GLOBAL SEMIGROUP OF CONSERVATIVE SOLUTIONS OF THE
NONLINEAR VARIATIONAL WAVE EQUATION

HELGE HOLDEN AND XAVIER RAYNAUD

ABSTRACT. We prove the existence of a global semigroup for conservative solutions of
the nonlinear variational wave equation uy — c(u)(c(u)uz), = 0. We allow for initial
data u|t—o and wu¢|t—o that contain measures. We assume that 0 < &' < c(u) <
k. Solutions of this equation may experience concentration of the energy density
(u? + c(u)?u2)dz into sets of measure zero. The solution is constructed by introducing
new variables related to the characteristics, whereby singularities in the energy density
become manageable. Furthermore, we prove that the energy may only focus on a set
of times of zero measure or at points where ¢’(u) vanishes. A new numerical method
to construct conservative solutions is provided and illustrated on examples.
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1. INTRODUCTION

The nonlinear variational wave equation (NVW), which was first introduced by Saxton
in [11], is given by the following nonlinear partial differential equation on the line

(1.1) ug — c(u)(c(u)ug)y =0
with initial data
(1.2) uli=0 = uo, utli=0 = u1.

The equation can be derived from the variational principle applied to the functional

/ / (uf — A(u)ul) dadt.

We are interested in the analysis of conservative solutions of this initial value problem for
ug,u; € L2(R). It is well known that solutions of this equation develop singularities in
finite time, even for smooth initial data, see, e.g., [8]. The continuation past singularities
is highly nontrivial, and allows for several distinct solutions. Thus additional information
or requirements are needed to select a unique solution, and stability of solutions becomes
a particularly delicate issue. We here study the conservative case where one in addition
to the solution w itself, requires that the energy is conserved. For smooth solutions the
energy is given by £(t) = [p(uf+c*u2)(t, z) dz. However, as energy may focus in isolated
points, one has to look at energy density in the sense of measures such that the absolutely
continuous part of the measure corresponds to the usual energy density. The analysis
resembles to a large extent recent work done on the Camassa—Holm equation and the
Hunter—Saxton equation (see, e.g., [9, 3, 13, 10] and references therein). Our main result
is the proof of the existence of a global semigroup for conservative solutions of the NVW
equation, allowing for concentration of the energy density on sets of zero measure.

The NVW equation has been extensively studied by Zhang and Zheng [12, 13, 14,
15, 16, 17, 18]. However, our approach is closely related to the approach by Bressan
and Zheng [5], in that we introduce new variables based on the characteristics, thereby,
loosely speaking, separating waves going in positive and negative direction.

It is difficult to illustrate the ideas in this paper as there are no elementary and
explicit solutions available, except for the trivial case where ¢ is constant, which yields
the classical linear wave equation. Thus one is forced to illustrate ideas numerically.
Traditional finite difference schemes will not yield conservative solutions, but rather
dissipative solutions due to the intrinsic numerical diffusion in these methods. Hence it
is a challenge of separate interest to compute numerically conservative solutions of this
equation to display some of the intricacies. This question is addressed and analyzed in
Section 9.

Let us now turn to a more precise description of the content of this paper. We consider
the variables R and S defined as

(1.3) { R = uy + c(u)uyg,

S = up — c(u)ug.
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By (1.1), we have

_Cl 2 2
Rt—cRx—4C(R 54),

c/

St +CSJ; - @(52 - R2),

(1.4)

or, on conservative form,
(R? + 5?); — (¢(R? — §%)), =0,
1.5 1
(15) (=(R* - 5%); — (R*+ 5%), =0.

c
Let £(t) denote the total energy of the system at time ¢, i.e.,

(1.6) E(t) = /R(u? + Pul)(t, x) de = /R(R2 + 5?) da.

We assume that the initial total energy that we denote & is finite and that u is bounded
in L*°. For smooth solutions of (1.1) we have % = 0. We also assume that ¢ € C'(R)
and ¢: R — [k~ 1 k] for some constant & > 0.

From (1.6) we see that we need that the functions R and S belong to L?(R). Tt turns
out that, as time evolves, the functions R? and S? can concentrate on sets of measure
zero. The example presented in Figure 1, see Section 8.2, illustrates this phenomenon.
In this case, we have a nontrivial solution u for ¢ nonzero, which is however is identically
equal to one at t = 0 and u(0,z) = 0. However, when we analyze this example closer,
we see that the energy concentrates at the origin, indeed

}/in% R*(t,x)dr =46 and %ir% S%(t,x) dax = 20

where § is Dirac’s delta function. Clearly this complicates the existence and uniqueness
v . . “ /
| \\/ ) | \\\_//

FIGURE 1. Plot of u(t,z) for t = —3 (left), t = 0 (center), ¢t = 3 (right).

question for this equation. As we want to construct a semigroup of solutions for this type
of solutions, we have to know the location and amount of backward (R?) and forward (S5?)
energy that has concentrated on sets of zero measure, an information which is not given
by the function w itself. (In our example, since, at ¢ = 0, the function u is identically
one and its time derivative w; identically zero, we cannot infer where the energy has
concentrated.) Thus we introduce the set D whose elements, in addition to u, R, S,
contain two measures, u and v, corresponding to forward and backward energy density.
More precisely, the measures are nonnegative Radon measures that satisfy

1 1
Lac = ZR2 dx, Vae = 152 dx.
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Our main contribution in this article is to present a rigorous construction of the semi-
group of conservative solutions in D. Note that the set D is the natural set of solutions
for conservative solutions, and the semigroup property can only be established in D,
as illustrated by the example of Figure 1. Furthermore, by incorporating the energy
measures as independent variables the formation of singularities is natural, and it allows
for more general initial data. The present approach also provides a natural numerical
method for conservative solutions.

As in [5], the construction of the solutions is achieved via a change of variables into
a new coordinate system (X,Y’) that straightens the characteristics. Even if we use
different variables, the solutions we obtain are the same, but by extending the solutions
to the set D, we are able to establish that the solutions we construct satisfy the semigroup
property. We have to study in details the change of variables mapping — from the original
variables to the new variables and vice versa — because, in order to prove the semigroup
property, we have to establish that the two sets of variables match in an appropriate
way. Compared to the variables used in [5|, we prefer variables with a more direct
physical interpretation. Namely, the variables we are considering are time, t(X,Y"), space,
z(X,Y), the solution function U(X,Y), which formally satisfies u(¢(X,Y),z(X,Y)) =
U(X,Y) and the energy potentials J and K. The definition of the energy potentials J
and K follows from (1.5), which says that the forms §(R? + S?) dz + fc(u)(R? — S?) dt
and 4C%u) (R? — S?)dx + 1(R* + S?)dt are closed, so that, by Poincaré’s lemma, there
exist functions, here denoted the energy potentials J and K, whose differentials are
equal to the given forms. Thus the new set of variables we will be considering equals
Z = (t,z,U, J, K) and, after rewriting the governing equations (1.3) and (1.4) in the new
coordinate system (X,Y'), we get a system of equations of the form

(1.7) Zxy = F(Z)(Zx, Zy)

where F(Z): R> x R® — R is a bi-linear and symmetric operator, which depends only
on U, cf. (2.13).

In the new coordinates, the initial data corresponds to the set Ty = {(X,Y) € R? |
t(X,Y) = 0}. In the smooth case, I'g will be a strictly monotone curve. However, in our
setting, ['g may not even be a curve, and even if it is a curve, it may not be continuous
nor strictly monotone. Indeed, it may contain horizontal and vertical segments, and
furthermore, rectangular boxes corresponding to the situation where both g and v are
singular at the same point. If I'g is a curve with no vertical or horizontal parts and the
initial data is bounded in L* (by initial data, we mean the values of Z, Zx and Zy on
I'y), then the existence and uniqueness of solutions to (1.7) is a classical result, see, for
example, [7, Ch. 4]. In the present paper we have to deal with unbounded data in D (u,
and wu; are unbounded in L*°). The new coordinates (X,Y’) are given by

dx — c(u)dt = 0 if and only if dY =0
and
dx + c(u)dt = 0 if and only if dX =0,

that is, the characteristics are mapped to horizontal and vertical lines. We denote by
L the mapping from the possible initial data in D to the set F defined by I'g and the
value of the initial data on I'g, thus L: D — F, see Definition 3.8. From I'y we have to
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select one curve that can be used as initial data for the equation (1.7). There is a certain
nonuniqueness due to fact that I'g may not be curve. Let Gy denote the set of all curves,
including the information about the initial data. We let C denote the mapping that from
a set I'g selects one possible curve, that is, C: F — Gy, see Definition 3.5. The inverse
map that from curve determines the corresponding set in F is denoted D, see Definition
3.7. Once we have a curve with the initial data, we can in principle compute the solution
by solving (1.7). To show the existence of a global solution we use the the bi-linearity
of (1.7) and an a priori bound on the energy potentials J and K, see Section 4. We let
the set of all possible solutions be denoted by H, and let S: G — H denote the map that
computes the solution that passes through the curve in G, see Theorem 4.15. Here G is
defined as Gy without the constraint that ¢ = 0, see Definition 3.2. Recall that as ¢t now
is a dependent variable, it does not make sense to compute the solution up to a specific
time, but rather we determine the global solution for all times. Thus we need a mapping
that extracts the solution Z for a given time 7T, that is, the intersection of the solution in
H with the set where ¢(X,Y) =T. Let E: H — Gy denote the map that from any given
solution in H extracts the solution at ¢ = 0, that is, in Gy, see Definition 5.1. Next we
define the operator t7: ‘H — H that shifts time in a solution in H by a given time T, see
Definition 5.2. Now we can define the map Sp: F — F by Syt =DoEotroSoC, see
Definition 5.4. A key result is that St is a semigroup on F, see Theorem 5.5. Next we
need to return to the original variables. Let M: 7 — D denote that map, see Definition
6.1. Thus the solution operator Sp: D — D is defined by (Definition 6.4)

(1.8) St =Mo SroL.

It remains to show that S7 is a semigroup. However, since M is not inverse of L, as
L o M # Idz, the semigroup property of Sz still does not follow from (1.8). This fact is
explained as follows. When changing variables, we have introduced a degree of freedom
that we now want to eliminate. This degree of freedom can be identified precisely with
the action of the group G2, where G denotes the group of diffeomorphisms of the real line.
Indeed, by simply using the bi-linearity of (1.7), one can check that if Z is a solution to
(1.7), then Z(X,Y) = Z(f(X),g(Y)), where (f,g) € G?, is also a solution to the same
equation. The transformation (X,Y) — (f(X),g(Y)) corresponds to a stretching of the
plane R? in the X and Y directions. Note that this transformation maps horizontal (resp.
vertical) lines to horizontal (resp. vertical) lines and therefore preserves the directions
of the characteristics. Moreover, this transformation does not affect the solution in the
original coordinates. To illustrate this we ignore for the moment for the sake of simplicity,
the energies u and v in the definition of D. The solution u(t, x) can be seen as the surface
in R? given by (t,z,u(t,x)) where (t,z) € R? are parameters. Through our change of
variables, we obtain another parametrization of the same surface, namely,

(1.9) t(X,Y),z(X,Y),U(X,Y))

where (X,Y) € R? are the new parameters. Additional properties of the solution Z =
(t,z,U, J, K) which are contained in the definition of H guarantee that the surface defined
by (1.9) does not fold over itself so that it is in fact a graph. It is then clear from (1.9)
that the transformation (X,Y) — (f(X),g(Y)) is simply a re-parametrization of the
same surface, which defines u(t, z) uniquely. At the level of the set F, which corresponds
to a parametrization of the initial data in the new coordinates, we can also define the
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action of the group G2 that denote 1 x (f, g) +— - (f,g) for any ¢ € F and (f,g) € G>.
We prove that two elements which are equivalent correspond to the same element in D,
that is,

(1.10) M(v)) = M(v)
where ¢ = v - (f, g) for some (f, g) € G*. From (1.10), it is now clear why L o M # Idr
as, in general, ¢ and v are distinct. We introduce a subset Fy of F which corresponds
to a section of F with respect to the action of the group G2, which means that the set
Fo contains only one representative of each equivalence class so that F/G? and Fy are in
bijection. The system (1.7) preserves the strict positivity of the quantities zx + Jx and
xy + Jy and the set F somehow inherits this property which makes it possible to define
the projection II: F — Fy. The projection II associates to any element in F its unique
representative in JFy which belongs to the same equivalence class. As expected, since
we have now eliminated the degree of freedom we introduced by changing variables, we
obtain that Fy and D are in bijection. We are then able to prove that S; is a semigroup.
Our main result, Theorem 7.9, reads as follows:
Theorem. Given (ug, Ro, So, pto, %0) € D, let us denote (u, R, S, p, v)(t) = Si(uo, Ro, So, ito, Vo).
Then u is a weak solution of the nonlinear variational wave equation (1.1), that is,

(1.11) [ @ = () Raudt + [ 00+ (c(w)o)o)S dodt =0
R2 R2

for all smooth functions ¢ with compact support and where

(1.12) R=wut+c(u)ug, S=ur— c(u)ug.

Moreover, the measures p(t) and v(t) satisfy the following equations in the sense of
distribution

(1.13a) (b+v)e—(c(p—v))=0
and
(1.13b) (=)~ () =0,

The mapping St : D — D is a semigroup, that is,
St—i-t’ = 510 Sy

for all positive t and t'.
Furthermore, we note the following important result (Theorem 7.10):
Theorem. The solution satisfies the following properties:

(i) Forallt € R
(1.19) Wt (R) + v()(R) = io(R) + vo(R).

(ii) For almost every t € R, the singular part of p(t) and v(t) are concentrated on
the set where ¢(u) = 0.

In this article, we do not study the stability of the solutions. However, since the
solutions we obtain coincide with the ones obtained in |5] for initial data which do not
contain any singular measure, the solutions in that case also satisfy the stability result
stated in [5, Theorem 2]. To obtain a continuous semigroup of solution in D, we would like
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to follow the approach developed in [9], [4] for the Camassa—Holm equation and Hunter—
Saxton equations. In these two papers, the conservative solutions are also obtained via
a change of variables which is invariant with respect to relabeling (i.e., with respect to
the action of the group of diffeomorphisms G). We define a distance between equivalence
classes in the new coordinates. This distance is then mapped back to the original set of
coordinates so that we obtain a continuous semigroup for this metric. In the case of the
nonlinear wave equation, in particular, because of the truly two dimensional nature of
the problem, it is not so easy to formulate a stability result in the new coordinates which
holds when mapping back to the original set of variables. In Lemma 4.12 we present a
result in that direction.

There is a lack of explicit solutions to NVW. In this paper we consider two explicit
examples. The first example, see Section 8.1, is the simplest possible, namely the linear
wave equation (with ¢ constant), but with general initial data. We recover as expected
the familiar d’Alembert solution. The energy measures are transported with velocity
+c. The second example, see Section 8.2, is a truly nonlinear case with velocity given
by (1.19). However, here we choose the simplest nontrivial initial data with energy
concentration initially for both measures. The corresponding equation (1.7) is solved
numerically, and the result is illustrated on Figs. 1, 9-12.

The numerical method that yields conservative solutions is described in Section 9.

1.1. Physical motivation for the nonlinear variational wave equation. The NVW
equation was first derived in the context of nematic liquid crystals, see [11, 10]. More
precisely, a nematic crystal can be described, when we ignore the motion of the fluid, by
the dynamics of the so-called director field n = n(z,y, z,t) € R? describing the orienta-
tion of rod-like molecules. Thus [n| = 1. The Oseen—Franck strain-energy potential is
given by

(1.15) W(n,Vn)=anx (Vxn)>+3(V-n)?+yn-Vxn)?

where «, 3,7 are constitutive constants. Consider next the highly simplified case of
director fields of the type

(1.16) n = n(z,t) = cos(u(t, x))e, + sin(u(t, x))ey

where e, and e, are unit vectors in the x and y direction, respectively. In this case the
functional W(n, Vn) vastly simplifies to

(1.17) W(n,Vn) = (Bcos® u + asin® u)u2,

and ]nt\z = u?. The dynamics is described by the variational principle

)
(1.18) 5// (uf — A(u)u2)dzdt = 0,
u
where
(1.19) *(u) = Beos® u + asin®u,
which results in the nonlinear variational wave equation

(1.20) ug — c(u)(c(u)ug ), = 0.
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2. EQUIVALENT SYSTEM FOR THE NVW EQUATION

In this section, we assume the existence of a smooth solution u = u(t, z) to (1.1). We
introduce the change of variables (¢,z) — (X,Y’) which straightens out the characteris-
tics: The forward characteristics, which are given by the solutions of % = c(u(t,z(t))),
are mapped to the horizontal lines while the backward characteristics, which are given

by the solutions of % = —c(u(t,x(t))), are mapped to the vertical lines. Formally, we
can rewrite these conditions as

(2.1) dx — c(u)dt = 0 if and only if dY =0

and

(2.2) dx + c(u)dt = 0 if and only if dX = 0.

Our goal now is to rewrite the governing equation (1.1) in terms of the new variables
(X,Y). The variables (¢,z) become functions of (X,Y’) that we denote #(X,Y’) and
z(X,Y). We set
(2.3) UX,Y) = u(t,z).
Since
dr =xxdX + xydY and dt =txdX + tydY,
we obtain from (2.1) and (2.2) that
(2.4) zx =c(U)tx and zy = —c(U)ty.

From (1.5), we infer that the forms }(R? + S?)dz + $(R? — S5?)dt and ;- (R* — S?)dz +
%(R2 + S2)dt are closed. Therefore, by Poincaré’s lemma, we infer the existence of two
functions J and K for which these forms are the differentials, that is,

(2.5) dJ = i(RQ + 5%)dx + §(R2 — S?)dt

and
1

2. dK = —
(2.6) o

(R? — S$%)dx + i(RQ + S?)dt.
We have, after using (2.4),
dJ = i(RZ + 8%)dz + E(RQ — §%)dt
_ i(RQ + 8)(axdX +aydY) + § (R — 82)(txdX + tydY)
= %RQdeX + %SQ:pde,
and, similarly, we get
dK = R—QdeX - gzxde

2
so that

(2.7) JX = C(U)KX and Jy = —C(U)Ky
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hold. Note the similarity between the relations (2.7) for the pair (J, K') and the relations
(2.4) for the pair (t,z). We want to compute the mixed second derivatives of our new
variables, namely, ¢, x, U, J and K. By (2.4), we obtain

1 1
dt =txdX +tydY = —zxdX — —zydY.
c c

By expressing the fact that the form dt is closed (since it is exact), we get

o (1 \N__9 (1
oY cwX 09X ch

c/

x = —(uyxrx +uxxry).
XY 2C(YX XY)

which implies

Similarly, since the form
dr = zxdX + 2ydY = ctxdX — ctydY
is closed, we obtain

0 0

which implies
/

c
txy = 5 (uxty + uytx).

By using the relations (2.7), the form dK can be rewritten as
1 1
dK = —JxdX — —JydY
c c

and, expressing the fact that dK is a closed, we obtain
0 (1 0 1
oy <CJX> = ax (‘a’Y)

C/
Jxy = % (JxUY + JyUx) .
Similarly, we can rewrite the form dJ as
dK = cKxdX — cKydY

and, expressing the fact dK is closed, we get

which yields

/

C
Kxy = e (KxUy + KyUy) .

Let us consider the forms

R 1
and

S 1
2. = —dx — =Sdt.
(2.9) wp = odz 25

In the new variables, these forms rewrite

1
Wy = %@CW(U@X@U( +aydY) + 5 (us + cup) (txdX + tydY)
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= (wtx +uzzx)dX  (after using (2.4))

(2.10) = UxdX,
and, similarly, we find
(2.11) wy = —UydY.
From (2.8), by using (1.4), we obtain

R, (R

dw; = (% 5% 2ut)dt/\dx+ R dx N dt

Rt CRx C,R 1

cd(R? — 5’2) cR1

d 2 d

=52 ( (R—I-S)) dx N dt = @utdaz/\dt,

and, furthermore, we obtain
/

dw) = 202 ( (R? + S%)dx A dt + Rde A dt)
/ C/
2.12 _ _<
(2.12) Sz Nt = Sowi Aws

because
RS
w1 Awg = ———dx A dt.
2c

We rewrite (2.12) in the new set of variables
/ /

dwy = ;?(dex + JydY) A (txdX + tydY) — %wl A ws

c/ /

— — s (Uxay + Jywx)dX AdY + 5 UxUydX AdY.

At the same time, by (2.10), we have dw; = —UxydX AdY, and therefore it follows that

/ /

c c
Uxy = 503 (Jxzx + Jyxx) — %UXUY-
Finally, we obtain following system of equations
/

(2.13a) tyy = —zic(UXty+Uth),

/
(2.13b) rxy = % (Uyxx + Uxxy),

c d
2.1 = _ =
(2.13¢) Uxy 5.3 (xyJx + Jyzx) 2CUYUX,

/
(2.13d) Jxy = %(Jny—l-JyUx),

/

(2.13¢) Kxy = —% (KxUy + KyUy).
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Let Z denote the vector (t,z,U, J, K). The system (2.13) then rewrites as
(2.14) Zxy =F(Z)(Zx, Zy)

where F(Z) is a bi-linear and symmetric tensor from R® x R to R®. Due to the relations
(2.4), either one of the equations (2.13a) and (2.13b) is redundant: one could remove
one of them, and the system would remain well-posed, and one retrieves t or x by using
(2.4). Similarly, either one of the equations (2.13d) and (2.13e) becomes redundant by
(2.7). However, we find it convenient to work with the complete set of variables, that
is, Z = (t,z,U, J, K). We will see later that the solutions of the system (2.13) preserve
these conditions.

To prove the existence of solutions to (2.13), we use a fixed point argument. The
argument is similar to the one that can be found for example in |7] and in |5]. However,
in order to take into account the non-regularity of the data (ug, and ug; are in L? and the
energy can concentrate on sets of zero measure), we have to consider, in the new set of
coordinates, data given on curves which have parts which are parallel to the characteristic
directions. In particular, the curves are not given as graphs of a function. We are looking
for a solution that satisfies a given initial condition at time ¢ = 0. In the (X,Y") plane,
the set of points which correspond to initial time, that is, ¢(X,Y) = 0, may be a curve,
(X(s),Y(s)) € R% parametrized by s € R, but it may also be a more complicated set,
see Figure 3 that we will comment on later. We consider curves of the following type.

Definition 2.1. We denote by C the set of curves in the plane R? parametrized by
(X(s),Y(s)) with s € R, such that

(2.15a) X —1d, Y —1d € W (R),
(2.15b) x>0 Y>0

and the normalization

(2.15¢) %(X(s) +Y(s) = s, forall s € R.
We set

(2.16) (X, V)l = 1F = 1d[| oo + |X = Id]| po -

From the initial data (ug, Ro, So), we want to define the curve I'g = (X(s),V(s)) in
C which corresponds to the initial time and the value of Z on this curve. To solve the
governing equations (2.13), we need to know the values of Z, Zx and Zy on the curve T'.
In total, we have to determine 17 unknown functions. Given the initial data (ug, Ro, So),
there is no unique way to define the curve (X'(s), Y(s)) and the values of Z on this curve
in order to obtain to the desired solution. This fact is due to the relabeling symmetry,
a degree of freedom which is embedded in the set of equations (2.13) that we precisely
identify in Section 7. For now, the goal is to use this degree of freedom to construct
an initial data which is bounded in L*°(R) on the curve. Let us now explain how we
proceed for an initial data (ug, Ro, So) € [L*(R)]? for which energy has not concentrated
and we will see later how to extend this construction to initial data containing singular
measures. In this case, the function X and ) are invertible and, slightly abusing notation,
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we denote by Z(s), Zx(X) and Zy (Y) the values of Z(X(s),V(s)), Zx(X,Y(X~1(X)))
and Zy (X(Y~H(Y)),Y), respectively. By definition, we have

(2.17) t(s) =0,
and, naturally, we set
(2.18) U(s) = up(z(s)).

