ipo —
< Jim_ T | [ e e U@ €)de| =0
and, in view of this relation and (37), it is sufficient to prove that
fn T | [ PO8 E@nDO) g dé| = 0. 38
i T P @I @ (x (€)e (39)

The vector-function g(\) is continuous and does not depend on y. Therefore for any
€ > 0 there exists a vector-valued function A(\) of the form h(\) = Zle v;0(A—p;),
where v; € L and p; € D such that ||g- x — h]ls <& on R.

Using again Plancherel’s identity and the fact that

=Ll =[x h)(A)dv;(A)‘ < [ lg-x —HO)lavar (7)) < 2=,

we obtain

/ PEE - F(®m1})(€)
(R EORE

_ P(ﬁ)g F((I)mIT(h))(E)ipo (39)
/R (|£\2 +|€4)1/2 F(@,Ur")(§)Y(mx (§))dE

<N lloo @i (g - x = B2 < 2]l oo||Brmll2 = 2219 o-

F(®nUr)(§)(mx (€))dE

Since

k k
I.(h)(y) = / <Z vif(A —m)) dyy(\) =Y wUP (y),
i=1 =1

it follows from (27) the limit relation

fm G [ PO F @ (1))
m—oor—oo [pn (|£‘2+|§|4)1/2

= i (2w, (vi- u(©))

Here we also take into account Remark 12. Since p(§)Y(wx(£)) = ¥(wx(§)) for
large |¢| then, by this remark, for i =1,...,k,
C v (P, UPi
iy [ PO IF Ol
e e (R 16

F(2,UF°)(§)t(mx (§))dg
(40)

F(®@nUr) () (mx (€))dE
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— lim glviF((Pmei)(é-)ipo -
= lim [ F @U@ (O

- <Mp”’0(y7§),Km(a: —y)(v; - £>w<£>> -

Now observe that supp p?i?° C L(pg) = L, and for each £ € L v; §~ = 0 because

.. - k .

¢ € L while v; LL. Hence > (ubiPo (v; - £)1p(€)) = 0, and it follows from (40) that
i=1

im Gim [ PEEE (@l (h)(E)

msor=e Jpo (2 + 1)

F(@nUr) ()¢ (mx (€))dE = 0.

This relation together with (39) yields

lim lim
m—0o0 r—0o0

P R A (T (3 |(y p—
/n (€2 + |€]4)2/2 F(2,,U)()Y(mx (£))dE] < 2|9l oo,

and since € > 0 is arbitrary we claim that (38) holds. This completes the proof. O

Let Q(A) be a continuous matrix-valued function, which ranges in the space
Sym,, of symmetric matrices of order n, and Q(\)¢ - & = 0 for all ¢ € L = Py(L)
(recall that P, is the orthogonal projection onto XL) Let p1,p2 € D, x(\) =
0N —p1) — 0\ —p2), Jr(y) = J( = [x(N)QN)dvy(A), and let p(§) be a
function as in Proposition 18.

Proposition 19 ([16, Prop. 5]). Under the above notation for each ¢ (&) € C(Sx)

Jim T | [ OB O R D@ (x| 0. 4

Proof. Since the space Y of symmetric matrices A, satisfying the property A¢-£& =0
for ¢ € L, is linear, for every e > 0 one can find a step function H(\) = Ek O(\—
p;)Q;, where p; € D, Q; € Y for each i =1,..., k such that |[x(\)Q(\) —H(\)| < e

for all A € R. We denote J/.(y) = [ H(X d’yy ) and observe that
k
Tl(y) = Z UP () Qi (42)
9:0) = i) < / QW) — OO laVary () < 25 (43)

We also remark that

P @) @)1
GEERRE

(P Jr)(€)E - €

‘ (1€12 + [€]4)2/2 < [E(®mJr)(©)].
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The latter estimate and (43) imply that

/ PEF (@) ()6 -€
o (ER+1gY

. / PO )
G
DG —
- | [ A S T @ e €
< Wl @y = NI F (@7

= [¥lloo|®m(Tr = TD)l2[|@m U7 2
< ¢llooll®m (T = )2

1/2
ol ([ B = 0102000 = S0Py
< 2¢)|9] oo
We also use that |UF°| < 1 and therefore ||®,,UF° |2 < 1. In view of (42)

p(f)F:((I)mJ,',)(E)f_ f_w - d
/n (‘§|2+|§"4)1/2 ( myr )(5)1/’( X(f)) 3

/n (‘5|2+|g‘4)1/2 (®mUr )(5)1#( x(£))dg,

and by relation ( 7) and Remark 12 we find
PEOF @ )OS €5

e e (€ + 1672

F(®nUr) (€)1 (mx (€))d€

EF @ U € (€))de

()€
)1/2
3

|
M=

F(@mUr)(€)1h(mx (€))dE

(45)
Z PPy (€)Qi€ - €) =0,
i=1
because supp pk?° C L and therefore Q; €-& = 0 on supp PP (recall that Q;€-€ =

for any £ € L).
By (44) and (45) we obtain the relation

m Tm (I)mJ )(§)€ 571)0
i T | [ 2 O SR T @ x| < 2

and since ¢ > 0 is arbitrary, we conclude that (41) holds. The proof is complete. [
In the sequel we will need the following simple result.

Lemma 20. Let { & : k=1,...,1 } C L be a basis in L. Then there exists a
positive constant C such that for every v € R", @ € Sym,,

lv1]| + Q1] < Ckinlaxlliv-gk—i-ka &,

where vi = Pv, Q1 = PQP, P, and P are orthogonal projections on the spaces L,

L, respectively, and i = +/—1.

Proof. We introduce the linear spaces SL: {QeSym, : Q=PQP} H= LeS
and remark that p(v, Q) = kniax liv - & + Q& - €| is a norm in H. Indeed, it is

clear that p is a seminorm. To prove that P is a norm, suppose that p(v,Q) = 0.
Then v- fk = Q&1 -&: = 0 and since vectors ’fk, &1, generate spaces L L, respectively,
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we claim that v€ = 0 for all £ € L and Q§ - =0forall € L. Since v € L we see
that v = 0. Furthermore, since @ € S we find that for every £ € R"

Q¢ - &= PQP¢ - =QP¢- PE=0,

and we conclude that @ = 0. It is well-known that any two norms in a finite-
dimensional space are equivalent. Applying this property to the norms p(v, Q) and
p1(v,Q) = |v] + |Q| and using the relations

v & =1 &y Q€& = QP& - P& = Qi&i - &, k=1,...1,
we find that for some constant C > 0
loi] +]@1] < Ckgllaxl livy - & + Qi - &x| = Ckgllaxlﬁv &+ Q- &,
as was to be proved. O

