WAVE PROPAGATION IN MULTICOMPONENT FLOW MODELS

TORE FLATTENA, ALEXANDRE MORINB AND SVEND TOLLAK MUNKEJORDA-C

ABSTRACT. We consider systems of hyperbolic balance laws governing flows of an arbitrary
number of components equipped with general equations of state. The components are assumed
to be immiscible.

We compare two such models; one in which thermal equilibrium is attained trough a re-
laxation procedure, and a fully relaxed model in which equal temperatures are instantaneously
imposed. We describe how the relaxation procedure may be made consistent with the second
law of thermodynamics.

Exact wave velocities for both models are obtained and compared. In particular, our for-
mulation directly proves a general subcharacteristic condition: For an arbitrary number of
components and thermodynamically stable equations of state, the mixture sonic velocity of the
relaxed system can never exceed the sonic velocity of the relaxation system.
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1. INTRODUCTION

Dynamic simulations of multicomponent flows often involve non-equilibrium processes. Driv-
ing forces towards equilibrium occur in the equations as relaration source terms, which may be
extremely stiff if the relaxation time towards equilibrium is small. In this paper, we consider
hyperbolic relaxation systems in a form similar to the description by Chen et al. [7]:

oU  OF(U) ow(U) 1

— 4+ ———+AU)————=+ -R(U) =0, 1

3t+8x+()8x+e() (1)
to be solved for the unknown M-vector U. The system is endowed with a m x M constant-
coefficient matrix @ with rank m < M such that

QR =0 YU. (2)
Furthermore, we assume that QA dW is an exact differential:
QAdW =dG(U). (3)
Multiplying (1) on the left by Q we obtain a conservation law for the reduced variable V' = QU
ov 0
4+~ (OF =0. 4
b (QF(U) +GU) =0 ()

We now assume that each V' uniquely determines a local equilibrium value U = £(V), satisfying
R(E(V)) =0 as well as

QE(V)=V  WV. (5)
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Now (4) can be closed as a reduced system by imposing the local equilibrium condition for U,
namely

U=¢£&(V), (6)
ov. O0F(V)
ot or 0 ™
where the reduced flux F is defined by
F(V)=QF (E(V)) +G(E(V)). (8)

Chen et al. [7] studied stability of solutions to such relaxation systems for the special case A = 0,
i.e. the hyperbolic part of (1) is conservative. In particular, they based their analysis on the
requirement that the relaxation term should be entropy dissipative.

We remark that for the general case of non-conservative hyperbolic balance laws, where A dW
in (1) is not an exact differential, the study of uniqueness of solutions requires an extension of the
standard theory for conservative systems. This has been an active area of research in recent years,
see for instance [6, 8].

1.1. The Subcharacteristic Condition. Central to the question of stability of relaxation sys-
tems is the subcharacteristic condition, a concept introduced by Liu [13]. Within our formulation,
this concept may be defined as follows:

Definition 1. Let the M eigenvalues of the relaxing system (1) be given by

M. <A< N1 <. < A (9)
and the m eigenvalues of the relaxed system (6)—(7) be given by

M<. <A <A << A (10)
Herein, the relazation system (1) is applied to a local equilibrium state U = E(V') such that

M= MEV), Ky = AV, (1)

Now let the :\j be interlaced with A\, in the following sense: Each S\j lies in the closed interval
[Ajs Ajrai—m]. Then the relaxzed system (6)—(7) is said to satisfy the subcharacteristic condition
with respect to (1).

Chen et al. [7] were able to prove the following: If the relaxation system (1) may be equipped
with a convex entropy function that is dissipated by the relaxation term, then the subcharacteristic
condition holds. Furthermore, a converse holds for linear systems and general 2 x 2 systems.

Although the subcharacteristic condition is formally neither a necessary nor sufficient condition
for stability in general, it is nevertheless an essential condition for linear stability and is in practice
required for most physically meaningful relaxation processes. Hence the literature commonly puts
a strong focus on this condition, see for instance Baudin et al. [4, 5] for an application to a
two-phase flow model.

A main result of this paper is a proof that the subcharacteristic condition holds for the models
we are studying. In particular, we present explicit expressions for the eigenvalues of the models
by which it may easily be verified that the condition holds.

1.2. Applications to Multiphase Flows. In addition to modelling actual physical processes,
relaxation systems are significant also from the viewpoint of pure numerical analysis — the relax-
ation system (1) may be used as a starting point for devising numerical methods for the relaxed
system (6)—(7). A classic paper in this respect is the work of Jin and Xin [11], who devised a
general method in which a conservative system in the form (7) is recast as the limit ¢ — 0 of (1),
where M = 2m and the hyperbolic part of (1) is fully linear. By this, they were able to construct
a numerical method where all nonlinearities are encoded in the source terms. Variations of this
approach were applied to the drift-flux two-phase flow model by Evje and Fjelde [10] as well as
Baudin et al. [4, 5].
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Since the works of Saurel and Abgrall [2, 20], there has been considerable interest in apply-
ing various relaxation techniques to multiphase flow models. The starting point for many such

investigations is the two-pressure two-fluid model [3, 19]:

e (Conservation of mass:
9] 0
ot (pgarg) + o (pgagvg) =0,

0 0
- (pecue) + == (peagve) = 0,

ot Ox
e Balance of momentum:
0 0 ;O
ot (Pgagvg) + oz (Pgagvé + agpg) — D 8—; = ,UU(W - Ug)a
0 0 O
a1 (pecgve) + D7 (Peaevf + Oéepe) -p 8—; = iy (vg — vg),

e Balance of energy:

