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1 Introduction

This paper is concerned with a blow-up criterion for the two-dimensional Navier-Stokes
equations of compressible isentropic flows which describe the conservation of mass and
momentum, and can be written in the following form:

pr +div (pu) =0, (1.1)
p(u; +u-Vu) = pAu+ (A + p)Vdivu — VP, (1.2)

where u = (u,v) € R? and p € R, denote the velocity and density, respectively. The
physical constants u, A\ are the viscosity coefficients satisfying 4 > 0, A+ p > 0, P is the
pressure having the following form in the isentropic flow case:

P =ap’, (1.3)

where v > 1 is the specific heat ratio and a > 0 is a gas constant.
For the sake of simplicity, we will consider an initial boundary value problem for (1.1),
(1.2) in the domain Q := {(x,y) € R?* 0 < z,y < 1} with initial data

(P, w)|i=0 = (po, o) In 2 (1.4)
and boundary conditions

u‘x=0:u|x=1:0a Uu ‘ =0 =U | -1 =0,
yly yly (1.5)

U|y:0 = U|y:1 = 07 Ua:|a::0 = Ua:|a::1 =0.

In the last decades mathematical aspects for the compressible Navier-Stokes equations
have been extensively studied and significant progress has been made in the study of global
in time existence for the system (1.1)—(1.3). Assuming that the initial data are sufficiently
small, Matsumura and Nishida [15, 16] first proved the global existence of smooth solutions
to initial boundary value problems and the Cauchy problem for (1.1)—(1.3), and the existence
of global weak solutions was shown by Hoff [9]. For large data, however, it is still an open
question whether a global smooth solution to (1.1)—(1.3) exists or not, except certain special
cases, such as the spherically symmetric case in domains without the origin, see [11] for
example. Concerning weak solutions to the multidimensional compressible Navier-Stokes
equations, the existence of global weak solutions in the isentropic flow case was first shown
by Lions [14], and his result was then improved and generalized in [6, 12, 13], and among
others. We also mention that for non-isentropic flows, Feireisl [7, 8] recently obtained the
global existence of the so-called “variational solution” in the case of real gases in the sense
that the energy equation is replaced by an energy inequality. However, this result excludes
the case of ideal gases unfortunately.

Xin [20], Rozanova [17] showed the non-existence of global smooth solutions when the
initial density is compactly supported, or the initial mass is bounded and solutions decay
to zero sufficiently fast. Since the system (1.1)—(1.3) is a model of non-dilute fluids, these
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non-existence results are natural to expect when vacuum regions are present initially. Thus,
it is very interesting to investigate whether a strong or smooth solution will still blow up in
finite time, when there is no vacuum initially.

Fan and Jiang [4] proved the following blow-up criterion for the local strong solutions to
(1.1)—(1.5) in the case of two dimensions:

T
iy (sup o<+ [ (ol + [9plE2) ) =oc,  provided 7u >0 (16)
T—T 0<t<T 0
The condition (1.6) shows that if p is regular, the smoothness of u can then be guaranteed,
and therefore, a strong solution (p,u) can exist for all time.

Recently, Huang and Xin [10] established the following blow-up criterion, similar to the
Beale-Kato-Majda criterion for ideal incompressible flows [1], for the isentropic compressible

Navier-Stokes equations:
T

lim |Vul| L dt = o0, (1.7)
t—Ty 0
provided

T > A (1.8)

Very recently, Huang and Xin’s result [10] for isentropic flows has been extended to non-
isentropic flows [5].

In view of the non-existence results of global smooth solutions due to Xin [20] and
Rozanova [17], we think that presence of vacuum could be the reason that prevents a local
smooth solution from extending to any time. In other words, if the density is away from
vacuum (p = 0) and the concentration of mass (p = 00), then a strong solution should exist
globally in time. The aim of the current paper is to prove this assertion. More precisely, a
global strong solution to (1.1)—(1.5) exists provided that the density is pointwise bounded
from below and above.

Before giving our main result, we state the following local existence of the strong solutions
with initial vacuum, the proof of which can be found in [3].