From the formal derivation of the previous section, we have the following relations
(2.19)

Tx(X) = clwKx () = SR@ax(X),  Fr(¥) = —ew)Ky (V) = 353wy (D),
(2.20)

_ Bol@) __ So(x)
PO = ) Y=y )
We have the compatibility condition
(2.21) Z(s) = Zx(X(s))X(5) + Zy (V(s))V(s).

We have 17 unknowns (X,),Z,Zx,Zy) and 15 equations, namely (2.17)—(2.21), (2.15c¢)
and (2.4). We use the two degrees of freedom that remain in order to obtain Zx and Zy
bounded. We set

(2.22) 2x(X)+Jx(X) =1 and 2zy(Y)+ Jy(Y)=1.

Since zx and Jy are positive, it follows from (2.22) that these two quantities are bounded.
From the fact that 2zx.Jx = (c¢(U)Ux)?, it also follows that Ux is bounded so that Zx
is bounded. The same conclusion holds for Zy. The normalisation (2.22) is convenient
but arbitrary, see Section 7. In particular, the coefficient 2 in front of xx and xy in
(2.22) does not have any importance; it is used here to make the definition compatible
with the normalization we will introduce in Section 3 for the general case. From (2.21),
(2.20) and (2.19), we get

2 2
2 2
R20)  Jx(¥) = Kx(¥) = @ hO) = - 0) = @)
2R0 2SO
(2.25) Ux(X) = m(iﬂ% Uy (Y) = —m@)-

Equation (2.17) implies
0= tx (X)X +ty (V)Y = 2x (X)X — 2y (V)Y
and, at the same time, we have by the chain rule
#(s) = ox (X)X + 2y (V)Y

and therefore

(2.26) 2x (X)X = 2y (V)Y = g
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Hence, by (2.15¢), (2.23) and (2.26), we get
2 XY= (2+i(33+s§)(@> i
and we define z(s) implicitly as

z(s) 1
(2.27) 2x(s) +/ E(Rg + 52) dx = 2s.

We have ' . . . '
2+ J = 20x (X)X + Jx (X)X + 22y (V)Y + Jy (V)Y =2
because of (2.21) and (2.15c) so that 2z + J = 2s. Hence,

1 z(s)
(2.28) Js) = / (R2 + 52) da
and

z(s) P2 _ Q2
(2.29) K(s) = / ROTCSO dzx,

which are also defined as the integrals of the forms dJ and dK given by (2.5) and (2.6)
on the line (¢,z2) = {0} x (—o0,z(s)). From (2.26) and (2.23), it follows that

o0

(230 R(s) =51+ (A(w(s) and F(s) = )1+ {SHals)),
and we set

x(s) z(s)
(2.31) X(s) :x(s)+i/_ R2dx and  Y(s) :x(s)—}—i/_ S2 dz.

3. THE INITIAL DATA

In order to construct a semigroup of conservative solutions, we have to take into
account the part of the energy which has concentrated in sets of measure zero and we
need to consider initial data in the set D that we now define.

Definition 3.1. The set D consists of the elements (u, R, S, u,v) such that
(u, R, S) € [L*(R)]?,

Uy = %(R — S) and p and v are finite positive Radon measures with
1 1
(3.1) Hac = 1R2 dx, Vs = ZSQ dzx.

The measures g and v correspond to the left and right traveling energy densities,
respectively. Given the initial data (ug, Ro, So, to, o), we have defined an element in Gy
where the set Gy is defined below and which correspond to a parametrization of the initial
data in the new system of coordinates. Elements of G consists of a curve (X(s), Y(s)) (for
Go, this curve corresponds to time equal to zero) and three variables, Z, V and W, that
we now introduce. These functions correspond to the data that matches the solution Z
to (2.13) on the curve (X,)) in the sense that

(3.2a) Z(s) = Z(X(s),V(s))
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and
(3.2b) V(X (s)) = Zx(X(s),V(s)) and W(X(s)) = Zy (X(s), V(s))

It is then convenient to introduce the following notation: To any triplet (Z,V, W) of five
dimensional vector functions (we write Z = (21, 29, Z3, 24, Z5), etc), we associate the
triplet (Z¢, V% W*%) given by

1 1
(3.3a) =21 Vi=WVa—g5 Wi=Wr—g
and
(33b) Zla = Zz'7 Vla = VZ‘, Wla = Wz

for i € {1,3,4,5}.

Definition 3.2. The set G is the set of all elements which consist of a curve (X (s),)(s))
and three vector valued functions from R to R® denoted Z(s), V(X),W(Y). We denote
0 =X, V,Z,V,W) and set

(3.4) 1©llg = Ul 2y + V]l 22 + [PVl 2

where we denote U = Z3 and

1 1
3.5) el = (X, y)||c+||v TV | oo (r) + ||m||L R)

+ 12 e + 1V oo + W oo -
The element © € G if

()
1©llg < oo and [|Olllg < oo;
(i)
(3.6) Va, Wa, Vi, Wy > 0;
(iii) for almost every s, we have
(37) Z(5) = V(X()X(s) + W) (5);
(iv) for almost every X and Y, we have
(3.82) 2V4(X)DWa(X) = (c(U)Vs(X))?, 2WA(VIW2(Y) = (c(U)W3(D))?,
(3.8b) Va(X) = (U1 (X), Wa(Y) = —c(U)W1(D),
(3.8¢) Vi(X) = c(U)V5(X), Wi(Y) = —c(U)Ws5 (D).
(v) We require
(3.9) SEIPOO J(s) =

where we denote J(s) = Z4(s).
We denote by Go the subset of G which parametrizes data at time t = 0, that is,

Go={0€G| 2 =0}.
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Lo ={(X,Y) | t(X,Y)/=0}

Y — —
(X2,Y2)
(X2,Y3)
(X1,Y1)
(X0, Yo) (X1,Y1)
(X0, Y0)
X

FIGURE 2. The domain ¢(X,Y) = 0 in the X,Y plane consists of the
union of a graph of a strictly increasing function, vertical and horizontal
segments and rectangular boxes.

The requirement (3.9) corresponds to a normalization of the energy potential (or cu-
mulative energy) to zero at minus infinity. The variables Z, )V and W are not independent
of one another as it can be seen from (3.7), (3.8b), (3.8¢c) but selecting a set of indepen-
dent variables will require an arbitrary choice that we prefer to avoid and that is why
we consider all the variables at the same level. For © € Gy, we get by using (3.7) and
(3.8b), that

(3.10) Va(X ()X (s) = Wa(V(s)V(s).
By using the normalization (2.15¢), we obtain that
(3.11) X 2W2(Y) v 2ld)

WX ()’ Vo(X) + Wa(Y)

and, in principle, by integrating (3.11), we recover X and ). However, there are two
obstacles to that: The function Vo and W, are in general not Lipschitz so that we cannot
use the standard existence theorems for the solutions to (3.11) and, in addition, both Vs,
and W, may vanish (it is what happens in the case of a box) and (3.11) does not make
sense any more. Given (ug, Ro, So, 0, 1), in the case where pg = (110)ac and vy = (10)ac,
we have defined © = (X, ), Z,V, W) € Gy by (2.17), (2.18), (2.27), (2.28), (2.29), (2.23),
(2.31) and

2
VUX() = 0V (s) = e o),
2
WA (8) = —eUW(X(8) = s ()
VX)) = s () W) = — s ().

We do not prove here that, for this definition, we indeed have (X,),Z,V, W) € Gy
because it will be done later in more generality, see Definitions 3.8 and 3.5. In the next
section we consider (X, ), Z,V, W) € Gy and construct solutions of (2.13) which satisfy
(3.2). However, the set Gy is not adequate when it comes to parametrize initial data.
In the case where there is no concentration of the measures, that is, pg = (uo)ac and
Vo = (10)ac, we can see from (2.31) and (2.27) that X > 0 and ) > 0 almost everywhere
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so that the curve does not contain strictly vertical or horizontal regions. This property
is not preserved by the equation. In particular it means that at a later time, say 7" > 0,
we can find a curve (X,)) € C such that t(X(s),Y(s)) = T and X(s) = 0 or Y(s) = 0
on an interval [s;, s,], with s; < s,. In general, the set of points

I'r={(X,Y) eR? | ¢(X,Y) =T}

is not a curve but a domain which consists of the union of a graph of a strictly increasing
function, vertical and horizontal segments and rectangular boxes, see Figure 3. If I'p
contains regions with boxes or vertical or horizontal lines, it means that part of the
energy of the solution is concentrated at time T in sets of zero measure, see Section
6. We want to parametrize domains I'g (or I'p) depicted in Figure 3, which give the
solution at time zero (or a given time T') and which may contain boxes. The set G
defined above is inappropriate. When considering an element in Gy, we choose a curve
and in the case of a box, the choice of the curve which joins the two diagonal corners
of the box while remaining inside the box is arbitrary. Thus we introduce an unwanted
degree of freedom in the parametrization of the initial data. The domain I'g depicted
in Figure 3 can be parametrized by using two nondecreasing functions x;(X) and z1(Y)
and by considering the set {(X,Y) € R | z1(X) = z2(Y)}. Such sets consist exactly
of the union of the graph of a strictly increasing function (when z} > 0 and zf, > 0),
a horizontal segment (when 2} (X) = 0 for X € [Xo, Xo] and z5(Yp) > 0), a vertical
segment (when 2} (X7) > 0 and z5(Y) = 0 for Y € [Y3,Y]]) and a rectangular box (when
7 (X) = 24(Y) =0 for X € [Xy, Xs] and Y € [Ys, Y2]), see Figure 3. This observation
(partially) justifies the definition of the set F which is introduced below. The set F can
be considered as a consistent way to parametrize initial data. However, to construct the
solutions, we need to choose a curve and we use the description of the initial data given
by Go so that, finally, both sets are needed. To define F, we have to introduce the group
G of diffeomorphisms with some regularity conditions.

Definition 3.3. The group G is given by all invertible functions f such that
(3.12) f—1d and f~' —1d both belong to W (R),
and
(f —1d) € L*(R).
We can now define the set F.
Definition 3.4. We define the set F consisting of all function 1 = (11,19) such that
P1(X) = (21(X), Uh(X), Vi(X), J1(X), K1(X))
and  P2(Y) = (22(Y), U2(Y), Va(Y), J2(Y), K2(Y))

satisfy the following reqularity and decay conditions

(3.13a) z1—1d, 22 —1d, Ji, Jo, K1, Ko € WH(R),
(3.13D) oy —1, 2h—1, Jj, Jy, K, K € L*(R) N L>(R),
(3.13¢) Uy, Uy € HY(R),

(3.13d) Vi, Vo € L*(R) N L™(R),
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and which satisfy the additional conditions that

(3.14) 2y, xb, Jy, Jy >0,

(3.15) Ji=c(U)Ky, Jy=—c(U2) Ky,
(3.16) 21 ] = (c(U)WN)?, 25J5 = (c(U2)Vo)?,
(3.17) v+ J1, 1o+ €G,

(3.18) lim Ji(X) = lim Jy(Y) =0

and, for any curve (X,Y) € C such that
z1(X(s)) = z2(Y(s)) for all s € R,

we have

(3.19a) Ur(X(s)) = Ua(Y(s))

for all s € R and

(3.19b) Ut (X(5))X(s) = Us(V(s)V(s) = Vi(X(5))X(s) + Va(Y (5))V(s)

for almost all s € R.

We show in Section 5 that, given a solution Z of (2.13), there exists a unique element
¢ € F which describes in a unique way the set o = {(X,Y) € R? | (X,Y) = 0} and
the values of Z, Zx and Zy on this set. The functions x; and x5 define the set I'y
by To = {(X,Y) € R? | 21(X) = 29(Y)}. It means in particular that, for any curve
(X,Y) € C such that z1(X(s)) = z2()(s)), we have t(X(s),Y(s)) = 0. The functions
Uy and Uz give the value of U(X,Y) on the set T'g, as a function of X and Y. To be
more concrete, let us consider the example where x1 and xo are smooth, invertible and
the inverses are also smooth. In that case, which in fact corresponds to the case where
up, Rp and Sp are smooth and there is no concentration of energy, i.e., o = (£0)ac
and vp = (10)ac, the set Ty is the graph of a strictly increasing function (there is no
rectangular box and no vertical or horizontal segments). The curve I’y is given by either
Y = xl_l oxe(X) or X = x;l o z1(Y) and, just for this paragraph, for the sake of
simplicity, we denote Y/(X) = 27! o 29(X) and X(Y) = 25" o #1(Y). Then, we have

(3.20) U1(X)=U(X,Y (X)) and Us(Y) =U(X(Y),Y).
The functions of Vi and V5 give the partial derivative of U. We have
(3.21) VA(X) = Ux(X, Y (X)) and Va(Y) = Uy (X(Y), Y).

As we can see in this example, the functions Uy, Us, V} and Vs are not independent from
one another, and the way they depend one another is given by (3.19a) and (3.19b). The
function Ji(X) gives the amount of forward energy contained on the curve Y = Y (X)
between —oo and X, that is,

X
Ji(X) = /_ Tx(X, V(X)) dX.
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In the original set of coordinates, it gives J1(X) = 3 f z1( Ro dzx. Similarly, the function

J2(Y') gives the amount of backward energy Wthh is contalned on the same curve between
—oo and Y, that is,

Y
2= [ nx)y)ay
—o

In the original set of coordinates, it gives Jo(Y') = 7 f z2(¥ SO dz. We recall that these
expressions hold only for smooth initial data Wlth no concentratlon of energy. Still in
this case, the functions x; and z9 are strictly increasing so that 2{ > 0 and a5 > 0 and
the conditions (3.16) entirely determine the energy densities, which are given J; and J}
in the new sets of coordinates. We have

!/
po = (po)ac = iR(Q)(CL’) dx = i/l oxy(z)dx

Ty
and the corresponding expression for vg. In the case where there is concentration of
energy, the functions } or a5, vanish. The set where x; (respectively x2) vanishes corre-
sponds to the region where the energy density uo (respectively 1) has a singular part.
On those sets, the energy densities J; and J} cannot be retrieved from (3.16). It is con-
sistent with the fact that the singular parts of the energy p and v cannot be recovered
by the knowledge of the function u, R and .S, as illustrated in the example presented
in the introduction. As we will see in Section 6, the relations (3.16) correspond to a

reformulation in the new coordinate system of (3.1).
We define a mapping C which to any given initial data ¢ € F associate the corre-

sponding data © = (X, Y, Z,V, W) € G.

Definition 3.5. For any ¢ = (¢1,9) € F, we define

(3.22) X(s) =sup{X € R | z1(X") < 22(25 — X') for all X' < X}
and set Y(s) = 2s — X(s). We have
(3.23) x1(X(s)) = z2(V(s)).
We define
(3.24a) t(s) =0,
(3.24b) z(s) = 21(X(s)) = 22(V(s)),
(3.24c) U(s) = Ur(X(s)) = U2(V(s)),
(3.24d) J(s) = J1(X(s)) + 2(V(s)),
(3.24e) K(s) = K1(X(s)) + K2(Y(s))
and
1 ’ o 1 /
Vl(X) - 2C(U1(X))$1(X)7 Wl(y) - _2C(U2(Y))x2(y)7
Va(X) = 574 (), Wa(Y) = Jrh(Y),
Vi(X) = V(X
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V5(X) = K(X), Ws(Y) = K5(Y).

Let C be the mapping from F to Gy which to any ) € F associates the element (X,), Z,V, W)
defined above.

Proof of the well-posedness of Definition 8.5. Let us prove that X is increasing. Given
5§ > s, we consider a sequence X; which converges to X(s) with X; < X(s). We have
x1(X;) < x2(2s—X;) which implies z1(X;) < z2(25—X;) because x5 is increasing. Hence
Xi < X(5). By letting i tend to infinity, we get that X'(s) < X(5). By continuity of
x1 and x2, we have x1(X(s)) = x2(Y(s)). We claim that X is Lipschitz with a Lipshitz
constant no bigger than 2, i.e.,

(3.25) |X(5) = X(3)| <2[5—5].
Let us assume without loss of generality that § > s. If (3.25) does not hold, we have
(3.26) X(5) — X(s) >2(5—5s)

for some s and § in R. It implies Y(5) < Y(s). Then, by monotonicity of xa,

21(X(s)) = 22(V(s)) = 22(V(5)) = 21(X(5)),
and therefore 21 (X (s)) = x1(X(5)) because z1 is an increasing function and X (s) < X(3).
It follows that = is constant on [X(s), X(S)]. Similarly, one proves that xy is constant
on [Y(5),Y(s)]. Let us consider the point (X,Y) given by Y = Y(s) and X = 25— )(s).
We have

X(s)=2s—Y(s) < X <25—)Y(5) = X(5)
so that z1(X) = z1(X(s)) = 22(Y(s)) = 22(25 = Y) and X < X(5), which contradicts
the definition of X'(5). Hence, (3.26) cannot hold and we have proved (3.25). Let us
prove that X — Id € L®°. We have

X(5) — 5= 5(X(5) = V(s)) = 3(X(s) ~ 21(X(5)) + 22(V(s)) ~ V(5))
which is bounded as x; — Id and x2 — Id belong to L*>. Let
B={scR|X(s)>1}.

Since X + 3) = 2, we have y > 1 on B°. Hence,

2 = 2(s)ds 2(s)ds
/RU(s)ds—/BU()d +/CU()d
g/BUf(X(s))X(s)der/ Us (V(5))Y(s)ds

2 2
< 1UxlIze + [[Uz]|Lz -

It is then straightforward to check that the remaining properties that enter in the def-
inition of Gy are fulfilled by (Z,V,W). To check that (3.17) is fulfilled, we use Lemma
3.6 which is stated below. 0

Lemma 3.6. Let o > 0. If f satisfies (3.12), then 1/(1 4+ a) < fe < 14 a almost
everywhere. Conversely, if f is absolutely continuous, f —1Id € L>®°(R) and there exists
c > 1 such that 1/c < fe < c almost everywhere, then f satisfies (3.12) and

1f = Tallreoqey + [1F7 = 1d] 100y <
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for some o depending only on c and || f —1d| o g

The proof of this short lemma is given in [9]. In the opposite direction, to any element
(X, Y, Z,V,W) € Gy, there corresponds an element (¢1,12) € F given by the mapping
D that we define next.

Definition 3.7. Gwen (X, V,Z,V,W) € G, let 1 = (x1,U1,J1, K1, V1) and s =
(x2,Us, Jo, K2, V3) be defined as

(3.27) 21(X(s)) = 22(V(s)) = 2(s)

where we denote x(s) = Z5(s) and

(3.28) Ur(X(s)) = U2(V(s)) = U(s)

where we denote U(s) = Z3(s) and

(3.29) / VXA ds, 20E) = [ W) ds
B30 K@) = [ Ve d K= [ W,
and

(3.31) Vi=Vs, Va=Ws

We denote by D the mapping from Gy to F which to any (X,Y, Z,V, W) € Gy associates
the element 1 as defined above.

Well-posedness of Definition 3.7. Since t(s) = 0 we have
0 =i(s) = Vi(X ()X (s) + Wi(P(5))V(s)
which implies that
(3.32) Vo (X (s))X (5) = Wa(V(s))V(s)
by (3.8b). We check the well-posedness of (3.27) and (3.28). Let us consider s and §

such that X(s) = X(5). Since X is increasing, it implies X(3) = 0 and Y(3) = 2 for all
§ € [s, 8. From (3.32), it follows that W5()(5)) = 0 for all § € [s, 5]. Hence,

i(3) = V(X (3) X (3) + Wa(V(3)V(3) = 0
and z(s) = z(5) so that the definition (3.27) is well-posed. For § € [s, 5], we have
Ws(Y(5)) =0, by (3.8a) and the fact that Wa(Y(5)) = 0. Hence,

U(3) = Vs(X(3)) X (3) + Wa(V(5))Y(3) =0

and U(s) = U(s) so that the definition (3.28) is well-posed. Let us prove that z is
Lipschitz. We have
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= 2/ Vo (X (s))X(s)ds (by (3.32))
< [Mellpeo [X(s) = X(5)]-
Hence, z; is Lipschitz. One proves in the same way that xo is Lipschitz. Since
0 < Va(X()X(s) < Va(X(5)) X (5) + Wa(V(s))V(s) = J(s)

the function V4(X(s))X(s) belongs to L'(R). Assume that there exists an s < § such
that X(s) = X(s). Since X is increasing, it implies that X(s) = for all s € [s,5] and
therefore [*_ V(X (s))X(s)ds = [ Va(X(s))X(s)ds and the definition (3.29) of J; is
well-posed. The same results hold for Jo. Let us prove that U; is absolutely continuous
on any compact set. We consider X; < --- < Xy and s; such X(s;) = X;. We have

N N
DU (Xivr) = Un(Xo)| = D |Ui(sir1) = Ur(si)]
=1 =1

S \/
Ui (54,8441)

< / (V3(X)X +W3(V)Y) ds
Ui (84,8i41)

§||V3HL°<>/( s
Ui (8i,8i+1

+ meas(U;(s4, si11)) /2 ( / W3 (V)2V? ds) 12
U'(Si,si+1)

Ul(s)’ ds

By (3.8a), we get W3 < 26 | Wal| oo (r) We, and therefore W2(V)V? < OW(V)I? =

CVy(X)XY, by (3.32), for some constant C'. Hence,

/ Ws(V)?Y? ds < C/ Vo(X) X ds
Ui (8i,8i41) (si,8i41)

< C/ Xds = C meas(U; (X;, Xit1))
Si3Si+1

for some constant C. Finally,
D U (Xip1) = U (Xy)| < Clmeas(Us(Xy, Xiga)) + meas(Uy(X;, Xipa))'/?)

and U is absolutely continuous. After differentiating (3.28), we get
UL(X)X = V(X)X +Ws(D)Y

and, after taking the square of this expression, we obtain

(3.33) Up(X)2X% < 2(V3(X)° X% + Wa(D)2D?).

Since
Wi (V)2V? = WV WiV? = Ve XWiY (by (3.32)),
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we have that (3.33) implies
U (X)2X < C(V3(X)2X + Wa(V)D)
< C(V3(X)2X + J)
and, after a change of variables, we obtain

U112 < CUIVs)2a + 1] o) < o0.

Hence, U] belongs to L?. Similarly one proves that Us is absolutely continuous on any
compact set and U} € L2(R). To prove that the property (3.17) is fulfilled, we use Lemma
3.6 and the fact that 1/(Va + Vi), 1/(Wa + Wy) € L>®(R). The other properties of F
that ¢ has to fulfill can be checked more or less directly from the definition of Gy. O

The sets F and Gy are not in bijection; otherwise we would not have introduced F,
and indeed one can show that C oD # Idg,. However, we have D o C = Id#, as we will
see in Lemma 5.3.

Now we define how, from any initial data in D, that is, in the set of original coordinates,
we define the corresponding element in F.

Definition 3.8. We define the mapping L: D — F where, for any (u, R, S, u,v) € D,
= (Y1,12) = L(u, R, S, p,v) is defined as follows. We set

(3.34a) 1(X) =sup{z € R | 2/ + p(—00,2") < X for all 2’ < x},
(3.34b) za(Y) =sup{z € R| 2’ + v(—o0,2’) <Y for all 2’ < z}
and
(3.34C) Jl(X) :X—.fl(X), JQ(Y) :Y—CEQ(Y)
and
(3.34d) U1(X) =u(zi1(X)), U2Y) =u(z2(Y))
and

R / . S /
B30 V0 = |5 @00, 1) = = |5 ] m)am)
and

B X J’ (X) _ B Y J' (}7) _

(3.34f) Ki(X) = /oo de, Ky(Y) = — /OO mdy.

