A CONVERGENT MIXED METHOD FOR THE STOKES
APPROXIMATION OF VISCOUS COMPRESSIBLE FLOW

KENNETH H. KARLSEN AND TRYGVE K. KARPER

ABSTRACT. We propose a mixed finite element method for the motion of a
strongly viscous, ideal, and isentropic gas. At the boundary we impose a
Navier—slip condition such that the velocity equation can be posed in mixed
form with the vorticity as an auxiliary variable. In this formulation we design
a finite element method, where the velocity and vorticity is approximated with
the div- and curl- conforming Nédélec elements, respectively, of the first order
and first kind. The mixed scheme is coupled to a standard piecewise constant
upwind discontinuous Galerkin discretization of the continuity equation. For
the time discretization, implicit Euler time stepping is used. Our main result is
that the numerical solution converges to a weak solution as the discretization
parameters go to zero. The convergence analysis is inspired by the continuous
analysis of Feireisl and Lions for the compressible Navier—Stokes equations.
Tools used in the analysis include an equation for the effective viscous flux
and various renormalizations of the density scheme.
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1. INTRODUCTION

Let Q ¢ RY, N = 2, 3, be an open, convex, polygonal domain with Lipschitz
boundary 92 and let T > 0 be a final time. We consider the flow of an ideal
isentropic viscous gas governed by the Stokes approximation equations

Oro + divy(ou) =0, in (0,T) x Q, (1.1)
Ou — pAu — AV, divy u+ Vup(e) =0, in (0,7) x Q. (1.2)

Here, the unknowns are the density o = o(t,x) > 0 and velocity u = u(t,z) € RV.
The operators V, and div, are respectively the spatial gradient and divergence
operators, and A = div, V, is the Laplace operator. The viscosity coefficients p,
A are assumed to be constant and to satisfy g > 0, NA + 2u > 0.

The pressure is given by Boyle’s law which in the isentropic regime takes the
form p(p) = ag”, where a > 0 is constant. In real applications the value of v ranges
from a maximum of % for monoatomic gases, to values close to one for polyatomic
gases at high temperatures. In this paper, we will for purely technical reasons be
forced to require v > %

From the point of view of applications, the model f can be justified
for flows at very low Reynolds numbers so that the effects of convection may be
neglected. It is also on the same form as various shallow water models [11]. From
a mathematical perspective, the system 7 is a model problem containing
some, but not all, of the difficulties associated with compressible fluid dynamics.

Mathematical analysis concerning the well-posedness of the system f
seems to originate with the papers [12,/14] by Kazhikov and collaborators. Several
other contributions on the existence and long term stability exist, also in the context
of similar shallow water models. However, for our purpose here, the most relevant
study is that of Lions [11] in which the global existence of (weak) solutions and
some higher regularity results are established.

In this paper we impose the following boundary conditions:

u-v=0, on(0,T)x 09, (1.3)
curl, u x v =0, on (0,7) x 99, (1.4)

where v is the unit outward normal on 02 and curl, is the curl operator. Here,
in 2D, curl, denotes the rotation operator taking vectors into scalars. The first
condition is a natural condition of impermeability type on the normal velocity.
The second condition is in the literature commonly referred to as the Navier—slip
condition. While these boundary conditions are not motivated by physics, they
are widely used in numerical methods. In particular, in the context of geophysical
flows they are often preferred over classical Dirichlet conditions since the latter
necessitates expensive calculations of boundary layers. Of more importance to this
paper, the boundary conditions f allow us to pose the system f
in mixed form with curl, w as an auxiliary variable. This fact will play a crucial
role in the upcoming analysis.

While many numerical methods appropriate for the Stokes approximation and
Navier—Stokes equations have been proposed, the convergence properties of these
methods are mostly unsettled. In fact, it is not clear whether or not any of these
methods, in more than one dimension, converge to a (weak) solution as discretiza-
tion parameters tend to zero. In one dimension, there are some available results
due to D. Hoff and his collaborators. However, these results apply to an ideal gas
in Lagrangian coordinates and with initial data of bounded variation. In more
than one dimension, there are some recent results for simplified models. In the pa-
pers [6,/7], a convergent finite element method for a stationary compressible Stokes
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system is proposed and analyzed. The system considered there are similar to ([1.1])—
but without temporal dependence. In [9], we established convergence of a
finite element method for a semi-stationary version of (L.I)-(L.2) (8;u = 0) and
homogenous Dirichlet boundary conditions. This paper can be seen as a continua-
tion of the recent study [8] in which a convergent numerical method for the same
semi—stationary system (f with d;u = 0) with boundary conditions 7
was established. The main novelty of this paper is consequently the addition
of the time derivative term d,u in the velocity equation (1.2).

Let us now discuss our choice of numerical method for the Stokes approximation
equations. For the time discretization, we will use implicit time stepping in both
equations. To approximate the continuity equation we will use a standard
piecewise constant upwind discontinuous Galerkin method. To approximate the
velocity, we will use a mixed finite element method with the Nédélec’s spaces of the
first order and first kind. The mixed formulation is motivated by introducing the
vorticity w = curl, uw as an auxiliary unknown and recasting the velocity equation

(1.2) in the form:
Ou + peurly w — (A + p)Vy divy w4+ Vip(p) =0, (1.5)

where the identity —A = curl,, curl, —V,, div, is used. This leads to a natural mixed
formulation in which the requirement w = curl, u plays the role of a lagrangian
multiplier.

Denote by Wodiv’z(Q) the vector fields w on Q for which div,u € L? and u -
v|oa = 0, and by W"2(Q) the vector fields w on Q for which curl, w € L? and
w X v|gq = 0. We choose corresponding finite element spaces V}, C W(;i iv,2 (©) and
W, € W2(Q) based on Nédélec’s elements of the first order and first kind [13].
The mixed finite element methods seeks, for each time step k = 1,..., M, functions
(wF,uk) € W), x Vj, such that

/ on (uﬁ) vy, + peurl, wivy, + [(A+ p) div, ul — p(of) div, vp] dz =0,
Q (1.6)
/ w,linh — u;“l curl, np, dx =0,

Q

for all (vp,mp) € W), x Vj, where of is given and 0 (uf) = (At)~!uf — up !

denotes implicit time stepping. Note that the boundary conditions f are

mandatory to obtain this formulation.

Our main result is that {(wp,un, 0n)}n>0 converges to a weak solution of the
Stokes approzximation equations, at least along a subsequence. The major difficulty
is to obtain strong compactness of the density approximation {gp}n>0 which is
needed in order to pass to the limit in the nonlinear pressure function. Since the
density approximations are only bounded in L>(0,7T; L"(2)) this is intricate. At
the heart of the convergence analysis lies the effective viscous flux Pog(on, un) =
p(on) — (A + p) divy, wy. In particular, strong convergence of the density approxi-
mation follows from the property:

tiy [ [ Puatonwn)on dode = [ [ wPaloue dadt, (1.7)

for all b € C°(0,T). It is in the process of obtaining that the carefully
selected finite element spaces and mixed form prove useful. Specifically, we obtain
by setting vy, = HXVEA’lgh in , where HX is the canonical interpolation
operator into V},. This test function satisfies div, v, = g5 and is almost orthogonal
to curls. The main difficult in obtaining is to treat the time derivative term,
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which, with v;, as described above, is of the form

//8? (un) T Vo A [on] dxdtzf/af (un) VoA Y on] dzdt + O(h)

_ / / A~ [div, up] O (o) dadt + O(h).

Using the continuity scheme, the last term the last term can be shown to converge.
The property then follows. Our analysis resembles that of Lions and Feireisl
for the compressible Navier—Stokes equations.

As part of the analysis, we will need that the discrete velocity wu; converges
strongly to a function w. This is not immediate since the approximation space
V), is only div, conforming. To obtain strong convergence, we utilize the discrete
Hodge decomposition V;, = curl, W, + VhO’J‘ satisfied by the chosen Nédélec spaces.
When writing w;, = curl, {; + 25, it can be seen that {; does not depend on the
density pp and as a consequence converges strongly. The remaining term zj is
then weakly discrete curl free with bounded divergence and an estimate from the
previous paper [8] yields

llzn(t,z) — zn(t,z — )|l L20,m522(0)) — 0, as [§] — 0, (1.8)

uniformly in A. From the velocity scheme, we deduce a weak time-continuity esti-
mate of the form

o (=) € L0, T; W—1H(Q)), (1.9)
independently of h. The two estimates (1.8) and tells us that z, satisfies
the hypotheses of an Aubin—Lions type lemma (see Lemma below for details).
Strong convergence of zj, follows from this lemma.

The paper is organized as follows: In Section [2] we introduce notation and list
some basic results needed for the later analysis. Moreover, we recall the usual
notion of weak solution and introduce a mixed weak formulation of the velocity
equation. Finally, we introduce the finite element spaces and review some of their
basic properties. In Section 3| we present the numerical method and state our main
convergence result. Section [4] is devoted to deriving basic estimates. In Section [B]
we establish higher integrability of the density. Finally, in Section [, we prove the
main convergence result stated in Section [3] The proof is divided into several steps
(subsections), including convergence of the continuity scheme, weak continuity of
the discrete viscous flux, strong convergence of the density approximations, and
convergence of the velocity scheme.

2. PRELIMINARY MATERIAL

We will write W™P?(Q) for the Sobolev space of functions with derivatives of
all orders up to m belonging to the space LP(2). To distinguish between scalar
and vector functions, we will write vector functions with a bold face. Similarly, a
functions space written in bold face denotes the vector analog of the corresponding
scalar space.