Proposition 1.1 (Local Existence) Assume that the initial data pg,ug, Oy satisfy

po >0, po € WH(Q) for some?2 < q <6, ug€ H)(Q) N H*(Q), (1.9)
and the compatibility condition

—pAug — (p+ A)Vdivug + VP(py) = ,0(1]/29 for some g € L*(Q). (1.10)
Then, there exist a T, > 0 and a unique strong solution (p,u) to (1.1)-(1.5), such that

p>0, peC(0,T.], W), p, € C([0,T.], L9),

1.11
u e C(0,T.], H N1 H?) N L*(0, T,; W29), u, € L>(0,T,; L?) N L2(0, T,; HY). (L11)



Remark 1.1 The local existence of strong solutions is shown for the three-dimensional non-
isentropic case in [3], where q > 3 is required (because of W14 < L> in R3). Here for our
two-dimensional isentropic case, q > 2 s sufficient.

Now, we are in a position to state the main result of this paper.

Theorem 1.1 (Blow-up criterion) Let pp € W (g > 2), ug € H?, and m < py < M for
some positive constants m, M. Also assume that the initial data pg,ug are compatible with
the boundary conditions (1.5). If T* < oo is the maximal time of existence, then

'l

lim (HPHLw«o,T)xQ)Jr o™ ILoo((o,T>xQ>> = 00

T—T*

We will prove Theorem 1.1 by contradiction in the next section. In fact, the proof
of the theorem is based on a priori estimates under the assumption that || p”LOO((O’T)XQ) +
1o~ | o< (0,1 x02) 1s bounded for any T € [0,7*). The a priori estimates are then sufficient
for us to apply the local existence theorem to extend a local solution beyond the maxi-
mal time of existence T, consequently, contradicting to the assumption of boundedness of
ol Lo (0,)x9) + 1107 Lo (0,7)x92)-

The key step in getting the a priori estimates is to bound higher order derivatives of
(p,u). The boundary conditions (1.5) could induce some difficulties, if we try to bound the
higher order derivatives of (p,u) directly. Instead, we will adapt and modify the arguments
in [18] to first bound the vorticity curlu and the viscous flux (2u 4+ A)diva — P (cf. [14])
as well as their first-order derivative, since the vorticity and the viscous flux satisfy the
evolution equations (2.3) and (2.4) with the classical Dirichlet and Neumann boundary
conditions (2.7) that are easier to handle (than (1.5)). Then, with the help of the estimates
for the vorticity and the viscous flux, we can bound the higher order derivatives of (p, u).

Throughout this paper, we will use the following abbreviations:

P =Ir(Q), H™=H™Q), H"=H").

2 Proof of Theorem 1.1

Let 0 < T < T* be arbitrary but fixed. Throughout this section we denote by C' (or
C(X,--+) to emphasize the dependence of C' on X, ---) a general positive constant which
may depend continuously on T'. Let (p,u) be a strong solution to the problem (1.1)—(1.5)
in the function space given in (1.11) on the time interval [0, 7.

We will prove Theorem 1.1 by a contradiction argument. To this end, we suppose that

||p||Loo((07T)><Q) + ||p_1||Loo((0’T)><Q) S C fOI“ any T < T*, (2.1)

we will deduce a contradiction to the maximality of T™.



First, we show the standard energy estimate. In fact, denoting

a<p7—p
v—1
a(plogp—p+1), v=1,

_p+1>7 7>17
h(p) =

we multiply (1.2) by u in L*(Q), integrate by parts, use (1.5) and (1.1) to deduce

d [ rpluf? ) N
O T b aos [ (9 s )t =0

Integration of the above identity with respect to ¢ and use of Poincaré’s inequality give
[l o522y + [0l 20,1317y < C. (2.2)

Without loss of generality, we may assume g = 1 in the calculations that follow. Next,
we will adapt and modify the arguments due to Vagaint and Kazhikhov [18] to derive a priori
estimates on the vorticity and the viscous flux under the assumption (2.1). Introducing

