LIPSCHITZ METRIC FOR THE PERIODIC CAMASSA-HOLM
EQUATION

KATRIN GRUNERT, HELGE HOLDEN, AND XAVIER RAYNAUD

ABSTRACT. We study stability of conservative solutions of the Cauchy problem
for the periodic Camassa—Holm equation ut — gzt + 3Uly — 2UzUgy — UlUger =
0 with initial data up. In particular, we derive a new Lipschitz metric dp
with the property that for two solutions w and v of the equation we have
dp(u(t),v(t)) < e“tdp(ug,vo). The relationship between this metric and

. oo .
usual norms in Hy., and L32, is clarified.

1. INTRODUCTION
The ubiquitous Camassa—Holm (CH) equation [6] [7]
Up — Ugpt + KUy + Uy — 2UgpUpy — Ullgry = 0, (L.1)

where x € R is a constant, has been extensively studied due to its many intriguing
properties. The aim of this paper is to construct a metric that renders the flow
generated by the Camassa—Holm equation Lipschitz continuous on a function space
in the conservative case. To keep the presentation reasonably short, we restrict the
discussion to properties relevant for the current study.

More precisely, we consider the initial value problem for with periodic initial
data u|t—p = up. Since the function v(t,x) = u(t, z — kt/2) + k/2 satisfies equation
with x = 0, we can without loss of generality assume that x vanishes. For
convenience we assume that the period is 1, that is, ug(x + 1) = ug(z) for z € R.
The natural norm for this problem is the usual norm in the Sobolev space Hécr as
we have that

per

7 ||u(t)H§11 == / (v +ul)de = 2/ (uwy + ugugy)dz =0 (1.2)
t Jo 0

(by using the equation and several integration by parts as well as periodicity)
for smooth solutions u. Even for smooth initial data, the solutions may develop
singularities in finite time and this breakdown of solutions is referred to as wave
breaking. At wave breaking the H' and L® norms of the solution remain finite
while the spatial derivative u, becomes unbounded pointwise. This phenomenon
can best be described for a particular class of solutions, namely the multipeakons.
For simplicity we describe them on the full line, but similar results can be described
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FiGURE 1. The dashed curve depicts the antisymmetric multi-
peakon solution w(¢,z), which vanishes at t*, for ¢ = 0 (on the
left) and ¢ = ¢t* (on the right). The solid curve depicts the multi-
peakon solution given by u®(t,z) = u(t — ¢, x).

in the periodic case. Multipeakons are solutions of the form (see also [13])
u(t,z) = 3 palt)e om0, (1.3)
i=1

Let us consider the case with n = 2 and one peakon p;(0) > 0 (moving to the
right) and one antipeakon p2(0) < 0 (moving to the left). In the symmetric case
(p1(0) = —p2(0) and ¢1(0) = —q2(0) < 0) the solution u will vanish pointwise at
the collision time ¢t* when g (t*) = g2(t*), that is, u(t*, ) = 0 for all z € R. Clearly
the well-posedness, in particular, Lipschitz continuity, of the solution is a delicate
matter. Consider, e.g., the multipeakon u® defined as u®(t,z) = u(t — ¢,x), see
Figure [} For simplicity, we assume that ||u(0)| ;1 = 1. Then, we have

lim [[u(0) = u*(0)[[ g2 = 0 and [[u(t") = w* (")l g2 = [lu" () g = 1,

and the flow is clearly not Lipschitz continuous with respect to the H' norm.

Our task is here to identify a metric, which we will denote by dp for which con-
servative solutions satisfy a Lipschitz property, that is, if u and v are two solutions
of the Camassa—Holm equation, then

dp(u(t),v(t)) < Crdp(ug,vo), t€10,T]

for any given, positive T. For nonlinear partial differential equations this is in
general a quite nontrivial issue. Let us illustrate it in the case of hyperbolic con-
servation laws

ug + f(u)z =0,  uli—o = uo.
In the scalar case with u = u(z,t) € R, x € R, it is well-known [10] that the solution
is L!-contractive in the sense that

Ju(t) — U(t)HLl(]R) < luo — UOHLI(R) , t€[0,00).
In the case of systems, i.e., for u € R™ with n > 1 it is known [I0] that

lu(t) = vl L1 gy < Clluo = voll 1wy, T € [0,00),
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for some constant C. More relevant for the current study, but less well-known, is
the recent analysis [5] of the Hunter—Saxton (HS) equation

1 x oo
Ut + UUy = 1(/ u? dx —/ u? dm), ult=0 = uo, (1.4)

— 00

or alternatively
1
(us + uty), = §ui, ult=0 = uo, (1.5)

which was first introduced in [16] as a model for liquid crystals. Again the equation
enjoys wave breaking in finite time and the solutions are not Lipschitz in term of
convex norms. The Hunter—Saxton equation can in some sense be considered as
a simplified version of the Camassa—Holm equation, and the construction of the
semigroup of solutions via a change of coordinates given in [5] is very similar to
the one used here and in [14] for the Camassa—Holm equation. In [5] the authors
constructed a Riemannian metric which renders the conservative flow generated by
the Hunter—Saxton equation Lipschitz continuous on an appropriate function space.