We make frequent use of the divergence and curl operators and denote these
by div, and curl,, respectively. In the 2D case, we will denote both the rotation
operator taking scalars into vectors and the curl operator taking vectors into scalars
by curl,.

We will make use of the spaces

Li(Q) = {(;5 € L*(Q): /Q¢ dx = 0},
Wiv2(Q) = {v € L*(Q) : div, v € L*(Q)},
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w2y = {v e L*(Q) : curl, v € L*(Q)},

where v denotes the outward pointing unit normal vector on 9. If v € WdiV:2(Q)
satisfies v - v]gg = 0, we write v € WV2(Q). Similarly, v € W™ ?(Q) means
v € WeUl2(Q) and v x v|sq = 0. In two dimensions, w is a scalar function and
the space W™ 2(€) is to be understood as Wy'2(2). To define weak solutions, we
shall use the space

W(Q) = {v e L*(Q) : divy v € L*(Q),curl, v € L*(Q),v - v|pq = 0},

which coincides with W "?(€2) N W™ 2(Q). The space W(Q) is equipped with
the norm |03y, = [|v][7(q) + dive vl|72 ) + llcurle v 72 ). It is known that |||,y
is equivalent to the W2 norm on the space {v € W2(Q) : v - v]|gq = 0}, see, e.g.,
11].

| ]IF‘or the convenience of the reader we list some basic functional analysis results
to be utilized (often without mentioning) in the subsequent arguments (for proofs,
see, e.g., [5]). Throughout the paper we use overbars to denote weak limits.

Lemma 2.1. Let O be a bounded open subset of RM with M > 1. Suppose g: R —
(=00, 0] is a lower semicontinuous convex function and {v,},~, s a sequence of
functions on O for which v, — v in LY(0), g(v,) € LY(O) for each n, g(v,) —
g(v) in L*(O). Then g(v) < g(v) a.e. on O, g(v) € L*(O), and Jog(v) dy <
liminf, fo g(vn) dy. If, in addition, g is strictly convex on an open interval
(a,b) C R and g(v) = @ a.e. on O, then, passing to a subsequence if necessary,

un(y) = v(y) for a.e.y € {y € O fv(y) € (a,0)}.

Let X be a Banach space and denote by X™* its dual. The space X* equipped
with the weak-x topology is denoted by X7 .., while X equipped with the weak
topology is denoted by Xyear- By the Banach-Alaoglu theorem, a bounded ball in
X* is o(X™*, X)-compact. If X separable, then the weak-x topology is metrizable
on bounded sets in X*, and thus one can consider the metric space C ([0, T]; X} oax)
of functions v : [0, 7] — X* that are continuous with respect to the weak topology.
We have v, — v in C([0,T]; X} ...) if (vn(t),9)x+ x — (v(t),¢)x+, x uniformly
with respect to ¢, for any ¢ € X. The following lemma is a consequence of the
Arzela-Ascoli theorem:

Lemma 2.2. Let X be a separable Banach space, and suppose v,: [0,T] — X*,
n=1,2,..., is a sequence for which an||Loo([07T];X*) < C, for some constant C
independent of n. Suppose the sequence [0,T] 3 t — (v, (), P)x+x, n=1,2,...,
is equi-continuous for every ® that belongs to a dense subset of X. Then v, belongs
to C([0,T); Xea) for every m, and there exists a function v € C([0,T]; X7 o)
such that along a subsequence as n — oo there holds v, — v in C ([0, T]; X% 1)

In what follows, we will often obtain a priori estimates for a sequence {vy},~,
that we write as “v,, €, X” for some functional space X. What this really means
is that we have a bound on ||v,||  that is independent of n.

The following discrete version of a lemma due to Lions [11, Lemma 5.1] will
prove useful in the convergence analysis. A proof of this lemma can be found in [9].

Lemma 2.3. Given T > 0 and a small number h > 0, write (0, T] = UM | (tx_1, 4]
with ty, = hk and Mh =T. Let { fn};2 o, {9n}7%¢ be two sequences such that:

(1) the mappings t — gn(t,x) and t — fr(t,x) are constant on each interval
(tkfl,tk], k=1,....M.
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(2) {fu}rso and {gn}n>0 converge weakly to f and g in LP*(0,T; L™ (R2)) and
LP2(0,T; L%=(Q)), respectively, where 1 < p1,q1 < oo and
1 1 1 1
— ===+ —=1
Pt P2 Q1 G2
(3) the discrete time derivative satisfies
gn(t,) — galt — h,2)
h
(4) [[fu(t,z) = fu(t,x = &)||Lr2(0,7;002(0)) — O as [§] — 0, uniformly in h.
Then gnfrn — gf in the sense of distributions on (0,T) x Q.

€, L0, T; W—H1(Q))

2.1. Weak and renormalized solutions.

Definition 2.4 (Weak solutions). We say that a pair (o, u) of functions constitutes
a weak solution of the Stokes approximation equations (|1.1)—(1.2)) with initial data

N
(%, u’) € L7(Q) x L*(Q), ~ > 5

and Navier-slip type boundary conditions (1.3)—(L.4), provided the following con-
ditions hold:

(1) (0,u) € L>°(0,T; L7(2)) x L*(0, ;W) N L>=(0,T; L*(2));
(2) o: + div,(ou) = 0 in the weak sense, i.e, V¢ € C>([0,T) x Q),

T
/‘/Q@H%NMOWﬁ+/Q%EMM=@ (2.1)
0 Q Q

(3) ur — pAu — AV, div, u + V,p(o) = 0 weakly, i.e, Vop € C*([0,T) x Q) for
which ¢ -v =0on (0,7) x 99,

T
/ / —u@y + pcurl, ucurl, ¢
0 Q (22)

+ [(+ N) divy w — p()] div, ¢ dzxdt = / u’@|i—o du.
Q
For the convergence analysis we shall also need the DiPerna-Lions concept of
renormalized solutions of the continuity equation.

Definition 2.5 (Renormalized solutions). Given uw € L?(0,T;W(f2)), we say that
0 € L>(0,T; L7(Q)) is a renormalized solution of (|1.1)) provided

B(0)¢ + div, (B(o)u) + b(0)div, u = 0 in the weak sense on [0,7) x Q,
for any B € C[0,00) N C*(0,00) with B(0) = 0 and b(p) := 0B’(0) — B(o).
We shall need the following lemma. A proof can be found in [8].

Lemma 2.6. Suppose (o,u) is a weak solution according to Definition [2.4. If
0€ L%((0,T) x ), then o is a renormalized solution according to Definition |2.5,.

2.2. A mixed formulation. In view of the Navier—slip boundary condition ([1.4))
the velocity equation (|1.2)) admits the following mixed weak formulation, which we
will use to design a mixed finite element method: Determine functions

(w,u) € L0, T; W™ (Q)) x L0, T; W¥2(Q))
such that

T
/ / —uwv; + peurl, wo + [(p+ A) div, u — p(o)] div, v dedt = / u'vli—g du,
o Jo

Q
T
/ / wn — curl, nu dxdt =0,
0 Jo

(2.3)
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for all (n,v) € L2(0, T; W™ 2()) x L2(0, T; W™2(Q)) n Wh2(0, T; L2()).
Note that if (w,u, g) is a triple satisfying the mixed formulation (2.3) then the
pair (u, o) satisfies the weak formulation (2.4)) [8].

2.3. Finite Element spaces and basic results. Throughout this paper, {Ep}5
denotes a shape regular family of tetrahedral meshes of (), where h is the maximal

diameter. By shape regular we mean that there exists a constant x > 0 such that

every E € Ej contains a ball of radius Ag > hTE, where hg is the diameter of E.

For each fixed h > 0, we let I';, denote the set of faces in Ej and V), the set of
edges. In two dimensions, I'j, is the set of edges and V), the set of vertices. We will
use P? (E) to denote the space of vector polynomials on E with I components and
maximal order k.

To approximate the vorticity w, we will use the curl-conforming Nédélec space
of the first order and kind [13]:

Wi (Q) = {w e WS™2(Q) : w|p € W(E), VE € Ey,
2.4
/ﬂw.tﬂe dS(z) =0, VeGVh}, 4

where ¢ is the unit tangential along the edge e, [-], is the jump over the edge e, and

Pi(E), N =2,

wiB) = {{w €eP}(E): Vow+ Vew” =0}, N=3.

In two dimensions, the continuity requirement [ [w-t] dS(z) = 0 in (2.4) is to
be understood as continuity at vertices. For the velocity u, we will use the div-
conforming Nédélec space of the first order and kind [13]:

Vi(Q) = {v e W2 v|p e V(E), VE € E), / [v-v] dS(z) =0, VT € rh},
T

where V(E) = P & Piz, and []; is the jump over I'. The density o will be
approximated in the space of piecewise constants on Ej:

Qn(Q) ={q€ L*(Q): qlp €PY(E), VE € Ey}.
Next, we introduce the canonical interpolation operators:

I - We?n W22 = 8, Y Wy?n w22 — W,
oy WP nwh? -V, TP L3 — Q.

using the available degrees of freedom of the involved spaces. That is, the operators
(in three dimensions) are defined by [2,/13]

(Hhs) ( ) =S xz) vxl S Mu

/(Hyw)xde /wxudS , Ve €V
/ (I} v) - v dS(z) = / v-vdS(z), VI €ly;
r r

/ngda:z/qu, VE € Ep,
E E
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where N}, it the set of vertices of Ej. It is well known that the following diagram
commutes ([23]):

rad 1 . d&i
Wyl nw??2 220, w2 w22 S, wilveawt?2 Y, 2
S w %4 Q
th 1, s l 1y l
grad curl div
Sh Wi, Vi — Q-

Remark 2.7. The interpolation operators Hﬁ, HhW, and H,‘{, are defined on function
spaces with enough regularity to ensure that the corresponding degrees of freedom
are functionals on these spaces. This is reflected in writing W2 0 W22 instead
of merely W2 and so on.