) 1 ) 1 P Oa i

d 1, ) 1, pe i Oay i
a1 peae | 50 +ee) |+ o peave | 507 +ec+ E +p o P (Vg — ve),

e FEvolution of volume fraction:

Oa ;O
21 TV g, = telps —peo).

ot
Herein, we use the following nomenclature for phase k € {g, ¢}:
pr - density of phase k,
pr - pressure of phase k,
vp - velocity of phase k,
ar - volume fraction of phase k,
er - specific internal energy of phase k,
pl - pressure at the gas-liquid interface,
v - local velocity at the gas liquid-interface.

Furthermore, p, and p, are relaxation coefficients and the following relation holds:

ag +op = 1.

(19)

Munkejord [15] fixed p, = 0 and studied the resulting relaxation system for u, — oo, with an
emphasis on assessing a relaxation scheme based on the Roe Riemann solver, and performing

computations with finite p,. Here the energy equations were neglected.

Several authors [9, 12, 16, 21, 22] have performed analytical and numerical studies of the full
relaxation process where both p, — oo and g, — oo, which results in a five-equation simplified
system also briefly described by Stewart and Wendroff [24]. This system may be written in the

following form [16]:
0 0
E(pgag) + %(pgagv) =0,

0 0
—(pere) + a—x(Péaev) =0,

ot

0 0

g(pv) + a—x(pv +p) =0,
OF 0
E‘*‘a—x(v(E‘Fp)) =0,

Doy | Oy _ agag(pec] — pgcg) Ov

ot Ox Pyt + agpec] or’

(20)
(21)
(22)
(23)

(24)
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where the mixture density p is given by

p = pgltg + pecu, (25)

the mixture total energy FE is given by

1
E = pgageg + peager + 5/’”27 (26)
and v and p are the velocity and pressure common to both phases. In addition to p, v and oy, the
independent physical variables are here the temperatures Ty and Tj.

1.3. Outline of This Paper. This paper is motivated by the observation that most existing
works related to the model (20)—(24) assume that the number of independent phases is fixed to 2.
We are interested in generalizing this model to apply to an arbitrary number of components, and
then applying relaxation heat-transfer terms that will drive the model towards thermal equilibrium.
In the fully relaxed limit, we then recover the homogeneous equilibrium model, studied for instance
in [1, 18].

The usefulness of such an extension is twofold:

(1) Several immiscible fluids may coexist without being in thermal equilibrium, and modelling
individual temperatures for each species may be required. For instance, this can occur for
mixtures of hydrocarbons and water relevant for the petroleum industry.

(2) Direct equilibrium calculations for multicomponent mixtures are computationally expen-
sive. Therefore, relaxation schemes based on non-equilibrium models may provide benefits
in terms of efficiency compared to solving equilibrium models directly.

This paper is organized as follows: In Section 2, we detail the models we will be working with.
In Section 2.1, we present the (2N + 1)-equation relaxation model for N components involving N
individual temperatures. We derive necessary and sufficient restrictions on the relaxation terms
imposed by the first and second law of thermodynamics. In Section 2.1.2, we explicitly state our
model in the form (1). In Section 2.1.3, we show that our model reduces to the standard five-
equation model for the special case N = 2. In Section 2.2, we explicitly perform the relaxation
procedure to recover the reduced form (6)—(7).

In Sections 3.1-3.2, we obtain exact expressions for the wave velocities of the models. Our
formulation allows for a direct proof that the subcharacteristic condition as stated in Definition 1
is satisfied. This is stated in Section 3.2.4.

For completeness, we derive an explicit quasilinear formulation of the relaxed system in Sec-
tion 3.3. In Section 4, we summarize and comment on the results of our paper.

2. THE MODELS

The foundation for the models we consider in this paper consists of one mass conservation
equation for each component:

0 0 .
E(piai)—i_a_x(piaiv) =0 Vie{l,...,N}, (27)
as well as a conservation equation for the total momentum of the mixture:
Opv 0 9
4 = =0, 28
or 3 (PU7+D) (28)
where for the purposes of this analysis we neglect any momentum source terms. Here
pi - density of component ¢,
p - density of the mixture,
v - velocity of the mixture,
«; - volume fraction of component ¢,

p - pressure common to all components,
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and the following relations hold:

N
pP= Z Pil,
i=1

N

ZO@ =1.

i=1
We now state some observations that will prove useful later.

Lemma 1. The mizture density evolution equation can be written as

dp 0 B
En + %(pv) =0.

Proof. Sum (27) over all 1.