For the Camassa—Holm equation, the problem of continuation beyond wave
breaking has been considered by Bressan and Constantin [2], ] and Holden and
Raynaud [12], 14, 15] (see also Xin and Zhang [I7, 18] and Coclite, Karlsen, and
Holden [8,[9]). Both approaches are based on a reformulation (distinct in the two
approaches) of the Camassa—Holm equation as a semilinear system of ordinary dif-
ferential equations taking values in a Banach space. This formulation allows one
to continue the solution beyond collision time, giving either a global conservative
solution where the energy is conserved for almost all times or a dissipative solution
where energy may vanish from the system. Local existence of the semilinear system
is obtained by a contraction argument. Going back to the original function wu, one
obtains a global solution of the Camassa—Holm equation.

In [4], Bressan and Fonte introduce a new distance function J(u,v) which is de-
fined as a solution of an optimal transport problem. They consider two multipeakon
solutions u(t) and v(t) of the Camassa—Holm equation and prove, on the intervals
of times where no collisions occur, that the growth of J(u(t),v(t)) is linear (that
is, 4 (u(t),v(t)) < CJ(u(t),v(t)) for some fixed constant C) and that J(u(t), v(t))
is continuous across collisions. It follows that

J(u(t),v(t)) < eCTJ(u(0),v(0)) (1.6)

for all times t that are not collision times and, in particular, for almost all times.
By density, they construct solutions for any initial data (not just the multipeakons)
and the Lipschitz continuity follows from . As in [4], the goal of this article
is to construct a metric which makes the flow Lipschitz continuous. However, we
base the construction of the metric directly on the reformulation of the equation
which is used to construct the solutions themselves, and we use some fundamental
geometrical properties of this reformulation (relabeling invariance, see below). The
metric is defined on the set D which includes configurations where part of the energy
is concentrated on sets of measure zero; a natural choice for conservative solutions.
In particular, we obtain that the Lipschitz continuity holds for all times and not
just for almost all times as in [4].

Let us describe in some detail the approach in this paper, which follows [I4]
quite closely in setting up the reformulated equation. Let u = w(¢,x) denote the
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solution, and y(¢,&) the corresponding characteristics, thus y:(t,£) = u(t, y(t,§)).
Our new variables are y(t, ),

y(t,€)
Ut €) = ult y(t.€)), H(t.€) = / (u? + u2) de (L.7)

y(t,0)
where U corresponds to the Lagrangian velocity while H could be interpreted as
the Lagrangian cumulative energy distribution. In the periodic case one defines

Q=5 / sinh(y(€) — y(n)(Uye + He)() (s

/O sign(¢ — n) exp (— sign(¢ — n)(y(€) — y(n))) (U?ye + He)(n) dn,

»-b\r—‘

P 5T / cosh(y(€) — y(m) (Uye + He)(m) di w9)

- % / exp (—sign(€ —n)(y(€) —y(n)) (Uye + He)(n) dn.
0

Then one can show that

Yt = Ua

U =—-Q, (1.10)

H, = [U® —2PUJ;,
is equivalent to the Camassa—Holm equation. Global existence of solutions of
is obtained starting from a contraction argument, see Theorem The issue of
continuation of the solution past wave breaking is resolved by considering the set
D (see Deﬁmtlon which consists of pairs (u, ;) such that (u,n) € Difu € HJ,
and p is a positive Radon measure with period one, and whose absolutely contin-
uous part satisfies jioe = (u? + u2)dx. With three Lagrangian variables (y, U, H)
versus two Eulerian variables (u, u), it is clear that there can be no bijection be-
tween the two coordinate systems. If two Lagrangian variables correspond to one
and the same solution in Eulerian variables, we say that the Lagrangian variables
are relabelings of each other. To resolve the relabeling issue we define a group
of transformations which acts on the Lagrangian variables and lets the system of
equations invariant. We are able to establish a bijection between the space
of Eulerian variables and the space of Lagrangian variables when we identify vari-
ables that are invariant under the action of the group. This bijection allows us to
transform the results obtained in the Lagrangian framework (in which the equation
is well-posed) into the Eulerian framework (in which the situation is much more
subtle). To obtain a Lipschitz metric in Eulerian coordinates we start by construct-
ing one in the Lagrangian setting. To this end we start by identifying a set F (see
Definition that leaves the flow invariant, that is, if Xg € F then the
solution X (t) of with X (0) = X, Will remain in F, i.e., X(t) € F. Next,
we identify a subgroup G, see Definition [3.1] of the group of homeomorphlsms on
the unit interval, and we interpret G as the set of relabeling functions. From this
we define a natural group action of G on F, that is, ®(f,X) = X e f for f € G
and X € F, see Definition and Proposition We can then consider the
quotient space F/G. However, we still have to identify a unique element in F for
each equivalence class in F/G. To this end we introduce the set H, see 7 of

elements in F for which fol y(§)d§ =0 and ye + He = 1+ || He|| .. This establishes
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a bijection between F/G and H, see Lemma and therefore between H and D.
Finally, we define a semigroup S;(Xo) = X(¢) on ‘H (Definition , and the next
task is to identify a metric that makes the flow S; Lipschitz continuous on H. We
use the bijection between H and D to transport the metric from H to D and get a
Lipschitz continuous flow on D.