In view of the above commuting diagram, we can define the spaces orthogonal
to the range of the previous operator, i.e.,

W,?’L = {wy, € Wp;curl, wy, = 0}L NWh,
VI = {vy, € Vi div, v, = 0} NV,

to obtain decompositions (cf. [2])

Wi, = V.S + Wt (2.5)
Vi, = curl, W), + V0" (2.6)
The following discrete Poincaré inequalities hold [3]
[onll 20y < Clldivevall o), Vo € VI (27)
w20y < Cllewrly wh 2y, Yo € Wi, (2.8)

where the constant C' is independent of h.
In the subsequent convergence analysis, we make frequent use of the canonical
projection operators. To bound these we shall need the following ([4}/13])

Lemma 2.8. There exists a constant C > 0, depending only on the shape regularity
of Ey and the size of Q, such that for any 1 < p < o0,

Q
[ =12]|,, 0 < CITalna(ey
[ =1 [| 1, ) + B [ldive (v = T 0) ||, ) < CB* Vil iy, 7= 1,2,

Hw—HhW +thurlm(w—HhW < ORI Viwl pr), s=1,2,

w)HLP(Q)
for all ¢ € WEP(Q), v € WP(Q), and w € W?P(Q).

wHLP(Q)

We will also need the following lemma. It follows from scaling arguments and
the equivalence of finite dimensional norms [4].

Lemma 2.9. There exists a constant C' > 0, such that for 1 < q,p < oo, and
r=20,1,
i N_N
||¢h||Wnp(E) <SCh™" T HﬁbhHLq(E)a
for any E € Ep, and all polynomial functions ¢y, € Pi(E), k =0,1,.. The constant
C depends only on the shape regularity of En and polynomial degree k.
The next result follows from scaling arguments and the trace theorem [1]

Lemma 2.10. Fiz any E € Ej, and let ¢ € W12(E) be arbitrary. There ervists a
constant C' > 0, depending only on the shape regqularity of Ey such that,

Ipllrzry < Ch™2 (|6llz2(m) + I Vadllz2(m)), VI € DynOE.
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We now establish a Sobolev embedding estimate for the discrete decompositions

and (2.5)).

Lemma 2.11. The finite element spaces VhO’L(Q) and W,?’L(Q) satisfies the fol-
lowing embedding results independent of h:

(1) The space VhO’L(Q) NWY2(Q) is embedded in L* (),
(2) The space W (Q) N W5 2(Q) is embedded in L*" (),
where 2* =6 if N = 3, and 2* is any large finite number if N = 2.
Proof. We first prove (1). By virtue of the decomposition we can for any
vy €p Vho’l(Q) N Wgﬁv’Q(Q) find functions ¢, € Wp(Q2) and z; € VhO’L(Q) such
that
HX (VIAfl [div, vh]) = curl, &, + zy.

Using the commutative diagram and the definition of I}/ (V,A™![]) we easily
verify that
div, I} (VA [div, vp]) = div, vy,

Hence, since (z, —vp) € VhO’J‘(Q) we can use the discrete Poincaré inequality (2.7)
to conclude that

th — Zh”LZ(Q) < CH din(’l)h — Zh)HLz(Q) =0.
Thus, z;, = v, a.e in 2 and we easily calculate
||”hHL2*(Q) = ||Zh||L2*(Q) < ||HX (VmA_l [div, ”h]) ||L2*(Q)
S 01”va71 [lem ’Uh] ||L2* (Q) S Cz” leT vh||L2(Q)7

where the last inequality is the standard Sobolev embedding W'2(Q) c L (Q).

In two spatial dimensions, (2) follows directly from the standard Sobolev em-
bedding Wh2(Q) ¢ L* (). To prove (2) in three spatial dimensions, fix any
wy, €, WP (Q)NWE™2(Q) and let n € W™ (Q)nWIv2(Q) ¢ WH2(9Q) solve
(cf. [10])

curl, n = curl, wy, in Q,
div, 7 =0, in Q,
n x v =20, on Jf.

Using the decomposition ([2.5]) of the space W}, (), we can find functions s;, € S (£2)
and ¢, € W,?’J‘(Q) such that

IYn = Vasy + Ch.
Hence, from the commuting diagram property, we deduce
curl, ¢, = curl, H,I;Vn = H;‘L/ curl, n = HZ curl, wy, = curl, wy,.

Thus, since (wp, — Cr) € W,?’l(Q) we can use the Poincaré inequality (2.8) to
conclude that

lwn = Cullz2() < Ol curly(wh — Cu)llL2(@) = 0,
and hence that wy, = {;. Moreover, we easily calculate
lwhll g2 ) = I€hll 2 @) < 1T nllz2x () < Crllnllzes @) < CallVanllLz(a),

where the last inequality is the standard Sobolev embedding W12(Q) c L?*(Q).
This concludes the proof. O

We end this section by recalling a compactness result from [8, Theorem A.1].
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Lemma 2.12. Let {v,}n~0 be a sequence of functions in Vho’l with divg vy, €
L2(Q). For any & € RV,

4-N 1 .
[on(z) —on(z = )llL2 < CUEIT= +1€1%)2 | dive vall L2 (),
where the constant C' > 0 is independent of both h and £.

3. NUMERICAL METHOD AND MAIN RESULT

In this section we define the numerical method for the Stokes approximation
equations and the state the main convergence theorem. The proof of the main
theorem is deferred to subsequent sections.

Given a time step At > 0, we discretize the time interval [0, 7] in terms of the
points "™ = mAt, m = 0,..., M, where we assume that M At = T. Regarding the
spatial discretization, we let {F} }1, be a shape regular family of tetrahedral meshes
of Q, where h is the maximal diameter. It will be a standing assumption that h
and At are related such that At = ch, for some constant ¢. Furthermore, for each
h, let T'j, denote the set of faces in Ej,.

For each fixed h > 0, we let Wj () and V,(Q) denote the Nédélec spaces of
the first order and kind on Fj, (cf. Section 2.3) and @, (€2) the space of piecewise
constants on Ej,. To incorporate boundary conditions, we let the degrees of freedom
of Wp,(Q2) and V4(Q2) located at the boundary 02 vanish.

Before defining our numerical scheme, we shall need to introduce some additional
notation related to the discontinuous Galerkin scheme. Concerning the boundary
OF of an element F, we write f for the trace of the function f achieved from within
the element E and f_ for the trace of f achieved from outside E. Concerning an
edge I' that is shared between two elements E_ and E, we will write f; for the
trace of f achieved from within £, and f_ for the trace of f achieved from within
E_. Here E_ and E, are defined such that v points from E_ to E,, where v is
fixed (throughout) as one of the two possible normal components on each edge '
throughout the discretization. We also write [f] = f+— f— for the jump of f across
the edge T, while forward time-differencing of f is denoted by [f™] = fm™*! — f™.
Discrete implicit time discretization of a function f is denoted by the operator
o (f™) = LF™ ']

Let us now define our numerical scheme.

Definition 3.1 (Numerical scheme). Let {g%(z:)}h>0 be a sequence (of piecewise

constant functions) in Qp,(£2) that satisfies oY) > 0 for each fixed h > 0 and ¢ — o°
a.e. in Q and in L'(Q2) as h — 0. Let the sequence {u) },~¢ be such that for each
fixed h > 0, u) € V,(Q2) and satisfies

/ u%vh dx = / ulvy, dz, Yo, € Vi (). (3.1)
Q Q

Now, determine functions
(ot wit, up’) € Qn(Y) x Wi(Q) x Vi (), m=1,..., M,
such that for all ¢, € Qn(Q),
[at@onde=ae S [ (enw )t + ol n) ) lonle S (3
@ rer? 7T
and for all (n,,vs) € Wi,(Q) x V4(Q),
O (wi) vy, + peurl, wivy + (14 A) divy wl — p(o)] div, vy, do =0,
@ (3.3)
/ wy'ny, — uy curl, ny, dr =0,
Q
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form=1,..., M.

In (B.2), (wp-v)™ = max{uy, - v,0} and (up - v)* = min{uy, - v,0}, so that
up v = (up - v)T + (up - v)7, ie., in the evaluation of gp(u - v) at the edge I" the
trace of o is taken in the upwind direction.

Remark 3.2. Recall that o+ and (uy, - v)* related to a face T' has a different mean-
ing than o4 and (uy, - v)T related to the boundary of an element JE. By direct
calculation, one can verify the identity

A m m + m m _ dS
t,géh /GE\BSZ (@+(’uh V)T + o™ (up' - v) )¢h ()

— Ay / (o™ (up? - v)* + o (up? - v) ") [onlr dS(@).

I
el

Using this identity, we can state (3.2)) on the following form:

/ng dr+ Aty /6 (G (- ) + 0™ (- 1)) én dS(a)

EecE), E\OQ

= / QZL_1¢h dz.
Q
The form (3.4]) will be used frequently in the subsequent analysis.