Corollary 21. There exist functions ¥(§) € C(Sx), k=1,...,l =dimL and a
constant C' > 0 such that, in the notation of Lemma 20, for allv € R™, @ € Sym,,
such that Q > 0

foal +1Qu] < C max |27, (i€ + Q€ - ()] (46)

Proof. We remark that the measure pforo > (0. If pPoPo = 0, then both sides
of the inequality (46) equal zero, and this inequality is evidently satisfied. Thus,
suppose that pPoPo(Sy) > 0. Since L is a linear span of supp u£°P°, we can choose
functions ¢ (&) € C(Sx), k = 1,...,1 such that (&) > 0, [x(&)duore =1 for
all k = 1,...,1, and the family & = [&¢p(§)dutoro, k =1,...,1, is a basis in L.
By Lemma 20 there exists a constant C' > 0 such that for all v € R", @ € Sym,,

1] + Q1| < € max iv - & + Q& - &l (47)
where v1 = Pv, Q; = PQP. Now, we observe that

&= [ G0 ©. &= [en©anme©.
Therefore,
0= [0 Eun©dm(e)
and if Q > 0 then

Q6 &= Q [ En©@amm(© - [En@dm©) < [ Q8- e

by Jensen’s inequality applied to the convex function ¢ — Q€ - €. In view of the
above relation, (46) readily follows from (47) (we also take into account that for
real a the function f(z) = |ia+z| increases on [0, +00)). The proof is complete. O

4. LOCALIZATION PRINCIPLE AND STRONG PRECOMPACTNESS OF BOUNDED
SEQUENCES OF MEASURE-VALUED FUNCTIONS

In this section we need some results about Fourier multipliers in spaces L%, d > 1.
Recall that a function a(¢) € L>°(R™) is a Fourier multiplier in L? if the pseudo-
differential operator A with the symbol a(§), defined as F(Au)(§) = a(&)F(u)(£),
u=u(z) € L*R") N LYR"), can be extended as a bounded operator on L4(R™),
that is,

[Aulla < Cllulla, v e L*(R") N LY(R™),
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for a constant C. We denote by My the space of Fourier multipliers in L¢. We also
denote

R" = R\{0)"={&= (&, &)« [[&#0)
k=1

The following statement readily follows from the known Marcinkiewicz multiplier
theorem (see [20, Ch. 4]).

Theorem 22. Suppose that a(&) € C™(R™) is a function such that for some con-
stant C

€*D%a(§)| < C, €€R, (48)

for every multi-index o = (o, ...,qn) such that |a| = a1 + -+ + a, < n. Then
a(€) € My for alld > 1.

a;

Here we use the notation £~ = [\, (&)*, D* = [, (%) . Actually, it is

sufficient to require that (48) is satisfied for multi-indices « such that «; € {0,1},
1=1,...,n.

We will use the statement of Theorem 22 for symbols of special type. Namely,

assume that X is a linear subspace of R", and wx : R® — Sx be the projection

defined in Section 2.
Corollary 23. If¢ € C"(Sx), then ¥(mwx(£)) € My for every d > 1.

Proof. Using an orthogonal transform, we can assume that X = R*¥ = {¢ € R" :
€= (y1,. - ,Yr,0,...,0) } while X+ ={&¢ € R” : €=(0,...,0,21,...,20_%) }.
By the definition of 7y we have mx(t?y,tz) = 7x(y,2) for each t > 0 and & =
(y,z) € R™, & # 0. The function a(y, z) = ¥(rx(y, 2)) satisfies the same property
a(t?y,tz) = a(y,z). As is easy to see a(y,z) € C"(R™ \ {0}) and it follows from
the above homogeneity relation that

DED2aly, 2) = D2 Dla(ty, tz) = 101 (De DR (2y,t2).  (49)

Here a = (a1,...,ak), 8= (01,...,Bn—k) are multi-indices corresponding to vari-
ables y € X, 2 € X, respectively, and |a| + |3] < n.
Putting t = (|y|> + |2[*)~'/* in (49), we obtain that

Dy Dlaly, z) = Dy Dla(t?y,tz) = (ly|* + |=[) 71127 10/4 (D Dla)(y', '), (50)

where (y',2') = mx(y,z). Since the derivatives |D§D?a| are bounded on Sx it
follows from (50) that for some constant C > 0

[y D Dla(y, 2)
PRIE ! 21 o
< <
= O+ SRR = & (g2 el ([ + A7 = =

for all multi-indices (o, ) such that |a| 4+ || < n. By Theorem 22 we conclude
that a(§) € My for every d > 1. The proof is complete. O

p(&) V(A +1¢1*)
(1612 +1€]*)1/2
a function wity the properties indicated in~Proposition 14, namely: 0 < p(§) < 1,
p(&) = 0 for |€]% + [€]* < 1, p(&) = 1 for |£]? + |€]* > 2. Another consequence of

Theorem 22 is the following result.

Now we consider the symbol a(§) = , where p(§) € C*(R") is

Corollary 24. a(§) € My for every d > 1.
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Proof. Obviously, a(§) € C°(R™ \ {0}). As in the proof of Corollary 23, we
can suppose that X = R* = {¢ ¢ R" | ¢ = (y1,.--,¥,0,...,0) }. Then for
£=(y,2) EX XX+, E#0

y, 2)(1+ |y|? + |2]?)"/?
s = P05 £ 1)

(I + [2*)1/2
where we denote
ar(y,z) = (L4 [y + 212, azly, 2) = (Jy* + 1272
In correspondence with (48) we have to show that for all a, 8, |a| + |8 < n
ly*2° Dy DY (a1 (y, 2)az(y, 2))| < C (51)

= p(y, 2)a1(y, z)az(y, 2),

in the domain |y|? + |2|* > 1 (here we take into account the properties of p(¢)) for
some constant C. In order to prove (51), we estimate derivatives of functions ay,

as. Evidently,
1D2DPar(y, 2)| < Am(1 + [y|? + |23 01l =18D/2 )
< Am(L+ gl + |22y =1 2712,

where A,, is a constant depending only on m = |a| + |8|. Furthermore, we ob-
serve that the function as(y, z) satisfies the homogeneity relation as(t?y,tz) =
t2as(y, ). It follows from this relation that

Dy Dlas(y, z) = 2Dy Dl as(t*y, tz) = 14102 (Do Dl ag) 1y, t2).
Taking in this equality ¢ = (|y|? + |2|*)~/4, we arrive at
Dy Das(y, =) = (Jy[*+|=") " CeHIED4DEDlas) (v, 7). (v, 2) = mx(y, 2) € Sx.