In [14], the authors define the metric on H by simply taking the norm of the
underlying Banach space (the set H is a nonlinear subset of a Banach space). They
obtain in this way a metric which makes the flow continuous but not Lipschitz
continuous. As we will see (see Remark , this metric is stronger than the one
we construct here and for which the flow is Lipschitz continuous. In [5], for the
Hunter—Saxton equation, the authors use ideas from Riemannian geometry and
construct a semimetric which identifies points that belong to the same equivalence
class. The Riemannian framework seems however too rigid for the Camassa—Holm
equation, and we have not been able to carry out this approach. However, we retain
the essential idea which consists of finding a semimetric which identifies equivalence
classes. Instead of a Riemannian metric, we use a discrete counterpart. Note that
this technique will also work for the Hunter—Saxton and will give the same metric
as in [5]. A natural candidate for a semimetric which identifies equivalence classes
is (cf. (£.1))

JX,)Y)= inf | Xef—-Yoeg|,
f,9€eG

which is invariant with respect to relabeling. However, it does not satisfy the
triangle inequality. Nevertheless it can be modified to satisfy all the requirements
for a metric if we instead define, see Definition the following quantityﬂ

N
A(X,Y) =inf Y J(Xn_1,Xp) (1.11)
i=1

where the infimum is taken over all finite sequences {X,}Y , € F which satisfy
Xo = X and Xy =Y. One can then prove that d(X,Y) is a metric on H, see
Lemma [£.7] Finally, we prove that the flow is Lipschitz continuous in this metric,
see Theorem To transfer this result to the Eulerian variables we reconstruct
these variables from the Lagrangian coordinates as in [I4]: Given X € F, we
define (u,p) € D by (see Definition u(z) = U(&) for any £ such that z =
y(&), and p = yx(vdf). We denote the mapping from F to D by M, and the
inverse restricted to H by L. The natural metric on D, denoted dp, is then defined
by dp((u, p), (@, ) = d(L(u, p), L(G, ) for two elements (u, p), (4, fi) in D, see
Definition [5.7] The main theorem, Theorem [5.9] then states that the metric dp is
Lipschitz continuous on all states with finite energy. In the last section, Section
[6l the metric is compared with the standard norms. Two results are proved: The
mapping u — (u, (u* + u2)dz) is continuous from H] . into D (Proposition .
Furthermore, if (u,,u,) is a sequence in D that converges to (u,u) in D. Then
Up — uwin LG, and py, X i (Proposition .

The problem of Lipschitz continuity can nicely be illustrated in the simpler

context of ordinary differential equations. Consider three differential equations:
& =a(x), x(0) = zp, a Lipschitz, (1.12a)
=1+ aH(z), x(0) = zg, H the Heaviside function, o > 0, (1.12b)

IThis idea is due to A. Bressan (private communication).
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1/2

& = |z| x(0) = xo, t +— x(t) strictly increasing. (1.12¢)

Straightforward computations give as solutions

x(t) = xo —l—/o a(x(s)) ds, (1.13a)

x(t) = (1 +aH(t —to))(t —to), to=—wo/(1+ aH (o)), (1.13b)
z(t) = sign (% + vg) (% +v0)” where vy = sign(xo) |zo| /2. (1.13c)

We find that
z(t) — 2(t)] < " |wo — Zol, L= llally, (1.14a)
|lz(t) — Z(t)] < (1 + @) [z — Zo , (1.14b)

|
|
( ) ( ) t({L‘o - 50)1/2 + |{L‘0 - .’i‘ol , whenzo=0,t>0, g >0. (1140)

Thus we see that in the regular case we get a Lipschitz estimate with
constant e’ uniformly bounded as ¢ ranges on a bounded interval. In the second
case (1.12b)) we get a Lipschitz estimate uniformly valid for all ¢ € R. In the
final example (L.12d), by restricting attention to strictly increasing solutions of the
ordinary differential equations, we achieve uniqueness and continuous dependence
on the initial data, but without any Lipschitz estimate at all near the point 2y = 0.
We observe that, by introducing the Riemannian metric

_ T odz
d(z,z) = /$ 7|z|1/2 , (1.15)
an easy computation reveals that
d(z(t), z(t)) = d(zo, To)- (1.16)

Let us explain why this metric can be considered as a Riemannian metric. The
Euclidean metric between the two points is then given

1
\xo—aso\zinf/ la(s)| ds (1.17)
z Jo

where the infimum is taken over all paths x: [0,1] — R that join the two points
xo and T, that is, z(0) = zo and x(1) = ZTg. However, as we have seen, the
solutions are not Lipschitz for the Euclidean metric. Thus we want to measure the
infinitesimal variation x¢ in an alternative way, which makes solutions of equation
Lipschitz continuous. We look at the evolution equation that governs x;
and, by differentiating with respect to s, we get

sign(z)x

s =

]

d lzs| |
= (M) =0. (1.18)