Lemma 2. The evolution equation for the mass fraction

Y, = Pil
p
can be written as
aY; 9y,
o Ve =
Proof. Write
pic; = pY;
and use (27) and (31).
Remark 1. Note that since Ny
Y Yi=1,
i=1

we have only N — 1 independent mass fraction equations, expressible in vector form

oy oy
ot dr
where
Y
Y = :
Yn_1

Lemma 3. The following momentum evolution equation is valid for each component i:

Pi0G @ -

896_0'

0 0
g (Piciv) + = (piciv®) +

Proof. We have
d(pia;v) = pia; dv + v d(piy)
and also
dv = % (d(pv) —vdp).

Substituting (40) into (39), and using (27)—(28) and (31), we obtain

at

which simplifies to

ox Ox ox

0 ov  p;a; Op 0 B
En (piciv) + plazv% + ; Iz + va—x(plazv) =0

by expansion of derivatives. Lemma 3 now follows from the product rule for derivatives.

9 i (0 o) 0
(pic;v) + p;c (—(pv2 +p)— v—(pv)) +v—(p;a;v) =0,
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Lemma 4. The velocity evolution equation can be formulated as follows:

ov ov 1@_

— —+-—=0. 43
ot + b p Ox (43)
Proof. Expand derivatives in (38) and use (27).
O
Lemma 5. The following kinetic energy evolution equation is valid for each component i:
0 (1 9 0 (1 3 pic;v Op
= | 5P = | spic — - =0 44
8t(2pav>+8x<2pav)+ p Ox (44)
Proof. We expand the time derivative as
d (1 9 1 9 1 v
g (§plalv ) = ivg (pic;v) + 5&0@1}5. (45)
If now now substitute (38) and (43) into (45), we recover Lemma 5 after collecting derivatives.
O

2.1. Relaxation System. In this section, we derive separate energy evolution equations for each
component, where heat is transferred between the components at a rate proportional to their
temperature difference. We start with the assumption that in Lagrangian coordinates, entropy
change is due only to the heat-transfer terms:

piali (E + %) =2 Hy(T; = T, (46)
J#i
where
si = si(p, T;) (47)

is the specific entropy of component i. We further assume that the relaxation coefficients H;; are
independent of the temperatures Ty. From (46), we may then derive energy evolution equations
for each component, using the kinetic energy equation (44) and the fundamental thermodynamic
differential

de; = Tyds; + L dp;. (48)

Pi

Proposition 1. 7o be consistent with the second law of thermodynamics, the relazation coefficients
H;; must satisfy

Proof. For the total cross-sectional entropy given by

N
w = Z i S5, (50)
i=1

we obtain the evolution equation

ow 0 al T, —T,
o T s W) = ;;m T (51)

from (46). Now, inside a closed region R the global entropy €2 is given by:

Q(t)—/Rw(:zr,t)dx. (52)

Hence the second law
— >0 (53)

imposes

ZZHijTji;Ti > 0. (54)
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Now
N
T —
BT —z( )<T ™)
i=1 j#£i Ti 05> & (55)
T‘ -1
- > B sy BT
J
©,J>1 5,J>1
which remains unconditionally non-negative only if
H;; >0, H;; —Hj;; =0 Vi, j. (56)
O

Proposition 2. The entropy evolution equations (46) with the condition (49) respect conservation
of total energy.

Proof. From (46) and the fundamental differential (48), we obtain

Oe; Oe; jZe%; 3p1 8p1
oy | = — H;;(T; - T;)
picx <8t +”ax> Pi <8t ox ; i (57)
where e; is the specific internal energy of component i. Using (27), we can rewrite this as
9] 0 da; 0
E(MQiei) + 8_x(piaieiv) +p ( 5 T %(%UO = ; Hi;(T; — T;). (58)

Summing over all ¢ and using (30) we obtain

gt <Z plazel> + 2 < me&) —|—p8 ZZH” (T; - Ty), (59)

i=1 j#i
which by (49) may be simplified to

pw (Z pzaz(z) 8 < Zm%&) —I—pgx 0. (60)

We now define the total energy E as
al 1
E = 2&'0@' (ei + 5’02) . (61)

Summing (44) over all ¢ and adding (60), we obtain an evolution equation for F in conservative
form:

OE 8
o+, VE+D)=0. (62)
[l

2.1.1. Energy Evolution Equations. In this section, we aim to transform (46) into evolution equa-
tions for the energy E; of each component:

1
E; = pia; (51)2 + ei) : (63)
We start by deriving some preliminary results.
Lemma 6. The pressure evolution equation can be written as
Bp 8 ’U 9 I
= -—= | (T -T;) |, 64

where

N -1
2 @i

= E ) 65
c <p £ pl_c%) (65)
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Here
dp

= (301' ) s (96)

represents the single-component velocity of sound, and I'; is the Grineisen coefficient

1 [/ 0op
I'i=— . 67
pi (361'),% (67)
Proof. The differential (48) may be rewritten as
dp = c2dp; + Tip;T; ds;. (68)
From (68) and (46) we obtain
op  Op _ o (Opi Opi I
ot +U8_x =G ot +v o + - ;HU(T] Tz)a (69)

which by (27) may be rewritten as

a; (Op Op Ooy O Y
2 (5 —i—v%) T T @)= o ;HU(T] T;). (70)