Since the derivatives D;‘Dfaz are bounded on Sx the latter equality yields the
estimates

|DS D2as(y, )| < B (Jy|* + |2[*)~@lel+181+2)/4
< B(lyl* + |2 72yl z 7,

where the constants B;,, depend on m = |a|+|5|. By the Leibniz formula we derive
from (52) and (53) the estimates

Dy Dlai(y, 2)az(y, )] < C (L4 lyl® + =) 2 (ly[> + [2) 72 [y| 1) 7171, (54)
where C,, is a constant. As is easily verified, in the domain |y|? + |2[* > 1
L+ [y + 22 lyl? K& 2 (-2
<1+ <24 min(|z|%, |2]77) <3
lyl? + [2[* 2 + 121t Jyl? + ]2
and by (54) we conclude that in this domain for each «, 3, |a| + 8] < n
| Dy DZax(y, 2)az(y, )| < Cly| 112|717,

C being a constant. It is clear that this implies (51). Hence, the requirements
of Theorem 22 are satisfied. Therefore, a(§) € My for all d > 1. The proof is
complete. O

(53)

Now we consider the bounded sequence of measure-valued functions ¥ € MV(Q)
and suppose that for some d > 1 and each a,b € R, a < b the sequence of distribu-
tions

divm/ga(x, sap(N)dvE(N) — D2 /B(savb(/\))dyf()\) is precompact in W(;léc(Q).

(55)
Here s, (1) = max(a, min(u, b)) is the cut-off function and W; ! (€2) denotes the
locally convex space of distributions u(x) such that wf(z) belongs to the Sobolev
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space W; 1(R") for all f(x) € C§°(). The topology in Wdiﬁ)c(Q) is generated by
the family of semi-norms u +— ||uf||W;1, f(z) € C§° ().
We choose the subsequence v = v¥, k = k, weakly convergent to a bounded
measure-valued function v/ such that the H-measure pP?, p,q € E is welldefined.
Fix pg € F and choose a countable dense subset D C F such that po € D. Now
define a linear subspace X being the maximal among linear subspaces of ¥ C R™
such that for some positive § for every p € [po, po + 9]

(B(p) — B(po))§ - £ =0
for all £ € Y. Since for p > py the matrices (B(p) — B(po)) > 0, the space X can
be expressed as follows

xX= () Fke(B(p) - B)). (56)
0>00<p—po<s

It is possible that the space X = {0}. Passing to a subsequence of v/ if neces-
sary we can suppose that the ultra-parabolic H-measure pP? = pt! is welldefined.
By Proposition 14 this H-measure can be represented in the form p?? = pPidx,
p,q € D, x € Q, where Q' C Q is a set of full measure indicated in the proof of
Proposition 14. Define the set of full measure ), consisting of common Lebesgue
points of the maps F(z) = ¢(z,-) € C(R,R"), |F(z)|? = |p(z, -)| € C(R) and fix
ze Q" =0'"NQ,.
Under the above assumptions we have the following localization principle.

Theorem 25. Let L be a linear span of supp puPoPo. Then L C X and there exists
81 > 0 such that (p(x, ) — p(x,p0)) - € =0 for all £ € L, X € [po,po + 1]

Proof. By the definition of the space X for some 6 > 0 and each p € [pg, po + 9],
(B(p) —B(po))§-€=0forallé € X. Let V ="V5=[pg,po+0]NDand p e V. As

follows from (55) and the weak convergence v — ug,

£3(0) = div, [ (0530, ()N
(57)
_p2. / Blspop(M)dvi(N) — 0 in Wik (9,

where vy = v, — 1/8 . As is easy to compute,

@Y, $po.p(N) = 9(y,p0) + (¢(y, ) — (¥, p0))0(A — po) — (¢(y,p) — & (y, A)x(N),
B(spo.p(A) = B(po) + (B(p) — B(po))0(A — po) — (B(p) — B(A))x (),

where x(\) = 0(A — pg) — O(A — p) is the indicator function of the interval (pg, p|.

Therefore, £;, = div,(P,(y)) — D* - Q,(y) where the vector P.(y) and the matrix

Qr(y) = {(@r)ru(y)} 1, are as follows (notice that [ dy!(\) = 0):
Pow) = | (ol 1) = )08 = po)dny V)
- [(etwp) = 0w N )
— (pl:) ~ )V ) ~ [ (olop) — or XN (58)

Qu(y) = UP (4) (B(p) — B(po)) — / (B®) — BONXNd (). (59)

In particular, it follows from (59) and the choice of the space X that X C ker Q..
For ®(y) € C§°(€2) we consider the sequence

Ly = divy (®(y) Pr(y)) + 2div(Q:(y) VO(y)) — D* - (2(y)Q: (1))
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= divy (®(Y) Pr(y) + 2(Py, (Qr)ki(y))yi — 0s,y, (@) (Qr) k(1))
=®W)Ly(y) + Prly) - VO(y) + D*®(y) - Qr(y).

Since the sequence P.(y) - V®(y) + D?®(y) - Q.(y) is bounded in L? and weakly
converges to zero as r — oo, this sequence converges to zero in W, ! (we can
suppose that d < 2). Besides, in view of (57), ®(y)L,(y) — 0 in Wt as well,

and we claim that L, — 0in W;'. Introduce the vector G, (y, \) = 2Q,(y)V®(y)

T—00

with components (G,)i(y) = 2®,,(Qr)r(y), £ = 1,...,n. Then the distributions
L, can be represented in the form L, = divy(®F, + G,) — D? . (®Q,). Hence,

div, (®P, + G,) — D*- (®Q,) — 0 in W,
T—00

Applying the Fourier transform to this relation and then multiplying the result by
p(E) (|7 + [€]*) /2, we arrive at

p(&)(2mig - F(QF + Gr)(§) + AT*F(2Q,)(§)€ - §)
(€] + |g]+)2/2 (60)
=F(,)(¢),  wherel, — 0 in L4R")

T—00

(the function p(&) is indicated in Proposition 18). Indeed, (60) follows from the
representation

: Fla\— p(§) (1 + [¢)2 2\—1/2
PO +[€)72 = === - (L + €)™,
(17 +1¢14)12
the statement of Corollary 24 and the definition of W, *. Let 1(¢) € C™(Sx). Then

by Corollary 23 we see that the sequence F(®U?)(&)y(nx(§)) = F(h,), where h,
is bounded in LY (R"), d’ = d/(d — 1). This and (60) imply the relation

/ p(€)(2mi - F(®P, + Gy)(§) + 4m*F(2Q:)(§)€ - €)

(1€]2 + [€[H)1/2 F(RUP) (&) (mx (£))d¢

= / nlr(x)mdz — 0.