Let us consider the real line as a Riemannian manifold where, at any point = € R,
the Riemannian norm is given by |v| /4/|z| for any tangent vector v € R in the
tangent space of x. From (|1.18), one can see that at the infinitesimal level, this

and we can check that
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Riemannian norm is exactly preserved by the evolution equation. The distance on
the real line which is naturally inherited by this Riemannian is given by

e 1
d(xg,Zo) = inf ds
vz =t [
where the infimum is taken over all paths z: [0,1] — R joining zo and Zo. It is
quite reasonable to restrict ourselves to paths that satisfy s > 0 and then, by a
change of variables, we recover the definition .

The Riemannian approach to measure a distance between any two distinct points
in a given set (as defined in (1.17)) requires the existence of a smooth path between
points in the set. In the case of the Hunter-Saxton (see [5]), we could embed the
set we were primarily interested in into a convex set (which is therefore connected)
and which also could be regularized (so that the Riemannian metric we wanted to
use in that case could be defined). In the case of the Camassa—Holm equation,
we have been unable to construct such a set. However, there exists the alternative
approach which, instead of using a smooth path to join points, uses finite sequences
of points, see . We illustrate this approach with equation . We want to
define a metric in (0, 00) which makes the semigroup of solutions Lipschitz stable.
Given two points x,Z € (0,00), we define the function J: (0,00) x (0, 00) — [0, 00)
as

v ifx>2z
J,z)={"" ’

It ifz<a.
The function J is symmetric and J(z,Z) = 0 if and only if 2 = Z, but J does not

satisfy the triangle inequality. Therefore we define (cf. (1.11))

N
d(z,z) =inf > J(wn, Tni1) (1.19)

n=0

where the infimum is taken over all finite sequences {z,,})_, such that xo = x and
xy = Z. Then, d satisfies the triangle inequality and one can prove that it is also
a metric. Given x,,z,1 € E such that =, < z,,41, we denote z,,(¢) and z,41(t)
the solution of with initial data x, and z,1, respectively. After a short
computation, we get

d 1
a‘](xn(t)vx?H»l(t)) - _7(‘%77, + Tp+1 — 2\/ xnanrl) S 0.

2x,
Hence, J(zp(t), Tp41(t)) < J(xp, Tnt1) so that
d(z(t),z(t)) < d(z,T)

and the semigroup of solutions to (1.12¢)) is a contraction for the metric d. It follows
from the definition of J that, for x1,z2, 23 € E with x1 < x2 < 3, we have

J(I1,$2)+J(I2,l‘3) < J(l‘l,mg). (120)
It implies that d(x,Z) satisfies
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where § = min, |z,+1 — x|, which is also the definition of the Riemann integral,

so that
/ —dz

and the metric we have just defined coincides Wlth the Riemannian metric we have
introduced. Note that if we choose

j(amx):{ ;/E fz>2
2

8

H\ 28

5 ifr <z,

then (1.20)) does not hold; we have instead J(x1,23) < J(z1,x2) + J(z2, x3), which
is the trlangle inequality. Thus, for d as defined by (T.19] - ) with J replaced by .J, we
get

d(x,z) = 7&/ —dz

It is also possible to check that, for J, we cannot get that J(x,(t),z,1(t)) <
CJ(xp, Tpy1) for any constant C for any z,, and z,11 and t € [0,T] (for a given
T), so that the definition of J is inappropriate to obtain results of stability for

([T.129.

2. SEMI-GROUP OF SOLUTIONS IN LAGRANGIAN COORDINATES

The Camassa—Holm equation for x = 0 reads
Up — Uppt + 3UUL — 2UgUgy — Ulgzy = 0, (2.1)
and can be rewritten as the following systenﬂ
uy + uug + Py = 0, (2.2)

P — P, =u®+ —ul. (2.3)

We consider periodic solutions of period one. Next, we rewrite the equation in
Lagrangian coordinates. Therefore we introduce the characteristics

ye(t,€) = u(t,y(t,§)). (2.4)

We introduce the space V; defined as
Vi={f € Wie (R) | f(€+1) = f(€) + Lfor all € € R}.

Functions in V] map the unit interval into itself in the sense that if u is periodic
with period 1, then uo f is also periodic with period 1. The Lagrangian velocity U
reads

U(t, &) = u(t, y(t,€)). (2.5)
We will consider y € V; and U periodic. We define the Lagrangian energy cumula-
tive distribution as

y(t,€)
H(t, ) :/ (u? +u2)(t, x) dx. (2.6)

(¢,0)
For all ¢, the function H belongs to the vector space V defined as follows:

V ={f € WL (R) | there exists o € R
such that f(§+1) = f(§) + « for all £ € R}.