Lemma 6 follows from summing over all . O

Lemma 7. The internal energy evolution equation for component i can be written as

9 (picvie:) + 9 (picviev) + pet Qv
at p'L 1% ax pl 1% lpplcg 6$
2
pc
=0i ) Hy(Tj = T) + iy (Hig(0; = 0x)(T; = Tv)) . (71)
i Pic Sk
where
Fip 1 881'
pic — T; (5Si)p (72)

Proof. Substitute (70) into (58) to obtain

0 oni 9 oy _cap (Op  Op\ _(, T T T
2 (piie) + 2 (i) picg(atﬂax)_(l o) S =T (7

Now (71) follows by substituting (64) into (73).

Proposition 3. The evolution equation for the total energy of component i can be written as
o0F; 0 PV Op pc? Ov
+ = (Bw) + B 25 b aip
(Ewv) Oz pricf oz

ot ox
2
pc
=60 Hy(T; —T,) + pE > (Hij(0; = 06)(T; — Tr)),  (74)
J#i g i>k

or equivalently

0FE; 0 pic; O p2c? — pie2\ Ov
ot " on (Biv) + 9 (pv) + aip (7@1@2 e
2
C
=6, Hy(T,~T,) + ;’?ai N (Hiy(0; - 60)(T) — Tr)). (75)
G#i T ki>k

Proof. Add (44) and (71) to obtain (74). O
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2.1.2. Canonical Relaxation Form. In this section, we explicitly express the above model in the
form (1). We emphasize that since the system is partially non-conservative, there is no obvious
preferred choice of variables in which to express the balance equations; however, conservation of
total energy must be respected.

For the (N = 2)-model previously investigated, the authors [9, 12, 16, 21, 22] commonly choose
to express the equations in terms of total energy and volume fraction, as stated by (20)—(24). This
formulation naturally follows from performing the relaxation procedure on the model (12)—(18).

However, to preserve the symmetry in the equations, we here choose to express our model
in terms of the energy evolution equations for each component. Summing these equations then
automatically yields conservation of total energy, as stated by Proposition 2. In the context of
(1), we obtain:

[ praq | [ proqv ]
PNON PNONV v
U=| pv |, FU)= |pv?+p|, W({U) = [v] . (76)
E1 Elv
L En | L Env i
Furthermore, the (2N + 1) x 2 matrix A is given by
0 0 -
0 0
1 0 0
A(U) = — pc2—p102 . (77)
P | prar  aup (Tfl)
PC'Z*PNC2
|PNON  QNp (7”(% N) |
The relaxation source term is given by
_ 0 -
0
_ 0
R(U) = - , (78)

C2
01 1 g (T = T) + 5z on 3o o, (s (05 — O) (T = Ti))

2

1ON D v (T — Tn) + Lo an Doy oy (i (05 — 0k) (T — Ti)) |

2
PNCN

where

hij = EHij. (79)

2.1.3. Relation to Five-Equation Model. In this section, we wish to illustrate that our model
essentially reduces to the five-equation model [9, 12, 16, 21, 22] for the special case N = 2.
From our general model (76)—(78), we may derive an evolution equation for the volume fraction:

Lemma 8. The evolution equation for the volume fraction of component i can be written as

Oay; Oay; _picf — pc? Ov

ot "V T pic?  Ox
I; pc? Iy r;
=S Hyli=T) a5 3 | Hy | o = =5 | (=T | . (80)
PiC 7 i g >k N
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Proof. Substitute (64) into (70) and expand derivatives. O

Now for N = 2, this may be written as

0 0 2—pici) 0 r r
1 a1 _ m0a(pacy —prcq) O i (—1 + —2> Hi (T2 — Th). (81)

ot ox a2p1C? + aipacs Oxr  azpicd +aipacs \a1 o

Augmenting this with the mass, total momentum and total energy equations (20)—(23), we recover
the formulation of the five-equation model stated in [21], Section 5.5.

2.2. Relaxed System. We now consider the system obtained by letting the relaxation coefficients
H;; tend to infinity, i.e. we achieve instantaneous thermal equilibrium. In addition to the mass and
momentum conservation equations (27) and (28), we replace the componentwise energy evolution
equations (74) with:

o Fquality of temperatures:

o Conservation of total energy:
oE 0
- T3 (0(E+p) =0, (83)
In the context of Section 1, the (N + 2) x (2N + 1) matrix Q is given by
1 ifi=j,
Q = [Qij], Qij =41 ifj>iandi=N+2, (84)

0 otherwise.

We may then verify that (2) holds. Furthermore, we obtain:

P10 0 pLO1V

VIU)= | pyan|: GO =1lo|, FV)=|,vanv (85)
pv 0 pv® +p
E pv Ev

and the local equilibrium value £(V') is determined by (82).