T — 00

(61)

Now, we remark that the sequences ®(y)UP°(y) is bounded in L? N L' and weakly
converges to zero. By Lemma 17 we have

FRUEYOpOE o o r2re m) (©2)
(2P 1 1e)2 o |

because

IS <
(12 + €112 = (I + 1)/~
and evidently a(§) — 0 as |{| — co. Besides,

a(§) =

£ F(G,)(€) =2 / e72mEY(Q, ) (y) By, (y)Erdy

n

= [ e, )8 Vo = o. (63)

F(®Qr)(§)S = - eTETEYD(y)Q, (y)Edy = 0, (64)
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since £ € X C kerQ,. Taking into account relations (62), (63), (64), and the
boundedness of the sequence F(®UP?)(€) in L?(R™), we derive from (61) that

plE)(2mi - F(RP,)(E) + 4n*F(2Q,) (&) - &) Frarmmrey g — 0
/n (€12 + 1614)1/2 @US) O (mx(©)de, = 0.
(65)
Taking into account representations (58) and (59) we can rewrite the last relation
as follows

lim / p(&)(2mi€ - F(RFUP) (&) + 4nF (2UF°)(€)(B(p) — B(po))€ - &)
" (€2 + Jg]) /2
x F(QUP) (&) (mx (€))de (66)
B / P& - F(RVP)(€) + F(DGR)(€)§ - )
. (S ORE

rT—00

F(‘I’Uf“)(f)ib(ﬁx(f))di} =0,
where

f) =ey.p) —ey.po), V()= QW/(W(ZMU) — @y, A))x(N)dy, (A) € R,
GP(y) = dn? / (B(p) — BO)x(Wdrf(A) € Sym, .

In (66) we set ®(y) = ®p(z —y) = /Km(x —y), where the functions K, were
defined in section 3 in the proof of Proposition 14, and pass to the limit as m — oo.

By Remark 15 (see (27)) we obtain
e [ AOERIE P(fRnUP) () + A7 F (B, U2)(€) (B(p) — B(po) € &)
m—oor—0o0 Jpn (|é‘|2 + |§‘4)1/2
X F(@nUr) ()¢ (mx (€))dE
= (o, (2mi€ - f(a) +47*(B(p) = B(po))€ - O¥(©)).
and therefore
(o (2mi€ - f (@) + 47 (B(p) = B(po))€ - u(©))
pE)(E - F(®nVE)(E) + F(2nGP)(OE- ) (67)
more Jp (2 + G2
X F (@ UP)(§)¢(mx (€))dS.
Since the space C™(Sx) is dense in C(Sx), it is clear that (67) holds for each
P(&) € C(Sx). Let g(y,\) = Po(y, %), Bi(\) = PB(\)P, where P and P are

orthogonal projections on the spaces L = P;(L) and L = Py(L), respectively, L
being the linear span of supp p2oP° (see the notation of Section 3). Obviously,

(tore. (2 - f(@) + 47 (B(p) — B(po))E - O (©))
= (o, (2mi€ - (g(x,p) = g(w,po)) + 47 (B (p) = Bi(po))€ - () )
We denote h‘(yv )‘) = Qo(yv )‘) - g(yv )‘)’ B2()‘) = B()‘) - Bl()‘)v

Vi(y) = 27r/(g(y,p) — 9y, A)x(N)dry;, (),

(68)

Vh(y) = 2 / (. p) — Ry, \)x (N (N,

G?,(y) = 4x® / (Bi(p) — Bi(\))x(\dri (),
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Gy (y) = 4n® / (Ba(p) — Bx(\)x(\dv, (V).

Since & - h(y,\) = 0 for all £ € L, By(\)¢- & =0 for all € € L, and in the notation
of Propositions 18 and 19, V25 (y) = I,(fx)(y) with f(y,)) = 2m(h(y,p) — h(y, \),
Gy (y) = J.(Q)(y) with Q(\) = 47%(Ba(p) — B2(N)), it follows from Propositions
18 and 19 that

lim lim

m—0o0 r—00

/ POGE - F(2nV5)(6) + F(PmGlo)(€)E - )
" (1] + 1€]*)1/2

X F(@nUr?)(€)d(mx (€))dE| = 0,

and in view of (67) we find that
[(uteome, (2mi€ - (g(,p) = gz, po)) + 47 (Ba(p) = Bu(po))E - O(€) )|

/ POGE F(@nVE)(6) + F(@mGT)(€)E )
" (161> + [€1%)1/2 (69)

< lim lim

m—0o00 r—00

X F(®nUP) (€ (mx (€))dE

Here we also use relation (68). Now we observe that
PLO)E - F(@mVA)(E) + F(2mGH)(OE - ©) ‘
(1% + 1¢14)172
< |F(@m VO] + [F(@mGT) ()],

and therefore
P - F(®nVA)(E) + F(2mGh)(€)E - &)
(1€12 + 141/ >
<NE@mVi) 2 + [E(@mGT)ll2 = [@m Vi ll2 + [[9m Gy l2,
by Plancherel’s equality. Since |[UF°| < 1,
[E(@mUP)ll2 = [[2mUP° 2 < 1,

and we derive from (69) with the help of Cauchy—Bunyakovsky—Schwarz inequality
and (70) that

(70)

[(utere, (2mi€ - (g(w,p) = (. p0)) +47*(B1(p) = Bu(po))E - (6) )|

S — (1)
< lloe T T (1@ V2 + |Gy l2)

Next, for M, (y) = e lg(y, ) — g(y, N

V2 ()] < 20M, () / XN (v (A) + 10 (V)

= 2w My (y) (ur (y; Po) — ur(y, ) + uo(y: po) — uo(y,p)),
and by Lemma 16

T T (VA ®lla < 4y () (uo (2, po) — wo(,p) /2. (72)
m—00 r—0o0

Here we bear in mind that z is a Lebesgue point of the function (M,(y))? (which
easily follows from the fact that « € €1, is a Lebesgue point of the maps y — ¢(y, -),
y — |o(y,-)|? into the spaces C(R,R"), C(R), respectively). Furthermore, the
matrix 0 < By(p) — B1(\) < Bi(p) — Bi(po) for each A € [po,p] (since the matrix
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B1(X\) — Bi(po) is positive definite). This implies the corresponding inequality for
the Euclidean norms |B;(p) — B1(A)| < |B1(p) — B1(po)|. Therefore

IGP4(4)] < 4n? / 1B1(p) — By (VXN ((0) + 12(V)

< 47®|B1(p) — B1(po)|(ur(y,p0) — ur(y,p) + uo(y, po) — uo(y, p)).