Before proving the well-posedness of this definition, we check that we end up with the
same initial data that was obtained at the end of Section 2, where u and v were assumed
to be absolutely continuous with respect to the Lebesgue measure. Then, the functions

! /

1 1
p(—o0,2’) = / ZRQ dr and v(—oc0,2’) = / 15’2 dz
are continuous, and furthermore, (3.34a) and (3.34b) rewrite as
z1(X) 1 z2(Y) q
z1(X) + / 132 dr =X and (YY) + / ZS2 dr =Y.



THE NONLINEAR VARIATIONAL WAVE EQUATION 23

We sum these two equalities, and, since z1(X(s)) = z2(Y(s)) = z(s) and X + Y = 2s,
we get

z(s) 1 ) )
2:1:(5)—1—/ —(R*+ S%)dx = 2s
o 4
and recover (2.27). In the definitions (3.34), we use the degree of freedom we have in the
new set of coordinates to set the values of x1 and x2 in such a way that their derivatives,

z} and zf, are bounded.

Proof of well-posedness of Definition 3.8. Clearly, the definition of z; yields an increas-
ing function and limx_ 4o 21(X) = foo. For any z > x1(X), we have X < z +
p((—o00, z)). Hence, X —z < pu(R) and, since we can choose z arbitrarily close to z1(X),
we get X —x1(X) < p(R). It is not hard to check that z1(X) < X. Hence,

(3.35) 21(X) - X| < p(R)

and |lz1 —Id[|; < p(R). Let us prove that z; is Lipschitz with Lipschitz constant at
most one. We consider X, X’ in R such that X < X’ and z1(X) < z1(X’). Tt follows
from the definition that there exists an increasing sequence, z, and a decreasing one,
zi, such that lim; o z; = 21(X), lim; o0 2, = 21(X’) with p((—o0, 2))) + 2/ < X’ and
u((—00,2;)) + z; > X. Combining the these two inequalities, we obtain

(3.36) p((=00,2)) = p((=00,2)) + 2j — 2 < X' = X.

For j large enough, since by assumption z1(X) < z1(X’), we have z; < 2} and therefore
p((—00,2})) — p((—o0,2)) = p([zi,2,)) > 0. Hence, 2z, — z; < X' — X. Letting i tend
to infinity, we get x1(X’') — z1(X) < X’ — X. Hence, z; is Lipschitz with Lipschitz
constant bounded by one and, by Rademacher’s theorem, differentiable almost every-
where. Following [6], we decompose p into its absolute continuous, singular continuous
and singular part, denoted pac, psc and ps, respectively. We have pye = iRQ dx. The
support of pg consists of a countable set of points. Let H(z) = p((—oo,x)), then H is
lower semi-continuous and its points of discontinuity exactly coincide with the support
of s (see [6]). Let A denote the complement of 27 ' (supp(us)). We claim that for any
X € A, we have

(3.37) (00, 21(X))) + 21(X) = X.

From the definition of z1(X) follows the existence of an increasing sequence z; which
converges to x1(X) and such that H(z;) + z; < X. Since H is lower semi-continuous,
lim; oo H(z;) = H(x1(X)) and therefore

(338) H(ml(X)) + $1(X) < X.

Let us assume that H(z1(X)) + z1(X) < X. Since z1(X) is a point of continuity of H,
we can then find an x such that x > x1(X) and H(z) + = < X. This contradicts the

definition of 1 (X) and proves our claim (3.37). In order to check that (3.16) is satisfied,
we have to compute the derivative of x1. We define the set B; as

_ . 1,
B = {o € R |lim (o= poo ) = (@)

Since %R2(m) dx is the absolutely continuous part of u, we have, from Besicovitch’s
derivation theorem (see [1]), that meas(B{) = 0. Given X € z7'(Bj), we denote z =
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z1(X). We claim that for all i € N, there exists 0 < p < % such that x — p and = + p
both belong to supp(ug)©. Assume namely the opposite. Then for any z € (z — %,a: +
) \ supp(ps), we have that 2z’ = 2z — z belongs to supp(us). Thus we can construct
an injection between the uncountable set (z — 1,2 4+ 1)\ supp(us) and the countable
set supp(ug). This is impossible, and our claim is proved. Hence, since x; is surjective,
we can find two sequences X; and X| in A such that $(z1(X;) + z1(X])) = 21(X) and
21(X]) — z1(X;) < 1. We have, by (3.37), since z1(X;) and z1(X/) belong to A,

(3.39) pu([z1(X5), 21(X)))) + 21(X]) — 21(X5) = X} — X,
Since x1(X;) ¢ supp(us), we infer that p({z1(X;)}) = 0 and p([z1(X;),21(X)))) =

i

p((z1(X5), 21(X)))). Dividing (3.39) by X/ — X; and letting ¢ tend to co, we obtain
1
(3.40) ) (X)ZR2(x1(X)) + 21 (X) =1

where z; is differentiable in 27 '(By), that is, almost everywhere in ;' (B;). We will use
several times this short lemma whose proof can be found in [9].

Lemma 3.9. Given an increasing Lipschitz function f: R — R, for any set B of measure
zero, we have f' =0 almost everywhere in f~1(B).

We apply Lemma 3.9 to Bf and get, since meas(Bf) = 0, that zf = 0 almost ev-
erywhere on 27! (Bf). On 27! (Bi), we proved that z satisfies (3.40). Tt follows that
0 < 2} <1 almost everywhere, which implies, since J; = 1 — 2, that J; > 0. From
(3.40), we get

21 (X)) (X) = 2} (X) ERQ(UCl(X)) = (c(UL (X)W1 (X))

Let us prove that U; is absolutely continuous on any bounded interval. We consider a
partition X; < --- < Xpy. We have

N

> 10 (Xis) - (X)) < [ ua] dr.

i=1 U (21 (Xo),21 (Xig1))
Given M > 0, for any € > 0, there exists d such that for any set A C [—M, M], we have
that meas(A) < 0 implies [, |us| dz < €, because u, € L{ .. We have

loc*

meas(UL; (21(X;), 21(Xit1))) < |27 ]| o meas(UL (Xi, Xii1))

and since x] € L, it follows that for any partition such that va | X — Xiv1| < 6, we

have Zf\il |U1(Xit1) — Ui1(Xi)| < € and U is absolutely continuous in any compact. Let
us consider a curve (X,)) € C such that z1(X(s)) = z2()(s)) (such curves exist, see
Definition 3.5). We differentiate U; (X') and obtain

(R 8) (@ (X))

U0 = ws a0 = 2N
CR@A) o S@Q)
= 2o () Y T Semn ) Y
— ()X + V()Y
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Here we have use the fact that
2 (X)X = 25(V)Y

which follows from z;(X) = z2()). From (3.35), we obtain ||J1]|; < p(R). We have,
since J] > 0,

1705 < 17 oo 121 < 10 e < 1(R).

After a change of variables, we get

2
/V1 2ax < — /RQ(x)da:<oo
R

[ U0 X = [ (0)a?(x) dx
R

</R2(x1( )7 (X) dX = / z) dz < oo,

so that both V; and U] belong to L?. Similarly, one proves that Vo and U} belong to
L?. Let By={¢ e R |2} <1} Sincea| —1>0, By ={¢ R ||z} -1 > 3}, and,
after using the Chebychev inequality, as ] — 1 = —J{ € L?, we obtain meas(B3) < ooc.
Hence,

and

/Uf(X)dX: Uf(X)dX+/ UZ(X)dX
R Bs <

< meas(B3) [|ul|7 + 2/ (wozy)xh dX
By
< meas(Bs) [|ul 7o + 21lulZ2

after a change of variables, and U; € L?. Similarly, one proves that U, € L2 O

In this section we have shown how to construct, from a given initial data in D, an
element in F (via the mapping L) and then, from an element in F, and element in G
(via the mapping C). From an element in Gy, we can finally construct the corresponding

solution of (2.13).
Now, we turn to the existence of solution to (2.13) for given data in G.

4. EXISTENCE OF SOLUTION FOR THE EQUIVALENT SYSTEM

4.1. Short-range existence. We first establish the short-range existence of solutions

0 (2.13). The difficulty here consists of taking into account initial data defined on a
curve which may be parallel to the characteristic curves X = constant or Y = constant.
In the following, we will denote by  any rectangular domain of the type

Q=[X;, X;] x [V, Y],
and we denote s; = %(Xl +Y)) and s, = %(Xr +Y,). We define curves in 2 as follows.
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Definition 4.1. Given Q = [X;, X,| x [V1,Y;], we denote by C(Q) the set of curves in
Q given by (X(s),Y(s)) for s € [si, sr] which match the diagonal points of Q, that is,
X(s1) = X1, X(sr) =X, Y(s1) =Y, V(sr) =Y,, and such that

(4.1a) X —1d, Y —1d € Wh*([sy, s,]),
(4.1b) X>0 Y=0,
(4.1¢) 1(X(s) +Y(s)) =s, forall seR.

2
We set

(X Pley = 18 = 1] Lo 5,5, + 1Y = 1] oo gsy,5,0) -
In this subsection we will construct solutions on small rectangular domains 2. We

introduce the set G(€2) which is the counterpart of G on bounded intervals. Elements of
G(Q) correspond to a curve in C(Q2) and data on this curve.

Definition 4.2. Given a rectangular domain Q = [X;, X, |x[V,Y;], let © = (X, Y, Z,V, W)
where (X,Y) € C(Q) and Z(s), V(X),W(Y) are three five-dimensional vector-valued
measurable functions. Using the same notation as in (3.3), we set
1Ollgi) = Ul L2581y + IV N r2x ) + IV L2vi v
where we denote U = Z3 and
1 1
Py (e ) Rl vvamne vl (VA
T2 Lo 151,50 T IV N oo (10,307 F IV oo (v, v -
The element © belongs to G(Q) if the following four conditions hold:
(i)

1Bl = (X, Plley +

0oy < o
and therefore [|©||g(q) < 0o because we here consider a bounded domain.
(i)
(4.2) Vo, Wa, Z4, V4, Wa = 0.
(iii) For almost every s, we have
(4.3) Z(s) = V(X(s5))X () + W((5)V(s).
(iv) For almost every X and Y, we have
(4.4a) 2V4(X)Wa(X) = (c(U)V3(X))?, 2Ws(P)Wa(Y) = (c(U)Ws(D))?,
(4.4b) Wa(X) = c(U)V1(X), Wa(Y) = —c(U)
(4.4¢) Va(X) = c(U)V5(X), Wi (Y) = —c(U)
We introduce the Banach spaces W™ () and Wy™ () defined as
(4.5)
W™ (Q) = LoV, Y], W (X0, X0]), - Wy ™ () = L([X0, X, ), Wh([Y2, V7)),
and the Banach spaces LY (€2) and L$°(€2) defined as
LR (Q) = L=(V, Y], C([X1, Xy ])), - Ly (Q) = L=([X, Xo], C([Y1, V7))
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Let us consider (X,Y,Z,V, W) € G(Q2). By definition, the functions X and ) are
increasing. To any increasing function, one can associate its generalized inverse, a concept
which is exposed for example in Brenier [2]. More generally, an increasing function (not
necessarily continuous) can be identified as the subdifferential of a convex function (which
is a multivalued function). The generalized inverse is then the subdifferential of the
conjugate of this convex function. We do not use this framework here and prove directly
the results we need.

Definition 4.3. Given Q = [X;, X,] X [V1,Y;] and a curve (X,Y) € C(2), we define the
generalized inverse of X and Y, respectively, as

(4.6) a(X) =sup{s € [s;,s,] | X(s) < X} for X € (X, X, ],
(4.7) B(Y) =sup{s € [s;,s;] | Y(s) <Y} forY € (Y},Y,].
We denote X' = o and Y~ = 3.
The generalized inverse functions X~! and Y~! enjoy the following properties.

Lemma 4.4. The functions X' and Y~ are lower semicontinuous nondecreasing func-
tions. We have

(4.8) XoX t1=1Id and Yo Y~ ! =1d,

and

(4.9) X~ Yo X(s) = s for any s such that X(s) > 0,
(4.10) Y toY(s) =s for any s such that Y(s) > 0.

Definition 4.3 extends naturally to curves in C and Lemma 4.4 still holds.

Proof. We prove the lemma only for X!, as the results for yjl can be proved in the
same way. Let us prove that « is nondecreasing. For any X < X, there exists a sequence
s; such that lim; o 8; = a(X) and X(s;) < X. Hence, X(s;) < X which implies

s; < a(X), which after letting i tend to infinity, gives a(X) < a(X). Let us prove that «
is lower semicontinuous. Given a sequence X; such that lim; ., X; = X, for any € > 0,
there exists s € [s;, sy] such that

(4.11) a(X)>s>a(X)—c¢

because a(X) > s; for all X € (X, X;]. It implies X(s) < X as, otherwise, X < X(s)
would yield a(X) < s, which contradicts (4.11). Thus, for large enough i, we have
X(s) < X; so that s < a(X;). Combined with (4.11), it implies
a(X) —e < s <liminf a(X;)

and, as ¢ is arbitrary, we get that a is lower semicontinuous. Let us prove (4.8). Given
X € (X, X,], we consider an increasing sequence s; such that lim; . s; = «(X) and
X(s;) < X. Letting 7 tend to infinity, since X' is continuous, we get X(a(X)) < X. As-
sume that X'(«(X)) < X, since X is continuous, there exists s such that X'(a(X)) < X(s)
and X(s) < X. The latter inequality implies that s < a(X) which, by the monotonicity
of X, yields X(s) < X(a(X)) and we obtain a contradiction. Let us prove (4.9). We
denote N = {s € [s,s,] | X(s) > 0}. We consider a fixed element sy € N'. We have

(4.12) ao X(sp) < sp.
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Indeed, by the monotonicity of X, for any s € {s € [s;,s,] | X(s) < X(s0)}, we have
s < sg and therefore, after taking the supremum, we obtain (4.12). Let us assume that
ao X(sg) < so. We denote s1 = ao X(sp). By (4.8), X(s1) = X(s0), and from the
monotonicity of X, it follows that X' (s) = X (sg) = X(s1) for all s € [sg, s1]. It implies
that X'(so) = 0, which contradicts the fact that so € N O

In the following and when there is no ambiguity, we will slightly abuse the notation
and denote Y o X~1(X) and X o Y~}(Y) by Y(X) and X(Y), respectively. The curve
(X(s),)(s)) is almost a graph as it consists of the union of the graphs of the functions
X — Y(X) and (after rotating the axes by 5) Y +— X(Y). We prove the existence of
solutions to (2.13) on rectangular boxes. First we give the definition of solutions.
Definition 4.5. We say that Z is solution to (2.13) in Q = [X;, X,] x [V}, Y,] if

(i) we have
ZeWh™(Q), Zx e Wy™(Q), Zy € Wy™(Q);
(ii) and for almost every X € [ X, X,],

(4.13) (Zx(X.Y))y = F(Z)(Zx, Zy)(X,Y);
and, for almost every Y € [Y},Y,],
(4.14) (2y(X,Y))x = F(Z)(Zx, Zy)(X.Y).

We say that Z is a global solution to (2.13) if Z is a solution to (2.13) as defined above,
for any rectangular domain €.

The regularity that we impose is also necessary to extract the relevant data on a curve
from a function defined in the plane, as it is explained in the following lemma.

Lemma 4.6 (Extraction of data from a curve). We consider a five-dimensional vector
function Z in R? such that

ZeWhe(Q), ZxecWy™(Q), Zy € Wy™(Q)

for any rectangular domain Q. Then, given a curve (X,)) € C, let (Z,V, W) be defined
as

(4.15) Z(s) =Z(X(s),Y(s)) for all s e R
and

(4.16a) V(X)=Zx(X,Y(X)) for a.e. X € R,
(4.16b) W) =2y(X(Y),Y) forae Y € R,

or, equivalently,
V(X (5)) = Zx(X(s),V(s)) for a.e. s € R such that X(s) > 0,
W(V(s)) = Zy (X(s),V(s)) for a.e. s € R such that Y(s) > 0.
We have (Z,V, W) € L .(R) and we denote © = (X, Y, Z,V, W) by
Z e (X,)).
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Proof. We consider a domain Q = [X;, X,] x [V}, Y,]. We claim that for any f € Wll/oo Q)
then f(X) = f(X,Y(X)) is measurable and f(X, V(X)) € L®([X;, X,]). It suffices to
show that the linear mapping f — f from W;,OO(Q) to L>=([X;, X,]) is well-defined on
simple functions and continuous. We assume that f is a simple function, that is,

N
FXY) = g5(Y)xa, (X)
j=1

where x 4 denotes the indicator function of the set A, A; are disjoint measurable sets and
g5 € Wh([V,Y;]). Then, f(X) =%, g;(¥(X))xa, (X) is measurable (as X — Y(X)

is lower semicontinuous) and

fX)| < max - esssup [g;(V(X)]

esssup
Je{l,..N} xe[x,,X,]

XG[XhX"“]

< s Tox 195llyw1.00 (37, v20)

so that f € L®([X}, X,]). Note that we need g; € Wh([Y},Y;]) as, if g; only belongs to
L*([V1,Y;]), we do not have in general esssup x¢x, x,] [9;(V(X))] < ngHLOO([Yl,YT]) as the
function X — Y(X) may send sets of strictly positive measure to a set of measure zero
(for example if ) is constant on an interval). Therefore the continuity in the Y direction

which is necessary to make meaning of (4.16). Using the same type of estimate, one gets
that

1o ) < I ooy

which concludes the proof of the claim. Similarly one proves that, for any f € W)l(’oo(ﬂ),
the mapping Y — f(X(Y),Y) is measurable and belongs to L*°([X, X,]). Hence, we
get that (Z,V, W) € L (R). O

loc

The decay of Z at infinity in the diagonal direction is more conveniently expressed in
term of the function Z¢ which we now define as

1
(4.17) 7§ =7~ 5(X +Y) and Z} = Z; for i € {1,3,4,5}.

Even if we are not concerned yet with the behavior at infinity, it is convenient to introduce
Z* already here to write the estimate in a convenient way. We now introduce the set H(2)
of all solutions to (2.13) on rectangular domains, which satisfy additional properties.

Definition 4.7. Given a rectangular domain Q = [X;, X,| x [Y1,Y;], let H(S2) be the set
of all functions Z which are solutions to (2.13) in the sense of Definition 4.5 and which
satisfy the following properties

(4.18a) zx =c(U)tx, ry = —c(U)ty,
(4.18b) Jx = c¢(U)Kx, Jy = —c(U)Ky,
(4.18¢) 2Jxzx = (c(U)Ux)?, 2Jyzy = (c(U)Uy)?,
(4.184) zx >0, Jx >0,

(4.18¢) zy >0, Jy >0,
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(4.18f) rx + Jx >0, xy + Jy > 0.
We have the following short-range existence theorem.
Theorem 4.8. There exists an increasing function C' such that, for any Q = [ X, X,] x

Y, Y] and © = (X, Y, Z2,V, W) in G(Q), if s, — s < 1/C([[|Oll[g(r)), then there exists a
unique solution Z € H(QY) such that

(4.19) O=7Ze(X,)).

Proof. We use a Picard fixed-point argument. Define B as the set of elements (Zy, Z,, V, W)
such that
Zy e [LXP, Zo e [L¥P, Ve[L¥]P, W e[l
and
5

(4.20) > Iz

i=1

ot 2

2l s + Vil + Wil ) < 201Ollgcey
where we use for Z and Z, the same notation given in (4.17) for Z. For the fixed point,
the functions Zj;, and Z, coincide and are equal to the solution Z, see below, but it is
convenient to define both quantities in this proof and keep the symmetry of the problem
with respect to the X and Y wvariables. We introduce the mapping P given, for any
(Zn, Zy,V,W) € B, by P(Zn, Zy,,V,W) = (Z1,, Z,, V,W) where

X

(4.21a) Zn(X,Y)=Z(Q7 (V) + /X(Y) V(X,Y)dX

for a.e. Y € [V}, Y;] and all X € [X}, X,],

(4.21b) Zo(X,Y) = Z(X7HX)) + /;(VX) W(X,Y)dY

for a.e. X € [X;, X,] and all Y € [V}, Y],

(4.21c) V(X,Y)=V(X)+ ;(/X) F(Zp)(V,W)(X,Y)dY
for a.e. X € [X;, X,] and all Y € [V}, Y;],

(4.21d) W(X,Y)=W() +/)::Y) F(Zy)(V,W)(X,Y)dX

for a.e. Y € [V}, Y;] and all X € [X;, X;]|. Let us consider a solution Z to (2.13) which
satisfies (4.19). For any (X,Y") € Q, we have
X
Z(X,Y(s)) = Z(s) +/( )ZX(X,y(s))dX
X(s
which, after taking s = Y~1(Y), yields

X ~ ~
2X.Y) =207 ) + [ , FxEY)ax
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by (4.8). Similarly, one proves that

Y ~ ~
Z(X,Y) = Z(x"YX)) +/y(X) Zy(X,Y)dY.

For every almost every X € [X;, X,| and all Y € [V},Y;], we have
Y
V(X

and therefore, by (4.19), we get

Y
(4.22) Zx(X,Y) =V(X) +/y(X) F(Z)(Zx, Zy)(X,Y)dY.
Similarly, we have

X
(4.23) Zy(X,Y) = W(Y) +/X(Y) F(Z)(Zx, Zy)(X,Y)dX

for all X € [X;, X,] and a.e. Y € [V}, Y;]. Thus, if Z is a solution to (2.13) (in the sense
of Definition 4.5) which satisfies (4.19) then (Z,Z, Zx, Zy) is a fixed point of P. Since
0<X<2and 0 <Y <2, we have

(4.24) X =X(Y)| = [X((X)) = X(a(Y))] < X(sr) = X(s1) < 2(s1 —5r) <20
and, similarly,
(4.25) Y = Y(X)| <2(s1 — s) <26

We can choose § small enough, depending only on [[|©][g(q), such that the mapping P
maps B into B. Let us check this in more details only for the second component of Zj,.
We have
7a ~ 1 -1 1 X " %
ZhVQZZh,g—i(X—FY):Zg(y (Y))_i(X+Y)+ V(X,Y)dX
X(Y)

and, denoting s = Y~1(Y),

Zo(s) — 5 (X +¥) = Za(s) — 5(X +V(5)) = Za(s) — 5(X(5) + V(s)) + 3 (X — X(5))

1
5
= 25(s) + 5 (X — X(V).