A:=u, —v, = —curlu, B:=(2+ \)divu— P,

1 1
L = ;(Ay —I— Bx)7 H = ;(_A:v + By)7

and recalling u = 1 as well as the equations (1.1) and (1.2), we obtain, after a straightforward
calculation, the following equations (see [18, (14)-(15)]):

A +u-VA+ Adivu=L, — H,, (2.3)
Bi+u-VB—pP'(p)diva+ (2 + A\)(ul + 20,uy +v]) = (24 N (Lo + Hy),  (2.4)

p(Li+u-VL) — pLdivu+u, - VA+u, - VB + [Adivu] — [pP'(p)divu],

H(2 4 M) (Ul + v) 4 20uy)e = (Ly — Hy)y + (24 A)(Le + Hy)e, (2.5)
p(H, +uVH) — pHdiva—u, - VA+u, - VB — [Adivu]_ — [pP'(p)divu]
+(2+ A)(ui + UZ + 2051y )y = —(Ly — Hy)z + (2 + A) (Lo + Hy)y, (2.6)

with the following boundary conditions:
A|8Q = 07 Bz'sz = B:c|ac:1 = By|y:0 = By|y:1 = 07
L’x:O = L‘x:l = 07 Ly’yzo = Ly’yzl = 07 (27)
H|y:0 - H|y:1 - 07 Ha:|1’:0 - H.Z’|:L‘:1 = 0.



If we multiply (2.3) and (2.4) by A and (2 + A\)"'B in L?(Q) respectively, integrate by
parts and make use of (2.7), we get

/ A(A; +u-VA+ Adivu)dedy + /(LAy — HA,)dxdy
0 0

1 1
—— | B(B -VB)dzxdy — —— BP'(p)divudzd
+2+A/ﬂ(t+uv)xy 2+A/ﬂp (p)divudzdy
+/ B(u2 + 2vzuy + v )dady + /(LBx + HB,)dxdy = 0,
Q Q

which, by recalling the definition of (L, H) and employing the boundary conditions for (u, v),
yields

1d B2

2dt Jq 24+ A
1

+—/A2divudxdy—
2 Ja

(-

A, + B,)? + (A, + B,)?
Q

p
1

1
B2 di — | pBP'(p)di
2(2—1-)\)/9 divudzdy 2_’_)\/9/) (p)div udzdy
+/ B |divul*dzdy + 2/ B(uyv, — uyvy)dady = 0. (2.8)
0 0

Recalling that B := (24 \)divu — P, we easily find

1

divu|? =
|div u] S

divu (B + P).
Hence, the identity (2.8) turns to
1d B? A, + B.)? + (—A, + B,)?
Q

2dt Jg 24\ 0
1

1
= —- [ A*divudad B*divudxzd
2/Q 1vuxy+2(2+)\)/Q v uaray

1
+—— [ (pP' — P(p))Bdivudzdy — 2/ B(uyv, — ugzvy)drdy
Ell+]2+13+14.

dxdy

(2.9)

We have to estimate each term in (2.9). First, the second term on the left-hand side

of (2.9) can be bounded as follows, using (2.1), integration by parts and the boundary
conditions (2.7).

I ‘_/ (Ay + B,)* + (A, + B,)?
5=
Q P

> C/Q ((Ay + B, + (A, + By)2> dxdy

dxdy

= C/(Af/ + A2+ B2 + B))dxdy. (2.10)
Q
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Keeping in mind that

1
divu:2+—)\(B+P), curlu = —A4,

we have (see [2, 19])
IVullze + [|[VV||r < C||divul|pe + ||curl u|| e
< C([Allze + [1Bllze + [Pl e)- (2.11)

Obviously,
IAlIZ + [1BlZ2 < CIVullZ2 + [IVol|72 + [1P]1Z2). (2.12)

Thus, we use Cauchy-Schwarz’s inequality, (2.1), and (2.11) with p = 2, (2.12) and Gagliardo-
Nirenberg’s inequality in two dimensions (|| - [|2. < C|| - [|z2[|V - ||12) to bound I; as follows.