2For & nonzero, equation (2.2)) is simply replaced by P — Ppz = ku + u? + %ui
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Equip V' with the norm
11l = Nl oo o,y + 1fell 2o, -

As an immediate consequence of the definition of the characteristics we obtain

Ur(t,€) = wi(t, y) + ye(t, Qua(t,y) = =Py o y(t,§). (2.7)
This last term can be expressed uniquely in term of U, y, and H. We have the
following explicit expression for P,

P(t,z) = %/Re"””_z‘(ug(t,z) + %ui(t,z)) dz. (2.8)
Thus,
1 . _ _ 1
Pyoy(t.§) = —3 / sign(y(t, ) — 2)e” MOTH (WA, 2) + Sui(t 2) dz,
R

and, after the change of variables z = y(t,7n),

1 . _ _
Pyoy(t,€) = _5/]1« [sign(y(r,€) — y(t.m)e v
1
< () + et ) ven)] an. (29
We have
He = (u? +u2) oyye =: v. (2.10)
Note that v is periodic with period one. Then, (2.9) can be rewritten as

Pyoy(§) = *% /Rsign(y(f) —y(n) exp(— [y(&) — y(m) ) (UPye +v)(n) dn, (2.11)

where the ¢ variable has been dropped to simplify the notation. Later we will prove
that y is an increasing function for any fixed time ¢. If, for the moment, we take
this for granted, then P, oy is equivalent to ) where

Qt.6) = 7 [ sn(e—m exp (~sign(e—n) (1(€)~y(n))) (TP +) (1) dr. (212

and, slightly abusing the notation, we write

P(t,€) = %/RGXP (— sign(€ —n) (&) —y(m)) (Uye +v)(n) dn. (2.13)
The derivatives of ) and P are given by

respectively. For £ € [0, 1], using the fact that y(§+1) = y(£)+1 and the periodicity
of v and U, the expressions for () and P can be rewritten as

-1 . h U? d
Q= 5y | () — v P+ )

- i/o sign(¢ — n) exp (— sign(¢ — n)(y(€) — y(m)) (Uye +v)(n) dn, (2.15)
and
1

T /0 cosh(y(&) — y(m) (Uye +v)(n) dn



10 K. GRUNERT, H. HOLDEN, AND X. RAYNAUD

+ %/O exp (= sign(& —n)(y(€) — y(m)) (Uye +v)(n) dn. (2.16)

Thus P, oy and P oy can be replaced by equivalent expressions given by
and which only depend on our new variables U, H, and y. We obtain a new
system of equations, which is at least formally equivalent to the Camassa—Holm
equation:

y=U,
Uy =-0Q, (2.17)
H, = [U® —2PU;,.
After differentiating (2.17)) we find
Yer = Ug,
Ug = %1/ + (;UQ - P) Ye, (2.18)
Hey = —2QUye + (3U% — 2P) U.
From and , we obtain the system
v ="U,
Uy =-Q, (2.19)
v = —2QUye + (3U* —2P) Ue.
We can write more compactly as
X =F(X), X=(Uv). (2.20)
Let
Woat = {f € Wige (R) | (6 +1) = f(€) for all € € R).
We equip W'l with the norm of V, that is,

per

||f||w1v1 = Hf||Loo([o,1]) + ||f£HL1([o’1]) )

per
which is equivalent to the standard norm of W;;; because || f|| .1 (01]) = ||fHL°°([0,1]) =

1122 o,y + I1fell 1 0,17 Let E be the Banach space defined as
E=V x Wl x L]

per per*

We derive the following Lipschitz estimates for P and Q.

Lemma 2.1. For any X = (y,U,v) in E, we define the maps Q and P as Q(X) =

Q and P(X) = P where Q and P are given by (2.12)) and (2.13)), respectively. Then,
P and Q are Lipschitz maps on bounded sets from E to Wl. More precisely, we

per*
have the following bounds. Let

By ={X = (y,U,v) € E[|[Ullyz + lvell o + Ivll o < M} (2.21)

per

Then for any X, X € By, we have
|ocx) - .

pe

< Cy HXfXH (2.22)
T E

and
fpoo-pix], <cufrsl, e

where the constant Cyy only depends on the value of M.
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Proof. Let us first prove that P and Q are Lipschitz maps from By to L3;,. Note
that by using a change of variables in and , we obtain that P and Q are
periodic with period 1. Let now X = (y,U,v) and X = (§,U,7) be two elements
of Bys. Since the map = +— coshz is locally Lipschitz, it is Lipschitz on [—M, M].
We denote by Cjs a generic constant that only depends on M. Since, for all &, 7 in

[0, 1] we have |y(§) — y(n)| < ||yell ., we also have
|cosh(y (&) —y(n)) — cosh(g(§) — y(n)| < Cur |y(§) — (&) —y(n) + (n)]
<Cumlly =9l -
It follows that, for all £ € [0, 1],

eosh(y(©) = y(-))(Uye +v)(+) = cosh(F(€) = 5(- ) (T25e +7)(-)|

< Cnr(lly =l + [T =0, + e = el o+l = 710

1

and the map X = (y,U,v) — ﬁ fol cosh(y(§) — y(n))(U?ye + v)(n) dn which
corresponds to the first term in is Lipschitz from Bjs to L32, and the Lipschitz
constant only depends on M. We handle the other terms in in the same way
and we prove that P is Lipschitz from By to Lpg,. Similarly, one proves that
Q: By — Lpg, is Lipschitz for a Lipschitz constant which only depends on M.
Direct differentiation gives the expressions for the derivatives P: and Q)¢ of

P and Q. Then, as P and Q are Lipschitz from By to Lpg,, we have
[Q(X)e — QX)e|l ..