Hence, B
1282l oy < 250y + 81 + 201 lg(en)
by (4.24) and (4.20). After doing the same for the other components, we get
5
> 02kl + 128+ ¥l + 13l ) < 9l + 5
for a constant C' which depends only on [|©|[|g(). Hence, by taking § small enough,
the mapping P maps B into B. Using the fact that F' is locally Lipschitz (because it

is bi-linear with respect to the two last variables and depends smoothly on U = Z3),
we prove that P is contractive. Hence, P admits a unique fixed point that we denote
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(Zn, Zy,V,W). Let us prove that Z; = Z,. It basically follows from the fact that
Wyx = Vy. Let us now denote by Nx the set of points X € [X;, X,| for which (4.21b)
and (4.21c) hold (by definition, the set Ny has full measure). Similarly we denote
by Ny the set of points Y € [V},Y;] for which (4.21a) and (4.21d) hold. We have
meas([X;, X,] \ Nx) = meas([V;, Y;] \ Vy) = 0 so that meas(Q\ Nx x Ny) = 0. For any
(X,Y) € Nx x Ny, we have

b'e
Zn(X,Y) = Z,(X,Y) = 2(y"1(Y)) + V(X,Y)dX
Y ~
(4.26) — Z(x N X))~ / W(X,Y)dy
Since the terms involving F' cancel, we obtain by (4.21c) a,nd (4.21d) that
X ~ ~ L X
/ V(X,Y)dX—/ W(X,Y)dY—/ X)dX — / WY
x(Y) Y(X) x(Y)
Returning to the rigorous notation, we get
(4.27)

X(xH(X)) ~ YO~HY)) -
/ VXYdX / WXY dy = / )dX— W(Y)dYy
1Y) Y(x~-1(X))

where we have also used (4.8). We proceed with a change of variables in the two integrals
on the right-hand side of (4.27) and get

X(X~1(X)) 1(Y)) -
/ V(X)dX — / (Y)dy
XY-1(Y)) X>)

. / " (W) + V)R ds

Yy |
_ / 2(s)ds by (4.3)
X1 (x)
(4.28) =Z(x7HX)) - 2 1(Y))

and combining (4.26), (4.27) and (4.28), we get that Z,(X,Y) = Z,(X,Y) for all
(X,Y) € Nx x Ny, that is, almost everywhere. We denote Z = Z;, = Z,. For any
(X,Y) and (X,Y) belonging to Nx x Ny, we get, by using (4.21a) and (4.21b), that

X

2(X,Y) - 2(X,7) :/
X

Y
V(X,Y)dX +/_ W(X,Y)dY.
Y
Hence, by using the bound (4.20),
1Z(X,Y) = Z(X,Y)| < 2]|®llge)(|X - X[+ Y - Y])

and Z is Lipschitz in Ny x Ny. It implies that Z is uniformly continuous in Nx x Ny
and there exists a unique continuous extension of Z to the closure of N'x x Ny, that is,
Q. From (4.21a) and (4.21b), we get that

(4.29) Zx(X,Y) = V(X,Y)
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forall Y € [V},Y,] and a.e. X € [X), X, ] and
(4.30) Zy(X,Y) = W(X,Y)

for all X € [X;, X,]| and a.e. Y € [Y},Y;]. By using the fact that (Z,Z, Zx, Zy) is a fixed
point in B and (4.29) and (4.30), we can check that Zx € WSI,OO(Q) and Zy € W;(OO(Q)
By density, we can prove that

X
(4.31) Z(X,Y)—Z(X,Y):/ Zx(X,Y)dX,

X

not only for almost every Y € [V, Y] as (4.21a) yields, but for all Y € [Y},Y;]. Indeed,
for any Y € [V}, Y], there exists a sequence Y,, € Ny such that lim, Y, = Y as
meas([Y;,Y;] \ Ny) = 0 and we have

X
(4.32) Z(X,Yn)—Z(X',Yn):/ Zx(X,Y,) dX.

X
Since Zx € I/V%;OO(Q)7 we have that HZ)(( . 7Yn)||L°°([Xl,Xr]) < HZXHW;;OO(Q) < 2|||@|”g(Q)

and, for a.e. X € [X, X,], limy oo Zx(X,Y,) = Zx(X,Y) for almost every X. Hence,
by Lebesgue dominated convergence theorem and the continuity of Z, (4.32) implies
(4.31). It remains to check that Z satisfies (4.19). Since (Z,Z, Zx, Zy) is a fixed point
of P, we have, by (4.21c) and (4.21d), that

Zx (X, V(X)) =V(X) and Zy (X (Y),Y) =W(Y)
for a.e. X € [X;, X,] and Y € [V},Y}], respectively. It remains to check that Z satisfies
(4.15). On one hand, we have that
(4.33) Z(X(s),Y(s)) = Z(X~1(X(s)))

by (4.21b) and, by (4.9), it implies (4.15) for all s € [s;, s,] such that X(s) > 0. On the
other hand we have

(4.34) Z(X(5),Y(5)) = Z(V'(V(5)))

by (4.21b) and, by (4.10), it implies (4.15) for all s € [s;, s,] such that Y(s) > 0. Since
X +Y =2, the set of all s € [s;, s,] such that X(s) > 0 or Y(s) > 0 has full measure and
therefore, for almost every s € [s;, s,], (4.15) holds. By continuity, we infer that (4.15)
holds for all s € [s;,s,]. Hence, we have proved that Z is a solution to (2.13) which
satisfies (4.19) if and only if it is a fixed point of P. Since the fixed point exists and is
unique, we have proved the existence and uniqueness of the solution. Let us define the
functions v € Wy, (Q) and w € in Wy(Q) as

v=ux —cU)tx and w=uzy+c(U)ty.

We want to prove that v and w are both zero. After some computations using the
governing equations (2.13), we obtain

Vy =TXY — C/(U)Uytx — C(U)tXY
d(U)

(4.35) = 2C(U) (va + wa)
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and
wx = zxy + ¢ (U)Uxty — c(U)txy
(4.36) = U)o+ Uw)
' T ac() VYU TR
It follows that
Y C,(U)
X,Y)= (Uyv +Uxw),
( y(x) 2¢(U) )
X CI(U)
X.Y)=

(
which implies, after using (4.24), (4.25) and (4.20), that

< 52)|© c(v)
ol < B2 Mgy max 7o (ol + ol )
()
[w]| e < 02]|8]llg(e) max W(HUHL;O +lwllzse)-
Hence, by taking ¢ smaller if necessary, we get HUHL}%O = HwHLg(o = 0. Let us now
introduce z € W;OO(Q) as z = 2Jxzx — (c(U)Ux)?. We have
zy = 20xyax + 2xxxy — 2¢(U)*UxUxy — 2¢(U)d (U)Uy (Ux)?
d(U)
c(U)
and z(X,Y(X)) = 0 for X € [X;, X,], the unique solution to (4.37) is z = 0. One
proves in the same way that Jyzy = 2 (c(U)Uy)?. Let us now prove (4.18f). Since the
initial data belongs to G(Q2), we have ||1/(zx + JX)(X,y(X))HLoo([Xl’XT]) < |||@|||g(Q) as
1/ (xx + Jx)(X, V(X)) = 1/ (V2 + Wa)(X) for a.e. X € [X;, X,]. For all fixed X such
that 1/(zx + Jx)(X, V(X)) < [[Ollg(q), that is for almost every X € [X;, X,], we define
Y. = inf{Y € [V;,Y;] | Y < Y(X) and (zx + Jx)(X,Y’) > 0 for all Y/ > YV}
and similarly
Y* =sup{Y € [Y;,Y;] | Y > V(X) and (zx + Jx)(X,Y") > 0 for all Y/ < Y}
On (Y,,Y™), we have (zx + Jx)(X,Y) > 0 and we define
1
Y)= .
1) = G T )
Let us assume that Y, < Y, and therefore, by continuity,

(4.37) = UyZ

(4.38) (fo—l-Jx)(X,Y*) = 0.
On (Y,,Y™), we have ¢(Y) > 0 and, since Jxxx > 0 by (4.18¢), it implies that
(4.39) zx > 0and Jx > 0.

By using (2.13), we obtain

_rxy +JIxy

= (JUX + Jx)2
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dU) Uy(zx + Jx) + (Jy + 2y)Ux

4.40 = —
(440) 2¢(U) (xx + Jx)?
From (4.18c), we infer that
1 1
Ux|=——=VJIxox < —=(Ix + zx).
Ux]| c(U)\@v XTX 2c(U)\@( X +zx)
Hence, (4.40) yields
[<(U)]
< U J <C
for some constant C' which depends only
(4.41) esssup (U] (X,Y) + |Zy|(X,Y)),
Ye[y;,Y:]

that is [|©][g(q), by (4.20). By Gronwall’s lemma, it follows that ¢ cannot blow up in
Y*, contradicting (4.38) and

1
rx + Jx Vs +Vy
for a.e. X € [X;,X,] and all Y € [V},Y,]. In the same way, one proves that Y, = V.
Hence, we have proved that, for almost every X € [X;, X,],
zx(X,Y) > 0and Jx(X,Y) >0 for all Y
and [[1/(zx + Jx)(X,Y)|lyyoo(y;,y,) is bounded, for almost every X € [X;, X;], by a con-

stant which is independent of X and therefore 1/(xx + Jx) € W;OO(Q) This concludes
the proof of (4.18d) and the first identity (4.18f) while (4.18e) and the second identity
in (4.18f) can be proven in the same way. O

(4.42) (X,Y) < (X)eCIY =Y

4.2. A priori estimates. Given a positive constant L, we call domains of the type
D={(X,Y)eR?*||Y — X| < 2L}

for strip domain. Strip domains are correspond to domains where time is bounded. We
have the following a priori estimates for the solution of (2.13). The energy J(X,Y) is
bounded in the whole plane while Z¢ (that is, Z, up to a shift in the second component)
and its derivatives are bounded in every strip domain.

Lemma 4.9. Given Q = [X;, X,| x [V,Y;] and © = (X, V,Z,V, W) € G(Q), let Z €
H(Q) be a solution to (2.13) such that © = Z e (X,Y). Let & = ||Z4]lpoo(fs,5,) T
125|100 ([5,,5,7)- Then the following statements hold:
(i) Global boundedness of the energy, more precisely,
(4.43) 0<J(X,Y) <& forall (X,Y)€Q  and  [|K|[ o) < (14 K)E
where J = Z4 and K = Zs.
(ii) The function Z and its derivatives remain uniformly bounded in strip domains.

More precisely there exists a nondecreasing function C1 = C1(L, [|©||gq)), such
that, for any L > 0 and any X and Y such that |X — Y| < 2L, we have

(4.44) ZUXY) € Cr |Zx (X, V) G |2 (X V)] <6y
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and
1 1

. (XY)<C, —

iﬂx+JX( )< G ry +Jy

The condition (ii) above is equivalent to the following condition (iii):
(iii) For any curve (X,Y) € C(Q2), we have

(4.46) 1Z o (X, V)lllge) < C1

(4.45) (X,Y) < Ch.

where C1 = C1([(X, V)l 1Olllg)) is a given function which is increasing with re-
spect to both its arguments.

The inequalities in (4.44) hold in fact in L>(Q), W™ () and Wy (Q), respectively.
The inequalities in (4.45) hold in Wy,>°(Q) and Wy (Q), respectively.
Proof. Given P = (X,Y) € Q, let s = Y~}(Y) and s; = X~ }(X). We denote Py =
(X(s0),Y(s0)) and Py = (X(s1),Y (s1)). We assume that so < s1 (the proof for the other

case is very similar). Since X and ) are positive, it implies that X = X(s1) > X(s0)
and Y =Y (so) < Y(s1). Then, because Jx >0, Jy > 0 and Z, > 0, we have

(4.47) 0 < Z4(s0) = J(Py) < J(P) < J(P1) = 24(s1) < &
which gives the first inequality in (4.43). By (4.18b), we get

|K(P) — K(R)| < w(J(P) = J(F))
which implies
(4.48) [K(P)| < [K(Po)| + #(J(P) = J(F))
and

[K(P)| < (1+r)&

by (4.43). Since xx > 0, we have
(4.49) z(P) = 2(Py) = Za(s0) = —[®lllg(e) + s0-
Since 2(X +Y) =Y + L(X - Y) < Y(s0) + L, it follows that

1
2(P) = 5(X +Y) = —[[®llgi) + 50 = Y(s0) = L = =2||Ollg() — L-
Similarly, using that xy > 0, we get
(4.50) z(P) < x(Pr) = Za(s1) < [|Olllge) + s1-
and
1
(4.51) 2(P) = 5 (X +Y) < 2[|®llg) + L.

Hence, |z(P) — 5(X +Y)| < 2/|0|l|g) + L. We have

(452)  [(P)| =

V(s1) B 5
/ ty(X,Y)dY

Y1) gy
s < / 1) dY < k(z(Py) — z(P)).

Y

Since

(453)  z(P) —2(P) < z(P1) — z(P) = 22(s1) — Z2(s0) < 2[[Olllg) + s1 — so
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and
(4.54) 81— 89 =81 — y(sl) — (80 — X(So)) +Y -X< 2|||@|||g(g) + 2L,
it follows from (4.52) that [t(P)| < x(4[[O|[g() + 2L). We have
Y(s1) -
Ul <@+ [ vy,
Y
By (4.18c), we have that
K

4.55 Uyl < —(Jy + .
(4.55) |Y|_2\/§(Y Ty )
Hence,

U(P)| < [U(P)] + 275 |[J(P) + x(Py) — J(P) — a(P)|

K

(4.56) <I®lllg() + ﬁ(&’ +4[I8|llg() +2L) by (4.53) and (4.47).

To prove that Zx and Zy remain bounded, we use the bi-linearity embedded in the
governing equation (2.14). We use first the linearity of F(Z) with respect to the first
variable and for almost every X € [X;, X,], we get, after applying Gronwall’s lemma,
that

y1H(X) 5
Zx (X, V)| < |Zx (X, D)) exp( /Y F(Z)(-, Zy)| )

Y(X) 5
(4.57) — V(X)) exp( /Y F(Z)(-, Zy)| dY).

Here F'(Z)(-,W) denotes the matrix V +— F(Z)(V,W) and we use any matrix norm as
they are all equivalent. We also assume (as earlier) that Y < Y~1(X) (otherwise we have
to interchange the bounds in the integral) and we denote P; = (X,Y~}(X)). We have
V(X)) < 8]llg(n)- After using (4.18a), (4.18b) and (4.55), we obtain that

[F(Z)(-, Zy)| < Clty [ + oy | + Uy [ + [Jy| + [ Ky])
and we have used here the linearity of F/(Z) with respect to its second variable. Hence,
1
|F(Z)(-, Zy)|=C (c($y +Jy)+ay +Jy + |Uy|>
< C(xy + Jy)

for a constant C' that depends only on ¢(U) and therefore only on [[|©||g(q) and L, by
(4.56). Hence,

yH(X) B YH(X) -
/ F(Z)(-, Zy)] dF < C / (ay + Jy) dV
Y Y

= C(a(P) —x(P) + J(P1) — J(P))
< C(& +4I®llgw) +2L),
by (4.47), (4.53) and (4.54). Combined with (4.57), it yields
Zx(X,Y)|<C
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Pr = (Xry Yr)
Q,

Y, P,
Qn,nfl
inj Qn,n—Q

Y, &
P;(= P|:)
Qn,O
Py=P = (XY} X, X,

Fi1GURE 3. Construction of the global solution.

for some constant C' which depends only on L and [[|©]||g(q)- Similarly, one proves the
bound on Zy. The estimate (4.45) follows from the estimate (4.42) in the proof of
Theorem 4.8 as the constant C' in (4.42) depends only on L and [[|©[gq), by (4.44), and

YV =Y(X)| =Y - X + X (X)) - (X (X))| < L+[I8llgw)-
O
4.3. Global existence. We obtain the following existence and uniqueness lemma.

Lemma 4.10 (Existence and uniqueness on arbitrarily large rectangles). Given a rect-
angular domain Q = [ X}, X;| x [Y1,Y,] and © = (X, Y, Z,V, W) in G(), there exists a
unique Z € H(Q) such that

O="Ze(X,)).

Proof. Let N denote an integer that we will set later and 6 = **z*. For i = 0,..., N,
let s; = id + s; and we consider the sequence of points P; = (X;,Y:) = (X (s;), Y (s4)).
For i,j = 0,..., N, we construct a grid which consists of the points P; ; = (X;;,Y; ;)
where X ; = X; and Y} ; = Yj, see Figure 3. We denote by by ; ; the rectangle with
diagonal points P; j and Pj11 j11. Let €, denote the rectangle with diagonal points given
by (Xo, Yp) and (X,,,Y;,). We prove by induction that there exists a unique Z € H(2,)
such © = Z ¢ (X,Y) (Here we use the same notation for © € G(Q2) and (X,)) € C()
and their restriction to €, which belong to G(€2,) and C(2,,), respectively). On Q;, we
can choose N large enough and depending only on [|©]l|ga,) < [[|©]l|lg(o) such that

s1— 50 <6 < C([I1®llg@) " < ClBllgen)) ",
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and, by Theorem 4.8, there exists a unique solution Z € H(2;) such that © = Ze (X, Y).
We assume that there exists a unique solution Z € €, and prove that there exists a
solution on €2,,41. On Q, ,, we get the existence of a unique solution by Theorem 4.8 as

Spt1 — Sp <6 < C'(|H@|||g(§z))_1 < C(|||@|||Q(Qn,n))_l'

For j = n —1,...,0, we construct iteratively the unique solution in €2, ; and €2, as

follows. We treat only the case of €2, ;. We assume the solution is known on €, j;1, then

we define © = (X, Y, Z,V, W) € G(Qy ;) as follows: The curve X(s),Y(s) is given by
X(s)=Xn, Y(s)=2s—X,

for 3(Yj + Xn) <5 < 3(Vju1 + Xn),

X(s) =25 —Yjy1, V(s)=Yjn

for 3(Yj41 4 Xn) <5 < 5(Vjir1 + Xnp1) and set

B(s) = Z(R(), D(s)) for s € [3 (¥ + Xa), 3 (Vo1 + Xara)],

"2
V(X) = Zx(X,Yj41) for a.e. X € [Xn, Xpni1l,
W(Y) = Zy(X,,Y) for ae. X €[V}, Y;11].

Using Lemma 4.9, we can check that |||(:)|”g(ﬂw) is bounded by a constant Cy that
depends only on L and [|©]||g). We have
1

1
§(Yj+1 + X1 =Y - Xy) = i(y(3j+1) + X(sn+1) — V(s5) — X(sn)) < 26.

Here we have used that X and Y are Lipschitz with Lipschitz constant smaller than 2.
By taking N large enough so that 26 is smaller that C(C3)~!, we can apply Theorem 4.8
to Q,; and obtain the existence of a unique solution in H(, ;). Similarly we get the
existence of a unique solution in H(£2;,). Since

Qn+1 == Qn U (U]:()Qj’n) U (U;L:()Qn’.]),
we have proved the existence of a unique solution in ,4;. ]

In Lemma 4.9, we establish L°°-bounds on the derivatives on a strip domain. It turns
out that we can also establish L2-bounds on the derivatives as stated in the next lemma.
In this context, by L?-bounds, we mean that we can bound the integrals of the differential
forms (Z%)?dX and (Z%)?dY along a curve in C. It is useful to have in mind that, for
any given time 7', we can find a curve (X,)) € C which corresponds to this given time
T, that is, t(X(s),Y(s)) = T for all s € R. Thus the L%:bound we now establish is
fundamental to obtain L2-bounds in the initial set of coordinates.

Lemma 4.11 (A Gronwall lemma for curves). Given 2 = [X;, X;:] x [V, Y;], Z € H(Q)
and (X,Y) € C(). Then, for any (X,Y) € C(),

(4.58) 1Z o (X, )lg) < ClIZ ¢ (X, V)lge)

where C = C(|(X, V), 1Z (X, V)llg)) is a given increasing function with respect
to both its arguments.
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Proof. Note that, for any function in f € W;OO(Q) (and respectively g € W;(OO(Q)), the
forms f(X,Y)dX (respectively g(X,Y)dY") are well defined while the forms f(X,Y)dY
(respectively g(X,Y)dX) are not. Given Z € H(2), we can consider the forms U%?dX,
U%dY, (Z%)*dX and (Z%)%?dY. For any curve I' = (X,)) € C(Q), (X, Y, Z,V, V) =
© € G(Q2), we have (by definition of the integral of a form along a curve and the definition
of Z e (X,)))

/(U2dX+U2dY):2/TZ§(s)ds (as X + Y = 2s),
r S1

and
/( ) dX = V“ dX /ZY dY = W“( )dY.
T X, Y

We can rewrite
VAR V. 2 1 a a
HZ.(X,Y)HQ(Q):/F<2U2 (dX+dY)+(ZX)2dX+(ZY)2dY>.

Thus, we want to prove that
1
(4.59) /F <2U2 (dX +dY) + (Z%)* dX + (Z3)? dY>

1
< C/ (2U2 (dX 4+ dY) + (Z2%)*dX + (Z&)? dY) :
r
We decompose the proof into three steps.

Step 1. We first prove that (4.59) holds for small domains. We claim that there exist
constants § and C, which depend uniquely on H(X,y)HC(Q) and [[|Z e (X, V)]llg(o) such

that, for any rectangular domain 2 = [Xj, X,] x [V}, Y;] with s, — s < 6, (4.59) holds.
We denote by C' a generic increasing function of H(X, y)HC(Q) and [[|Z o (X, V)|lg(q)- By

Lemma 4.9, we have
10Ul oo () + 125 M| Lo ) + 129 oo () < €
Let

1
Azsup/ <U2 (dX +dY) + (Z}I()ZdX—i—(Z%)QdY)
r JU

where the supremum is taken over all ' = (X,))) € C(£2). Since Z is a solution of (2.13),
we have for a.e. X € [X;, X,] and all Y € [}, Y] that
1, 1
(LU)(—E) (X,Y):(:L‘X_*) l‘X_*LUX)/dY
Lo
= (ax — (X V(X))
Y /
d(U) 1., 1 1.\ .-
+/ zx — =) Ux+Uy)+Ux(zx —z)+ Uy(zx — 7)) dY
[ 507 (o = W 09+ Un(ex = )+ Uvlox =)
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and
1 1 XY
(4.60) /(xX —2)2dXx < /(wX —2)*dX +C / (Z%)? + (Z&)?)dX dY.
T 2 r 2 x, Jv

For any Y € [V}, Y,], the integral f))((lT(Z?(f(X,Y) dX can be seen as the integral of the
form (Z%)?dX on the piecewise linear path I' going through the points (X, V), (X;,Y),
(X0, Y), (X, Yr), s0 that [7(Z%)*(X,Y)dX < A. Similarly, [ (Z%)*(X,Y)dY < A,
for any X € [X;, X,]|. Hence, (4.60) yields

1 1
/F(mX—2)2dX§/F(xX2)2dX+C(YTYl+XTXl)A

< /(xX — 1)2dX+C<5A
T 2

as (Y, — Y, + X, — X;) = s, — s;. By treating similarly the other components of Z¢ and

Zy, we get
(4.61)
/(Zg()%zx < /(Z;”()2dX +6C5A  and /(Zgl,)?dY < /(z;})%zy + 6CHA.
r r r r
For the component U, we have
Y
CAXY) =X Y0) + [ 200y ay
Y(X)

Y Y
<U*(X, V(X)) +/ U?dy +/ UZdy
Y(X) Y(X)
and it follows, as before, that
(4.62) / U?dX < / U?dX + CSA.
r r
Similarly, we obtain

(4.63) / U?dy < / U?dY + CSA.
r r
After adding (4.61), (4.62), (4.63) and recalling that ds = $(dX + dY), we obtain
1
/_(2U2 (dX +dY) + (Z%)? dX + (Zg)*dY)
r
1
< /(2U2 (dX +dY) + (Z%)? dX + (Z¢)*dY) + 13C5 A
T

which yields, after taking the supremum over all curves T,

(1—13C8)A < /

1
F(§U2 (dX +dY) + (Z%)*dX + (Z¢)*dY)

and (4.59) follows.
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Step 2. For an arbitrarily large rectangular domain Q = [X;, X,] x [Y7,Y;], let us prove
that (4.59) holds for the curves I' = (X,)) € C(Q) such that

V(s) — X(s) > V(s) — X(s) for all s € (s1,5,),

that is, the curve I' is above I and intersects I" only at the end points. Similarly one proves
that (4.59) holds for curves T' = (X,)) € C(Q) such that Y(s) — X(s) < V(s) — X(s)
for all s € [s;,s,]. For a constant K > 0 that we will determine later, we have for a.e.
X € [X;, X, that

KO (g LR(X, D(X)) — e KOX Dy~ 220X, Y(X)

() ] () 1
= / —Ke KO=X) (3 — )24y +/ e KX)oy — Daxy dY
Y(X) 2 Y(X) 2

which implies, since Z is solution and by the estimates of Lemma 4.9, that

(464) /e_K(Y_X)($X - 1)2d)( - / C_K(Y_X)(xX — %)2 dX
r

g/ / KY=X) (g X—%)%iXdY
(X)
e / / e KO =X) (292 1 (28)?) dXdY.
X, y(X)

Note that (4.64) corresponds to an application of Stokes’s theorem to the domain bounded
by the curves I' and I'. We treat in the same way each component of Z§ and obtain that

(4.65) /F “KOY=X)(z9)2dX — / KV =X)(ze)24x

< / / e KX (782 dxdy
Y(X)

) / M w00 ()2 4 () axay.
As far as Zy is concerned, we get
(4.66) /Fe—KW—X)( )2 dy — / _K(Y_X)(Z?,)QdY
/ / Ke K =X)(z4)2dXdy

)
/ e KO =X)((79)2 1 (78)2) dXdY.