(3.4)

For each fixed h > 0, the numerical solution {(o}", w}", u’,?f)}%z
the whole of (0,7") x Q by setting

(on, wp,up)(t) = (o), Wi, up'), t€ (tm-1,tm), m=1,...,M. (3.5)

In addition, we set g (0) = 0% and u,(0) = u.

The continuity scheme clearly preserves the total mass. The following
lemma from |8, Lemma 4.1] states that the density is strictly positive whenever the
initial density is strictly positive.

o is extended to

Lemma 3.3. Fiz any m = 1,..., M and suppose 0)'~' € Qn(R), ul* € Vi(Q)
are given bounded functions. Then the solution o' € Qn(Q?) of the discontinuous
Galerkin scheme (3.2) satisfies

1
min o > min " '
min g = min gy <1+At||divx UZ”||L°°(Q)>

Consequently, if o)"~'(-) > 0, then o(-) > 0.

Existence of a solution to the nonlinear—implicit discrete scheme follows from a
topological degree argument. This argument is essentially identical to that of [8]
Lemma 4.2] with a minor modification to accommodate the discrete time derivative
o (uy,).

Lemma 3.4. For each fixred h > 0, there exists a solution
(Q;zn?w;zn7u;1n) th(Q) XWh(Q) XVh(Q)a Q7hn() >07 m:]-v"'aMa
to the nonlinear—implicit discrete problem posed in Definition [3.1]

Our main result is that, passing if necessary to a subsequence, {(on, wn, un)};, <
converges to a weak solution. More precisely, there holds

Theorem 3.5 (Convergence). Suppose (0°,u’) € LY(Q) N L*(Q), v > §. Let
{(on, wn,un)},~o be a sequence of numerical solutions constructed according to
(13.5) and Definition |3.1. Then, passing if necessary to a subsequence as h — 0,
up — u, a.ein (0,7) x Q, opup, — ou in the sense of distributions on (0,T) x §,
and op, — 0 a.e. in (0,T) x Q, where the limit triplet (o, w,u) satisfies the mized
formulation , and thus (g, u) is a weak solution according to Definition .
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4. BASIC ESTIMATES

In this section we gather some basic estimates for our numerical method. The
results include stability and weak time-continuity of both the density and velocity.
We however commence by recalling (from [8]) the following renormalized version of
the continuity scheme.

Lemma 4.1 (Renormalized continuity scheme). Fiz anym =1,..., M and let the
pair (of, up') € Qn X Vi, satisfy the continuity scheme (3.2). Then (of*,u}*) also
satisfies the renormalized continuity scheme

| Bl o
Y [ (B o+ B0 ) [l ds

rerf

A /Q b(g) div, uldn, di + /Q B (&0, o)) [ ] o do -
L0 [ B g 0 T ) )
rer! 7T
— B"(¢" (™, 01) [0 IT (6n)+ (wi - v) ™ dS(x)
= /QB(QZ%_l)fﬁh dz, Vo € Qn(),

for any B € C[0,00) N C?(0,00) with B(0) = 0 and b(o) := 0B'(0) — B(o). Given
two positive real numbers a; and as, we denote by £(ay,az) and &¥(ay,as) two
numbers between a1 and ag (See 8] for a precise definition).

In what follows we will need the following discrete Hodge decomposition.

Lemma 4.2. Let {(on, wn,un)},~o be a sequence of numerical solutions con-
structed according to (3.5) and Definition . For each fixred h > 0, there exist
unique functions ¢ € W,?’J‘ and z;" € VhO’J‘ such that
up' = curl, ¢ + 25", m=0,...,M. (4.2)
Moreover, if we let {(t,x), zx(t,x) denote the functions obtained by extending, as
in BA), {¢ Iy, {2z}, to the whole of (0,T] x €, then
Uh(t,') :Curlw Ch('at)+zh('7t)7 te (OaT)

Finally, let curl, ¢° € L?(Q) and V,s° € L?(Q) satisfy the standard continuous
Hodge decomposition u® = curl, ¢° + V,s°. Then,

curl, ¢) — curl, ¢°, 2) — V", in L*(Q),
where ¢ and zY) are given by ([4.2).

Proof. The first two statements are consequences of ([2.6)).
To prove the last statement, fix any ¢ € C°() and set vy, = I}V ¢ in (3.1)) to
obtain

/ curl, ¢2 curl, (I} ¢) dx = / curl, ¢° curl, (II}Y @) dz, (4.3)
Q Q

where we have used that ug = curl, C}? + zg and fQ z2 curl, Hxv(ﬁ dr = 0. Now,
since || curl, ¢ || 2(0) < Cllul||lz2@) < Cllu’| 12(q), there exists a function curl, ¢°
such that curl, ¢} — curl, ¢° in L?(€2). Sending h — 0 in ([4.3)) yields

/ (curl, ¢9 — curl, ¢%) curl, ¢ dz =0, V¢ € C>(Q).
Q
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Hence, curl, ¢° = curl, ¢° a.e in Q.
Next, let v, = curl, ¢, in (3.1)) to discover

Jeurl, ¢y = [ curls ¢ cur, ¢ do — | curl, ¢°[3 .
Q

as h — 0. Then, curl, ¢) — curl, ¢° in L*(Q).
By setting vy, = u) in (3.1) we deduce

HU%HQL%Q) = | uwup dr — |u’ HL2(Q)a
Q

as h — 0. Hence, u) — u? in L*(Q).
Finally, a direct calculation shows that

0= }lLll% ||u2 — ’U;OH%Q(Q) = }lLli)l’%] |:H CllI‘la; C;? — curlw COH%2(Q) + H22 — V$80||%2(Q):|

h—0

— 2 lim [/ (curl, ¢ — curl, ¢%) () — V.s°) dx} )
Q

where the last term converges to zero since curl, ¢ — curl, ¢° in L?(2). Thus,
z) — V,s% in L?(2) and the proof is complete.
O

We now derive a basic stability estimate satisfied by the numerical scheme.

Lemma 4.3 (Stability). Let {(on, wn,un)}),<, be a sequence of numerical solutions
constructed according to ([3.5)) and Definition[3.1 For o(-) > 0, let

a
E(o,u) =
(ou) =

For anym=1,..., M, there holds

L
1 2|u\

/ g Qh ?uh dl’ + Z AtHu'h”WdW 2(Q) + Z AtHu}h”WC“rl 2(Q) +Ndzﬁuazon

k=1
/59, ) dz,

where the numerical diffusion term is given by

dzﬁuszon: Z” [[u’}fln 1] HLQ(Q +Z/ P é.k_7 Qha [Qh 1]]2 dx
+Z Z At/ P (of) [[g’,ﬂ]i luf - v| dz.

k=1Teri

Proof. The proof is almost identical to that of Lemma 5.3 in [8] and follows directly
from standard arguments. We omit the details. U

Since the finite element spaces are not conforming in W2() it is not clear that
the velocity and vorticity are embedded in L2 (Q2). Knowing this is essential for
the later convergence analysis.

Lemma 4.4. Let {(on,wn,un)},~o be a sequence of numerical solutions con-

structed according to (3.5) and Definition[3.1] Then
wy, €, L*(0,T; L (), up, €, L?(0,T; L (),
where 2* =6 if N = 3 and 2* is any large finite number if N = 2.
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Proof. The second equation in (3.3 with test function n, = Vs reads:
/ wy'Vysy de =0, Vs, € Sp(Q), m=1,..., M,
Q
where the space S;,(12) is defined in Section 2.3. By definition, this means that w}" €
W,? L(Q) and hence Lemmma is applicable and yields the desired estimate:
wy, €, L2(0,T; L* (). (4.4)
Next, we make use of Lemma 4.2 and let {{n}n>0, {2 }n>0 satisfy
uh('v t) = curl, Ch('v t) + Zh('» t)?
Ch('vt) € W}?J_(Q)v zh('vt) € V}?7L(Q)a

for all t € (0,T).
Another application of Lemma, yields

zn, €, L2(0,T; L* (Q)). (4.5)
Fixn e Wgurlm’m*)l(Q) and let ny, € W}?’L(Q) satisfy

/ curly np, curl, @y, dzdt = / curl, ncurly, ¢p dxdt, Vo, € Wi(Q).
Q Q

Then, by utilizing the second equation in (3.3)) with 7, as test function (the second
equality below), we calculate

M 2
Z At ‘/ curl, peurl, ¢ dx
m=1 Q2

M
= Z At ‘/ wp'ny dxdt
Q

m=1

2 M
= Z At ’/ curl, my, curl, ¢ dx
m=1 Q

2 (4.6)
< ||wh||2L?(O,T;L2*(Q))th”i@*)/(g))

< ||wh||2L2(o7T;L2* Q) || curl, 77||2L(2*)/(Q)v

where the last inequality follows from the discrete Poincaré inequality (2.8]).

Now, for an arbitrary ¢ € L") let curl, 7 be given through the Hodge decom-
position ¢ = curl, 7+ V,A. Then, we can use (4.6) to deduce

2
/T sup UQ ¢ curl, Chdm| "
0 \pecL)'(Q) ||¢||L<2*>’(Q)

2
T 1 1. Cnd
:/ ( sup | [, curly m curl, ¢ x|> "
0

PeL(V) (Q) ||¢||L<2*>’(Q)

’ | Jo mnwndz] : 2
= sup dt < [ wall72 0,722 (@))
0 \pecL®"'(Q) ||¢HL<2*>’(Q) Y

where the last term is bounded from (&.4). Hence, curl, ¢, €, L*(0,T;L* (Q))
and, keeping in mind (@.5)), u;, €, L*(0,T; L* (Q)). O

In the upcoming convergence analysis and in order to establish weak time-
continuity of the density we shall need to control the artificial diffusion introduced
by the upwind discretization of the continuity equation. The following lemma pro-
vides the required bound.