Remark 2. Note that the matriz Q reduces to the identity matriz for the special case N = 1,
where the equilibrium condition is already satisfied by the relazation system. However, in Section 1,
we explicitly assume that

rank(Q) < M = 2N + 1. (86)
Throughout this paper, we will assume that N > 2 so that (86) holds.

3. WAVE STRUCTURE

In this section, we derive the wave velocities associated with the relaxation and relaxed models,
formally given by the eigenvalues of the coefficient matrix of the system in quasilinear form. Our
derivation will rely heavily on the similarities between our systems and the well known Euler
system for single-component gas dynamics.

3.1. Relaxation System. The system (76)—(78) may be expressed in an alternative form as a
composition of 3 parts:

e An “isentropic Euler part”, consisting of (28) and (31);
e A mass fraction part (36);
e An entropy part (46).
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From (36) and (46) we immediately see that s; and Y are characteristic variables. Hence v is an
eigenvalue of the system with multiplicity (2N — 1), corresponding to N entropy waves and N — 1
mass fraction waves.

From (28) and (31) we then obtain the remaining eigenvalues:

A=v=Eé, (87)

where

.....

Proof. Consider the differential

XN: dlpic) _ zN:dai + i (a— dpi) — iv: ( 0‘02 dp + (’)(dsi)> , (90)

i=1 Pi i=1 1=1

which can also be written as

N N N N
d(pic:) d(pY;) ay; (Yz)
T - +2_ (5 ) de 91
We then have
N Y
22 _ (@) Zi:l 0i (92)
N o
8p Y,sl ..... SN Zi:l Picf
and (89) follows. -

Remark 3. Note that when N = 2, (89) reduces to a classical expression for the two-phase sonic
velocity, sometimes referred to as the “Wood speed of sound” [21]. This expression is also derived
in [17] by considering one phase as an elastic wall for the other.

3.2. Relaxed System. The relaxed system (85) may also be expressed in a convenient alternative
form as:

e A mass fraction part (36);
e A “mixture Euler” part, consisting of:

dp 0
2 (00) + (e 1) =, (04)
OE 0
- T oo (E+p)v). (95)

From (36) we see that there are N —1 characteristics with velocity v corresponding to mass fraction
waves. The remaining 3 eigenvalues may now be found from the Euler system (93)—(95), by means
of the following result:

Proposition 5. The mizture entropy given by

N
s= ZYisi (96)
i=1

satisfies the characteristic equation

0s 0s
E + U[)_x =0. (97)
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Proof. The assumption of immiscibility implies that the differential (48) holds individually for each
component. Substituting (48) into (95) and using (61), we recover (97) by textbook simplifications
made possible by (93) and (94).

O

Hence, in addition to the N — 1 mass fraction waves and the mixture entropy wave (97), we
obtain two sonic waves with velocities v 4 ¢, calculated in a standard way from the reduced Euler
system (93)—(94). Herein, the sonic velocity ¢ is given by

3.2.1. Some Thermodynamic Derivatives. In order to obtain an explicit expression for ¢, we will
first need some intermediate results. In particular, the following parameter will prove useful:

_ (9T _ 1 (9pi
Ci‘(ap>sf p%(asz-)p' (99)

A number of useful thermodynamic derivatives may now be expressed in terms of (.

8Si - 1 8[)1 . Cicp.,i
(3P>T_p? (5T>p_ T (100)

where the specific heat capacity c,; is given by

Lemma 9.

681'
cpi=T 8T) . (101)
P
Proof. The result follows directly from (99) and (101). O
Lemma 10. .
9p; 1 piCicpi
— — 4 Fisimpe 102
< dp )T cf N T (102)

Proof. The result follows from (66), (99), (101) and the relation

> > ( > ) < . ) < o )
= + . 103
( op ) r o)., 0s; » op ) (103)

O
Lemma 11.
(%)p = Cp (1 - g%) . (104)
Proof. The result follows from
(39,73, 59),
and (100). O
Lemma 12.
(), - o6
Proof. The result follows from
()7 (&), 5 (), o)

as well as (100) and (102). O
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3.2.2. The Relazed Sound Velocity é. Armed with these results, we are now able to obtain an
explicit expression for ¢ as given by (98). To this end, we first state the following Lemma:

Lemma 13. The differential (90) can be written as

N N N
d(pic:) 7 > i1 6iChyi
SECAIND o (K1 PHES 1L 208

j ¢ i=1 i

Zi:l Opyi
N N N N 2
+ (TZ C ) > GChi Y Crpi— (Z <Z-Cp,z-> dp+0(dY), (108)
i=1 i=1 i=1 i=1

where the extensive heat capacity Cp; is given by

-1

Cpi = pitiCp;. (109)
Proof. Use (100) and (102) to obtain
N N N N
YA =3 (San) =3 (i + ) (o am
Furthermore, use (100) and (101) when differentiating (96) to obtain
Z Cpyi ad Cp,i
ds_;(Yi e )dT—;(YZ—Q%)dp—l-O(dY). (111)
Substitute (111) for d7" in (110), and (108) follows. O

To achieve further simplification, we will find use for a general summation lemma:

Lemma 14.