Let us prove that the sets
X< X < X,
T y(x) <Y < Y(X)

V<Y <Y,

and N = {X(Y) <X <X(Y)
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are equal up to a set of zero measure. Let us consider (X,Y) € V7. Weset 51 = X ~1(X),
so =Y HY), 53 =Y 1Y) and s4 = X~1(X). Since Y(X) <Y < Y(X), we get

V(X) =V(s1) < V(s2) = V(s3) =Y < V(s4) = V(X).
Hence, s1 < so and s3 < s4, which implies
X =X(s1) < X(s9) = X(Y), X(Y)=X(s3) < X(s4) =X

and therefore X(Y) < X < X(Y). Thus we have prove that A7 C N5 up to a set of zero
measure. Similarly, one proves the reverse inclusion. Hence, by adding (4.65) and (4.66),
we get

(4.67) /feK(YX)((Zg()2dX+(Z€/)2dY) —/FeK<YX>((Z§()2dX+(Z$)2dY)

—K | e B2+ (Z28)2)dXdY +C | e KE=X(Z%)2+(2¢)?) dXdY.
N M

As far as U is concerned, we proceed in the same way and get

/ SK(Y-X)[2 gy / KY-X)[72 gx
P

/ / ~X)(—KU? 4+ 2U0Uy) dXdY
Y(X)
(4.68) / e KY=X)(_KU? 4+ U? + UZ)dXdY
N
and
/G—K(Y—X)U2 dy — / KO-X)172 gy

r r

(4.69) < / e KO -X)(CKU? 4 U2 4 U%) dXdY.
N

Combining (4.65), (4.66), (4.68), (4.68), we get
(4.70) /F e KON (AX 4 dY) + (Z4) dX + (25) V)
- /FeK(YX)(;U2 (dX +dY) + (2%)? dX + (Z5)*dY)
< /N (C — K)o KO=X)/U2 4 (28)? 4 (28)%) dXdY.
1

We choose K sufficiently large so that the right-hand side in (4.70) is negative and we
obtain that

K[ o ﬁ(;zﬂ (dX +dY) + (Z%)*dX + (Z3)2dY)
r
1
< KIX=Vllzeo /(2U2 (dX 4+ dY) + (Zg()2 dX + (Z%)2 dy)
T

and (4.59) follows.
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S1 = S0

FIGURE 4. The interval [s;, s;] is divided into large intervals (in this ex-
ample [so, s1] and [s3,s4]) where one curve is over the other and small
intervals of length smaller than ¢ (in this example [s1,s2] and [s2, s3])
where the curves can cross an arbitrarily number of times.

Step 3. Given any rectangle Q = [X;, X, | x[Y, Y;], we consider a sequence of rectangular
domains Q; = [X;, Xit1] X [Yi, Yig1] for i =0,..., N — 1 where X; and Y; are increasing
and Xo = X, Yo =Y}, Xy = X,., Yy = Y, and such that (X,)), (X,)) belong to G(£;)
for s € [si, siy1]. We construct the sequence of rectangles such that either s;y1 —s; < 0
(and Step 1 applies) or Y(s) — X(s) < V(s) — X(s) or Y(s) — X(s) < Y(s) — X(s) for
s € [si, si+1] (and Step 2 applies). Hence,

N—-1
170 @ Doy = 22117+ (9 g0,
=0

N-1

< Z ClZe (va)Hé(Qi) (by steps 1 and 2)
i=0

<CZ e (X, Y)llge -

We can construct the sequence of rectangles as follows. Let N be an integer such that
% < g and we set 5; = sl+jg for j = 0,...,N. We take so = s; and define
s; iteratively: Given s; and j; € {0,...,N — 1} such that j; > i, X(s;) = X(s;),
V(s;) = Y(s;) and s; € (5, 8j,+1). Hji+1= N, weset N =i+1, s;i.1 = s, and we are
done. Otherwise, there exists an index k > j; + 1 such that Y(s) — X(s) < Y(s) — X(s)
for all s € [3j41,3%) or Y(s) — X(s) > V(s) — X(s) for all s € [§;41,5k) and there exists
s € [8k, Sg+1] such that Y(s) — X (s) = Y(s) — X(s) (which implies that X(s) = X(s) and
YV(s) = Y(s)). We then set j;11 = k and choose s;11 € [8k, Sxr1] such that X (s;11) =

X (si+1) and Y(siy1) = Y(sit+1). Since j; > i, the iteration stops in a finite number of
steps. O

Given two solutions Z and Z , we want to compare along curves in C the forms Zx dX
and ZxY dY with Zx dX and ZxY dY, respectively. By using the same argument as in
the proof above, we obtain the following stability result in L?. This is a stronger result
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than the one that could be established from the fixed point argument in Lemma 3.9 as
the latter would only hold in L*°.

Lemma 4.12 (Stability in L?). Given Q = [X;, X;|x [V}, Y,], Z, Z € H(Q) and (X,)) €
C(Q). Then, for any (X,Y) € C(Q),

(4.71) (Z ~Z) o (X, V)lg) < CI(Z ~Z) o (X.Y)llg)

where C = C(|(X, V) le, 17 » (X, Y)llgi): 1Z o (X, 9)llge) is a given increasing

function with respect to both its arguments.

In the definition below of global solutions we include a condition about the decay of
the solutions along the diagonal. This condition is necessary to guarantee that, given a
solution, the curves which correspond to a given time 71" belong to C.

Definition 4.13 (Global solutions). Let H be the set of all functions Z € I/Vl1 (R?)
such that

(1) Z € H(Q) for all rectangular domains Q; and

(ii) there ezists a curve (X,Y) € C such that Z o (X,Y) € G.

The condition (ii), which corresponds to a decay condition, does not depend on the
particular curve for which it holds, as the next lemma shows. In particular, we can
replace condition (iv) in Definition 4.13 by the requirement that Z e (X, ;) € G for the
diagonal (Y = X)), which is given by X;(s) = Vi(s) = s. We then denote

121l = 1Z o (X4, Va)llg ~ and  [[Z]ll = [ Z & (X, Va)lllg-

Lemma 4.14. Given Z € H, we have Ze(X,Y) € G for any curve (X,)) € C. Moreover,
the limit limg_o J(X(s8),)(s)) is independent of the curve (X,)) € C.

In this lemma we denote as before Z4 by J where © = (X, Y, Z, VW) = Z e (X,)).
Later, we will see that the limit of J at infinity corresponds to the total energy and the
lemma would allow us to prove that the total energy is conserved.

Proof of Lemma 4.14. For any curve (X,)) € C, we have to prove that

(4.72) 1Z e (X, Y)llg <oo and |[Ze(X,Y)|; < o0
and
(4.73) Slirgo J(s)=0
where J = Z; with (X, Y, Z,V,W) = Z e (X,Y). For any real number 5 € R that will
eventually tend to infinity and denote Q— [X(—5),X(5)] x [V(—5),Y(5)]. Let
W o Y06 @) <36,
“1(X(5)) otherwise,

and
(4.75) Smin = {

see Figure 5 for an egcample. One can check that by construction sy, < —s§
Smax and we denote Q5 = [X(Smin), X (Smax)] X [V (Smin)s V(Smax)]. We have Q;

VH(=9) i V(X(=5)) < V(-3),
X71(X(-5)) otherwise,

<
C

5 <
Qs.
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We construct the curve which consists of a (vertical or horizontal) straight line joining

(X (Smin), Y(smin)) and (X (5), Y(5)), the curve (X(s),V(s)) for s € [—5, 5] and another
(vertical or horizontal) straight line joining (X'(5),Y(5)) and (X (Smax), V(Smax)), see
Figure 5. We denote by (X,)) this curve and we have that (X,)) and (X,)) belong to

G(Qs). By Lemma 4.9, we get

1Z o (X, N)llge) < 12 & (X Illga,
< A IE Il 1€llga) < C1IEFes l1©ll)
and by letting 5 tend to infinity, we get [|Z @ (X,))]|g < oo. By Lemma 4.11, we get

(4.76) o o
1Z ¢ (X, D)gq,) < 112 ¢ (X, D)ga,) < ClIZ & (X,D)llge,) < Cl1Z (X, D)g

where the constant C' depends on H(X’Y)Hg(ﬂg) and [|Z e (X, V)llg,), that is, on
H()_(, Y)Hg and [|Z e (X,))||g, which are independent on §. By letting § tend to infinity
in (4.76), we get HZ ) (2\?7)7)“9 < 0o. It remains to prove (4.73). We know that J is
positive. We denote J(s) = Z4(s) with (X, ), Z,V, W) = Ze(X,)) and, slightly abusing
the notation, we denote also by J, J(X,Y) = Z4(X,Y). For any s € R, let s; = X~1X(s)
and sp = Y7 1Y(s). If 51 < s9, then X(s) = X(s1) < X(s2) and Y(s1) < V(s) = V(s2).
By the monotonicity of J(X,Y), we get

J(X(s1), V(51)) < J(X(s),V(s5)) < J(X(s2), V(s2))-

If s9 < s1, we get a similar result so that, finally,

(4.77a) min{J (X (s1), V(s1)), J(X(s2), Y(s2))} < J(X(5),V(s))
and

(4.77b) J(X(5), Y(s)) < max{J(X(s1), V(s1)), J (X (s2), V(s2))}-
Since

51— 5| < |X(s1) — 51| + [ X(s) — | < (X, V)lle + [[(X, D)

we have that lims .4, s1 = 00 similarly we obtain that lims 1., so = +o0o. Hence,
(4.77) yields

lim J(®(s), V(s) = lim J(X(s),9(s)).
Thus, these limits are independent of the curve I' which is chosen. The existence of
the limits is guaranteed by the monotonicity and boudedness of J. The identity (4.73)
follows from (3.9). O

From Lemma 4.10, we infer the following global existence theorem for the equivalent
system.

Theorem 4.15 (Existence and uniqueness of global solutions). For any initial data
(X, V,Z,V, W) in G, there exists a unique solution Z € H such that © = Z ¢ (X,))).
We denote this solution mapping by S: G — H.
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Smax

Smin
FIGURE 5. Prolongation of the curve T.

5. SEMIGROUP OF SOLUTION St IN F

From a solution function Z € H in the whole plane, we want to extract the data at
a given time. It is enough to do it at ¢ = 0, and the definition below describes how we
proceed.

Definition 5.1. Given Z € 'H, we define
(5.1) X(s)=sup{X e R|t(X',2s - X') <0 forall X' < X}

and Y(s) = 2s — X(s). Then, we have (X(s),V(s)) € C and Z e (X,)) € Gy. We denote
by E the mapping from H to Gy that associates to any Z € H the element Ze(X,Y) € G
as defined here.

Proof of the well-posedness of Definition 5.1. First we prove that X is increasing. Let
X, be a sequence such that X,, < X(s) and X,, — X(s). We have t(X,,2s—X,,) < 0 for
any s > s. Since t is decreasing with respect to the second variable (as ty < 0), we have
that ¢(X,,25 — X,,) < 0 and therefore X,, < X(5). After letting n tend to infinity, we
obtain X (s) < X(5) so that X is an increasing function. Let us prove that X is Lipschitz
with Lipschitz coefficient smaller than 2. Let us assume the opposite, i.e., there exists
5 > s such that

(5.2) X(5) —X(s) >2(5—s).
It implies that Y(s) > )(5). Since tx > 0 and ty < 0, we have, for any (X,Y) €
[X(s), X(5)] x [V(5), V(s)]

0 =1t(X(s), V(s)) <X, V(s)) <HX,Y) <X, V(5)) < H(X(5),V(5)) =0

and, therefore ¢(X,Y) =0 on Q = [X(s), X(5)] x [V(5),V(s)]. Let us consider the point
(X,Y)eQforY = )Y(s) and X = 25— Y(s). We have t(X,Y) =0, X +Y = 25 and
X < X(5), which contradict the definition of X at 5. Thus, we have proved that X is
Lipschitz. To show that (X,)) € C, it remains to prove that X =Vl poo(r) < 00. We

claim that there there exists L such that
(5.3) liminf¢(X + L, X) > 1
X—o00
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for any L > L. Let us prove this claim. By using the fact that xy = c(U)tx and
c(U) > L, we get
X+L

t(X+L,X):t(X,X)+/ tx(X,X)dX
X

L 1 (Xt . .
4 > —|lZ — 4+ — — - )(X,X)dX.
(5.4 > |2l 5+ [ Gax - )X X)d

We look at the domain Qx , = [X, X + L] x [X, X + L]. We consider the curve Xy(s) =
Ya(s) = s (the diagonal) and the curve (X,)) which consists of a horizontal and a
vertical segment given by

X(s)=25s—X, Y(s)=X for s € [0, X + L]
X(s)=X+L, Y(s)=2s—(X+L) forse[X+L Xx+1I)

By Lemma 4.11 we get

X+L 1 _ _
2 o A ]2 2
(5.5) /X (rx — (X, X)dX < [|Z 0 (X D)|gy ) < C 17 @ (X0, Yd)lGa )

where the constant C' depends on L and |[|Z e (Xg, Va)l|gy ) Which is bounded by
1 Z|l|l7. We have

X+L

lim (|7 & (X4, Ya)l[§ 0y ) = Jim (U2(X, X)+(Z%)2(X, X)+(Z¢)%(X, X)) dX =0,
X —o00 ’ X—oo Jx
and therefore (5.5) and (5.4) yield
L
liminft(X + L, X) > —||Z —
iminf (X + L, X) 2 — | Z]l3 + o

which, for L large enough, implies (5.3). Using the same type of argument, we prove
that there exists L such that

(5.6) li)gninft(X +L,X)>1, limsupt(X — L, X) < —1,
o0 X—o00

(5.7) liminf t(X + L, X) > 1, liminf #(X — L, X) < —1.
X——00 X——00

Let us prove that limsup,_.(X(s) — s) < £. We assume the opposite and then, there

exists s € R such that t(s + £, s — &) > 1, by (5.6), and X(s) > s + 5. It implies

that Y(s) = 2s — X(s) < s — %, and, using the monotonicity of ¢ (that is tx > 0 and
ty <0), weget 1 < t(s+ 5,5 — %) < t(X(s),Y(s)) = 0, which is a contradiction.

Similarly one proves that liminf,_, o (X (s) — s) > —%, limsup,_,_(X(s) —s) < % and
liminf, oo (X (s) — s) > —% and it follows that

N |

limsup |X(s) — s| <
s—=o0
Hence, the condition (2.15a) is satisfied and (X,)) € C. By Lemma 4.14, we have
(X, V,Z,V, W) =Ze(X,Y) € G and by construction Z;(s) = t(X(s),V(s)) = 0 so that
Ze(X,)) € Gp. O
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Definition 5.2. Given any T, let us inlroduce the mapping tv: H — H defined as
follows. For any Z € H, let t7(Z) = Z € H be given by

HX,Y)=tX,Y)-T

and
z(X,Y)=2(X,Y), UX,Y)=U(X,Y),
J(X,Y)=J(X,Y), K(X,Y)=K(X,Y).
We have
(5.8) tro =troty.
We have now defined the following mappings:
(5.9) —= G H Du

The mapping tr is used to extract the solution at any given time T by only using the
operator E, which is designed for time zero. Indeed, by taking E o t7, we recover an
element in Gy which corresponds to the solution at time T'. In the following lemma, we
prove that F and H are in bijection, which also justify the introduction of F: It is a
consistent way to parametrize initial data: To any element in F, there corresponds a
unique solution in H, and vice versa. The Gy does not fit that role as Gy and H are not
in bijection.

Lemma 5.3. We have

(5.10) CoDoE=E, DoC=1Id
and
(5.11) EoSoC=C, SoE=1d.

It follows that So C = (Do E)~! and the sets F and H are in bijection.

Proof. Step 1. We prove (5.10). Given Z € H, let (X,),Z,V, W) = E(Z), (¢1,¢2) =
D(X,Y,Z,V,W)and (X,),Z,V,W) = C(11,1)2). We want to prove that (X, YV, Z,V, W) =
(X,Y, Z,V,W). We have to prove that X = X, the rest will easily follow. For any s € R,

we claim that for any couple (X,Y') such that X < X(s) and X +Y = 2s then we have
either

(5.12) z1(X) <z1(X(s)) or z2(Y) > x2(V(s)).
Let us assume the opposite, that is, there exist 5, X and Y such that X < X(3),
X +Y =25and

21(X) = 21(X(5)) = 2(5) = 22(¥(5)) = 22(Y).
Here, x(s) denotes Zy(s), see (3.27). Let s = X 1(X) and s1 = Y '(Y). Since
X < X(8) and Y > Y(5), we have sp < § < s1. We have

(s0) = 21(X(s0)) = 21(X) = 2(5)
and, similarly, we obtain that x(s1) = x(5). We consider the rectangular domain =
[X(s0), X(s1)] x [V(s0),V(s1)]. Since x(s) = z(sg) = x(s1) for all s € [sp, s1], we have



50 HOLDEN AND RAYNAUD

@ = 0 on [sg, s1] because z is nondecreasing. We have & = 0 = Vo(X)X + Wa(Y)Y on
[s0, 51], which implies that Vo(X) = 0 for a.e. X € [X(s0), X(s1)] and Wa(Y) = 0 for a.e.
Y € [V(s0),Y(s1)]. By (3.8b) and (3.8a) it implies V; = Vo = V3 = 0 on [X(sg), X' (s1)]
and Wi = W, = W3 = 0 on [V(s0), V(s1)]. Then, we can check that Z given by

HX,Y)=0, #X,Y)=x(3), UXY)=U(@)

and

J(X,Y) = i(X) + L(Y), K(XY)=K(X)+ K(Y)
is a solution to (2.13) in Q (that is, Z € H(Q)) and Z & (X,)) = (X,), Z,V,W). By
uniqueness of the solution, we get Z = Z. In particular, we have ¢(X,Y) = 0 such that
X +Y = 2s and X < X(5), which contradicts the definition of X(s) given by (5.1).
This concludes the proof of the claim (5.12). Since z1(X(s)) = z2(2s — X(s)) we get, by
(3.27), that

X(s) < X(s).
We have by the continuity of 1 and x5 that
(5.13) 21(X(5)) = 22(Y(5)).

Let us assume that X(s) < X(s), then, by the claim (5.12) we have proved, we have
either 21(X (s)) < x1(X(s)) or x2(Y(s)) > x2(V(s)). If 1(X(s)) < z1(X(s)), then, as
Y(s) > Y(s)

21(X(s)) < 21(X(5)) = 22(V(s)) < 22(V(s))

which contradicts (5.13). Similarly, we check that if z2()(s)) > x2()(s)) then we obtain
a contradiction to (5.13). Hence, X = X and therefore Y = Y. Then, Z(s) = z2(X(s)) =
12(X(s)) = x(s) and similarly, we treat the other components of Z. From the definitions
of C and D, we have that V = V and W = W. Hence, we have proved that CoDoE = E.
The fact that D o C = Id follows directly from the definitions of C and D.

Step 2. We prove (5.11). Given (¢1,¢2) € F, let (X, Y, Z,V, W) = C(¢1,v2),
Z = S(X,Y,Z,V,W) and (X,¥,Z,V,W) = E(Z). We have to prove that X = X,
the rest will easily follow. Since Z € H is a solution with data (X,Y,Z, V., W) € Gy,
we have t(X(s),Y(s)) = 0. Hence, from the definition of E, we get X(s) < X(s).
Assume that there exists s € R such that X'(s) < X(s). By the definition of E, we have
t(X(s),YV(s)) = 0. Let

so=X"1(X(s)) and s =Y ().
We have

X(so) =X(s) < X(s) and Y(s1)=Y(s) > V(s),
and therefore sy < s < s1. Due to the monotonicity of ¢(X,Y") (that is, tx > 0 and ty <
0), since t(X(s0),V(s0)) = t(X(5),V(s)) = t(X(s1),V(s1)) = 0, we get that t+(X,Y) =0
on the rectangle Q = [X(sp), X (s1)] X [V(s0),V(s1)]. It implies that zx = ¢(U)tx =0
and zy = ¢(U)ty = 0 on €. Hence, the function z(X,Y) is constant on Q and we have

21(X(s)) = 21(X(s0)) = 2(X(s0), V(s0)) = (X (s1), V(s1)) = 22(V(s1)) = 22(V(5)).

However, the fact that z1(X(s)) = 22(Y(s)) and X(s) < X(s) contradicts the definition
of X in (3.22), and therefore we have proved that X = X. Then, Y = ) and

2(s) = Z(X(s),V(s)) = Z(X(5), Y(s)) = Z(s).
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Similarly, one proves that ¥V =V and W = W. Thus we have proved that EocSoC = C.
The fact that SoE = Id follows from the uniqueness of the solution for a given data. [

Definition 5.4. For any T > 0, we define the mapping Sp: F — F by
(5.14) Sr=DoEotroSoC.
Theorem 5.5. The mapping St is a semigroup.
Proof. We have
SroSp =DoEotroSoCoDoEotymoSoC

=DoEotrotmoSoC (by Lemma 5.3)
=DoEoty,moSoC (by (5.8))
= Sy

6. RETURNING TO THE ORIGINAL VARIABLES

Definition 6.1. Given ¥ = (Y1,12) € F, we define (u, R, S, u,v) € D as

(6.1a) u(z) =U1(X) if 1(X) ==z

or, equivalently,

(6.1b) u(z) = Us(X) if 22(X) =2

and*

(6.1c) p= (21)4(J1(X) dX),

(6.1d) v = (z2)%(J5(Y)dY),

(6.1e) R(z)dx = (z1)4 (2c(U1(X))1(X) dX),
(6.1¢) S(w) dz = (w2) (~2e(Ua(Y)Va(Y) dY)
The relations (6.1e) and (6.1f) are equivalent to

(6.2a) R(21(X))21(X) = 2¢(U1(X))V1(X)
and

(6.2b) S(a(Y)2(Y) = 26(Ta(Y)Va(Y)

for a.e. X andY. We denote by M: F — D the mapping that to any 1 € F associates
(u, R, S, u,v) € F as defined above.

We have to prove that the measures (z1)4 (¢(U1(X))Vi(X) dX) and (z2)4 (—c(U2(Y))V2(Y) dY)
are absolutely continuous with respect to the Lebesgue measure and that (u, R, S, p, V)
belongs to D so that the definition is well-posed. It will be done in the proof of the
following lemma where an equivalent definition of the mapping M is given.

IThe push-forward of a measure A by a function f is the measure f4 A defined by f4A(B) = A(f~'(B))
for Borel sets B.
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Lemma 6.2. Given ¢ = (Y1,¢2) € F, let (u,R,S,u,v) = M(¢1,12) as defined in
Definition 6.1. Then, for any © = (X,), Z,V, W) € Gy such that (¢1,¢1) = DO, we
have

(6.3a) u(z) =U(s) if T = x(s)

and

(6.3b) p=xy(Va(X(s))X(s) ds),

(6.3c) V= :U#(W4(y(s))3>(s) ds),

(6.3d) R(x) dx = w4 (26(U(s)) V(X (5)) X (s) ds )

(6.3¢) S(z)dz = 7.4 (—zc(U(s))Wg(y(s))y(s) ds) .