I < C||divul| 2 || Al 24
< CA+[[All2 + [Bllz2) [ All 2 IV Al 2
<Ce ' (1+ [|Allz2 + |1 Bllz2) + el VA7, 0<e<l. (2.13)
In the same manner, we can obtain
I, < C||div ul 2| B| 7
< Ce ' (L+ || Al + IBlz2) + el VBl (2.14)

and
I3 < C|\divul|2||Bl|7: < C(1+ [|Al72 + | B|72)- (2.15)

The estimate of I, is more involved but in a similar way, we have

I, =-2 /Q B(vyuy, — vyug)dxdy

< 2|| B2 [lvatey — vytia | L2

< C||Bl2[|Vull74

< C|| Bl ([Idiv ul|7s + [leurlu/[7.)

< C||Bllz2 (1B + Pll7a + [1A]74)

< C|IBllz2 (1 + [IAllZs + 1 BII74)

< OBz (1 + | All2 IV All gz + | Bl 72 + 1Bl 2|V Bl 2)

< Ce Y14 ||All72 + | Bll32) + €| VA%, + €| VB3, 0<e<l. (2.16)
Notice that from (2.1) and (2.2) it follows that

/0 (JAIZ + [ BI2:) (1)t < C. (2.17)

Therefore, substituting (2.10)—(2.16) into (2.9), taking e appropriately small, applying Gron-
wall’s inequality and using (2.17), we conclude
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Lemma 2.1
1A, B)llzwoizszr) + (A, B)llzoizsany < C.

HuHL"o(O,T;Hl) S C

Next, we derive bounds on L and H by careful calculations. Multiplying the equations
(2.5) and (2.6) by L and H in L*(Q), respectively, integrating by parts, using (2.7) and
(1.1), we obtain

1d
~ 2 (L2 + HY)dwdy + / <(Ly CH)? 4 (24 N)(Ly + Hy)Q) drdy
- / p(L? + H*)div u dxdy — / A(H, — Ly,)divudzdy

Q Q

- / pP'(p)(L, + Hy)divudady — / L(u, - VA+u, - VB)dzdy
Q Q

— / H(—u,-VA+u,VB)dxdy — (2 + \) / (Lo + Hy)(u} + 2uyv, + v])dady
Q Q

< Clldivul|z2[| (L, H)I[7s + CllAllal|div al| s || (Ho, Ly)l|z2 + Clldivul 2] Ly + Hy |22
O Ll s (luy [zl Azl 22 + oyl zall Ayllzz + el Ll Bell 2z + va]l ol Byl 22)
O H | o (lJwal 2l Azl 22 + loall ol Ayl 22 + Nyl | Ball 22 + lloy |2l Byl 22)
+C||Le + Hyll 2 ([[ual s + lvzllzsllugllzs + vyll2s)
< CL+ 1Bl (L, D) Ls + CA+ Bl o) 1Al s (VL VE)| e
+O(1+ [|Blliz + (IVullZ) [(VL, VH)| 12 + CI(L, H) || ]|Vl 14 [ (VA, V B)|| 2
1
< YL, H) 7o+ ClIA, B2l (VL V|2 + 61 (VL VH) 72
+OI(L, H) 4 [(A, B)| 2l (VA, VB)| 2 + CII(A, B)I[7:(VL, VH)|| 2

1
< OIL H) 72 + SI(VL, VH)[72 + CI(A, B)l[za + CI(VA, VB[,

which, by applying Gronwall’s inequality, yields

Lemma 2.2
(L H)l| o2y + I(Ly H) || 220,001y < C.

Finally, we estimate the spatial and temporal derivatives of the density in L?(2) space
for ¢ > 2. More precisely, we have

Lemma 2.3
vaHLOO(O,T;Lq) <,

where ¢ > 2 1s the same as in Theorem 1.1.