Z v3y;) Zyz <Z (ziy:) ) = iy — ). (112)

j>i

Proof.
2
Z(wfyi) : Zyz - (Z(ﬂ%‘))
Z wyD) Y vy — Y (3Y)) = > wiwsyy;

iF#£] % iF#]
:Z T3y, — TiTYiy;) = Z ((iU + x5 )yzyj 2T545YiY; )
i#j j>i
=Y yiyj(a; — x:)*. (113)

j>i

Proposition 6. The relaxed mirture sonic velocity (98) may be written as

N
cr=¢24p (TZ C ,i) Z Cp,iCh,; (G —G)?, (114)
i=1

>

where &, given by (89), is the mixture sonic velocity of the relaxation system of Section 2.1.

Proof. Lemma 14 allows us to write (108) as

Ezj'vzl Cicpyi
T Z Cp,i Z CpiCpi(G = G)* | dp—p ZF=2 P ds+O(dY).
3> ZiZl Cp-ﬂ

N

N

d i O
> (ppi ) _ Yo
i=1

zlpl

(115)
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Using (91), we may then express the mixture sound velocity as

ap N oy T (XL N o
() (3E) (S (rYa) Sedus-r). o
p Y,s pl =1 plci i=1

i=1 j>i

and (114) follows.
O

3.2.3. Alternative Formulations. Several equivalent formulations of the equilibrium mixture sound
velocity ¢ are known from the literature. For equilibrium flow of two immiscible components,
Stadtke [23] obtained the following result:

o _ _ 2 117
c p (04171 + azy2 G+ Coa (181 + azfa) ) , (117)
where
L (9Op
N , 118
gi=— aT)p (118)
1 3Pi>
P = — . 119
= ( ) (119)

Proposition 7. The expression (114) is equivalent to (117) when N = 2.
Proof. Using (100) and (102) to substitute for 3; and «; in (117), we recover
P CpaCpa(Ca — Gi)?

-2 _ a2
—2y 120
¢ ¢ T Cp)l +C 2 ( )
which corresponds to (114) for N = 2. O
Furthermore, Abgrall [1] derived the general result
al pe+p
=2
“=> YiPi+ Pe, 121
; p (121)
where the parameters P are defined through
N
dp = Pid(picv;) + Ped(pe) (122)

=1

with
N
e=Y Y. (123)
1=1

In Section 3.3, we will show that the expression (114) can be written in the form (121) for our
model.

3.2.4. The Subcharacteristic Condition. Although related formulations of the mixture sound ve-
locity ¢ already exist in the literature, the particular formulation (114) we have obtained in this
paper will now prove useful. In particular, it straightforwardly leads to the following result:

Proposition 8. Assume that the relazation sonic velocity ¢ given by (89) is real and non-zero,
i.e. ¢ > 0. Then the relazed system of Section 2.2 satisfies the subcharacteristic condition given
by Definition 1, with respect to the relaxation system of Section 2.1, subject only to the condition

Cpi>0 Vi, (124)

which is assured by thermodynamic stability theory.
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Proof. We observe that the difference

N —1
=1

J>i
is strictly non-negative under the condition (124). Hence
E<e, (126)

and the equality holds only if all {; are equal. Furthermore, in the context of Definition 1, we
have that M = 2N 4+ 1 and m = N + 2, and we assume that N > 2 as stated in Remark 2. The
eigenvalues are given by

AL =v-¢ (127)
Aoy ey Aon = 0, (128)
Aani1 =0+ & (129)
and
M =v—¢ (130)
A2, AN4L = U, (131)
ANtz =0+ @6 (132)
The interlacing condition of Definition 1 becomes
A € gy Ajen—a] Vi, (133)
which by inspection of (127)—(132) yields the following conditions:
v—_CE [v—¢é), (134)
v € [v,v], (135)
v4é € w,v+d, (136)
which by (126) are all satisfied. O

3.3. Quasilinear Formulation. In this section, we derive an explicit quasilinear formulation of
the relaxed system described in Section 2.2. More precisely, we express the system in the form

ov ov

= tAV)5- =0, (137)
where
A(V) = aggf ) (138)

In addition to facilitating further analysis, such a formulation provides advantages when devising
numerical methods for the model. An application of this has already been presented in [14].

3.3.1. Some Intermediate Results. We will start by deriving some intermediate differentials that
will prove useful for our further analysis.