The relations (6.3d) and (6.3e) are equivalent to

(6.4a) R(z(5))Va(X(5)) = c(U(s))V3(X(5)) for any s such that X(s) >0
and

(6.4b) S(x(s))Wa(X(s)) = —c(U(s))Ws(X(s)) for any s such that Y(s) > 0,
respectively.

Proof. We decompose the proof into 5 steps.

Step 1. We prove that (6.1) imply (6.3). If # = 21(X), let s = X~}(X). Then, we
have & = x1(X(s)) = z(s) and Uy(X) = U1 (X(s)) = U(s). Hence, (6.1a) implies (6.3a).
For any measurable set A, we have

p)= [ ax

1 (A)
= / JI(X(5))X(s)ds (after a change of variables)
(z10X)71(A)
= / V(X (5))X(s)ds (by the definition of D)
z=1(4)

and therefore 1 = w4 (V4(X(s))X (s) ds). One proves in the same way the other identities
in (6.3).

Step 2. We prove that u is a well-defined function L? that is Holder continuous with
exponent 1/2. Given Z such that Z = z(sg) = x(s1). Since x is nondecreasing, it implies
that & = Vo(X)X + Wa(Y)Y = 0 in [so,s1]. Hence, Vo(X)X = W5(Y)Y = 0 as both
quantities are positive. By (3.8a), it implies that V3(X)X = W5()))) = 0 and therefore

U =V3(X)X + W)Y =0

in [so, s1] and U(sg) = U(s1). The definition of u is therefore well-posed. We have

2 = | w%(x(s))i(s)ds 2,
/Ru@)dx—/R (2(s))i(s) ds < U2
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and u € L?(R). We have
(6.5) u(z(s)) —u(z(s)) = /S U(s)ds = /S(Vg(X)/\:’ +W5()Y) ds.

Since © € Go, we have t(s) = 0 which implies that V(X)X = Wi (Y)Y and, therefore,
Vo(X) & = W(J)D, by (3.8b), and

(6.6) i =2V (X)X = 2Wy(D).
By using the Cauchy—Schwarz inequality and (3.8a), we get

/;Ivs(X)de < </:V§(X)de)1/2 (/;93d5>1/2

<c (/ V2(X)X ds> v

(6.7) <C (/ j;ds> " C(x(s) — z(5))"/?

where the constant C' depends on [|Olflg and [X(s) — X (5)[. Similarly, one proves that
[ IWs(Y)| Y ds < C(x(s) — z(5))Y/2. Hence, (6.5) implies that u is locally Hélder con-
tinuous with exponent 1/2.

Step 3. We show that the measures x4 (c(U(s))Vg(X(s))X(s) ds) and

Ty (—c(U(s))Wg(y(s))))(s) ds> are absolutely continuous and (6.4a) and (6.4b) hold.

The inequality (6.7) proves that the measure V3(X)X ds is absolutely continuous with
respect to ©ds. For any set A of zero measure, we have f:pfl(A) Zds = 0 and therefore

Joray V3(X)X ds = 0. Tt follows that

v (26(U())Vs(X()%(5) ds ) (4) = / » 2e(U) V(X)X ds = 0

and the measure x4 (QC(U(S))V;),(X(S)))&'(S) ds> is absolutely continuous. In the same

way, one proves that x4 (—26(U(3))W3(y(3))y(s) ds) is absolutely continuous and R(x)
and S(z) as given by (6.3d) and (6.3e) are well-defined. We have

(6.8) / R(a(s))ils) ds = / 2e(U () Vs (X(5))X(5) ds

z=1(4) z=1(4)
for any measurable set A. For any measurable set B, we have the decomposition
7 (z(B)) = BU(B°Nz~!(x(B))). Let prove that the set B°Nz~!(z(B)) has measure
zero with respect to 2(s) ds. We consider a point § € B¢Na~1(x(B)), there exists s € B
such that z(5) = x(s). Since z is increasing, it implies that #(5) = 0 and therefore
chm,l(m(B)) #(s)ds = 0 so that the set B¢ N x~!(x(B)) has zero measure with respect

to i(s)ds. Since V3(X(s))X(s)ds is absolutely continuous with respect to @(s)ds, it
implies that chmx—l(z(B)) V3(X(s))X(s)ds = 0. Hence, taking A = z(B) in (6.8), we
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obtain

/R(x(s)):i:(s)dSZ/ 2¢(U(s))V3(X(5))X(s) ds
B

B
for any Borel set B. Hence,

(6.9) R(x(s))i(s) = 2¢(U(s)) V(X (5)) X (s)
which yields
(6.10) R(z(s))Va(X(s)) = c(U(s))Vs(X(s))

after simplifying by X (s). Similarly, we obtain (6.4b).
Step 4. We show that R and S belong to L? and u, = RQ;CS. We have

/RRQ(.Q:) da::/RRQ(a:(s))d:ds

= 21’3 S ’ S
—2/RR< (s))Va(X ()X d

_9 /
(SER[V2(X(5))>0} Va(X(s))
<4 / V(X)X ds (by (6.4a) and (3.8a))
R
<4 ooy < 4llOlllg

because J(s) = V4(X)X + W4(Y)Y and V,; and W, are positive. Hence R € L? and,
similarly, one proves that S € L?. For any smooth function ¢ with compact support, we
have

[ wtsde = [ wlae)outa(s)its) ds = [ Uoa().ds

After integrating by parts, it yields
/ whpde = — / U (s)b(a(s)) ds = / V(X)X + Wy (D)D) b(a(s)) ds
R R R

- / L (R()Va(X) X — 5(x(s)Wa(D)D)b(a(s)) ds
R C(U)

R—-S
A
after a change of variables. Hence, u, = 57_5 in the sense of distribution.
Step 5. We show that u,. = %RQd:c and vy = %S2dx. Let
(6.11) A={s|Va(X(s)) >0} and B = (x(A%))".

We have

meas(B°€) = / tds=0
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because & = 0 almost everywhere on A€, by (6.6). The set B has therefore full measure.
We have x71(B) C A. Indeed, for any s € 27 !(B), we have z(s) # x(5) for all 5 € A°.
For any measurable subset B’ C B, we have, by definition of p, that

(6.12) w(B') = /1(31) V(X (s)) X (s) ds.

Hence, since 2~ 1(B’) C A,

by (3.8a
) () (by (3.8a))
1
_1 / R2((s))i(s) ds (by (6.42) and (6.6))
4 1(B/)
1 2
= Z B,R dx
and therefore pae. = iRz dx. Similarly, one proves that v, = iS2 dx. O

Lemma 6.3. Given (ug, Ry, So, po, o) € D, let us denote (u, R, S, p,v)(T) =Mo St o
L(uo, Ro, So, 1o, v0) and Z = S o L(ug, Ro, So, po, o). Then, we have

(6.13) wt(X,Y),2(X,Y)) = U(X,Y)

for all (X,Y) € R%, and

(6.14a) R(U(X,Y),2(X,Y))zx(X,Y) = c(U(X,Y))Ux(X,Y),

(6.14b) S(H(X,Y),z(X,Y))zy(X,Y) = —c(U(X,Y))Uy(X,Y),

for almost all (X,Y) € R? such that vx(X,Y) >0 and vy (X,Y) > 0. We have

(6.15) = %(R +S) and up = 2;“) (R—S)

in the sense of distributions.

Proof. We consider a solution Z € H. Given (X,Y) € R2, let us denote = ¢(X,Y) and
z=xz(X,Y). Let (X, ),Z,V,W)=EotiZ). By deﬁmtlon we have t(X(s), ( ) =1,

and, slightly abusing the notation, xz(s) = Z3(s) = x(z’\,’(s),y(s)) and U(s) = Z3(s) =
U(X(s),Y(s)) for all s € R. By Lemma 6.2, we have u(¢,z) = U(s) for any s such that
x(s) = z. Tt implies that, for any § such that

(6.16a) t(X(3),Y(35) =t =t(X,Y)
and

(6.16b) z(X(5),Y(5) =z =2(X,Y),
we have

u(t,7) = U(X(3), Y(5)).
Then, (6.13) will be proved once we have proved that

(6.17) UX(3),Y(s) =U(X,Y).



56 HOLDEN AND RAYNAUD

Let us prove that when (6.16) hold, then either (X,Y") = (X(5),)(5)) or
(6.18) rx =xy =Ux =Uy =0,

in the rectangle with corners at (X,Y) and (X(5),)(5)), so that (6.17) holds in both
cases. We consider first the case where X(5) < X and Y(5) < Y. Since the function
x is increasing in the X and Y directions, we must have zx = xy = 0 in the rectangle
[X(5), X] x [V(5),Y] and, by (4.18¢c), Ux = Uy = 0 in the same rectangle so that U
is constant and we have proved (6.17). In the case where X(5) < X and Y(s5) > Y,
since the function t is increasing in the X direction and decreasing in the Y direction,
it follows that tx = ¢ty = 0 in the rectangle [X(5), X| x [Y,V(5)]. Hence, zx = zy =0
and, as before, we prove (6.17). The other cases can be treated in the same way and this
concludes the proof of (6.17) and therefore (6.13) holds. Let us prove (6.14a). By (6.4a)
and the definition of E, we get

R(t, x(s))wx (X(s), V(s)) = c(U(X(s), V() Ux (X(s), V(s))
so that
(6.19) R(H(X,Y), 2(X,Y))xx (X(5), V(5)) = c(U(X(5), V(5)))Ux (X(5), V(5))
for any 5 such that (6.16) holds. We have proved that when (6.16) is satisfied, then either

(X,Y) = (X(5),Y(5)) or (6.18) holds. Hence, (6.14a) follows from (6.19). Similarly, one
proves (6.14b). For any smooth function ¢(¢,z) with compact support, we have

(6.20) /R? u(t, x)p(t, x) =

/R b6 Y), 200 Y )u(t(X, Y), 2(X, Y))(txay — wxty) dXdY

where we have used (4.18a) and (6.13). By differentiating the function ¢(¢(X,Y),z(X,Y))
with respect to X and Y, we get that

(b(t(Xa Y)? .Z'(X, Y)))@’L‘y—ﬁﬁ(f(X, Y)? .Z'(X, Y))Y.IX = ¢t(t(X7 Y)? .Z'(X, Y))(tX.I'Y-ty(I})().
We insert this identity in (6.20) and obtain, after integrating by parts,

/R ult,2)n(t, ) dtde = - /IR ((Uzy)x = (Uzx)y) (X, V)X, Y), (X, Y)) dXdY

= /RJ(UXUCY — Uyax)(X, Y)$(t(X,Y),2(X,Y)) dXdY.

We use (6.14) and get
/ u(t, x)pe(t, x)dtdm-—/ ((R+S¢) o(t,r)xxzry dXdY
R2
_ / (% R+ 8)26) o (t,2) (tx oy — teyax) dXdY

1
_ / LR+ 9)(t 2)o(t, ) dtda.
R2 2
This proves the first identity in (6.15); the second one is proven in the same way. O

We can now define the semigroup mapping S on D, the original set of variables.
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Definition 6.4. For any T > 0, let S7 : D — D be defined as
Sr=MoSroL

Given (ug, Ro, So, t0,v0) € D, let us denote (u, R, S, i, v)(t) = Si(uo, Ro, So, ito, vo)-
In the theorem that follows, we prove that u(t,x) is a weak solution of the nonlinear
wave equation. However it is not clear if St is a semigroup. Indeed, we have

Sp oS =MoSroLoMo Sy oL.

By the semigroup property of Sr, it would follow immediately that Sp is also a semigroup
if we had L o M = Id, but this identity does not hold in general. It is the aim of the last
section to show that St is a semigroup.

7. RELABELING SYMMETRY

We consider the set of transformations of the R?-plane given by

(X,Y) = (f(X),9(Y))

for any (f,g) € G?, where G is the group of diffeomorphisms on the line, see Definition
3.3. It is a subgroup of the group of diffeomorphisms of R?. Such transformations let the
characteristics lines invariant. Indeed, vertical and horizontal lines, which correspond to
the characteristics in our new sets of coordinates, remain vertical and horizontal lines
through this mapping. In this section, we show that the subgroup G2 plays an essential
role by exactly capturing the degree of freedom we have introduced when changing coor-
dinates and introduced the equivalent system (2.13). Given f and g in G, the R? plane
is stretched in the X and Y direction by the transformations X +— f(X) and Y — g(Y).
The solutions of (2.13) are preserved and we can define an action of G? on the set of
solutions H.

Definition 7.1. For any Z € H, f and g in G, we define Z € H as

(7.1) 2(X,Y) = Z(f(X),9(Y)).

The mapping from H X qz to H given by Z x (f,g) — Z defines an action of the group
G? on 'H and we denote Z = Z - (f,g).

Proof of well-posedness of Definition 7.1. For any Q, given Z € H(Q2) and (f,g) € G?,
let Xl = f(Xl)7 X’I” = f(X’I”)u }/l = g(}/l)a )/7’ = g(Y;’) a‘nd

Q= [X;, X,] x [V, Y,].
Let us prove that Z € H(Q). We have
Zx(X)Y) = ['(X)Zx (f(X),9(Y)), Zy(X,Y)=g'(Y)Zx(f(X),9(Y)).
and
Zxy(X,Y) = f(X)g' (Y)Zxy (f(X),9(Y)).
By using the linearity of the mapping F'(Z) in (2.14), we get
Zxy = ['g'Zxy(f,9)
= f'g'F(Z(f,9)(2x(f.9), Zv(f.9))
= F(Z(f,9)(['Zx(f,9),9' Zv (f. 9)) (by the linearity of F(Z))
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=F(2)(Zx, Zy)

and Z is a solution of (2.13). Since f and g belong to G, there exists § > 0 such that
f(X) > 0 for a.e. X € Rand ¢/(Y) > 6 for a.e. Y € R, see Lemma 3.6. We have
to check that Z fulfills (4.18). It is not difficult to do so once one has observed that
the equalities and inequalities in (4.18) enjoy the required homogeneity properties. For
example, we have

20xix = 2f%Tx(f,9)zx(f.9) = [*(c(U(f,9)Ux(f,9))* = (c(U)Ux)*
and
Zx = f'zx(f,9) > 0.
We will prove that Z fulfills the condition (ii) in Definition 4.13 after we have introduced
the action of G2 on G. O

We can define an action on C as follows. This action corresponds to a stretching of
the curve in the X and Y direction.

Definition 7.2. Given (X,)) € C, we define (X,)) € C such that

(7.2) X=f1oXoh Y=g lo)Yoh
where h is the re-normalizing function which yields X +) = 21d, that is,
(7.3) (floX+gloY)oh=2Id.

We denote (X,Y) = (X,Y) - (f,9).

Proof of wellposedness of Definition 7.2. Let us denote v = f~loX + g to). We
have v — Id € W(R) because f~! —Id, g~! —Id, X — Id and ) — Id all belong to
WLoo(R). There exists 6 > 0 such that (f~1) > 6 and (¢g!) > J a.e. and therefore
v > 5(X + 3}) = 26. Hence, by Lemma 3.6, we have that v is invertible so that h exists
and h —Id € WH*(R). One proves then easily that (X,)) € C. O

We define the action on G so that it commutes with the e operation and the actions
on ‘H and C, that is,

(7.4) (Zel)-¢=(Z-0)e(I'-9)
for any Z € H, T = (X,Y) € C and ¢ = (f,g) € G*. We obtain the following definition.

Definition 7.3. For any © = (X,Y,Z,V,W) € G and f,g € G, we define © =
(X, V,Z, VW) € G as follows

(X, ) =(X,Y)-(f,9)
and
(7.5) V(X) = f(X)V(f(X)) W(Y) =g (Y)W(g(Y))
and
(7.6) Z=Zoh

where h is given by (7.3). The mapping from G ><_G2 to G given by © x (f, g) — O defines
an action of the group G on G that we denote © = O - (f, g).
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To check that this definition is well-posed, we have to check that © € G. This can
be done without any special difficulty and we omit the details here. Let us however
prove (7.4) in details as we will use it several times in the following. For any Z € H,
I' = (X,)Y) €Cand ¢ = (f,g) € G% we denote © = (X, V,Z,V,W) = Zel', 0 =
(X, V,Z VW) =0 ¢, T =(X,Y) =T-¢ and © = Z-T. We want to prove that
© = ©. We have Z(s) = Z(X(s),Y(s)) and, by (7.6), Z(s) = Z(X o h(s),) o h(s)).
Hence, by (7.2),

Z=7(X,Y)=Z(foX,goY)=Z(Xoh,Yoh)=2Z.
We have V(X(s)) = Zx(X(s),)(s)) and, by (7.5),
V(X(s)) = f(X())V(f o X(s)) = f(X(s))V(X o h(s))

s)
= f'(X(s))Zx (X 0 h(s),Y o h(s))

V(X(s)) = Zx(X(s), V(s)) = /(X (5)Zx(f 0 X(5),90V(s))
= ['(X(s))Zx(X o h(s),Y o h(s)).
Hence, V = V. Similarly one proves that W = W, which concludes the proof of (7.4).
End of proof of well-posedness of Definition 7.1. For any ¢ € G? and Z € H, it remains
to prove that Z, as defined by (7.1), fulfills the condition (ii) in Definition 4.13. By
this same condition, for any Z € H, there exists a curve I' = (X,)) € G such that

Z eI €@. From (7.4), it follows that, for the curve ' =T'- ¢, we have Z o' € G because
(Z oT') - ¢ € G and therefore Z fulfills the condition (ii) in Definition 4.13. O

Definition 7.4. For any ¢ = (¢1,%2) € F and f,g € G, we define 1 = ({1,12) € F as

follows

71(X) = z1(f(X)), Ui(X) = Ui (f(X)), J1(X) = J1(f(X)),
(YY) = 22(g(Y)), Us(Y) = Ua(9(Y)), Jo(Y) = Ja(g(Y)),
and
Vi(X) = Vi(f(X) [ (X), Va(Y) = Va(g(Y))g'(Y).

The mapping from F x G? to F given by ¢ x (f,g) — ¢ defines an action of the group
G? on F, and we denote

Y= 0.
Proof of well-posedness of Definition 7.4. We have to check that ¢ = (11,v2) € F. We

will only check that the identities (3.19) in the definition 3.4 of F are fulfilled, as the
other properties can be checked without difficulty. For any curve (X,Y) € C such that

71(X) = 72(Y), let (X,Y) = (X,Y)-(f,g). We have
21(X($)) = B10f10X(s) = 5108oh™1(s) = TaoVoh™(s) = a0 fLoY(s) = 22(V(s))
and therefore, since ¢ € F, Uy (X (s)) = Ua(Y(s)) for all s € R, which implies
U(X) =U1oXoh=Uso0Yoh=U(Y)
and this proves (3.19a) for v. Similarly, one proves that (3.19b) holds for 1. O
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In the following lemma, we show that all the mappings given in (5.9) are equivariant
with respect to the action of the group G2.

Lemma 7.5. The mappings E, t7, C, D and C are G?-equivariant, that is, for all
¢=(f.9) €G?

(7.7a) E(Z-¢) =E(Z)- ¢,
(7.7b) tr(Z-¢)=tr(2)- ¢
for all Z € H and

(7.7¢) S(©-¢)=S8(0)-¢
for all ® € G and

(7.7d) D(©-¢)=D(©) ¢
for all ©® € Gy and

(7.7¢) Cy-9)=C(¥) ¢
for ¢ € F. Therefore St is G?-equivariant, that is,
(7.8) Sr(-¢) = Sr(v¥) - ¢
forally € F.

Proof. Let us prove (7.7a). We denote © = (/;\,’,y,Z,V,W) =E2),7Z =7 9, 6 =
(X, V,Z, VW) = E(NZ) and © = (X, Y, Z,V, W) = 0-¢. We want to prove that © = O.
First we prove that I' = T where I' = (X,)) and T' = (X,)). By definition (5.1), we
have

X(s) =sup{X e R|t(f(X"),9(Y")) <0 forall X’ < X and Y’ such that X'+Y’ = s}.
We have
t(f(X(s)), 9(V(s))) = t(X o h(s),Y o h(s)) = 0,

by the definition of (X,)) given by (5.1) which implies that t(X(s),Y(s)) = 0 for all
s € R. Hence,

(7.9) X <AX.

Assume that X (s) < X(s) for some point s. We have t(f(X(s)),9(¥(s))) = 0 and due to
the monotonicity of ¢, it implies that ¢(X,Y) = 0 for all (X,Y) € [f o X(s), f o X(s)] x
[goV(s),goV(s)]. If foX(s) < 2h(s) — go X(s), we obtain a contradiction. Indeed, if
we set X’ = 2h(s) — goY(s) and Y’ = go Y(s), then we have
X' < 2h(s) — goY(s) = 2h(s) —Yoh(s) =X oh(s)

so that ¢(X',Y’) = 0 and X'+Y” = 2h(s), which contradicts the definition (5.1) of (X,))
at h(s). If foX(s) > 2h(s) —goX(s), then we set X' = foX(s) < X oh(s) = foX(s)
and Y/ = 2h(s) — fo X(s). We have t(X’,Y’) = 0 and X'+ Y’ = 2h(s), which also leads
to a contradiction of (5.1). Hence, we have proved that X = X and therefore I' = T. It
means that

E(Z-¢)=(Z-¢)eL=(Z-¢)eT=(Z-¢)e (I 9).
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Hence, by (7.4), it yields

E(Z-¢)=(Zel)-¢=E(Z) ¢,
and we have proved (7.7a). The identity (7.7b) follows directly from the defmition of tp.
Let us prove (7.7c). For any © = (X, ¥, Z,V, W), we denote Z = 5(0), Z = S(© - ),
Z =7 -¢. We want to prove that Z = Z. By definition of the solution operator S, we
have

Ze (T ¢)=0-9,
and 3
Ze(T-¢)=(Z-¢)e(l'-¢)=(Zel)-¢=0-9,
by (7.4). Hence, Z and Z are solutions that match the same data on a curve. Since the
solution is unique by Theorem 4.15, we get Z = Z. The property (7.7d) follows directly
from the definitions. Let us prove (7.7e). For any ¢ = (¢1,12) € F, ¢ € G?, we denote
¥ = (1,92) =¥ -9, 0 = (X, ), 2,V W) = C(¥), 6 = (X,), 2, v, W) C(@ and

© = O - ¢. We want to prove that © = O. First, we prove that I = f where T' = (X, )
and T' = (X,)). By definition (5.1), we have
(7.10) X(s) =sup{X € R | z10 f(X') < 220 g(Y’),
for all X’ < X and Y’ such that X' + Y’ = s},
and
X(s) =sup{X € R| x1(X") < 2o(Y’'),for all X' < X and Y’ such that X' +Y' = s}.
By continuity, we have z1(X(s)) = z2(Y(s)) so that z1 o X o h = x3 0) o h. Hence,
x10 foX =z90g0) and it implies, by (7.10), that
X <X
The proof then resembles to what was done above after (7.9). Let us assume that
X(s) < X(s) for some point s. We have f(X(s)) < f(X(s)) and g(Y(s)) < g(V(s)). By
using the monotonicity of x1 and xo, we get
z10foX(s)<mziofoX(s)=ax30g0(s)<xa0go(s)=uax0foX(s).
Hence, 21 0 f o X(s) = 210 f o X(s) and @3 0 go Y(s) = x9 0 g o Y(s). Since 1
and 2 are decreasing, it follows that z; and xy are constant on [f o X(s), f o X(s)]
and [g o Y(s),g o V(s)], respectively. If f o X(s) < 2h(s) —go X(s), then we obtain a
contradiction. Indeed, let us set X’ = 2h(s) —go Y(s) and Y’ = g o Y(s), we have
X' < 2h(s) —goY(s) =2h—Yoh(s) =X oh(s)
so that z1(X') = x2(Y’) = 0 and X'4Y" = 2h(s), which contradicts the definition (3.22)
of (X,)) at h(s). If fo X(s) > 2h(s) — g o X(s), then we have
#1(f 0 B(5)) = 22(2h(s) — f 0 F(s)),
which, in the same way, leads to a contradiction of (3.22). Thus we have proved that

I =T. We then prove that Z = Z, V =V and W = W. It is just a matter of applying
directly the definitions. For example we have

U(s)=U,0X(s)=UrofoX(s)=UrofoX(s)=UoXoh(s)=Uoh(s) =U(s)
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and
Sy g X (fX) B n(X)

The equivariance property (7.8) of St follows directly from the definition of S and the
equivariance properties (7.7). O

Definition 7.6. We define by F/G? the quotient of F with respect to the action of the
group G? on F, that is,
Y ~ 1) if there exists ¢ € G? such that ) =1 - .
Definition 7.7. Let
Fo=A{v=W1,¢0) €e Flax1+J1 =1d and x9 + Jo = 1d}

and I1: F — Fy be the projection on Fy given by ¢ = (Y1,2) = II(¢)) where 1) € Fy is
defined as follows. Let

=Vi(X).