PROOF. We differentiate (2.1) with 9;, multiply the resulting equation by |9;p|?20p (¢ > 2)
in L?(€2), and make use of Holder’s inequality to obtain

1d B
22 | IVpltdzdy < CIV i IVpl, + Clul VoI

whence,
d
2 IVollze < ClIVul = [[Vpllze + CllAufza. (2.18)
To control the term AU on the right-hand of (2.18), we first note that A and B satisfy
A, + B, = pL,
v P (2.19)
—A;, + B, =pH

with boundary conditions (2.7);. Thus, we can apply the regularity result in [18] to the
problem (2.19) to obtain

IVA|[Le + IVB|[Le < C(I[ L] ze + [ H]| o). (2.20)
Recalling the definition of (A, B, L, H) and the inequality (2.11);, employing (2.1), we find
[Aullre < C(IVA|Ls + VBl + IVpll1a)- (2.21)

Now, if we define

I(t) := sup |Vu(-,t)], M(t) := 1+ sup|divu(-,t)| + sup |curlu(-, t)|,
0 0 Q

then we have by an inequality from [18, 21] that

I(t) < CM(t)log(e + || D*ul| 1)
< OM(t)log(e + [[VA| e + IVB|lLe + | Vpl| o)
< CM@) (VA La + IV B[ za) log(e + [[Vpl| a)
< C([[Allz~ + [[Bllzee + D([VAllLe + [V Bl|1e) log(e + [[Vpl| o)
< C(IVA| e + IVBl|zs)* log(e + [[Vpll14)
< C|I(L, H)|[7« log(e + [V pl|4)
< CII(VL, VH)|[721og(e + [|Vplls). (2.22)

So, inserting (2.21) and (2.22) into (2.18), applying Gronwall’s inequality and Lemma
2.2, we conclude
Vol o,r:L9) < C, q>2,

which proves the lemma. 0



Lemma 2.4

el z20,;22) + llall 220,12y < C, (2.23)

el oo o.riz2y + el 20,21y + [0l Lo 0,702y < C. (2.24)

PrROOF. Multiplying the momentum equation (1.2) by u; and integrating with respect to
x, we find that

/p\ufdx—i—ﬁ/ |VulZdr = —/pu‘Vuutdx—l—/VP‘utdx. (2.25)
0 2 Ja 0 Q

Using Lemma 2.1 and (2.1), the terms on the right-hand side of (2.25) can be bounded as
follows.

T
/ / VP- utdl’dt S C€_1||P||L2(O,T;H1) + €||ut||L2(0,T;L2)7
0 Q

T
/ / pu - Vuwdzdt < Ce u- Vul|r2or2) + €llwel z20.1.22)
o Jao

< CG_I(H“HL?(&T;LP) +[[Vul| z20,7:20)) + €l 20,7;2)

S Ceil + GHutHLQ(O’T;L%’
here 1/p+1/q = 1. Inserting the above two estimates into (2.25) and taking e small, we get
HutHL2(07T;L2) + Hvu“Loo(QT;LQ) < C. (226)

On the other hand, we may apply the regularity theory of elliptic systems to the mo-
mentum equation (1.2):

pAu+ (A + p)Vdiva = p(uy +u - Vu) + VP,

to obtain
[ullzz < C(lluellzz + [[u- Vullrz + [V P|2),

which, together with (2.26) and (2.1), gives
HuHLQ(O,T;HQ) S C. (227)

Now, to show (2.24), we differentiate (1.2) with respect to ¢, multiply the resulting equa-
tion by u; in L?(Q), make use of (1.1) and integrate by parts to infer, after a straightforward
calculation, that

1d
2dt |,
—2/ pu - Vu; - wdr — / pu-V(u-Vu-w)dr — / pu; - Vu-wdr.  (2.28)
Q Q Q

plug|?dx + ,u/ V> + (A + p)(divu,)’de = / P, div u,dx
Q Q
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By the equation of state, P satisfies
P, +div (Pu) + (y — 1)Pdivu = 0,
which combined with (2.28) results in

1d

—— (p[ut]2—i—fyP(divu)Q)d:c—i—/u]Vutha:

< / <2PIUI [uel [Vue| + plul [ug] [Vuf* + plul*[u| [V*ul + plul*|Vu| [Vu,]
Q

—1
ol [Vl + [P ] [Vu] 2Pl [Vul (920 + 2T P ar

=> (2.29)

Next, we have to estimate J;, (i = 1,---,8). Utilizing (2.1), Holder’s inequality, and
Sobolev’s imbedding theorem, Lemma 2.1, and the interpolation inequality, we can bound
J; (i =1,2) as follows.