Lemma 15. The internal-energy differentials satisfy

. - o Zfi1 Cp,i al dV; T le\il Cp,z‘ Ej>i Opyicp-j (CJ - Cz)Q
> Vide; = (p- TSm0 + | == + N dp
i=1 Zi:l CiCp,i i=1 pi pe Zi:l Cicm Zi:l Cicm

(139)
Proof. Use Lemmas 11 and 12, as well as the definition (89), to obtain

S Ve =Y (Cri(1-ck))dT+ < LS G (1- g%)) dp.  (140)
i=1 =1

F2
C
i=1 P

Use (110) to eliminate d7" from (140), and simplify by use of Lemma 14. O
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Lemma 16. The total specific internal-energy differential may be expressed as

N N N

C, dV; T L Chi

d(pe) =" (el ) avi — T%}: Vi | 7235—# dp. (141)
i=1 Pi 2 i1 GCpi i P PE= Y it1 GiCpi

Proof. Use

Z Vi de; = d(pe) Zez av; (142)

i=1
in (139) and simplify using (114). O

Lemma 17. The pressure differential may be expressed as

2 EN: C ZN C ZN: 1 2

A dL p i=15iYp,i ) _p _ - N

dp—pC , 70 , (ez—I— : 2’U )dh-ﬁ-’l}dh\“_l dLN+2 . (143)
i=1 Z’L 1P i=1

Proof. Use

N
1
d(pe) = 502 D AV —vdVivir +dVige (144)
i=1

in (141) and solve for dp. O

Lemma 18. The pressure-transport differential may be expressed as

N

o =t S S (e B )2

T Zz ICPZ i=1

S . (145)
<I_7 _ v2£ Zz?\} Gi m) AV L Pe Zz?\} GCp AV 42
P T Zi:l Ch,i r Zi:l Ch,i
Proof. use
d(pv) =vdp+pdv (146)
together with (29) and (40) in (143). O

3.3.2. The Jacobi Matriz. We will find it convenient to split the flux vector into convective and
pressure terms as follows:

F(V) =F (V) + Fp(V), (147)
where
Fo(V) =0V (148)
and
(0] [ V] [ par ]
0 Va p20r2
Fp(V) = .E V= vo | 71 ovan | (149)
Vi1 pU
| PV | |VNi2] L pe + %02_
Then we may write
A(V) = A (V) + A, (V), (150)
where
A (V) = 0F(V) and  A,(V) = afp(v). (151)
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Proposition 9. The convective Jacobian matriz A. can be written as

(I1-Y1)v —Yiv e —Yiv Y1 0]
—Ysv (1-Yo)v e —You Y5 0
A(V) = ; - - : : | (152)
—YN’U —YN’U . (1 — YN)’U YN 0
—? —v? —? 2v 0
L~ (e—i—%vz)v —(e—i—%vQ)v —(e—f—%vQ)v e—i—%vQ |

where
N
e=Y Y. (153)
i=1

Proof. From (148) we obtain

dF. =vdV + Vdo, (154)
which together with (29) and (40) yields the result.
O
Proposition 10. The pressure Jacobian A, can be written as
~9 N C )
Ap:Al—F%WAQ, (155)
Zi:l Ch,i
where
i 0 0 0 0 0]
0 0 0 0 0
AV)=1 0 . 0 0 0 (156)
o P2 N
v(&_g) v(&_g) v(&_ﬂ) )
L P1 P P2 P PN P P J
and
I 0 0 0 0 0]
0 0 0 0 0
A(V) = 0 0 - 0 o o (57
%’U2—€1—l% vt —e— £ %UQ—eN—pLN —v 1
v (%U2—€1—pﬂl) U(%’l}2—€2—p%) v(%vQ—eN—pLN) —v? v]
Proof. The result follows directly from Lemmas 17 and 18 applied to (149). O

By the above calculations, it follows that the relaxed system of Section 2.2 can be written in
the form (137), with

2 N
A= Ao+ A+ %M& (158)
Zi:l Ch.i
where A., A; and Ay are given by (152), (156) and (157).
We are now in position to prove the following:

Proposition 11. The mizture sound velocity ¢, given by (114), satisfies Abgrall’s formula (121).
Proof. From Lemma 17 it follows that

_p® pP Y GG < p>

R Ll e; + &
o T Z?’:l(}p’i Yo

(159)
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and N
25N o
P = %Zz?} GiCpi (160)
Zi:l Cy.i
in the context of (122). By this, (121) simplifies to the trivial identity
N X
F=>YVE =) wmd =2 (161)
P |
O

4. SUMMARY

We have studied a relazation system modelling the flow of an arbitrary number of immiscible
fluids. The fluids are assumed to flow with the same velocities and to be in mechanical equilibrium,
i.e., to have the same pressure. Thermal equilibrium is not assumed, instead heat transfer has
been modelled by a relaxation procedure. The relaxation procedure has been carefully chosen
to respect the first and second law of thermodynamics. In this respect, we have extended upon
previous works [12, 21], that considered the special case of two separate fluids.

Furthermore, we have studied the relaxed limit where thermal equilibrium is instantaneously
imposed. This relaxed limit is sometimes referred to as the homogeneous equilibrium model. We
have derived a formulation of the mixture sound velocity of this relaxed model, from which it
is straightforward to see that the relaxed system unconditionally satisfies the subcharacteristic
condition. The physical interpretation of this result is that the instantaneous equilibrium condition
imposes a slower mixture sound velocity compared to the non-equilibrium case. Although this
result may be obtained by other means, the proof presented in this paper seems original, and
provides insights into the effects of relevant thermodynamic parameters on sonic propagation.