Lemma 4.5. Let {(on, wn,un)},~, be a sequence of numerical solutions con-
structed according to (3.5) and Definition . Then there exists a constant C > 0
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depending only on the initial energy £(o°,u®), the shape-reqularity of Ey, T, and
||, such that

T
S [ ] Tl @3- 0) st

ECE,

< WOCIVadllzo,mne @) V6 € L0, T;WH(Q)),
where 2* = 6, if N = 3, and 2* is a sufficiently large number, if N = 2. Here,
0(v) > 0 is given by below.
Proof. Let ¢ € L?(0,T; W2 (Q)) be arbitrary and set

1 gm

¢m25/ﬂrl¢(s,m)ds, ¢§Z":H§¢m’ m=1,..., M.

We will need the auxilary function B(z) = 2. where

o= ,71 and ¢ € N is chosen such that v € (i + 1,7 + 2].
i

Using B”(z) > 0 and the Holder inequality, we obtain

M

12 = A m m y _ m_ m dS .

7; E;h t/&)E\OQ [er'lop (ur - v)~ (65" — ¢™)dS(x)

M

A B (™ my2 (. m s
: <mz_1 E;h t~/8E\[~)Q (") Lo up’ - v (m))
3 1
A B// my\ m'l/HQm_ deS
. (;EZE o B e - @))

=: .[1 X IQ.
In the case % <v<2 a=-and Lemma yields

L < C/QB(QQ) dx = C’/Q(QO)7 dx.

Conversely, if v > 2 then 2a < v and the renormalized scheme (4.1]) with ¢, :=1

yields
M
ZAt/(ghm)a div, uy'dzx +/(Qo)adl‘
m=1 Q Q

<C (”Qh”%w(&T;LV(Q))” divy wn | z20,m;02(0)) + /Q(QO)’YCm) )
which is bounded by Lemma [£:3] Consequently, in both cases, we conclude that
I <C. (4.7)
To bound the Is term, we utilize the Holder inequality:

T
//\fgh2|dxdt
0 Q
T s N
2% 2 . 5
< o ae) ([ ) a
/ </Q [ »
T 1
mi
S/0 (/Qflml dx) g1l 2= @ |77 2 oy dt

< N fllzoo,7s2ma @) 191 Low 0,75L2% @) 1l 72 (0, 7.2 ()

Ilg(afl)
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where 1 < m; = 2*3<2andf—&-2*+2*=
Now, using (4.8, we deduce

L <ala—1) _ max ( Z / lui - v|? dS(m))
Fehy,  OF\0Q
M #
X Z At ( Z
m=1

2*
Lol wa) e
EcEy,

x max ( > /E\ (B[ dsu)) =

Next, we apply Lemma to deduce

[N

2

1
2%
e (5[ dS<x>> < OB Junl o0 oy (410
Lo, M (EEE} OE\OQ

Similarly, we find that

2oz

E€E

2

/aE\aQ ‘H§¢m B ¢m’2* dS(m>> 5

26 = 3200 1120 (o) < Ch* 72

where the last inequality is an application of Lemma
To derive a similar bound for the B” term in (4.9), we first note that, since g}
is everywhere positive and 2 — a < 1,

< Ch™ *

Vbl 0,72 ()

‘(BII(Q?L))_I‘m < ‘Q —|—Qm|(2 a)my < C’ 1+ |Qm + ‘QT|m1),

on every ' NOE \ 9Q. From this, we conclude that

/ (B"(ey) 7| as@) <ne <E|+/ |on|™ d:c>,
OFE N(E)UE

where N (E) denotes the union of the neighboring elements of E. Applying this
together with Lemma we obtain

B (o) | ds
Y <E§h /8E\8§2 ‘( (o) ‘ (x))

_ 1 1
< on™ (19175 + lonllzeo.rim )

1 min -
S Ch™ ™1 (1 4 h {07N(7n1 7)}||Qh||L°°(O,T;L7(Q))> 5

1””1

(4.11)

where the last inequality is a standard inverse estimate (Lemma [2.9). Setting

(4.10)—(4.11)) into (4.9) leads to the bound

I < Ch”uhHLW(o,T;LZ*(Q))Hvac(b”%z(o,T;Lz* (Q))

min £ 1
« (1 +h {0,N (77 "/}th||Loo(07T;L'Y(Q))>
; 2 (4.12)
S Ch2 ||uh||L2(0,T;L2* Q) HVZE¢|‘L2(O7T;L2* ()

min 41
X (1 +h {0.N (75 ”’}HQhHLO"(O,T;L"’(Q)O ’
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where the last inequality is an application Lemma in time (keeping in mind
At = kh). We have also used that

pmGErrEtE) — ot

In 2D, 2* is any large finite number. Consequently, we can always make sure
that my < . Using this, it is straight forward to check that

he 0N G =3 - 200 (4.13)
where
0<0(v):= o V=2, (4.14)
L 3 +min{0,3(3 — 2)}, N =3, '
By setting (4.13]) into (4.12]) and applying Lemma we obtain
I < R2ONC|Vabl2 0,102 (0
This and (4.7) gives
I =1 x I < ClVoll 0,720 ) P,
which brings the proof to an end. O

4.1. Weak time-continuity estimates. We end this section by establishing weak
time-continuity of the density and velocity.

Lemma 4.6. Let {(on, wn,un)},~, be a sequence of numerical solutions con-

structed according to (3.5) and Definition . Then
O (en) € L*(0, T W1 (),

where (2*) = 22j and 2* is as in the previous lemma.

Proof. The proof is almost identical to the proof of Lemma 5.6 in [8] and is only
included for the sake of completeness.
Fix ¢ € L?(0,T; W2"(Q)), and introduce the piecewise constant approximations
m m m tm
o = T02¢, o = T2e™, and ¢™ := 27 [, $(t,-) dt.
The continuity scheme (3.2)) with ¢7* as test function reads

At / ol (o) ¢™ dadt
Q

(4.15)
Aty / (o™ - v)* + o )7 [Ty dS(x).

rer;
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Since the traces of ¢™ taken from either side of a face are equal, we can write

> [ )+ g0 ) e do

rer;
= % [ (et )+ o)) o - 7] )
rer! 7T
T Tup )T 4 o™ (upt o v)T) (P — o™ x
_ E;h/mm(m P g (1)) (67 — ™) dS(a),
dlvx Lu (djz _¢ ))
E;h/ Q} " !

e I ) (6 = 07 dS )

Ecky

/Qh“h Vo™ dx + Z/ [orn' g (up' - v)~ (¢}" — ¢™) dS(z).

EcE),
(4.16)

To conclude the last equality, we have used
/ op divy up' (o) — o™) dx = (o) div, uZL)|E/ chﬁm —¢mdr=0, VEe€E,,
E E

since both ¢} and div, uy' are piecewise constant.

By summing (4.15)) over m, taking absolute values, and using the above identity,
we find

M

leAt/Qaf (o7 ¢™ dadt
M

< Z At/ oy ul'V o™ dr

LYY a Ly [ (8" (08 =) dS ().

m=1EcE, oE

Using Lemma [4.5] together with an application of Holder’s inequality, we deduce

M
PIRY [ oty en as
M
< Z At op || L@ i L2 @) I Vad™ L2+ ) + Ch* Vet 120,127 ()

m=1

<llenll= (0,1 @)lwrll Lo (0,722 @) I V@l L2(0, 73127 (02))
+Cn'™ IVadll 20,702 (@) -
where o = 22*:(7?2);, < 7y since v > % and é—i—%—i—% =1. ByLemma the
right—hand side is bounded, so we conclude that

/. ' | 2t (@) 6 dode

ZAt/@h (op) o™ dx

m=1

< C 1+ N Vaill 20,2+ (02 -
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This brings the proof to an end. (]

Lemma 4.7. Let {(on, wn,un)},~o be a sequence of numerical solutions con-

structed according to (3.5) and Definition[5.1 Then
;' (un) € L*(0,T; W~ 11(Q)),
Proof. By adding and subtracting, we see that for any ¢ € L?(0,T; Wol’OO(Q)),

/0 ' /Q ;' (un) ¢ dadt

T T
:/O /Qat” (up) T} dxdt+/0 /Qath (up) (¢ — TV @) dudt.

From the first equation of the momentum scheme (3.3) with v, = H)L/qﬁ, we have
that

T T
/ / Ol (up) Y pdxdt = — / / pewrly wy, (I @) + (u + A) div, wy, div, 1) ¢ dzdt
0 Q 0 Q

T
+ / / ao) div, I} ¢ dxdt
0 Q

< C (|| curly wi |l 20,7220 |0l L2007 .2(0)
+ [ dive w2 0,7:02 (@) | dive @l L2 (0,122 ()
+ llonllzeo.r:7 @)l dive @l L10.7:L ()

< Cll@ll L2 0,7:w1 ()

where the last inequality follows from Lemma [4.3
From Lemma we also have the estimate

M %
Z/ [uy—]? da:) <hTEC. (4.17)
Q

m=1

10 (wn) || 2(0,7522(0)) = (At)~2 (
Using (4.17)), we estimate

T
d(Ilsu
[ [ R (- 11y ) dode < Cl0f (wn) 201220 | ~ T D202
t

h L
< (C—— Ve 2 .I.2 < Ché,
=~ \/—t” (b”L (0,T;L2(2))

where we in the last inequality have used the relation At = kh. Combining the
previous estimates concludes the proof. O

Recall our notation for the Hodge decomposition of the solution u,
u = curl, ¢ + Vs.