(7.11) J(X) =21(X) + (X)), g(Y) =z2(Y) + J2(Y),
we set
b=teoh
Lemma 7.8. The following statements hold:
(i) We have
(7.12) Y~ if and only if  TI(y) = TI(1))

so that the sets F/G? and Fy are in bijection.

(ii) We have
(7.13) MoIl =M
and
(7.14) LoM|r, =Id|z, and MoL=1Id

so that the sets D, Fo and F/G? are in bijection.
(iii) We have

(7.15) IToSpoIll =110 Sp.
Note that the first identity in (7.14) is equivalent to
(7.16) LoMoIl =11

Proof. Step 1. We prove (7.12). If 1) ~ 1), then there exists ¢ € G2 such that ¢ = ¢ - ¢.
Let ¢ = (f,g) and ¢ = (f,g) be given by (7.11) for ¢ and 1, respectively. One can check
that ¢ = ¢ o ¢ and therefore

() =9 (9)" = (¥ ) (600) = (¢o (o) ) =y ¢ =I(¥).
Conversely, if II(y) = II(¢) then ¢- ¢~ = - ¢~ so that P = (-~ 1) - =1p- (¢ o)

and ¥ and @ are equivalent.



THE NONLINEAR VARIATIONAL WAVE EQUATION 63

Step 2. We prove that Lo M = Idg,. Given ¢ = (¢1,v2) € Fo, let us consider
(u, R, S, p,v) = L(¢1,%2) and Y = (Y1,92) = M(u, R, S, i, v). We want to prove that
P = Let
(7.17) g(x) = sup{X € R | z1(X) < z}.

It is not hard to prove, using the fact that x; is increasing and continuous, that
(7.18) #1(g(x) = @
for all 2 € R and 2, *((—00, x)) = (—00, g(z)). For any = € R, we have, by (6.1c), that
g(z)
@19 = [ A= [TR0 M = gele)
.Z’l oo,T — 00
because Ji(—o0) = 0. Since ¢ € Fy, 1 + J1 = Id and we get, by (7.18) and (7.19), that
(7.20) (=00, z)) +z = g(x).
From the definition of Z;, we then obtain that
(7.21) Z1(X) =sup{z e R | g(z) < X}.

For any given X € R, let us consider an increasing sequence z; tending to Z1(X) such
that g(z;) < X; such sequence exists by (7.21). Since z; is increasing and using (7.18),
it follows that z; < z1(X). Letting i tend to oo, we obtain z1(X) < x1(X). Assume that
71(X) < x1(X). Then, there exists z such that Z1(X) < z < x1(X) and (7.21) then
implies that g(z) > X. On the other hand, = = z1(g9(z)) < x1(X) implies g(z) < X
because xp is increasing, which gives us a contradiction. Hence, we have 2, = z;. It
follows directly from the definitions, since z; + J; = Id, that J; = J; and U; = U;. It
follows from the definition (3.34e) and (6.2) that Vi = V; and Vi = V5. Thus we have
proved that ¢q = ;. In the same way, we prove that ¢» = 1, which concludes the
proof that Lo M = Idx,.

Step 3. We prove that M o L = Id. Given (u, R, S,u,v) € D, let ¢ = (¢1,12) =
L(u,R,S,u,v) and (a4, R,S,[i,7) = M(¢)). We want to prove that (u,R,S,[i,7) =
(u, R, S, p,v). Let g be the function defined as before by (7.17). The same computation
that leads to (7.20) now gives

(7.22) (=00, 7))+ = g(a).

Given X € R, we consider an increasing sequence x; which converges to z1(X) and such
that u((—o0,x;)) + x; < X. Passing to the limit and since z — p((—o0,z)) is lower
semi-continuous, we obtain pu((—oo,z1(X))) + z1(X) < X. We take X = g(x) and get

(7.23) u((~s0,2)) +x < gla).

From the definition of g, there exists an increasing sequence X; which converges to g(z)
such that z1(X;) < z. The definition (3.34a) of z tells us that u((—oo,x)) +z > X;.
Letting ¢ tend to infinity, we obtain p((—oo,x)) + x > g(x) which, together with (7.23),
yields

(7.24) (=00, z)) + = g(x).

Comparing (7.24) and (7.22) we get that jz = p. Similarly, one proves that v = v. It is
clear from the definitions that @ = u. The fact that R = R and S = S follow from (3.34e)
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and (6.2). Hence, we have proved that (4, R, S, i,7) = (u, R, S, p,v) and M o L = Idp.
Step 4. We prove (7.15). For any ¢ = (¢1,12) € F, we denote p = Spip. Let
¢ = (f,g9) € G and ¢ = (fr,91) € G? be defined as in (7.11) so that ITyp =) - ¢~ !
and Yy = Y7 - 7' By using (7.8), we get

SpoTl(y) = Sp(y-¢~') = Sp(v) - ¢~
and therefore St oII(v) and Sr(v) are equivalent. Then, (7.15) follows from (7.12). O

We now come to our main theorem.

Theorem 7.9. Given (ug, Ro, So, tto, v0) € D, let us denote (u, R, S, u, v)(t) = Si(uo, Ro, So, 0, 0)-
Then u is a weak solution of the nonlinear variational wave equation (1.1), that is,

(7.25) / (¢t — (c(u)p)z) R dxdt + / (P + (c(u)p)z)S dxdt =0
R2 R2

for all smooth functions ¢ with compact support and where

(7.26) R=u+ c(u)ug, S=ur— c(u)uy.

Moreover, the measures u(t) and v(t) satisfy the following equations in the sense of
distribution

(7.272) (1 + )1 — (el — v))s = 0
and
(7.27h) (=) = (1 +v)e = 0.
The mapping St : D — D is a semigroup, that is,

St—i—t’ = Si oSy

for all positive t and t'.

Proof. From Lemma 6.3, we know that (7.26) is fulfilled. On can check that (7.25) is

equivalent to

(R-8)?

Sl
2¢(u)

in the sense of distributions, which makes senses, as R, S belong to L? and c(u), ¢/(u)

are bounded. After a change of variables, we have

/R (Réy — (c(w)R)2) (1, 2) dide = / (R — c(u)on))(t 2) (Exay — tyax)dXdY

R2

(7.28) Ry — (c(u)R)z + S + (c(u)S), + ' (u)

) / (W) R(6y — c(u)da)) (L, 2)txwy AXAY
R2

= —2/ c(U)Uxd(t,z)y dXdY
R2

by (6.14a) and because ¢(t,z)y = ¢i(t, z)ty + ¢o(t, x)ry = —ZL(d¢ — coo)(t, ). We
integrate by parts and obtain

/R2(R¢t — (e(u)R)py)(t, z) dtdz = 2/ (c(U)Ux)yo(t,x)dXdY

R2
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(7.29) . / (e(U)Uxy + (U UxUy)o(t, ) dXdY.
R2
In the same way, one proves that
(7.30) / (S + (c(u)S)ds)(t, x) dtdx = 2/ (c(U)Uxy + (U)UxUy)o(t,z) dXdY.
R2 R2

We have, after a change of variables,
(7.31)
R?> —2RS + 5%,

s 2e(u) c(u)pdtde =2 /R2
We introduce the set A = A; U Ay where

(7.32) A ={(X,Y)eR? | zx(X,Y)=0, zy(X,Y)>0anddU)(X,Y) #0}
and

(7.33) Ay ={(X,Y)eR?*|2y(X,Y) =0, 2x(X,Y)>0andd(U)(X,Y) +#0}.
We claim that

(7.34) meas(A) = meas(A4;) = meas(Az) = 0.

We prove this claim later. By using (7.34), we get

R? - 2RS + 57, B R?—2RS + S? ,
R2 2¢(u) ¢ (u)p dtdz = 2/c ( 2c(u)? ¢ (u)¢) (t,z)rxxy dXdY

2 2
(R 2i§j2+5 c’(u)gf)) (t,z)zxxy dXdY.

U% Uy N\,
- (—xy + 2UxUy + —xx)c (U)b(t, z) XY
Ac ry

Tx
(7.35) - / (2 ‘C]{f(wU’; +2UxUy + %)c’(U)qﬁ(t,x) dXdY
(7.36) - /R (2 ‘Cff(% 4 2UxUy + ‘CIQY(‘% )¢ (U)(t, z) dXdy.

Note that (7.34) is necessary to get (7.36) from (7.35) as the integrand in (7.35) does
not vanish on A. After combining (7.29), (7.30) and (7.36), and using the governing
equations (2.13), we get

. 2
[ @+ )60~ (etw) (R = )6, — ) T2 v
R2 2¢(u)

2 /
= —/ (4C(U)UXY - C%(Jxxy + Jyxx) + QCI(U)UyUX>¢(t7$) dXdy
RQ
— 0,

which proves (7.28) and therefore (7.25) holds. It remains to prove the claim (7.34). Let
us introduce the set

A (X)={Y eR| (X,Y) € A}
Let us prove that, for almost every X € R, meas(A;(X)) = 0 and therefore, by Fubini’s
theorem, meas(A;) = 0. We consider a point Yy € A;(X) and a rectangle Q = [X;, X, ] X
[Y;,Y;] which contains (X,Y)). Since Z € H(Q2), there exist § > 0 such that (zx +
Jx)(X,Y) > 0 for almost every X € R and all Y € R. Since zx € W;,’OO(Q), the
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function xx is continuous with respect to Y for almost any given X € R. Formally the
argument goes as follows: We consider a fixed given X € R and denote f(Y) = zx(X,Y).
For any Yp € A1(X), we have, by definition, xx(X,Yp) = f(Yy) = 0. By using (2.13b),
we get
F(Ye) = 2xy (X,Y) = 0
because xx = 0 implies Ux = 0, see (4.18¢c). We do not have enough regularity to
differentiate (2.13b); but if nevertheless we do so, then we formally obtain
/

C
I"(Yo) = zxyy (X, Y0) = %(UYx)(Y + Uxyay)(X, Y))

/2

C
= @(JXJU%/)(X,YO)

where we have used again the fact zx(X,Yy) = Ux(X,Yy) = 0. We have Jx(X,Y)) =
(zx + Jx)(X,Yp) > § and zy(X,Yy) > 0, 2(U(X,Yy)) > 0 because (X,Yp) € A1(X).
Hence, f”(Yp) > 0 and it implies that f(Y) > 0 for all Y different from Yj in a neigh-
borhood of Yy, so that the points in A;(X) are isolated. Let us now prove this result
rigorously. Again, we consider Y € A;(X) and a rectangle Q = [X;, X, | x [V}, Y;] which
contains (X,Yy). Without loss of generality, we assume that Yj is a Lebesgue point for
the function Y — zy(X,Y) and, therefore, since xy (X, Yy) > 0, there exists 6 > 0 such
that

Y
(7.37) / zy(Y)dY > §(Y - Yp)
Yo
in a neighborhood of Y. We can choose ¢’ > 0 such that, in addition,
AUX,Y))>d§ and Jx(X,Y)>6
in a neighborhood of Yy (we recall that U is continuous). We have, after using the
governing equations (2.13),

Y c _
xX:/ —(Uyxx + Uxxy)dY

Yo 2c

Y o Y N Y L
= / 2<Uy/ XYy dY—l—xy/ nydY) dy

Yy 4C Y. Yt

/Y Cl( Y d~ Y( J ( J ))dN)df
= — Uy/ XY Y—ny/ —(xyJx + Jyxx — —UyUx Y |dY.
Yo 2c Yo Yo 203 2c

Since xxy and Uxy are bounded (by (2.13)) and zx (X, Yy) = Ux (X, Yp) = 0, we have
that zx(X,Y) < C|Y — Y| and Ux(X,Y) < C|Y — Yp| in a neighborhood of Y} for a
constant C' which depends only on [[|Z][|3(q). Hence,

Y ~ Yoo B
/ rxy dY | = / ?(Uyl‘x—{—UXxy)dY
YO YO ¢
Y ~ ~
<c | |V-v|ar
Yo

<CY -Yp)*
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Thus,
Yo Y B _
/ (Uy/ rxy dY)dY

7.38
(7.38) b 2O

<ClYy -Yy.

In the same way, one proves that

Y Y / /
C C C ~ _
— e - Y)dY
/yo 2" /y (203(']”)( 2cUYUX)>d e

<ClYy —Y|*.

For Y > Yj, we have

Yoo Y J ~ B KAg3 Y v ~ -
/ iBY(/ ﬁnyXdY> ay > —— a:y(/ ;vde> ay
Yo 2c Yo 2c 4 Yo Yo

:ﬁ(/y:xde)z

455
)
———(Y - Yp)?
1 ¢ 0)
in a neighborhood of Yy. We can check that the same inequality holds for ¥ < Yj.
Finally, we obtain that, in a neighborhood of Yj,
455 455
(7.39) rx(XY) 2 T (Y - Y0) = O = Yo' 2 S (¥ = Yo)™,

v

To complete the argument, we consider the sets
AN(X) = {Yo € Al(X) N [Y, Y] | 2x(X,Yp) = 0

1 1
and 2x(X,Y) > 0 for all Y € Yo — 2. Y0 + 2]\ {Yo}}

for any integer k. By (7.39), we have
A(X) N[V, Y] = Ups0AF (X)

At the same time, since A¥(X) consists of points separated by a distance of at least %,
we have meas(A¥(X)) = 0. Hence, after taking sequences of ¥; and Y, which tend to
plus and minus infinity, respectively, we get meas(A;(X)) = 0 so that meas(A;) = 0 and
the proof of the claim (7.34) is complete. Let us prove (7.27a), that is,

/ (¢t — c(u)pz) dudt + / (¢¢ + c(u) ) dvdt = 0
R2 R2

for all smooth function ¢ with compact support. We have, after a change of variables,
that

(¢ — c(u)dy) du(t) )dt
R \JR
= (Pu(t, z(t,s)) — c(ult, z(t, s)))pz(t, z(t, s)))Va(t, X (t, ) Xs(t, s) ds ) dt,
R \JR

where we have added the dependence in ¢ of the values of ©(t) = L(u, R, S, u, u, v)(t)
(which gives x(t, s), Va(t, X), u(t,s) and X(¢,s) in the equation above). We proceed to
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the change of variables (X,Y) — (£(X,Y),s = 3(X +Y)) whose Jacobian is equal to

Tx+TYy

Se() and get

(7.40) /R ( /R (0 — e(u)o) dn(t) )t
= z) — clu(t, T S (2x +2y)(X, Y)
= [ @lt.2) = clut. ) (1.2) T (X, 1) 260, 9) IS

Since t(X(t,s),)Y(t,s)) = t, by definition, we get txXs + tyYs = 0 and, since X(s) +
Y(s) = 2s, we have X5 + Vs = 2. Hence, (zx + xy)Xs(t,s) = 2xy and (7.40) implies

/R ( /R@t — c(u)ps) dﬂ(t))dt

= x)—clult,z T S S .
—/RQ(@(L ) = elult, 2))da(t, 2) Jx (X, Y) oy dXdY.

dXxdy.

Since ¢(t,z)y = — 05 (¢ — c(u)de)(t, ), it yields

/}R (/R(¢t — c(u)dz) du(t))dt - — /}R2 (¢, )y Jx dXdY.

Similarly, one proves that

/R </R(¢t + c(u)%)dl/(t))dt = /Rz (¢, ) x Jy AXdY

so that

(7.41)

/Q(qﬁt—c(u)(bz) d,udt—i—/Q((bt—l—c(u)qu) dvdt = /2(—¢(t, 37)ij+¢(75, x)XJy) dXdY = 0,
R R R

by integration by parts, as the support of ¢ is compact. Similarly one proves (7.27b).

Note that the integrand in (7.41) is equal to the exact form d(¢d.J) and equation (7.27a)

is actually equivalent to ddJ = 0 while (7.27b) is equivalent to ddK = 0. The proof of

the semigroup property follows in a straightforward manner from the results that have

been established in this section. We have

SroSp =MoSroLoMo Sy oL

=MolloSpoLoMoIloSproL by (7.13)
=MolloSrolIlo Sy oL by (7.16)
=MolloSroSpoL by (7.15)
=MoSroSpoL by (7.13)
=MoSpryroL by Theorem 5.5
= Sy

O

The semigroup of solution we have constructed is conservative in the sense given by
the following theorem.
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Theorem 7.10. Given (uo, Ro, So, j10,v0) € D, let us denote (u, R, S, u, v)(t) = Si(uo, Ro, So, 0, 0)-
We have

(i) Forallt e R
(7.42) p(t)(R) +v(t)(R) = po(R) + vo(R).

(ii) For almost every t € R, the singular part of u(t) and v(t) are concentrated on
the set where ¢'(u) = 0.

This theorem corresponds to Theorem 3 in [5]. We use a different proof based on the
coarea formula.

Proof. Let us prove (i). We consider a given time that we denote 7 (to avoid any con-
fusion with the function ¢(X,Y")). As in the proof of the previous theorem, we add the
dependence in time of the values of O(7) = L(u, R, S, u, u, v)(7). In particular, the curve
(X(1,s),Y(r,s)) corresponds to the curve where time is constant and equal to 7, that is,
t((X(r,s),Y(1,s))) = 7. By definition (see (6.3b), and Definition 5.1), we have, for any

Borel set B,

(7.43) 1 (B) = / Va(X (7, 8) X (7, 5) ds
{s€R | z(7,s)eB}

(7.44) = / Ix(X(7,s), V(r,5)X (T, s)ds.
{s€R | z(X(7,s),Y(1,s))€B}

Here, the notation may be confusing as « denotes two different but of course very related
functions. In (7.43), we have x(7,s) = Z2(7, s), which corresponds to the space variable
Zy parametrized by s at time 7 while, in (7.44), z(X,Y) = Z3(X,Y), corresponds
to the value of the space variable Z, where Z(X,Y) is the solution of (2.13) on the
whole R? plane. We have Zs(7,s) = Zo(X(7,5), X(7,5)) by (4.15) abd Definition 5.1.
Correspondingly, we have

wunzj Ty (X(r,8),Y(1,5) (7, 5) ds.
{s€R | z(X(,s),Y(,s))EB}

Hence,

MT(R)JrVr(R):/ X (X(7,8), V(7, ) X(7, ) + Jy (X(7,5), V(7, 8)V(T, 5) ds

= hm J(X(1,5),Y(7,s))ds
= Sli)rgo J(X(0,s5),Y(0,s))ds, by Lemma 4.14,
= po(R) +10(R)

Let us prove (ii). Let p; = (t47)ac + (47 )sing be the Radon-Nykodin decomposition of
ur- We want to prove that, for allmost every time 7 € R, we have

(7.45) (ir)sing({z € R | ¢ (u(r,2)) # 0}) = 0.
Let us introduce

={seR|zx(X(1,s),Y(r,s)) > 0}.
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The set A, corresponds to A in (6.11) in the proof of Lemma 6.2. In this same proof,
we obtain that, for any Borel set B,

(hr)ac(B) = pr (B 0 (2(7, (A7)))°)
so that

(k7 )sing (B) = pr (B N (2(7, (Ar)9))),
because meas(z(7, (A;)¢)) = 0. Hence,

(7.46)  (pr)sing(B) = / Tx (X(7,5), V(7,)) X (s) ds.

{s€R | z(X(7,s),Y(7,s))eBN(A-)°}
We introduce the set

E={(X,Y)eR? | zx(X,Y)=0and ¢(U(X,Y)) #0}.
By using (7.46), we get
(7.47)
pel(o € R | lutria)) 2 0p) = | Tx(X(r,5), Y(7,8)) X (s) ds

{seR | (X(7,5),Y(7,5))€E}

By the coarea formula, see [1], we get

’HlEﬁtlrdT:/ 2 12 dxdy = | 2 axdy =0
/R< mdr= [ A+ o

because of (7.34). Here, H! denotes the one-dimensional Hausdorff measure. Hence, we
have that, for allmost every time 7 € R, the set £ Nt~!(7) has zero one-dimensional
Hausdorff measure. We claim that, if yu,({z € R | ¢(u(r,z)) # 0}) > 0, then H(E N
t=1(7)) > 0. Indeed, let us define, for a given 7, the mapping I'; : s — (X (7,5), (7, s))
from R to R?. We rewrite (7.47) as

el € R | (ulra)) 2 0) = | gy YAV ) ) o
ryY(E
In particular it implies that, if i, ({z € R | ¢ (u(7,z)) # 0}) > 0, then meas(I';1(E)) > 0.
By the area formula, we have

Hl(E) > Hl(FT o F;l(E)) = / (XSQ + 3{3)1/2 ds > meas(F;l(E))
r71(E)

because (X2 + Y2)1/2 > 1

(X
pr({z € R | d(u(r,z)) # 0})
(7.45). 0

Theorem 7.11 (Finite speed of propagation). Given t > 0 and x € R, for any two
initial datas (o = (ug, Ro, So, jto, vo) and (o = (4o, Ro, So, fio, 7o) in D, we consider the
corresponding solutions (u, R, S, p,v)(t) and (u, R, S, pu,v)(t) given by Definition 6.4. If
the restrictions of (o and (o are equal on [x — Kkt,x + Kt], then the two solutions coincide
at (t,x), that is, u(t,x) = u(t,x).



THE NONLINEAR VARIATIONAL WAVE EQUATION 71

ﬂb |wrsan
P

St (uo, Ro, So, o, v0)

X l (uo, Ro, So, to, 10)

[Xo]

Fo D

FIGURE 6. The semigroup S;.

Proof. For a given (o = (uq, Ro, So, tto, Vo), we define (y equal to (p on [x — kt,x + Kt]
and zero otherwise, i.e.,

(uo, Ro, So)(xz) if x € [x — kt,x + Kt]
0 otherwise

(w0, Ro, So) () = {

and
fo(E) = po(ENx —kt,x+ kt]), (E)=1rp(EN[x— kt,x + Kt])

for any Borel set E. It is enough to prove that the theorem holds for this particular (.
We have to compute the solutions for (y and (y. Let us denote x; = x — kt, x, = x + xt.
We set ¢ = C((p) and 9 = C({p).

Step 1. We want to compute 7 as a function of ¥». We denote X; = x;, V] = ay,
X, =z + po([z, 20)), Ve = 2 + vo([zr, 20]) and Q = [ X, X, x [V7,Y;]. Let us prove
that

X it X <X,
(7.48) T1(X) =1 (X + po(—o0, 1)) if Xj < X <X,
X — po([xr, xr]) if X, <X
and
Y ity <Yy
(7.49) oY) = oY + p(—o0, 7)) Y, <Y <Y,
Y —vo([zg, zr]) ifty, <Y.
From the definition (3.34a), we have
(7.50) 71(X) =sup{z’ e R| 2’ + fip(—00,2") < X'}

First case: X < ;. For any 2’ such that 2’ + figp(—o0,2’) < X we have 2/ < X. Hence,
x' < x; and fig(—o0,2") = 0. It follows that z1(X) = X. Second case: X; < X < X,.
For any 2’ such that 2’ + figp(—o0, ') < X, we have 2/ < x,. Let us assume the opposite,
Le., ' > x, then fig(—o0,z’) = po((—o0,2’) N [z, 2,]) = wo([z1,2,]) and therefore
'+ po([x, xr]) < X < 2y + po([xr, ]), which gives a contradiction. We can assume
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without loss of generality that ' > x; because for 2/ = x;, fig(—00,2’) = 0 and we have
2’ + fig(—o0,2’) = 2’ = x; < X. Thus we have 2/ € [z;,z,] and (7.50) rewrites

(7.51) 71(X) = sup{2’ € [z, 7] | 2’ + polzr, 2’) < X}

We now want to prove that, for X; < X < X,

(7.52) 21(X + po(—o00,2;)) = sup{a’ € [z, z,] | 2’ + polz, 2") < X}.