Jl—/2,0|u| | [ Vg d
Q
< Cllul|zs [l zs [[ V|| 2

1/2 1/2
< OVl w122 ue |1 Vg ]| 2

< CeHug|| 2 || Vug|| 2 + €] Vg |2
< Ce w3 + el V32,

and

Jo = / plul |uy] ]Vu\zdx
Q

< Cllul|za [l 2 ][Vl Zs

< ClIVulzz|lug|zz[[ull%

< Cllvpuellzz [l

< [ullzellveuelz + Cllullz.

In the same manner, the terms J; (i = 3,---,8) can be bounded, and we have

Jy = / plul?/u| [V2uldx
Q

< CllullZez a2 [ V*ul] e
< C|Vul 2 [ Vae| 2|V 2
< el Vu||Z> + Celule,
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Jy= / plu?|Vul |Vu|dx
v

< Cllul[Ze | Valz: | Va2
< CeMullf + el VuelZ2,

and

J5:/p|ut|2|Vu|dx
Q

< Clug||7:][Vull:
< Cllwgf| 2]V 2
< CeMulzz + el Ve 22,

where Gagliardo-Nirenberg’s inequality has also been used,
Jo = [ 9Pl [Vulds < O [Tl e + el Ve < el + e Vu oo
where we have also applied Lemma 2.3,
Jr = V/QP [uf [Vul [V*uldz < Cllullzs]|Vul| s [ V2ul 2 < Cllulfze,

and
1
Jo = %/P\Vuﬁdx < C||Vul|74|Vul 2 < C||ul?pe.
Q

Substituting the above estimates for J; into (2.29) and taking e small, we obtain by
applying Gronwall’s inequality and using (2.27) that

|7 072y + el Z2 0781y < C- (2.30)

With the help of (2.30), an application of the regularity theory of elliptic systems to (1.2)
implies
[l e o,1;m2) < C. (2.31)

Thus, from (2.26), (2.27), (2.30) and (2.31) we get the lemma.
U

Remark 2.1 We should point out here that in fact, the estimate of u in L>(0,T; H?) can
simply follow from Lemmas 2.2 and 2.3. Indeed, recalling the definition of L, H, and the fact
that L, H,Vp € L>(0,T; L?), one can apply the elliptic reqularity to get |[u]| 1o r.m2) < C
immediately.  With the help of this boundedness, the proof of Lemma 2.4 can be much
simplified.
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Lemma 2.5
||Pt||Loo(0,T;Lq) + ||u||L2(O,T;W2#1) <C.

PROOF. By virtue of Sobolev’s imbedding theorem and (2.24), one easily obtains
la|| e 0,7y <02y < C. (2.32)
Since p; = —u - Vp — pdivu, we have by (2.1), (2.32) and Lemma 2.3 that
lpe()llze < [[ullzee [[Vpllze + [|pl[Loe[|divuallLe < €, ¢ € [0,T],

while applying the regularity theory of elliptic equations to (1.2) and using Sobolev’s imbed-
ding theorem, we obtain

[a(®)l[w2e < Cllueflza + [[u- Vullze + Vol o)
< C([IVulz2 + [luflz~[[Vallze + Vol ze)
< C(IVul[g2 + [Jullm> + [[Vpl| o).

If we integrate the above inequality over ¢, we immediately see that ||u||.2(o 7,124 is bounded
from above. The proof of the lemma is complete. 0

By virtue of Lemmas 2.1, 2.3-2.5, we see that at time ¢ = T*, the function (p, u)|=p+ =
lim; .7« (p, u) satisfy the conditions imposed on the initial data in the local existence theorem
given in Proposition 1.1. Hence we can take (p,u)|;—r- as the initial data at ¢ = T™* and
apply Proposition 1.1 to extend our local solution beyond 7™ in time. This contradicts the
maximality of 7%, and therefore the assumption (2.1) does not hold. This completes the
proof of Theorem 1.1.
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