NN 2 .
= Hyg'P(X) = 9eP(X) = 5(UPye = UPfe) —v + 7

.
<on(|[Px) =P+ |[v -0, + llve el + v = 7l.0)

<cullr -,
E

Hence, we have proved that Q: By — Wgéi is Lipschitz for a Lipschitz constant
that only depends on M. We prove the corresponding result for P in the same

way. O

The short-time existence follows from Lemma [2.1] and a contraction argument.
Global existence is obtained only for initial data which belong to the set F as
defined below.

Definition 2.2. The set F is composed of all (y,U,v) € E such that
yeVi, (y,U) € WLP(R) x WL2(R), ve L™, (2.24a)

loc

ye >0, v >0, ye + v > ¢ almost everywhere, for some constant ¢ >0, (2.24b)
Yev = ygU2 + Ug almost everywhere. (2.24c)

Lemma 2.3. The set F is preserved by the equation (2.19)), that is, if X (t) solves
(2.19) fort € [0,T] with initial data Xo € F, then X (t) € F for all t € [0,T].

The proof is basically the same as in [14].
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Theorem 2.4. For any X = (3,U,v) € F, the system ([2.19) admits a unique global
solution X (t) = (y(t),U(t),v(t)) in CY(Ry, E) with initial data X = (y,U,v). We
have X (t) € F for all times. Let the mapping S: F x Ry — F be defined as

S¢(X) = X (¢).
Given M > 0 and T > 0, we define By as before, that is,
By ={X = (y,U,v) € E|[Ullyp2 + llyellpr + 7]l < M} (2.25)

per

Then there exists a constant Cp; which depends only on M and T such that, for
any two elements X, and Xz in By, we have

18X — S: X0l < Car [ Xa = Xl (2.26)
for any t € [0,T].
Proof. By using Lemma we proceed using a contraction argument and obtain
the existence of short time solutions to (2.19). Let T by the maximal time of

existence and assume T < oo. Let (y,U,v) be a solution of (2.19) in C'([0,T), E)
with initial data (yo, U, ). We want to prove that

sup ||(y(t’ : )7 U(ta ')’ V(t’ ))HE < 0. (2'27)
te[0,T)
From , we get
/11/(15 €) d¢ = /11/(0 §)d§+/1/t(—2QUy + (8U? — 2P) Ug)(t, €) dtdé
0 ) ) 3 [PAR)

:/0 (0,€) d§+// 3 2PU)¢(t,€) dedt
:/0 v(0,) de. (2.28)

Hence, ||v(t, -)|l;2 = ||[#(0, -)||;:. This identity corresponds to the conservation
of the total energy. We now consider a fixed time ¢ € [0,7") which we omit in the
notation when there is no ambiguity. For £ and 7 in [0, 1], we have |y(§) — y(n)] <1
because y is increasing and y(1) — y(0) = 1. From (2.24¢)), we infer U2y, < v and,
from , we obtain

Q< = [ sn(u() ~whimdn+ [ e OOl an

0
Hence,
1QE, )l < Cllv(t, )l = C w0, )l (2.29)
for some constant C. Similarly, one prove that ||P(¢, - )|/« < C|v(0, -)||,. and

therefore sup,c(o ) [|Q(t; - )|l and sup,ejo ) [[P(t, - )|l are finite. Since U; =
—Q@, it follows that

1O Mg < NUO; )l oo + CT (0, )l 21 (2.30)

and sup,co. ) |[U(¢, -)[| = < 0o. Since y; = U, we have that sup,co ) [y(t; -)||
is also finite. Thus, we have proved that

Cr= sup {[|[U(, g + 1PE g + Q) g}
te[0,T)
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is finite and depends only on 7" and ||U(0, - )| .~ + [[¥(0, )| 1. Let Z(t) =

llye(t, ) 2 + |Ue(t, )|l + [[v(t, -)|[ 2. Using the semi-linearity of (2.18) with
respect to (ye, Ug, V), we obtain

Z(t) < Z(0) + o/t Z(r) dr
0

where C' is a constant depending only on Cy. It follows from Gronwall’s lemma
that supycpo, 1) Z(t) is finite, and this concludes the proof of the global existence.
Moreover we have proved that

IO Il + lye @ Ol + 1@ )l < Cu (2.31)

per
for a constant Cy which depends only on T" and [[U(0, -)llyy1,: + lye(0, -)ll,2 +
lv(0, - )|| 1. Let us prove (2.26)). Given T" and X,, X3 € By, from Lemmaand
[2.31]), we get that
[Vl +) = Ul Mg + 1@t ) = Qalts )l < ot 1Xalt) = XsO
where C)s is a generic constant which depends only on M and 7. Using again
(218) and Lemma [2.1] we get that for a given time ¢ € [0, 7],