By Lemma 7?7 again we claim that

im Tim [|G? @2 < 872 Bi(p) — B1(po)|(uo(z, po) — uo(z,p))"/>. (73)

m—0o0 r—00

In view of (72) and (73) we derive from (71) that

[(utore, (2mi€ - (g(w,p) = g(a.p0)) +47*(B1(p) = Bu(po))E - (6) )|
< cl[Yloe (M) + [ Bi(0) = Bipo) o (p),

where c is a constant, and w(p) = (uo(z, po) —uo(z,p))*/? — 0 (vecall that py € D
p—po

(74)

is a continuity point of p — ug(z,p) for z € Q'). Next, by Corollary 21, we can
choose functions () € C(Sx), k=1,...,1, such that

l9(z,p) — g(@,po)| + |B1(p) — Bi(po)|
< CkI:nfL.}.(.,z ‘<M§°p°7 (i€ - (g(x,p) — 9(,p0)) + (B1(p) — B1(po))€ - 7)1/Jk(€)>‘ (75)
< ¢(My(x) + |B1(p) — B1(po)|)w(p),

where C| ¢ are positive constants.
We choose 81 € (0, ) such that 2cw(p) < e < 1 for all p € [pg,po+3d1]ND. Then,
in view of (75),

l9(z,p) = 9(x, po)| + [Bi(p) — Bi(po)|

< % < max |g(z,p) — g(z, )| + |Bi(p) — B1(po)> 7

A€[po,p]

(76)

and since g(z,p), B1(p) are continuous with respect to p and the set D is dense,
estimate (76) holds for all p € [po, po + d1].

Now we claim that g(z,p) = g(z,po), Bi(p) = Bi(po) for p € [po,po + d1].
Indeed, assume that for p’ € [pg, po + 1]

|g($,p/)*g($,po)|:/\ max ‘9(13)‘)79(1:7170”'
€[po,po-+d1]

Then for A € [pg, p'] we have
lg(x,p") = g(z, N)| < |g(z, A) = g(z,p0)| + |g(x,p") — g(z, o)
S 2|g((£,p/) - g(xap0)|
and

max |g(xapl) - g(.’E, )‘)‘ < 2|g($,p/) - g(w,p0)|
AE[po,p']

We derive from (76) with p = p’ that
lg(2,p") — g(x,po)| +|B1(p') — Bi(po)| < e(lg(z,p") — g(x,po)| + |B1(p") — Bi(po)|),

and since € < 1, this implies that

lg(x,p") — g(x,po)| = o ax l9(x, A) — g(x, po)| = 0.
€[po,po+d1]

This means that g(z, A) = g(x,po) for A € [po,po + d1]. Then, (76) takes the form

|B1(p) — Bi(po)| < %\Bl(p) ~Bilp)|, e<1.
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Hence B;(p) = By (po) for every p € [po, po + d1]. By the definition of B;(p) we see
that (B(p) — B(po))P = 0, that is L C ker(B(p) — B(po)) for all p € [pg, po + &1]-
Taking into account that also X C ker(B(p) — B(pg)) for such p we claim that
X @& L C ker(B(p) — B(po)) for all p € [po,po + 01]. By the maximality of the
space X we conclude that L = {0}, that is, L C X. Then L = L and the relation
15(30(90,)\) —(x,po)) = g(x, A) — g(x,p0) = 0 on [po,po + 01] implies that for all
e L& (plx,\) —p(x,po)) = 0 on the segment A € [pg,po + d1]. The proof is
complete. O

Under the non-degeneracy condition, indicated in Definition 2, Theorem 25 yields
the following result.

Theorem 26. Suppose the non-degeneracy condition is satisfied. Then any se-
quence vE weakly converging as k — oo to V0 and satisfying (55) strongly converges

0
to v,.

Proof. Let v = v¥, k = k,, be a subsequence such that the H-measure {iP?}, 4cr,
corresponding to the trivial subspace X = {0}, is welldefined. We fix py € E and
define the subspace X as in (56). Selecting a subsequence, if necessary, we can
assume that the ultra-parabolic H-measure uP? corresponding to X is also wellde-
fined. This H-measure admits the representation p?? = pP9dxr and, as directly
follows from the assertion of Theorem 25 and non-degeneracy condition in Defini-
tion 2, pPoPo = 0 for a.e. x € Q. Therefore, pPoP0 = pPoPody = 0. By relation (17)
with ¥ = 1 we see that prqiPoP° = prouPo?° = (0. Hence, iP°P° = (. Since py € E
is arbitrary we conclude that jiP? = 0 for all p € E. This implies that

uT(I,p) - Uo(ﬂﬁ,p) in leoc(Q)7

as r — oo. Indeed, it follows from the definition of an H-measure and Plancherel’s
equality that
lim [[UF®]3 = (i, |2(2)[*) =0

for all ®(x) € Cp(?) and p € E. Thus, for p € E we have

/ 00— PN — [0 - p)dl()) i L2, (). (77)

Any continuous function can be uniformly approximated on any compact subset by
finite linear combinations of functions A — 0(X — p), p € E. Hence, it follows from
(77) that for all f(A) € C(R) we have

/ FON0) [ FNa0) in 22,9,

and therefore also in L{,.(£2), that is, the subsequence v/, strongly converges to /2.
Finally, for each admissible choice of the subsequence v, the limit measure-valued
function is uniquely defined, therefore the original sequence v* is also strongly

convergent to v0. The proof is complete. O

Taking into account Theorem T, one can give another formulation of Theorem 26:
each bounded sequence of measure-valued functions satisfying (55) is precompact
in the sense of strong convergence. Observe that in the regular case v¥(\) =
d(A — ug(x)) condition (55) has the form: for some d > 1 and each a,b € R, a <b

div,o(, sqp(ur(x))) — D? - B(sap(ur(x))) is precompact in Wy L. (78)
In this case Theorem 26 yields the following result.

Corollary 27. Under the non-degeneracy condition, each bounded sequence uy(x) €
L>(R) satisfying (78) contains a subsequence convergent in Li (€2).
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Proof. We only need to note that if the sequence uy(x) converges to a measure-
valued function v? strongly in MV (2), then by the definition of strong convergence

w(e) = (@) = [ M2 in L, ()

— 00

(which also shows that v2(\) = §(\ — ug(x)) is regular in Q). O

The statements of Theorems 25 and 26 remain true for sequences of unbounded
measure-valued (or usual) functions. For the proof we should apply the cut-off
functions s, 5(u) = max(a, min(u, b)), a,b € R and derive that bounded sequences
of measure-valued functions Sz,bV:ch (szﬁbu‘f is the image of v* under the map s, )
satisfy (55). Then, under the non-degeneracy condition, we obtain the strong pre-
compactness property for these sequences.