In the next result, we prove that d;(curl, ¢) € L?(0,T; L?(2)). To see why such a
bound is reasonable, apply the curl, operator to the velocity equation (|1.5))

curl, (curl, ¢)¢ + pcurl, curl, w = 0.
Multiplying with (;, integrating by parts in space, and applying Holder’s inequality,
C
[ curly Cl|7 20y < €l curly &7 () + ?H curly wl|7z2 (o)

Fixing € small, and integrating in time

T T
/0 lenrly ¢ 22 dt < C / | eurly w]2aq dt.
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where the right-hand side is bounded. Consequently, it is the higher regularity on
w = curl, u that enable us to obtain the bound.

Lemma 4.8. Let {(on, wn,un)},-, be a sequence of numerical solutions con-

structed according to (3.5) and Definition . Let {(Cny2n)}pso be the sequence
given by the decomposition up(-,t) = curly Cp (-, t) + 21 (-, t) and {u(-,t) € WS’J‘(Q),
zn(-,t) € VhO’J‘(Q), fort e (0,T). Then

ol (curl, ¢p) €5 L2(0,T; LA(2)).

Proof. For any m = 1,..., M, let v]* = 9! (curl, ¢*) € V},. Observe that by the
orthogonality of the Hodge decomposition,

/ o (i) O (curl, ¢ dx = / |0} (curl, C;T)|2 dx.
Q Q

Hence, by setting v} as test function in the first equation of the momentum scheme
(3.3)), multiplying with A¢, and summing over all m =1,..., M, we obtain

M
3 At / |0 (curl,, ¢)|” dwdt
m=1 Q

M
= Z At/ pcurl, wol (curl, ¢*) dadt
m=1 Q

M 3 /M 3
<p (Z At]of (curl, ¢) ||2> (Z At| curl, wallsz(Q)> :

m=1 m=1

An application of the Cauchy inequality with € to the above estimate yields
10" (curly Cn) | 220, 22(0)) < %H curly wy || £20,1:22(92))-

Lemmal[4.3|provides a bound on the right-hand side and hence the proof is complete.
O

5. HIGHER INTERGRABILITY ON THE DENSITY

The stability estimate only provides the bound p(gp) €, L>(0,T; L*(£2)). Hence,
it is not clear that p(pp) converges weakly to an integrable function. Moreover, the
subsequent analysis relies heavily on the pressure having higher integrability. In
this section we establish that the density is in fact bounded in LYT1(0, T'; L7T1(€)),
independently of h. The main technical tool used to achieve this is an equation for
the effective viscous flux:

Pog(o,u) = p(o) — (A + p) div, u.

We start by deriving this equation. For this purpose, fix any ¢ € L2(0,T; L3(Q))
and, for each fixed h > 0, let

vh(t7 ) = H}z/ (VIA_l [¢]) (t’ ')’ te (OvT)7

and
1
U;In:&/t'nz—1vh(s’.) ds, m:17"'7M'

Observe that vy, is constructed such that

+m

1
leL’UZl:E/ 1¢dt7 mzl,...,M.
t’r”.*
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By inserting v} as test function in the momentum scheme (3.3), multiplying
with At, and summing over all m = 1,..., M, we are led to the identity

T T
/ / P.g(on, up)é dedt = / / (OF (un) + pewrl, wy) I (VoA [¢]) dadt.
0 Q 0 Q

Since [, (curl, wi")V, A~ [¢]de =0, for all m = 1,..., M, we can further write

T
/ / Pust(on, un)é dedt
0 Q

T
= [ [ o .87 o] o
/ / (up) + peurly wy) (I (VoA [¢]) = VoA [¢]) dadt.
(5.1)

As ¢ was fixed arbitrary, we can conclude that (5.1]) holds for all ¢ € L?(0,T’; L3(2)).
The following lemma ensures that the last term of (5.1) converges to zero.

Lemma 5.1. Let {(on,wn,un)},~o be a sequence of numerical solutions con-

structed according to (3.5) and Definition , Then there exists a constant C > 0,
depending only on the initial data and the shape regularity of En, such that

/ / (up) + peurl, wy) (I (VoA [¢]) — VLA™ [¢]) dadt

< CO(h + M8l 20,1020, Vo € L*(0,T; LE(R)).

Proof. By this, the Holder inequality, and Lemma we deduce

(up) + pewrly wy) () (VA7 @) — VAT []) dadt

< ch||VzVIA’1 (9] | 2(0,7:22(02))
< (108 (wn) Il 20,722 (0 + |l curly wil 2207220 )

< C(h% + W)|6l| 20,7220

where we in the last inequality have used Lemma [4.3] and (4.17). O

We are now in a position to prove higher integrability of the density. To increase
readability of the proof, we introduce the notation

1
= — d
2= o) /QQS "

for the spatial average value of a function.

Lemma 5.2 (Higher integrability on the density). Let {(on, wn,un)},~, be a se-

quence of numerical solutions constructed according to (3.5) and Definition .
Then

on €, L7T((0,T) x Q).
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Proof. Setting ¢ = g, — (0%)q in (5.1)) yields the identity

T
/ / p(on)on dxdt
0o Ja

T

T
h
+/O /Q(at (up) + peurl, wy)
x (T (VoA [on — (6))a]) — VoA~ [on — (6)a]) dadt,

Applying the Holder inequality and Lemmas [.3] and [5.1] yields

T T
/ /p(Qh)Qh drdt] < / / Of (up) VoA [on — (o)) ] dadt
o 0 70 (5.2)
+C (1 Ty h) llonll 220,722 ()
To bound the first term on the right—hand side, we first note that
T
/ / agl (uh) va71 [.Qh — <Q2>Q] dxdt
0 Jo
m—1 (53)

m
up

M
- Z At/gz T%V’”Ail loi' — (oh)a] da.
m=1

Then, we apply summation by parts to (5.3) and make use of the Holder inequality
to obtain

T
/ /ath (un) VoA [on — (e)a] dudt
0 Q

M
- ‘-ZAt/uZ’lVIA_l (07 (op)] dz
k=1 Q

(5.4)

1 At
*Kt/ /ngvxﬁfl [on — (oh)a] dadt
0

<

M
Z At/ u VL AT O ()] dx
m=1 Q

+ CHUOHL?(Q)HQh - <Q(})L>QHL°°(O,T;LW(Q))7

where we in the last inequality have used elliptic theory (and v* > 2 since vy > %)
to conclude that

||VxA*1 [Qh - <99L>Q} ||L°°(O,T;L2(Q)) < Cllon — <92>Q||L°°(0,T;L”(Q))'
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Next, using integration by parts,

M
> At/ u VLA O ()] dx
m=1 Q
M Qm _ Qm—l
mZ_IAt/QAI [divm uzn_l] <hAth> dx
M
= Z At/ ul op' Vo AT [divy up Y] da
m=1 2

M
+ Y ALY /{)E Loy o (- v)~ (I —D)A™! [div, u* '] dS(a),
(5.5)

where the last equality is deduced as follows: Set ¢} = H(;L?Afl [divx uzl_l] in the

continuity scheme (3.2) and perform the calculation (4.16]).
By setting (5.5)) into (5.4]), and applying Lemma we obtain

T
/ Ay (up) VoA [0 — (0h)a] dadt
0 Q

<C <1 + ||uh”Lz(o,T;Lf”1(Q))||gh|L°°(°’T;“(Q))>
+ DNV AT [dive wn] || 220 7.2 )

where () is given by (4.14)).
Finally, inserting (5.6) into (5.2) and recalling that 5 < 2*, since v > %, gives

2
Y
T
/ / agZH dxdt
0 Q
< C (14 [[unll 20,722 (@) | @nll o< 0,732 (2))) + B Ol dive wnl| 20,7222 ()

+ (1 +h?+ h) llonllL2(0,1:L2()-

The proof then follows from the Holder and Cauchy (with epsilon) inequalities. O

6. CONVERGENCE

Let {(on, wn,un)},~, be a sequence of numerical solutions constructed accord-
ing to and Definition In this section we establish that a subsequence
of {(on,wn,wr)}r>0 converges to a weak solution of the semi-stationary Stokes
system, thereby proving Theorem The proof is divided into several steps:

(1) Strong convergence of the velocity.

(2) Convergence of the continuity scheme.

(3) Weak sequential continuity of the discrete viscous flux.
(4) Strong convergence of the density.

(5) Convergence of the velocity scheme.

Our starting point is that the results of the previous sections ensure us that the
approximate solutions (wy,, up, o) satisfy the following h—independent bounds:

on € L®(0,T; L7(Q)) N LTH((0,T) x ),
wy, €, L®(0,T; L*(Q)) N L2(0, T; W™ 2(Q)),
wy, €, L(0,T; L*(R)) N L*(0,T; W™ ().
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Moreover, in view of Lemma there exists sequences {Cp }h>0, {Zr } >0 such that
uh('a t) = Curlfb Ch('7 t) + Zh('» t)?