1 1 1 1
IUag = Usell r + HQVa + (QUi - Pa) Yag = 5VB (2U§ - Pﬁ) yﬁEH
L1
+ || -2Qa Uayac + (3UZ — 2Pa) Uag + 2Qp Upyse — (3U5 — 2P3) Use|
< Cum[|Xa = Xl -
Hence, ||F (X4 (t)) = F(X3(t))|lz < Cu | Xa(t) — Xp(t)| ; where F is defined as in
(2.20). Then, (2.26) follows from Gronwall’s lemma applied to (2.20)). O

3. RELABELING INVARIANCE

We denote by G the subgroup of the group of homeomorphisms on the unit
interval defined as follows:

Definition 3.1. Let G be the set of all functions f such that f is invertible,

fGWﬁf’(R% FE+1)=f()+1 forall € €R, and (3.1)
f—id and f~* —id both belong to W;é?o. (3.2)

The set G can be interpreted as the set of relabeling functions. Note that f € G
implies that
L fe<l4a
l+a ¢
for some constant « > 0. This condition is also almost sufficient as Lemma 3.2 in
[14] shows. Given a triplet (y,U,v) € F, we denote by h the total energy ||v| ..
We define the subsets F, of F as follows
Fo={X=(y,Uv) € F| 1—&-% < H_%(%—i—l/) <1+ aj}.
The set Fy is then given by
Fo={X=w,Uv)eF|lys+v=1+h} (3.3)

We have F = Ua>0Fo. We define the action of the group G on F.
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Definition 3.2. We define the map ®: G x F — F as follows

y:yofa
U=Uof,
v=voffe,

where (§,U,7) = ®(f, (y,U,v)). We denote (3.U,7) = (y,U,v) e f.
Proposition 3.3. The map ® defines a group action of G on F.

Proof. By the definition it is clear that ® satisfies the fundamental property of a
group action, that is X e fi e fo = X e (fi o0 fy) forall X € F and f1, fo € G. Tt
remains to prove that X e f indeed belongs to F. We denote X = (g, U, v)=Xef,
then it is not hard to check that (& + 1) = §(€) + 1, U(€ + 1) = U(€), and
v+ 1) =0(§) for all £ € R. By definition we have o = vo ff¢, and we will now

prove that

Ye =yeo ffe, and Ug=Ueo ffe,
almost everywhere. Let Bj be the set where y is differentiable and Bs the set where
¢ and f are differentiable. Using Rademacher’s theorem, we get that meas(Bf) =
meas(BS) = 0. For £ € B3 = By N f~1(By), we consider a sequence &; converging
to & with &; # & for all i € N. We have

y(f (&) —y(F(€)) f(&) — f(&) _ 9(&) — (&)
(&) — f(6) & —¢ &—-¢

Since f is continuous, f(&;) converges to f(£) and, as y is differentiable at f (&), the
left-hand side of (3.4) tends to ye o f(§) fe(&), the right-hand side of (3.4) tends to

Ue(§), and we get

(3.4)

ye(f(€))fe(§) = 9e(6), (3.5)
for all £ € Bs. Since f~! is Lipschitz continuous, one-to-one, and meas(BY) = 0, we
have meas(f~!(B1)¢) = 0 and therefore holds almost everywhere. One proves
the other identity similarly. As f: > 0 almost everywhere, we obtain immediately
that (2.24b]) and (2.24d)) are fulfilled. That is also satisfied follows from the
following considerations: ||Je¢|l;1 = |yell ;1. as ye is periodic with period 1. The

same argument applies when considering HU§H . and ||| ;1. As U is periodic with
L

period 1, we can also conclude that HUH =||U||,~- As f € G, one obtains that
LOC

|91l is bounded, but not equal to ||y|| ;- O

Note that the set Bjs is invariant with respect to relabeling while the F-norm

is not, as the following example shows: Consider the function y(§) = £ € V1, and
f € G, then this yields

[y (FEDN oo 0,17 = I )l poe o1 -

Hence, the L>-norm of y(f(£)) will always depend on f.
Since G is acting on F, we can consider the quotient space F/G of F with respect
to the group action. Let us introduce the subset H of Fy defined as follows

H=1{(.Uv) e F| /O y(€) de = 0}. (3.6)
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It turns out that H contains a unique representative in F for each element of /G,
that is, there exists a bijection between H and F/G. In order to prove this we
introduce two maps IIy: F — Fy and Ily: Fy — H defined as follows