For instance, consider the sequence uy(z), k € N of measurable functions on .
Suppose that condition (78) and the non-degeneracy condition hold. Let o, 5 € R,
a < B, vy = Sq(ur) = max(a, min(uk, 5)). Then vy = wvg(z) is a bounded
sequence in L% () and for each a,b € R, a < b

divgo(z, sq,p(vk(2))) — D? - B(sas(vi()))
= divy@(z, Sar b (ug(2))) — D* - B(sar pr (ug()))

where @’ = sqp(a), ' = s45(8). It follows from this identity and (78) that the
sequence div,p(z, sq.5(vk(2))) — D? - B(sq,5(vk(z))) is precompact in H(;lloc(Q). By
Corollary 27 the sequences vg(x) = so,5(ux) are precompact in Ll () for every
a, B € R, a < (. Using a standard diagonal argument, we can choose a subsequence
ur(x) = ug, (x) such that for each m € N the sequence s_,, ., (u,) converges as

r — 00 to some function wy,(z) in Li (€2). Obviously, a.e. in

|wm ()| <m, Wy () = s—mm(wi(z))
for all I > m. This allows to define a unique (up to equality a.e.) measurable

function u(z) € RU {£oo0} such that wy,(z) = s_mm(u(z)) a.e. on Q. If a,b € R,
a < b, then for m > max(|al, |b])

Sa,b(Ur) = Sa,b(S—m,m(ur)) o Sab(Wm)

= 8a,b(S—m,m(u)) = sap(u) in Llloc(Q)~
In fact, we proved the following general statement:

Theorem 28. Suppose that the sequence of measurable functions uy(x) satisfies
(78) and the nondegeneracy condition holds. Then

(a) there exists a measurable function u(x) € RU{xoo} such that, after extrac-
tion of a subsequence u,, 7 € N, sqp(uy) — Sqp(u) as r — oo in L () for all
a,beR, a<b.

(b) If, in addition, the following estimates are satisfied

/ m(ug(z))de < Ck, (79)
K

for each compact set K C Q, where m(u) is a positive Borel function, such that
m(u)/u — oo, then u(z) € L () and u, — u in LL () as r — .

uU— 00
Proof. We only need to prove (b). Observe that, extracting a subsequence, if nec-
essary, we can assume that s_,, m(Ur) — S_pmm(u) as m — oo a.e. in Q for every
m € N. This implies that u, — u a.e. in Q2 and by the Fatou lemma it follows from
(79) that

/ m(u(z))dr < Ck.
K
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In particular, u(z) € Li_(Q). Now, fix a compact K C Q and € > 0. By the

loc
assumption m(u)/u — oo we can choose [ € N such that |u|/m(u) < e/(2Ck) for

u|> 1. Then
[ tuote) @it < [ Js-vatu @) = s-asfu(o)de
+ [ e @I0tur @) = e+ [ fute)lo(uta)| - s
SAE%MWM—&uM@Ww

+ 56 ([ mturtoas+ [ mtutopa)
< [ lseaatunte)) = soitula)lde + .

This implies lim [} |u,(z) — u(z)|dz < £ and since € > 0 is arbitrary we conclude
lim [} |ur(x) — u(z)|de = 0 for any compact K C Q, ie., u, — win Li (). O
Remark 29. As is easy to see from the proof of Theorems 25 and 26, the statement
of Theorem 28 remains valid under the requirement that condition (78) is satisfied
for almost all a,b € R. Indeed, by Theorems 25 and 26 we can claim that the
H-measure PP indicated in the proof of Theorem 26 vanishes for almost all p € E.
By the continuity of PP with respect to p € E, we conclude that PP = 0 and

this yields the strong precompactness property and all its consequences, including
Theorem 28.

5. PROOFS OF THEOREMS 3 AND 4

We need the following simple result.

Lemma 30. Suppose u = u(x) is an entropy solution of (1). Then for almost all
a,be R, a<b,

divyo(z, sq.p(u)) — D?. B(sqp(u)) = Cap  in D'(Q), (80)

where (g p € Mioc(2). Moreover, for each compact set K C Q we have Var (g 5(K) <
C(K,a,b,1), where I = I(x) = |p(x, u(x))| + |[(x, u(z))|+|B(u(z))] € L, (Q) and
the map I — C(K,a,b, 1) is bounded on bounded sets in Li ().

Proof. By the known representation property for non-negative distributions we de-
rive from (6) that for p € P, P C P being a set of full measure,

diva[sign(u(z) — p)(¢(z, u(z)) = ¢(,p))] = D* - [sign(u(z) — p)(B(u(z)) = B(p))]
+ sign(u(z) — p)lwp () + ¢ (2, u())] = |l = =K, in D'(Q),

where K, € Mioc(2), kp > 0. Furthermore, for a compact set K C © we choose a
non-negative function fx(z) € C§°(f2), which equals 1 on K. Then we have the
estimate

oK) < [ fe(o)diy(z)
= [ [stentuto) = p)eta.ule)) = o) - Vi (a)
7))~ Bp)) - D fic(x)

— sign(u(z) — p)(wp(x) + ¢(, U(x)))fK(x)} dx + /Q [ (x)d|vp|(z)

+
]
s}
=3
=
8
~—
|
<
Sy
—~
£
—~
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< AEp1) = [ [ max( @)l 9 @) 1D @)
+lp(w )| 19k (@) +1BG)] - 1D ()]
Hap@lf@)]dz+ [ )i,
Q

Hence,

div, [sign(u(x) — p)(¢(z, u(z)) — p(z,p))]

D [sign(u(z) — p)(B(u(x)) — B))] = G (&)

where
= |l = Kp — sign(u(z) — p)lwp(x) + ¥ (z, u(@))] € Mioc(II).

In particular, taking into account the equality [y;| + |wp(z)|dz = |7,|, we obtain
the following estimates for the measure (,: |G| < kp + || + |¥(z, u(z))|dz.
Furthermore, notice that for a,b € P,

P(, 5a,p(u) = (p(z,a) + @(z,b))/2
+ (sign(u — a)(¢(@,u) — ¢(z,a)) — sign(u — b)(¢(z,u) — @(x,b))) /2;
B(sap(u)) = (B(a) + B(b))/2 + (sign(u — a)(B(u) — B(a))
—sign(u — b)(B(u) — B(b)))/2,

and it follows from (81) that relation (80) holds with {,p = (¢4 — G + Vo + W) /2.
Moreover, we have

Var Cop(K) < C(K, a,b,1) = (A(K, a,I) + A(K,b,I))/2

+ 1l (5) + [wl(K /|¢xu ))\da.