(6.1)
Ch('at) € W}?A(Q)? zh('vt) € V}i)’L(Q)a
for all t € (0,T") where
zp, €p L=(0,T; L*(Q)) N L2(0,T; W2(Q)).
curl, ¢, €, L*°(0,T; L*(2)),
and
oy (curl, ¢y) €y L?(0,T; L*(92)).
Consequently, we may assume that there exist functions o, w,u such that
on"=" 0, in L(0,T: L7(2) N L*((0,T) x Q).
wy, 20w, in L°(0, T; L2(Q)) N L*(0, T; W™2(Q)), (6.2)

up, = w, in L=(0,T; L*()) N L*(0, T; W(?MQ(Q))'

Furthermore, using the standard Hodge decomposition v = curl, ¢ + V,s and
orthogonality,

z, "20V,s,  in L°(0,T; L(Q)) N L0, T; W2(Q)),
curl, ¢ "= cwrl, ¢, in C(0, T3 L2(Q)) nWh2(0,T; L2(Q)).
In addition,

(6.3)

h—0 — h—0 —77 h—0 ——
o) 007, o) TN R0 o o log o "= olog o,

where each "= signifies weak convergence in a suitable L? space with p > 1.

Finally, op, on log o5, converge respectively to o, olog o in C([0,77; LY ., () for
some 1 < p <, cf. Lemma and also [5,/11]. In particular, g, olog o, and plog o
belong to C'([0,T]; LY ., ().

6.1. Strong convergence of the velocity.

Lemma 6.1. Let {(on,wn,un)},~o be a sequence of numerical solutions con-

structed according to (3.5) and Definition[3.1 Then
up —u, in L*(0,T; L*(Q)).

Proof. By virtue of (6.1)) we can consider each component of the decomposition
uy, = curly, ¢, + zp,. In Lemma below we prove that
curl, ¢, — curl, ¢, in L%(0,T; L?(2)),

and hence it only remains to prove that z, — z in the sense of distributions.
From Lemma [£.7] we have the the weak time-continuity estimate:

ol (z1) € L2(0,T; W=H1(Q)).
Lemma [2.12| provides the spatial translation estimate:
4—N A
|z (t,2) — 2n(t,2 — )|l L2o.me2 () < CUER + 16177 )2 || diva 21l L2 0.7 2(0)).

where the constant C' > 0 is independent of h and ¢. Lemma [2.3] can then be
applied (recalling (6.3))) to obtain the desired result;

zp, — Vs, in L*(0,T; L*()).
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Lemma 6.2. Given (6.2)) and (6.3)),
wy, h30 w, curl, ¢ 30 curl, ¢ in L*(0,T; L*(Q)).

Proof. Fix any t € (0,T) and m such that ¢t € (™71 ¢™], where t™ = mAt.
Subtract the first equation of (3.3) with v;, = curl, £ from p times the second
equation of (3.3). Multiplying the result with At and summing over allk =1,...,m
yields

t
/ / weurly ny, curl, ¢ — pcurl, wy, curl, &, dzdt
0 /o (6.4)

¢
= / / LW My, + 8f (curl,, ¢p) curl,, &, dxdt,
0o Ja

for all my, &, that are piecewise constant in time with values in W5 (). Fixing
n,€ € C((0,T) x Q), we use in (6.4) the test functions

m(t,) = () = Kt/t » MY n(-,s) ds, te (tm1,tm), m=1,...,M.

m

Ent,) =& () = Ait /tmil MY é(,s) ds, te€ (tm_1,tm),m=1,..., M.

Due to Lemma curl, &, — curl, € and curl, i, — curl, n in L?(0,7T; L*(Q)).
As a consequence, keeping in mind (6.2)) and (6.3)), we let A — 0 in (6.4) to obtain

t
/ / wcurl, ncurl, ¢ — pcurl, wcurl, & dadt
0 Ja (6.5)

t
= / / pwn + O (curl, €) curl, € dxdt, Vn, & € C°((0,T) x Q).
0 Ja

Since C°((0,T) x Q) is dense in L2(0,T; W™ =2(2)) ([10]), we see that (6.5)
holds for all n, & € L?(0,T; Wocurl“”’Q(Q)). Hence, taking n = w, £ = ¢ in (6.5)),

1 i 1
,/ | curl, ¢°2 do = / / plw)? dadt + = (/ | curl,, ¢|? dx) (t), (6.6)
2 Ja 0o Jo 2 \Ja

where curl, ¢° is given by the Hodge decomposition u® = curl, ¢° 4+ V,s°.
Next, setting 1, = wp, and &, = {5, in (6.4]), we observe that

1 t
5/ | curl, ¢P? d:c:/ /y|wh|2 dxdt
Q 0 Jo

M
—|—% (/Q | curl, ¢p,|? da:) (t) + % Z /Q [curl, ¢*]° da.
m=1
(6.7)

Subtracting from (6.7)

t
Jim V /u(|wh\2 ~ w]?) dedt + = (/ | curl, ¢af? — | curl, ¢J? dm) (t)}
=0 | Jo Ja 2 \Ja

1
<1 02 02
}llm% [2/ | curly G, |" — [ curl, ¢ dx] =0,
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where the last equality is an application of Lemma Consequently, for any
te(0,7T),

. 1
lim [MHwh — w3202 + §|| curly Cu(t, ) — curly C(Z, ')||2L2(Q)]

t
= ;llli% {/O /Q,u (|wl* — wpw) dxdt}
+ ilLlL% (/Q | curl, ¢|* — (curl, ¢x)(curl, €) dcc) (t) =0,

where the last term converges to zero due to the weak convergences ([6.3]). O

In the subsequent analysis, we will need the following technical lemma. For
notational convenience, we define the linear time interpolant Il.:

_ m—1
(e f) (6) = 7= 4 (™ = 7, e @) (68)

Lemma 6.3. Given and ,
A div, wy] "3 A dive w), in L2(0, T; WH2(Q)),
A divy Touy) "2° A~V diveu], in L2(0,T; WH2(Q)).
Proof. Recall the continuous Hodge decomposition
u = curl, ¢ + Vg s.
As in the proof of Lemma we have that z, =II}) (V,A™! [div, us]). Hence,
I} (VoA [divg up)) — VAT [dive 6] || 220702 0)
= llzn — Vasllzz(0,7;02(0))-
From Lemma [6.1] we have that the right-hand side converges to zero. Hence, we
conclude that 1T} (V,A™! [div, up]) — VA7 [div, u] in L2(0,T; L?(€2)). Next,
we write
||VxA—1 [divw uh] - V$A_1 [divw u} HL2(O,T;L2(Q))
< Vo AT [divg wp] — ) (VoA [divg wn)) l220,7m:22(0)
+ |0} (VoA [divg wp)) — VoA [divg u) [ 207,02 (0)
< Ch|| divy unl|£2(0,1:L2(02))
+ I (VoA [dive up]) — VoA [dive u] 1200, 7:02(0)) -
By sending h — 0, we discover
VA7 [div, up] — VoA [divew]  in L2(0,T; L*(Q)),

which proves the first part of the lemma.
A direct calculation gives

_ 2 _
[Meun(t. ) = un(t, ) < |[uh L], te (65,

Hence, integrating over (0,7) x Q yields

M-1 ,
2 k
where the last inequality follows from Lemma,
Using elliptic theory and , we conclude
1 1
AT [Meun — uh]HL?(O,T;le?(Q)) < C(At)=.
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Hence, the limits are equal and consequently the second part of the lemma now
follows from the first.
O

6.2. Density scheme. Having established strong convergence of the velocity we
now prove that the numerical solutions converge to a weak solution of the continuity

equation (1.1J).

Lemma 6.4 (Convergence of the continuity approximation). The limit pair (o, u)
constructed in (6.2)) is a weak solution of the continuity equation (1.1)) in the sense
of Definition[2.4}

Proof. The proof is essentially identical to the proof of Lemma 6.4 in [8] and is only
included for the sake of completeness.

Fix a test function ¢ € C°([0,T) x Q), and introduce the piecewise constant
approximations ¢y, := ngﬁ, oy = H,?d)m, and ¢™ = A%: f::,l o(t,-) dt

Let us employ ¢ as test function in the continuity scheme and sum over
m =1,..., M. The resulting equation reads

M
Z At/@@f (o) ¢ dadt
=Y > [ (e )t s e v)) Rl 05

rerf m=1

As in the proof of Lemma [£.6] we can rewrite this as

M
> at [ ol o) o dod
Q

m:lM
= ﬂ;m/g oruUY o™ dx
Py S / [0 T (w - ) (&7 — ¢™) dS(z)  (6:10)

EcE, m=1

0

+ Z/ /a lonlop (un - v)~ (¢n — @) dS(x)dt.

EeEy,
Lemma [4.5] tells us that

Z/ /a lor]op (un - v)” (¢ — ¢) dS(x)dt

1
E\OQ <Chi Hvz¢|\L2(O,T;L2* @)~
EcE),

In view of Lemma

T T
lim/ /ghuhvl.qﬁ d:cdt:/ /quwgb dxdt.
h=0Jo Ja o Ja
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Summation by parts gives
M
> At/ ol (o) ¢ dadt
m=1 Q

T
_ / / on(t — At 2) 2 () dudt / A6} dx
At JQ ot Q
T
=0 [ [ oon dade~ [ ano(0.2) d.
0 Q Q

where (6.2)), together with the strong convergence o9 =0 00, was used to pass to
the limit. Summarizing, letting h — 0 in ((6.10|) delivers the desired result (2.1)). O

6.3. Strong convergence of the density approximation. To obtain strong
convergence of the density approximations gp, the main ingredient is a weak con-
tinuity property of the quantity Peg(op,ur). To derive this property we use
and a corresponding equation for the weak limit P.g(o,u). We start by deriving
the latter.