For any z’ such that 2’ + po(—o0,2’) < X + po(—o0,x;), we have 2/ < xz,. Let us
assume the opposite, i.e., 2’ > x,, then z, + po([x1, z,]) < 2’ + po([z;,2')) < X implies a

contradiction with the assumption that X < X,.. For 2/ = x;, we have 2’/ + po(—o0,2’) <
X + po(—00,2;) so that we can assume without loss of generality that 2’ > x;. Hence,

21(X + pio(—00, 31)) = sup{a’ € R | 2’ + pio(—00,2") < X + pro(—00, 21)}
=sup{a’ € [z, 2] | ¥’ + po(—o0,2’) < X + po(—00,x)}

and (7.52) follows. By comparing (7.51) and (7.52), we get Z1(X) = 21(X + po(—00, 7))
for X; < X < X,. Third case: X, < X. For 2/ = z,, we have 2’ + jig(—00,2’) <
X, = xp + polzy, 2] < X. Hence, 1(X) = sup{z’ € [z,,00) | 2’ + jip(—o00,2’) < X}.
Since, for 2’ > x,, fig(—o0, ') = po([z, x,]), it follows that T1(X) = X — po([xg, 2.]).
This concludes the proof of proved (7.48). One proves in the same way (7.49). Let
¢ = (f,g) € G? where f : X — X + po(—o00,z;) and g : Y — Y + vg(—o00,z,). We
denote ¢ = ¢ - ¢. We have proved that

(7.53) 21(X)=11(X) for X; < X < X,
and
(7.54) Zo(Y)=22(Y) for X; <Y < X,.

We denote § = C(¢)) and 6 = C(v)).
Step 2. We prove that

(7.55) X(s)=X(s) and Y(s)= V(s

) =
for s € [s;, s;] where s; = 3(X; 4+ Y)) and s, = 3(X, +Y;). By using the definitions of z;
and x9, we obtain that, for any x € R,

(7.56) z1(x + po(—00,x)) = x1(x + po(—00,x]) = x

and that the corresponding statement for xo holds. Let us now prove that
(7.57) X(s;))=X; and Y(s;) =Y.

It follows from (7.56) that

(7.58) 71(X)) =22(V)) =

as we have 71(X;) = z1(z; + po(—o00,21)) = 21 = x2(x; + vo(—00, x7)) = T2(X;). For any
X < X, we have 71(X) < #1(X;) = ;. Let us prove that Z1(X) < Z1(X;). We assume
the opposite, i.e., that Z;(X) = Z1(X;) = x;. Then, there exists an increasing sequence
x; such that lim; oo x; = 27 and x; + po(—o00, ;) < X + po(—o0,z;). It implies that
xp+ 1o (—00, 1) < X +po(—00, x;) because of the lower semicontinuity of z +— po(—00, x).
Hence, x; < Xj, which is a contradiction. Thus we have proved that, for any X < X,
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F1(X) < 21(X)) = #2(Y]) < #2(2s — X). Hence, X(s;) = X; and (7.57) holds. By using
similar arguments, one also proves that

(7.59) X(s;)=Xr, V(s;)=Y, and #1(X,)=52(Y;) = 2.
and the corresponding results for X and ), that is,

(7.60) X(s)) =X, V(si) =Y, @(X)) =22(V) =z

and

(7.61) X(s) =X, V(sp) =Y., 71(X;)=72Y;) = 2.

In particular, we have proved (7.55) for s = s; and s = s,. For any s € (s;, s,), either
X; < X(s) < X, or V] < Y(s) < Y,. We consider only the case where X; < X(s) < X,
as the other case can be treated similarly. By definition of X, there exists an increasing
sequence X; such that lim; . X; = X(s) and z1(X;) < Z2(Y;) where Y; = 2s — X;. For
i large enough, we have X; < X; < X, and, by (7.53), we get

(7.62) T1(Xi) = 21(X;) < 22(Y5)
IfY; <Y, then EQ(YZ) = .fg(Yz) and
(7.63) T1(X;) < Z2(Y5).

If'Y; > Y, then (7.63) holds also. Indeed, let us assume the opposite. By the monotonicity
of £; and Zo, we get

(7.64) T1(Xr) > 31(Xi) > 32(Yi) > T2(Y7).

By (7.59), we have 71(X;) = Z1(X(s;)) = Z2(YV(sr)) = Z2(Y;) and therefore (7.64)
implies that Z2(Y;) = Z2(Y;) = x,. From the definitions of x9 and 3, we know that there
exists a decreasing sequence x; such that lim; .o z; = Z2(Y;) and z; +v(—o0, z;) > Yi+
vo(—o0, 27). Letting j tend to infinity, we get Z2(Y;) + vo(—00, z2(Y;)] > Y +19(—00, 27).
Hence7 as fiQ(}fz) = 532(}/7’) = T,

|2Y
which is a contradiction and we have proved that (7.63) holds. If ¥; < Y(s), we get
(7.65) 21(X(s)) = 21(X(5)) = 22(V(s)) = 22(V(s))
from (7.48) and (7.49). If Y; = Y(s), 22(V(s)) = z1 = 72(V(s)), by (
that (7.65) also holds. Then, it follows from (7.63) and (7.65) that X

proof of (7.55) is complete.
Step 3. Let Z = SO and Z = SO. We prove that

(7.66) (X,Y)=1(X,Y), z(X,Y)=iX,Y), UX,Y)=U(X,Y)

for all (X,Y) € Q. Since 1 = %1 on [X;, X,] and T2 = T3 on [V}, Y], we get, from the
definition of L, that

U,=U,, W=V, JLi=h+4(X), K =K +K(X)
on [X;, X,] and
Uy=Uy, Vo=V, Jo=Jo+Jo(Y)), Ky=Ks+ Ky(Y})

Y, =z + VO[-Tl,xr

7.59) and (7.61) so
(s) =

63 X (s) and the
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on [Y;,Y,]. Since, by (7.55), the two paths (X,)) and (X,)) in C(Q) are equal, one can
check, by using the definition of the mapping C, that it implies that

i) =i(s), () =a(s), U(s)=0(s), Jis)=J(s)+I(s0), K(s) = K(s)+K(s0)
for s € [s;, 5] and

V=V, W=W

on [X;, X,] and [Y;, Y], respectively. The elements © and © are equal in € except that
the energy potentials J and K differ up to a constant. However one can check that
the governing equation (2.13) is invariant with respect to addition of a constant to the
energy potentials. Hence, by the uniqueness result of Lemma 4.10 which holds on finite

domains, we get (7.66).
Step 4. We prove that there exists (Xo, Yp) € §2 such that

(7.67) i(Xo,Yo) =t and  #(Xo,Yp) = x.
We have
21(X)) =22(Y)) =x—rkt and 71(X,) = 22(Y,) =x+ Kt
so that
(X, V) =2 and z(X,Y) =2z
Let P = (X,,Y;) denote the right-corner of Q2. We have

X, Xr
#(P) - = / Fx(X,Y)dX = [ e(0)ix(X, V) dX
Xi X

and
Xr

i(P) = /X Fx (X, ¥) dX.

Hence, using the positivity of tx and the assumption that % < c < K, we get
(7.68) Z(P) — z; < kt(P).

Similarly, one proves that z, — Z(P) < kt(P), which added to (7.68), yields x; — z, <
2kt(P) or, after plugging the definition of z; and x,,

(7.69) t <t(P).
The mapping (X,Y) — (#(X,Y),Z(X,Y)) is surjective from R? to R? and there exists

Py = (X0, Yp) € R? which may not be unique, such that (7.67) is fulfilled. Let us assume
that

(7.70) t(X,Y),z(X,Y)) # (t,x)

for all (X,Y) € Q. By using (7.69) and the monotonicity of the function ¢ and z in the
X and Y directions, we infer that either Xg > X, and ¥, <Y or Y <Y} and Xy < X,..
We treat only the first case as the other case can be treated similarly. We have Yy <Y,
as, otherwise, z(Xo, Yp) > z(X,,Y;) = z,. We introduce the point P, = (X,,Yp) € .
Let us assume z(Py) > x(Py) = x. By the monotonicity of x, we get that z(P;) = z(Fp)
and zx(X,Yy) =0 for X € [X,, Xo]. It implies that ¢tx(X,Yy) = 0 for z € [X;, X,] and
therefore ¢(P;) = t(Py) = t. However this contradicts the original assumption (7.70) and
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we must have that z(P;) < x. By following the same type of computation that lead to
(7.68), we now get

Yo
x> x(Py) =z, +/ zy (X, Y)dY > x, — kt(P1) > zp — Kt > X,

which is a contradiction. Hence, (7.70) cannot hold and we have proved (7.67).
X) =

Step 5. We now conclude the argument. By definition, we have u(t, U(Xo, Y0)
for any (Xo, Yp) such that (7.67) holds. By (7.66), it follows that U (X, Yy) = U(Xo, Yo) =
u(t,x) and #(Xo,Yy) = t and #(Xo,Yp) = x. It gives U(f(Xo),9(Y )) = u(t,x) and
t(f(Xo),9(¥0)) = t and z(f(Xo),9(¥0)) = %, so that u(t,x) = u(t,x), by (6.13).

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, /
:Q / (Xr, Yr)
t=0
i (XOVYO)II,/’/ -
(Xl,Yl)i /,<7——~/’//,/
)/ (X7, Yr)
x — kt x 4+ Kkt !

FIGURE 7. We have t = ¢(Xo,Yy) and x = 2(Xp,Yp). In the new set
of coordinates (X,Y’), the domain of dependence is given by rectangles.
We define the points (X;,Y;) and (X,,Y;) so that they correspond to the
points (x — kt,0) and (x + xt,0). It then follows, from the boundedness
of the function c(u) that (X, Yp) is contained in .

8. EXAMPLES

There is a lack of explicit solutions for any choice of ¢ except the trivial case of the
linear wave equation for which c¢ is constant. We here discuss two examples; first the
linear case with general initial data, and second, a nonlinear case with very simple initial
data.

8.1. The linear wave equation. In the case of the linear wave equation, the coefficient
c is constant and the equivalent system (2.13) rewrites as

(8.1) Zxy = 0.

We consider general initial data (ug, Ro, So, to, o) € D, let (¢1,12) = L(ug, Ro, So, o, 1)
and © = (X, ), Z,V, W) = C(¢1,v¢2). From (8.1), we get that

Zx(X,Y) = V(X) and Zy(X,Y) = W(X).
Given a point (X,Y) € R?, we denote sp = Y ~1(Y) and 57 = X1(X) so that
(8.2) Y(so) =Y and X(s1) = X.
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We have

X ~ ~ X o

ZX(X,Y)dX:Z(so)—i-/ V(X)dX
x(Y)

Z(X,Y) = Z(s) +/

X(Y)

and
Y

Z(X,Y) = Z(s1) +/

Y(X)
By averaging these two equations, we get

Y
Zy(X,Y)dY = Z(s1) + /y(x) W(Y)dy.

1 1, /X o Y _
Z(X,Y) = 2(2(50)+2(31))+2(/X(Y) V(X) dX+/y(X) W(Y)dY).

After a change of variables, it yields

(8.3) Z(X,)Y) = %(Z(so) + Z(s1)) + ;/SI(V(X(s))X(s) —W((s)V(s)) ds.

We recall that for © € G, we have Vo(X(s))X(s) = Wa(V(s))V(s), see, for example,
(3.32). For the first component Z;(X,Y) that we denote ¢(X,Y’), we have Z(s) =
t(s) = 0 for all s € R and, after using (3.8b), we get

(067 = 5 [ X)) + WaD(s)F(6) s
= %(32(81) — 25(s0)), by (3.7)
(8.4) _ Qic(xl(X) — oY), by (3.24D).

As far as the second component Z5(X,Y) = z(X,Y) is concerned, it follows directly
from (8.3) and (3.24b) that

1
(5.5) H(X.Y) = (01(X) + 2a(Y).
For the third component Z3(X,Y) = U(X,Y), we have Z3(s9) = uo(z1(X)) and Z3(s1) =
ug(z2(Y)). After using (3.34e) and (3.31), we get, after a change of variables, that

1 z1(X)

[0 s)206) = [ alan () () () ds

S0 S0 2 z2(Y)
We use the fact that z1(X(s1)) = x2(V(s1)) = x2(Y), which follows from (3.23) and
(8.2). Similarly, we obtain that fs‘zl W(V(s)Y(s)ds = —& z2(V) So(x) dx. Hence, (8.3)

Ry(z) dz.

2¢ Jz1(X)
yields
1 1 o)
(8.6) U(X,Y) = 5 (uo(21(X)) + uo(z2(Y))) + / (Ro + So) d.
2 4c z1(X)

From (8.4) and (8.5), it follows that z1(X) = z(X,Y) —ct(X,Y) and zo(Y) = z(X,Y) +
ct(X,Y). Therefore, after using (6.13), we recover d’Alembert’s formula from (8.6), i.e.,

1 x+ct
u(t,z) = i(uo(m —ct) 4 up(x +ct)) + c/ t (Ro + So) dx
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for the solution of the linear wave equation. Let us now look at the energy. We use
the same notation as in the proof of Theorem 7.10. For a given time ¢, (X (t,s), (¢, s))
denotes the curve corresponding to a given time, that is, ¢(X(¢,s),Y(t,s)) = t (Beware
of the notation, (-, -) denotes a function while ¢, without argument, denotes a constant).
For any point z, we have

H(t) (=00, 7) = / Tx (X(t, ), X (L, $)) st 5) ds.
z(X(t,5),V(t,s))<z

From (8.4) and (8.5), we get that (X (¢, s),V(t,s)) < z if and only if z1(X (¢, s)) < x+ct.
Since Jx(X,Y) = Vy(X) = J{(X), we get
u(t)(-o0.0) = | (1, 9) (8, 5) .
21 (X (t,8))<z+ct
After a change of variables, it yields
u(o)(-0.2) = | TH(X) X = po( o0, 7 + ).

z1(X)<z+ct

Hence, for any Borel set B, we have

u(t)(B) = po(B + ct).

Similarly, we get
v(t)(B) = 1p(B — ct).

8.2. An example with singular initial data. Let

(8.7a) uo(w) = 1, Ro(w) = So(w) = 0
for all x € R and
(87b) vy = 2;10 =20

where 0 denotes the Dirac delta function. Our intention is to consider initial data for
which all the energy is concentrated in a set of zero measure (in this case the origin)
and that is why we choose ug equal to a constant.? Since ug does not belong to L?(R),
the theory we have developed does not apply directly. However, we can consider the
sequence of solutions (uy, Ry, SN, i, vn) given by the semigroup S; for the following
initial data
Y (2) = {(1) for x E.[ N, N]
otherwise

and RY (z) = S} (x) = 0, vy = 2up = 26. Given a compact domain in time and space,
we know that for N large enough the solutions will coincide on this compact domain due
to the finite time of propagation, see Theorem 7.11. Thus we can define the solution of
(1.1) for the initial data (8.7) as the limit of the solutions u"¥ when N tends to co. We
see that, by using the same type of construction, we can actually construct solutions for
any initial data such that ug, Ro, So belong to L2 (R) and j, v are (not necessarily finite)

loc
Radon measures (note that, by definition, a Radon measure is finite on compacts).

2If we choose up = 0 (the only constant in L?(R)) then, since ¢/(0) = 0, one can check from the
governing equations (2.13) that there is no evolution of the solution, and we have that w(t,z) = 0,
2u(t) = v(t) = 24 is the conservative solution.
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For the initial data (ug, Ro, So, o, o) given by (8.7), let us denote (¢1,12) = L(ug, Ro, So, o, 10)
as defined in Definition 3.8 and © = (X, Y, Z,V, W) = C(¢1,12) defined by Defini-
tion 3.5. We first find

X it X <0, Y ity <0,
(8.8) 21(X)=10 fo<X <1, z2(Y) =<0 if0<Y <2
X it X >1, Y ity > 2

which yields

Lo ={(X,Y) [ 21(X) = 22(Y)}
= {(X,X) [ X <0}U ([0,1] x [0,2]) U{(X, X +1) | X > 1}.
Furthermore
if X <0, 0 ifY <O,
ifo< X <1, J(Y)={Y o<y <2,
if X > 1, 2 Y >2
X :1, UQ(Y): ;
Vi(X) =0, a(Y) =0,
it X <0, 0 ity <0,
X/c) ifo0< X <1, KyY)=1<-Y/e(l) if0<Y <2,
1/e(1) i X > 1, —2/c(1) Y >2.
Next, we obtain
s if s <0, s if s <0,
if 0 < 1 2 if 0 < 1
(8.92) X(s) = 0 ?0_s< , Y(s) = s %0_5< ,
2s—2 if1<s<3/2, 2 if 1 <s<3/2,
s—1/2 if 3/2 <s, s+1/2 if3/2 <s,
and
s if s <0,
(8.9b) z(s) =<0 if 0 <s<3/2,
s—3/2 if3/2<s,
and U(s) =1 and
0 if s <0,
0 ifs<0, ~2 if0<s<1
(8.9¢) J(s)=<2s if0<s<3/2 K(s)=125%) .. _ 4
3 1f3/2§5, (@) 1f1§8<§7
—qn  if3/2<s,
1/2 if X <0,
(8.9d) (Vi (X) =W (X) =40 fo<X <1,

1/2 if1<X,
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(X,9)
t(X,Y)=0

®)

HX,Y)=T

®

F1GURE 8. Plot of the initial data curve and the curve for a given time 7'

1/2 ifY <0,
(8.96) C(l)Wl(Y) = —Wg(Y) =40 if0<Y <2,
1/2 if2<Y,
and V3 = W3 = 0 and
0 if X <0,
(8.9f) c(Vs(X)=W(X)=¢1 if0<X <1,
0 if1<X,
0 ifY <o,
(8.9g) c(DWs(Y) =Wy (Y)=<1 if0<Y <2,
0 if2<Y.

In the case of the linear wave equation, the solution is explicit. In Figure 8, we plot
the curve (X,Y) and the curve ¢(X,Y) =T, for a given T. In Figure 8, the letters A to
F denote the regions which are delimited by the neighboring solid or dashed black lines.
The values of Z in these different regions are given in Table 1.

If we consider the choice

(8.10) c(u)? = Beos® u + asin®u

where o and 3 are strictly positive constants, then no explicit solutions are available for
the initial data (8.7). Due to the finite speed of propagation, we know that

(811)  U(X,Y)=1on (~00,0] x (—o00,0]{J[0,1] x [0,2]( J[1,00) x [2,00).

The measures v and p will become regular measures for ¢ nonzero. We take a = 0.2 and
B = 0.1. The solution is illustrated on Figs. 1, 9-12. Here we have used the numerical
method described in Section 9.
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A B C D E F
t(X,Y) 0 XQ—CY _% X—21£—1 X2;1 X—2}C/+1
z(X,Y) 0 % % x+;/f1 qu X+%/,3
U(X,Y) 1 1 1 1 1 1
JX,Y) | X+Y| 0 | X 1 |1+Y| 3
K(X,Y) X;Y 0 % 1 1;y 1

TABLE 1. The values of the solution Z = (¢, z,U, J, K) of the linear wave
equation for the initial data given by (8.7) in the different domains of the
plane (see Figure 8, the regions A-F are delimited by the dashed and solid
dark lines).

9. A NUMERICAL METHOD FOR CONSERVATIVE SOLUTIONS

Next we describe a general numerical approach to obtain conservative solutions of
the NVW equation. Traditional finite difference methods will not yield conservative
solutions, and we here use the full machinery of the analytical approach to derive an
efficient numerical method for conservative solutions.

We discretize the problem as follows. Given N, Spin and Smax, we set b = (Smax —
Smin)/N and s; = Spin +ih for i =0,..., N. Let

Xi = X(si), Y= Y(s)), Fij = [Xi, Xj]

fori=0,...,Nand j =0,...,N. We compute the solution of (2.13) on the domain Q =
[ X0, Xn] x [Yo, Yn]. The algorithm follows the same type of iteration as in the proof of
Lemma 4.10, and we use the same notation here. We approximate the form Zx (X,Y}) dX
on the interval [X;_1, X;] by the constant V; ; and the form Zy (X;,Y)dY on the interval
[Yj,Yj41] by the constant W; ;. We denote by Zi'fj and Z7; the approximation of Z on the
segments P;_q; — P; ; and P; j — P; j 11, respectively. The initial curve is approximated
on the piecewise horizontal and vertical line Ufi}l([ﬂvi,P@Hﬂ U [Pyit+1, Pit1,i41)) and
we set

1 Xi
Z! = Z(s;), and VHZ/ V(X)dX fori=1,...,N,
’ Xi—Xi1 Jx,

1 Yir
Z; = Z(si), and Wm—:/ W(X)dX fori=0,...,N—1,
’ Yiprn = Yi Jy,

where Z, V and W are given by (8.9). If X; — X, (respectively Y1 — Yj) is equal
to zero, then we set V;; (respectively W; ;) to zero or an arbitrary value (this value will
not have any impact on the computed solution). We compute the solution iteratively on
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vertical and horizontal strips: Given n € {0,..., N}, we assume that the values of
(9.1a) Zl, Viy for1<i<mn, 0<j<n,

(9.1b) Z5 Wiy for0<i<mn, 0<j<n,

have been computed. Then, we set iteratively, for j =n+1,...,1,

Z7}1L+1,j—1 = Zr}f+1,j - (Yg - ijl)Wn,jfl,
Virngor = Varng — (5 = Vi) F(5(Zhn s+ 285 1) Vs Wos 1),
i1 = Znj1+ (Xns1 = Ya)Vas,
Wit = Wt + (Xt = X F (5 (Zhr + 28510 (Vs W)
and, fori=n+1,...,2,
Zih—l,n+1 = Zih—l,n + (Y1 — Y)Wiin,

1
Vicimt1 = Vicin + (Yog1 — Yn)F(i(Zih—l,n + Z10)) Vi1, Wiz1n)s

iv—l,n+1 = En+1 - (Xi - Xz’—l)Vi,n-i-h
1
Wit i1 = Win = (Xi = Xi )P (5 (Zini1 + Zi5)) Vi, Winta),

and
Zé),n+1 = Zf,n—i—l - (Xl - XU)Vvl,n+1a

1
Wont1 = Wipg1 — (X1 — XO)F(§(Z{L,n+1 + Z7 1)) Vi1, Wint1).

We have defined the quantities in (9.1) for n replaced by n + 1. By induction we have
computed the solution on the whole domain €. To compute the solution at a given time
T, we have to extract a curve (X,)) € C such that t(X(s),)(s)) = T for all s € R.
We proceed by iteration and compute a set of grid points that approximates well such a
curve, for example, by taking

i(k) =sup{i € {0,...,N} | t(Xix, Yig) < T},

j(k) =k,
for k=0,...,N. For a given T, the function u(7, x) can be seen as the curve (x,u(T,x))
in R? which is parametrized by x € R, and we approximate this curve by the points

(@ ( Xtk 300y Yiewy k) ), U(Kiry. s Yick i (r)
for k =0,..., N. This method has been used to produce the results presented in Figure 1.
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