To complete the proof, it remains to note that for fixed K, a, b the constant C(K, a,b, I)
is bounded on bounded sets of I(z) € Li, (). O

5.1. Proof of Theorem 3. Taking into account that the sequence

Ii(z) = lp(, ug(x))| + | (2, u(2))] + [ B(ur(z))]

is bounded in L (©), we derive from Lemma 30 that for almost all a,b € P
div(, sap(ur)) — D - B(sap(ur)) = (5, in D'(Q),

where Cf;,b is a bounded sequence in M, (£2). Since M. (€2) is compactly embedded
in W(II%)C(Q) for each d € [1,n/(n — 1)) we see that condition (78) is satisfied for
almost all a,b. By our assumption condition (79) is also satisfied. By Theorem 28
and Remark 29 we conclude that some subsequence w, converges as r — 0o to a
limit function u in L{ (). Extracting a subsequence if necessary, we can assume

loc
that u, — w a.e. in Q. Passing to the limit as » — oo in relation (6) with u = u,,

T—00

we claim that the limit function u = u(z) satisfies this relation for all p € P such
that the level set u~!(p) has zero measure (then sign(u, — p) — sign(u — p) as
r — oo a.e. in Q). Since the set of such p has full measure, we conclude that u(x)
is an entropy solution of (1). O
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5.2. Proof of Theorem 4. To simplify the notation, we temporarily drop the
index m in equation (8), and stress that the flux ¢(x, ) in this equation is smooth.

First we show that a weak solution v = wu(x) of equation (8) is an entropy
solution in the sense of Definition 1. For this observe that in relation (9) we can
choose test functions f(z) € W3 (), with compact support in Q. In particular, for
n(u) € C?(R), f = f(x) € C§°(Q) the function 1’ (u)f, u = u(x), is an admissible
test function, and we derive from (9) that

0= [ lp(e.w)- 9/ ()] ~ AV () - T (u)) de
¢ (82)
- / (divip(z, u)rf (u) f + 7" () f A(w) Vi - Vi + A () V- ¥ fd.

Introduce the vector g(z,u) such that ¢, (z,u) = n'(u)¢) (z,u). This vector is
determined by the above equality up to an additive constant ¢ = c¢(x). We also
introduce the symmetric matrix Q(u) defined, up to an additive matrix constant,
by the equality Q'(u) = A(u)n'(u) = n'(u)B’(u). Now we can transform the terms
divp(z,u)n'(u) f, A(u)n'(u)Vu - Vf as follows:
dive(z, u)n'(v) f = (divep (@, v) + ¢, (z, u) - Vu)y' (u) f
= (' (Wdivap(z, u))f + (¢, (z,u) - Vu) f
= fdivg(, u) + (7 (w)div, (e, u) — diveg(e, u))f;
Aw)n'(u)Vu - Vf = Q' (w)Vu- Vf = Qf;(u)ug, fu; = (Qij (1)), fa,
(here Qij, 4,7 = 1,...,n, denote the components of the matrix Q). Putting these
equalities into (82) and integrating by parts, we obtain that

/ [q(m,u) -V + (diveq(z,u) — ' (w)divee(z,u)) f
. (83)
+Qu) - D*f — 0" (u) fA(u)Vu - Vu} dr = 0.

We shall assume that n”(u) has a compact support in R. Let R > 0 be such that
suppn’(u) C (—R,R) and L = (n'(—R) + 7/(R))/2 (evidently, L does not depend
on R). Then we can choose ¢(z,u) in the following way

afe,u) = 5 [ signlu = p)(plou) — ol p)d () + Lolzu). (1)

Indeed, taking R > |u| and integrating by parts, we obtain the equality
[ sientu = p)ete.) - oo p)dn' ()

R
- / sign(u — p)(¢(z, u) — @(x, p))dn’ (p)

o r
- / (o(@,u) — o(z, p))di (p) — / (o(z,u) — (e, p))dn (p)
—R u

u R
= [ et wip= [ oo @y
- QLQO([‘C’ ’LL) + (,0($, —R)U/(_R) + (P(l', R)U/(R)
We see that, up to a function which does not depend on u,

% /Sign(u —p)(p(z,u) — @z, p))dy' (p) + Lo(z, u)
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u R
= % </R<Pl(w7p)n’(p)dp—/ cp;(x,p)n/(p)dp>

and therefore

5 (5 [ sienta = p)ot) = ol )i )+ Lt ) = f )G,

as required. In the similar way we find that, up to an additive matrix constant,
1 .
Qu) = 5 / sign(u — p)(B(u) — B(p))dn' (p) + LB(u). (85)

Furthermore, the function 7' (u)div,@(z, u) — div,g(x, u) admits the representation

1 (u)dive(z, u) — diveq(z,u) = % / sign(u — p)divye(z, p)dn’ (p). (86)

Indeed, in view of (84), we see that for sufficiently large R
R

2q(z,u) = / ;w(x, w) — (e, p))di (p) / (o(@,u) — o(z, p))dif (p) + 2Lep(x, w)

= oz, u)(n' (u) =7 (=R)) — /_1; @z, p)dn' (p) — (z,u)(n' (R) —1'(u))
R
+ [ el pin ) + 2o

— 2/ (w)p(r,u) / sign(u — p)p(e, p)dr' (p),

where we use the equality 2L = n(R) +1n'(—R). Applying the operator div, to the
above equality, we arrive at (86).

Now, we suppose that 1 (u) > 0. We transform (83), using equalities (84), (85),
(86) and the identity

[ 4ot V5 -+ (Bw) - D2z =0, (87)
following from (83) with n(u) = u. We find that for each f = f(z) € C3°(Q), f >0
[ || stentu=p)ltetan) = o(o.p)) - 9f = fdivspla.n)

+ (B(u) — B(p)) - D fln" (p)dudp
- z/Qn"(u)fA(u)vu Vu >0,

and since n”(p) is an arbitrary finite continuous non-negative function on R we
arrive at

1) = [ sign(u—p)[(plw,0) = pla.p) - V1 = fdivsipl.p)
@ (88)
+ (B(u) = B(p)) - Df)|de = 0

for all p € P, where the set P consists of points p such that the level set u=1(p)
has null Lebesgue measure. We use the fact that the function I(p) is continuous at

any point of P. In view of (88) for all p € P
+sign(u — p)divep(z, p) — D? - [sign(u — p)(B(u) — B(p))] <0
in D/(€Q)). Since the set P has full measure and therefore is dense, for an arbitrary
p € R we can choose sequences p, < p < p,, p;t € P, r € N convergent to p.

(89)
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Taking a sum of relations (89) with p = p,~ and p = p;” and passing to the limit as
r — o0, in view of the pointwise relation sign(u—p,. )+sign(u—p;") il 2sign(u—p)
and continuity of div,p(x,p), we obtain that (89) holds for all p € R, i.e., u(x) is
an entropy solution of (8), moreover condition (6) is satisfied for all p € R.