Let ¢ € C(0,T) be arbitrary, set ¢ = ¥(0 — (¢°)q) in (B.1)), take the limit
h — 0, and apply Lemmas and to obtain

lim/0 /QPeff(gh,uh)w(g— (0®)q) dxdt

ho (6.11)

h—0

T
~ lim / / O (wn) YV A" [0 — (%)a] dudt.
o Ja
Since the operator A~ is self-adjoint, we can integrate by parts to obtain
T
/ / O (up) YV, AT = (QO>Q] dxdt
0o Ja
T
— 7/ /ath (A~ div, up]) ¥(0 — (0%)a) dxdt
o Ja

B _/0 /Q % (A7 [divy ) w(o — (0%)q) dudt,

where the last equality follows by definition of I1. .
Next, we move 1 inside the time integration and use that (0°)q is independent
of time. This gives

T
/0 /Qa? (un) ¥V AT [0 = ()q] dudt
T g L
= —/0 /Qa (YA div, zuy)) o dudt (6.12)

T
+/0 /le(t) (A~ div, Hzup)) (0 — (0%)a) dadt.

At this point, we recall that (o, u) is a weak solution to the continuity equation
(Lemma [6.4). Inserting ¢ = A ~![div, IIouy] as test function in the weak form of
continuity equation gives

T T
/ g (¢A71[divw ngh]) o dxdt = —/ ’lﬁguvail Meup] dedt
0 Jo Ot 0o Ja
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Setting this into (6.12]) gives

/ / O (up) YV,AT [o— <QO>Q] dxdt
0o Ja

T
— [ [ vou (VoA v, Teus]) + 0/ (A div, Hewn) (o — (o)) dadt.
0 Ja
Sending h — 0 and applying Lemma [6.3]

t
}EB/O /Qaﬁ (un) VoA [0 — (%)) dadt

— /0 /ngu (VzAfl [diVm U]) + wl(t)Afl[divr u](g . <QO>Q) dudt.

Finally, we insert this expression in ((6.11)) and obtain
¢
/ / Pus(o, w)ov dadt
0o Ja
¢

/O [ ou (VA7 v, ) + /(A div, wl(o = (¢")o) da

(6.13)
Lemma 6.5 (Effective viscous flux). Given the convergences in (6.2)),

T T
lim / / Y Peg(0n, un)on dedt = / / Y P.g(0,u)p dadt,
h=0Jo Jao o Ja

for all v € CL(0,T).

Proof. Let ¢ € C1(0,T) be arbitrary and set ¢ = 1(on, — (0°)q) in to obtain

T T
lim/ / VY P¢(on, un)on dedt = lim/ / Ay (up) YV A [on — (0%)a] dzdt,
h—0Jy Jo =0 Jo Jo

(6.14)

where we have also used Lemmas and As in (5.4) and (5.5) we can use

summation by parts and the continuity scheme (3.2)) to deduce the following equality
for the the right—hand side:

T
/ /Q3th (up) YV AT [on — (0))a] dudt
0
M
== M / up 'O (W) VoA o — (ef)a] + up TN VLAT [0 (o] da
m=1

At
- Ait /0 /J’“gvrkl [(on — (eh)e)] dadt

M
=-> At/ﬂu}?‘laf (™) Vo AT [0 — (op)a] da
m=1
M
+ Z At/ ¢m71ungZﬁLVl.Afl [divw ’u,hm_l] dx
m=1 Q

M

£ 8 [ s () (O~ DA v up ) dS()
m=1  Eck,”9F

1

At
B E/ bup Vo AT [(on — (h)e)] dudt.
0 Q
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Taking the limit A — 0 and applying Lemma [4.5] gives

T
lim/o /Qath (up) YV AT [on — (0))a] drdt

h—0

M
. m—1_m m — : m—1
:}LLmOmE_lAt/sz Yupt o Ve AT [divp upt Y da (6.15)

—/ /uw’(t)VIA_1 [o—(")a] dadt.
0o Ja

We will now pass to the limit in the first term on the right-hand side.
From Lemmas and we have that

on — o in L=(0,T5L7(2)) N L0, 15 L7H(Q),
up —w in L*(0,T; L*(Q)), (6.16)
VAT [divy up] — VAT [diveu]  in L2(0,T; L*(2)). (6.17)
This is insufficient to pass to the limit in the desired term. However, since uy €
L*(0,T; Lﬁ))) N L?(0,T; L* (R2)), we can by similar arguments as in the proof

of Lemma [6.3|deduce that V, A~ [div, uy] €, L>(0,T; L2(2))NL2(0,T; L* (Q)).
Let 3 be given by

2 1 N 1
3 2 2
Then, G > % — ¢, for any € > 0. Since 2 < 3, the standard interpolation

inequality can be applied and yields

T T
/0 11 dt < / Ly 12

< HfHQLOO(O,T;L?(Q))Hf“QL?(O,T;L?*(Q))'
From this inequality, we conclude
VA7 [div, up],up € L0, T; LP (), (6.18)
For notational convenience, we introduce the function gy
gn(t,) = un(t, ) - VoA [divy up(t — At, )]

Note that gy is precisely the scalar product in (6.15). From the Holder inequality
and (6.18)), we have in particular that

gn €n L*(0,T; L*(Q))
This, together with (6.16)) and (6.17)), tells us that
gn — g :=uV,A " [div,u], in LP(0,T;LP(Q2)), for any p < 2, as h — 0.

Hence, gnon — go in the sense of distributions on (0,7") x . This is sufficient
to pass to the limit in the first term on the right-hand side of (6.15)). By sending
h — 0 in (6.15)), we obtain the identity

h—0

. T h -1 0 .
Jim /0 /Q O (un) ¥V, A1 [on — (0))a] dadt o

T
_ / YouV, A~V [div, u] — ug (VA [o— (O)q] dudt.
0 Q
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Then, (5:19) in (6:14) yields

T
lim/ /PCH(Qh,uh)¢gh dxdt
h—0 0 Q

T
— / / YouV, A [div, u] — uy) () VA7 [g — <QO)Q] dxdt
o Ja

T
— /0 /Q’t/m)u (VoA [div, u)) + ¢ (8)(0 — (*)q) (A" div, w) dadt

T
_ / / Ponlo, w)bo dadt,
0 Q

where the last equality is (6.13). This concludes the proof. O

We are now in a position to prove strong convergence of the density approxima-
tions.

Lemma 6.6 (Strong convergence of the density). Suppose that (6.2)) holds. Then,
passing to a subsequence if necessary,

on — o ae in(0,T)x Q.

Proof. The proof is identical to that of Lemma 6.6 in [8] and is included for the
sake of completeness.

In view of Lemmal6.4] the limit (o, ) is a weak solution of the continuity equa-
tion and hence, by Lemma [2.6] also a renormalized solution. In particular,

(olog o), + div, ((olog Q) u) = odiv, u in the weak sense on [0,T) x Q.

Since t — plog g is continuous with values in some Lebesgue space equipped
with the weak topology, we can use this equation to obtain for any ¢ > 0

t
/ (olog o) (t) dx —/ 0o log oo dx = —/ / odiv, u dxds (6.20)
Q Q 0o Jo

Next, we specify ¢, = 1 as test function in the renormalized scheme (4.1)),
multiply by At, and sum the result over m. Making use of the convexity of zlog z,
we infer for any m=1,..., M

/g;”loggzn dm—/ 09 log 09 dx < — ZAt/ op divy up' dedt. (6.21)
Q Pt Q

In view of the convergences stated at the beginning of this section and strong
convergence of the initial data, we can send h — 0 in (6.21)) to obtain

t
/ (glog g) (t) dz —/ 00 log oo dx < —/ / odiv, u dxds. (6.22)
Q Q 0 Ja
Subtracting (6.20) from (6.22]) gives
t
/ (glogg — glogg)(t) dx < 7/ / odiv, u — odiv, u dxds,
Q

for any ¢t € (0,7"). Lemma E 5| tells us that

//leku—gdlvzu dl‘dS—i/ /Q‘Y+1—Q’Ygdxds>0

where the last inequality follows as in [5[11], so the following relation holds:
ologo=plogp a.e. in (0,T) x Q.
Now an application of Lemma [2.1] brings the proof to an end. O
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6.4. Velocity scheme.

Lemma 6.7 (Convergence of the momentum approximation). The limit triple
(w,u, ) constructed in (6.2) is a weak solution of the velocity equation (1.2) in
the sense of (2.3)).

Proof. Fix (v,m) € C>=((0,T) x ), and introduce the projections v, = II} v,

t‘rn tm
ny =1 nand v)" = & [ vp dt, )" = & [ mn dt.
Utilizing v} and n;* as test functions in the velocity scheme ([3.3), multiplying
by At, summing the result over m, and applying summation by parts, we gather

T
—/ / up(t — At, )00 (vy,) dadt
atJa

+ peurl, wpvp + [(p+ A) divy up — p(op)] divy, vy, dadt = / udvi da,
Q

T
/ / wpMp — up curl, gy dedt = 0.
o Ja
(6.23)

In view of Lemma vy, — v in L>®(0,T; WIVP) for any finite p and n;, —
n in L>=(0,7; W™P), Furthermore, by Lemmas and p(on) — plo) in
LY((0,T) x Q) for any a < v+ 1. Hence, we can send h — 0 in to obtain
that the limit constructed in satisfies for all test functions (v,n) €
C((0,T) x Q). Since C°((0,T) x Q) is dense in both L2(0,T; W""?(2)) and
WL2(0,T; L2(Q)) N L2(0, T; WV2()) this concludes the proof.

(|
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