ACKNOWLEDGEMENTS

This work was financed through the the CO2 Dynamics project. The second author has received
a PhD grant from the BIGCCS Centre. The authors acknowledge the support from the Research
Council of Norway (189978, 193816), Aker Solutions, ConocoPhilips Skandinavia AS, Det Norske
Veritas AS, Gassco AS, Hydro Aluminium AS, Shell Technology AS, Statkraft Development AS,
StatoilHydro Petroleum AS, TOTAL E&P Norge AS and Vattenfall Research and Development
AB.

REFERENCES

[1] R. Abgrall, An extension of Roe’s upwind scheme to algebraic equilibrium real gas models, Comput. Fluids
19, 171-182, (1991).

[2] R. Abgrall and R. Saurel, Discrete equations for physical and numerical compressible multiphase mixtures, J.
Comput. Phys. 186, 361-396, (2003).

[3] M. R. Baer and J. W. Nunziato, A two-phase mixture theory for the deflagration-to-detonation transition
(DDT) in reactive granular materials, Int. J. Multiphase Flow 12, 861-889 (1986).

[4] M. Baudin, C. Berthon, F. Coquel, R. Masson and Q. H. Tran, A relaxation method for two-phase flow models
with hydrodynamic closure law, Numer. Math. 99, 411-440, (2005).

[5] M. Baudin, F. Coquel and Q. H. Tran, A semi-implicit relaxation scheme for modeling two-phase flow in a
pipeline, SIAM J. Sci. Comput. 27, 914-936 (2005).

(6] S. Bianchini and A. Bressan, Vanishing viscosity solutions of nonlinear hyperbolic systems, Ann. of Math. 161,
223-342, (2005).

[7] G.-Q. Chen, C. D. Levermore and T.-P. Liu, Hyperbolic conservation laws with stiff relaxation terms and
entropy, Comm. Pure Appl. Math. 47, 787-830, (1994).

[8] G. Dal Maso, P. G. LeFloch and F. Murat, Definition and weak stability of nonconservative products, J. Math.
Pures Appl. 74, 483-548, (1995).

[9] V. Deledicque and M. V. Papalexandris, A conservative approximation to compressible two-phase flow models
in the stiff mechanical relaxation limit, J. Comput. Phys. 227, 9241-9270, (2008).

[10] S. Evje and K. K. Fjelde, Relaxation schemes for the calculation of two-phase flow in pipes, Math. Comput.
Modelling 36, 535-567, (2002).
[11] S. Jin and Z. Xin, The relaxation schemes for systems of conservation laws in arbitrary space dimensions,

Comm. Pure Appl. Math. 48, 235-276, (1995).



[12]
[13]
[14]
[15]
[16]
[17]
18]
[19]
[20]
[21]

(22]

23]

[24]

WAVE PROPAGATION IN MULTICOMPONENT FLOW MODELS 19

A. K. Kapila, R. Menikoff, J. B. Bdzil, S. F. Son and D. S. Stewart, Two-phase modeling of deflagration-to-
detonation transition in granular materials: Reduced equations, Phys. Fluids 13, 3002-3024, (2001).

T.-P. Liu, Hyperbolic conservation laws with relaxation, Commun. Math. Phys. 108, 153-175, (1987).

A. Morin, P. K. Aursand, T. Flatten and S. T. Munkejord, Numerical Resolution of CO2 Transport Dynamics,
SIAM Conference on Mathematics for Industry: Challenges and Frontiers (MI109), San Francisco, CA, USA,
October 9-10, (2009).

S. T. Munkejord, Comparison of Roe-type methods for solving the two-fluid model with and without pressure
relaxation, Comput. Fluids 36, 1061-1080, (2007).

A. Murrone and H. Guillard, A five equation reduced model for compressible two phase flow problems, J.
Comput. Phys. 202, 664-698, (2005).

D. L. Nguyen, E. R. F. Winter and M. Greiner, Sonic velocity in two-phase systems, Int. J. Multiphase Flow
7, 311-320, (1981).

S. Qamar and G. Warnecke, Simulation of multicomponent flows using high order central schemes, Appl.
Numer. Math. 50, 183-201, (2004).

V. H. Ransom and D. L. Hicks, Hyperbolic two-pressure models for two-phase flow, J. Comput. Phys. 53,
124-151, (1984).

R. Saurel and R. Abgrall, A multiphase Godunov method for compressible multifluid and multiphase flows, J.
Comput. Phys. 150, 425-467, (1999).

R. Saurel, F. Petitpas and R. Abgrall, Modelling phase transition in metastable liquids: application to cavi-
tating and flashing flows, J. Fluid Mech. 607, 313-350, (2008).

R. Saurel, F. Petitpas and R. A. Berry, Simple and efficient relaxation methods for interfaces separating
compressible fluids, cavitating flows and shocks in multiphase mixtures, J. Comput. Phys. 228, 1678-1712,
(2009).

H. Stadtke, Gasdynamic Aspects of Two-Phase Flow, Wiley-VCH Verlag GmbH & CO. KGaA, Weinheim,
Germany (2006).

H. B. Stewart and B. Wendroff, Two-phase flow: Models and methods, J. Comput. Phys. 56, 363-409, (1984).