We also need an a priori estimate of Vu. Choose M > ||u||o and a function
n(u) € CZ(R) such that n(u) = u?/2 on the segment [—M, M] and suppn(u) €
[-M — 1, M +1]. Then for u = u(z), n"(u) = 1 a.e. in Q and we derive from (83)
that for each f = f(z) € C§° (), fZO

/ fA)Vu - Vudz
? (90)
<

[ latew)- 97 + (@iv,ate.0) = of (w)divasolo, ) f +Qu) - Dfda.

It follows from (84), (85), and (86) that

Iqu)|<C‘ max | lo(@,u)|, [Qu >|<C‘ufgg;<+l\3(u)l,

M+1
divaq(z, u) — of (Wdivap(z,w)| < C / divao (e, p)ldp,

where C' is the constant depending only on the ﬁxed function 7. Putting these
estimates into (90), we get

/QfA(u)Vu-Vud:ESC’/[ max |o(x,u)||Vf] + unglz%/;irl |B(u)||D2f|}d:C

aQllul<M+1

M+1
+C’// |divp(z, p)|f(x)dpdz.
(91)
By our assumptions, ¢y, (z,u), By, (u) converge as m — oo in L (Q,C(R,R"))

and in C'(R, Sym,,), respectively. Therefore, the sequence

J 1w lonGe 971+ max (B ()] [D21]]de

Qllul<M+1 lu| <M+
is bounded by a constant depending only on f. Here we take M > sup,, ||tum]|co-
It follows from estimate (91) that
/ FAn(Um) Vi, - Vupde < Crly, (K, M + 1), (92)
Q

with K = supp f, where the sequence

M
L (K, M) =1+ / / div o (2, p) | dpda
K J—-M

was mentioned in introduction. Now we take a,b € R, a < b. Let us demonstrate
that the sequence

L, = dive(z, sq.b(Um)) — D?. B(sq,b(um))

is precompact in de}x with some d > 1. For that, recall that u,,(z) is an entropy
solution of (8) and by Lemma 30 (also see the proof of this lemma)

diV(Pm(-'I;a Sa,b(um)) - D2 . Bm(sa,b(um)> = gm

where &, is a bounded sequence in the space Mj,(€2), which is compactly embedded
in WCZﬁ)C(Q) foreach d € [1,n/(n—1)). Furthermore, we have L, = L1+ Lam~+&m,
where

Liy = div(ga(x, Sa,b(um)) - g&m(x, Sa,b(um)))v
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Loy, = D*. (Bm(sa,bmm)) - B<5a,b(“m>))-

In view of the estimate

[P(@; 80,0 (tm)) = om (@, Sa0(um))l < max fom(z,u) = (@, u)]

and the condition ¢y, (z,u) — ¢(z,u) in LE (9, C(R,R")) we have

(2, 50,0(tm)) = P (@; S0 (um)) — 0 in Li (2,R").
Hence Ly, — 0 in Wz_’ﬁ)c(ﬂ). Concerning the sequence Lg,,, we first remark that
by the chain rule a.e. in Q2
D? - Brn(a,6(um)) = div[x(tm) Am () Vitm],

D?- B(sap(um)) = div[x(um) A(um) V],
where x(u) is the indicator function of the segment [a, b]. Therefore,

Lom = divx(um)(Am (um) = A(um)) V). (93)
Since

| (A (tm) = A(tm)) Vit |

< (A (um) = A()) (A () 7221 (A () 2 Vit |
(A () = Alun)) (A () 722 (Ao () Vi, - Vi)

< |£I\13§I |[(Am (u) — A(u)) (A (u))~ 1/2‘2(Am(UM)Vum Vi)

then for every f = f(z) € C§°(Q2), f >0

o |X(“m)(‘4m(um) - A(um>)vum|2fdx

< max [(Am(u) — A@w)(Am ()22 / (A (t) Vit - Vi) f ().

Taking into account relation (7) and estimate (92) we derive that

|X(um)(Am(um) - A(um))vum|2fdx - 0,
Sz m—0o0

ie. X(um)(Am(um) — Altm)) Vg, — 0 in L2 (Q; R™). In view of (93) this implies
that Lo, — 0in W;ﬁgc(Q) We conclude that L., = L1y + Lom +&,, is precompact
in Wy L (€) with some d > 1. Hence, assumption (78) is satisfied. By Corollary 27

we see that the sequence u,, converges in L (£2) to some function u = u(z) €
L>(€). Obviously, ||u[lcc < M. It only remains to demonstrate that u is an
entropy solution of (1). By relation (88) for each p € R, f = f(z) € C§°(Q), f >0

| (signta, = D)o tm) = ou(a.0)) - VF = v (.0)]

+ sign (tp — P) (B (tm) = Bun(p)) - D*f )do = 0.

Since divpm (2, p) = vy (z) +7,:(2), p € P, the above relation implies that for all
peP

/Q (sign(um — D)@ (@, ) = pmlw,p)) - V. = frn(@)]

(95)
+ Flga(@)] + sign(u = p) (B (tm) = Bu(p)) - D*f )dar > 0.
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Passing to a subsequence, we may assume that w,,(x) — u(z) as m — oo a.e. in .
Then

sign(um — p)(om (2, um) = pm(z,p)) — sign(u —p)(p(z,uw) - ¢(z,p)),
sign(um — p)(Bm(tm) = Bm(p)) — sign(u—p)(B(u) — B(p)),
sign(um —p) — sign(u —p)

a.e. in Q and, as a consequence, in Ll (£2). The latter relation holds for p € P such

that the level set u~!(p) has zero Lebesgue measure. Besides, by our assumptions

Tor(@) = wp(@) in Lo (Q), [i(@)] — |y;] weakly in Me(€). Taking into

account the above limit relations, we can pass to the limit in (95) and obtain that

| (sien(u = (et um) = o)) - V7 = Fiple)
: (96)

+sign(u—p)(B(u) = B(p) - D*f)do+ [ fa)dpi@) >0,

for almost all p € P, i.e. u(z) is an entropy solution of (8). Finally, passing to the
limit as m — oo in relation (87)

/Q(Qom(xaum) -V f+ (Bm(um) - D2f))das =0,
we obtain that for all f = f(x) € C§°(Q)

/Q(go(x,u) -Vf+(B(u) - D2f))d33 =0.

Hence, u = u(x) is a distributional solution of (1). This completes the proof of
Theorem 4. g

Remark 31. We bring this paper to an end by mentioning that the strong precom-
pactness property for Graetz—Nusselt type equations

divy (p(z,u) — A(z)Vg(u)) + Y (x,u) =0

was studied in [19, 18]. In particular, Theorems 3 and 4 were proved in [18] for
such equations.
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