I (X)=Xef! (3.7)
with f = 5 (y + fo n)dn) € G and X = (y,U,v), and
I, (X) = X(¢ —a) (3.8)
with a = fol y(&) d¢. First, we have to prove that f indeed belongs to G. We have
1 E+1
fle+1) = e+ 0+ [ vindn)
1 3
= W@+ [ dnen) = 1

and this proves . Since (y,U,v) € F, there exists a constant ¢ > 1 such that
% < fe < c for almost every ¢ and therefore follows from an application of
Lemma 3.2 in [14]. After noting that the group action lets the quantity h = ||v|| .
invariant, it is not hard to check that IT; (X) indeed belongs to Fy, that is, ﬁ(gg +
) = 1 where we denote (7, U,7) = II;(X). Let us prove that (3, U, 17) I (y, U, v)
belongs to ‘H for any (y,U,v) € Fo. On the one hand, we have 1-Th(y§ +v)=1

because h = h and (yg +v)=1as (y,U,v) € Fy. On the other hand,

1+h

[eie= [ "weae= [vgact [ woacs [Tyow o

and, since y(§ + 1) = y({) + 1, we obtain

/ d§/ d5+/ (§)d£+/0_ay(£)d£—a=/01y(£)dw—a=0-

(3.10)
Thus II2(X) € H. Note that the definition (3.8)) of IIy can be rewritten as

L(X)=XeT,

where 7, : £ — £—a denotes the translation of length a so that II5(X) is a relabeling
of X.

Definition 3.4. We denote by Il the projection of F into H given by Il; o Ily.

One checks directly that IT o IT = II. The element II(X) is the unique relabeled
version of X which belongs to H and therefore we have the following result.

Lemma 3.5. The sets F/G and H are in bijection.

Given any element [X] € F/G, we associate II(X) € H. This mapping is well-
defined and is a bijection.

Lemma 3.6. The mapping S; is equivariant, that is,

Proof. For any Xy = (yOLUO’ vg) € Fand f € G, we denote Xo = (§0, Uo, ) = Xoe
[, X(t) = Si(Xo), and X (t) = S¢(Xo). We claim that X (t) e f satisfies (2.19) and
therefore, since X (t) @ f and X (¢) satisfy the same system of differential equations
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with the same initial data, they are equal. We denote X (t) = (§(t), U(t), 0(t)) =
X(t) e f. Then we obtain

0 = 5 [ sign(€ —n)exp (—sign(€ — n)(a(€) ~ y(m)) [U%e +v] ().
R

As g¢(§) = ye(£(£)) [ () and #(§) = v(f(£)) fe(€) for almost every £ € R, we obtain
after the change of variables n = f(n/),

v = 5 [ sign(€ —n)exp (= sign(€ — n)(a(€) ~ 5(1))) [0 + ] ().
R

Treating similarly the other terms in (2.19), it follows that (g, U, ) is a solution
of ([2.19). Thus, since (4,U,?) and (y,U,7) satisfy the same system of ordinary
differential equations with the same initial conditions, they are equal and (3.11)) is
proved. (Il

From this lemma we get that
MMoS;oll =110 .5,. (3.12)
Definition 3.7. We define the semigroup S; on H as
S, =1oS,.

The semigroup property of S; follows from (3.12). Using the same approach as
in [I4], we can prove that S, is continuous with respect to the norm of E. It follows
basically of the continuity of the mapping II but II is not Lipschitz continuous and
the goal of the next section is to improve this result and find a metric that makes
S; Lipschitz continuous.

4. LIPSCHITZ METRIC FOR THE SEMICROUP S;
Definition 4.1. Let X, Xg € F, we define J(X,, Xg) as

J(Xq, Xg) = inf || X, - X . 4.1
(Xai X5) = inf_[|Xo o f — Xaogl, (8.1
Note that, for any X,, Xg € F and f, g € G, we have

J(Xoo f,Xpog)=J(Xu, X3). (4.2)

It means that J is invariant with respect to relabeling. The mapping J does not
satisfy the triangle inequality, which is the reason why we introduce the mapping

d.
Definition 4.2. Let X, Xg € F, we define d(X,, X3) as

N
d(Xo, Xg) =inf »  J(Xp-1, Xy) (4.3)
i=1
where the infimum is taken over all finite sequences { X, }\_, € F which satisfy
XO = Xa and XN = Xﬂ.
For any X,, X3 € F and f,g € G, we have
dXpef,Xgeg) =d(Xa, Xs), (4.4)

and d is also invariant with respect to relabeling.
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Remark 4.3. The definition of the metric d(Xq, Xg) is the discrete version of the
one introduced in [5]. In [0, the authors introduce the metric that we denote here
as d where

1
d(Xo, X5) = inf / 1% () 1) s

where the infimum is taken over all smooth path X(s) such that X(0) = X, and
X (1) = Xg and the triple norm of an element V is defined at a point X as

IVl = inf [[V — g.Xc]|

where g is a scalar function, see [B] for more details. The metric d also enjoys the
invariance relabeling property . The idea behind the construction of d and d is
the same: We measure the distance between two points in a way where two relabeled
versions of the same point are identified. The difference is that in the case of d we
use a set of points whereas in the case ofd we use a curve to join two elements X,
and Xg. Formally, we have

1
lim (X (), X(5 +6)) = | X, |, (4.5)

We need to introduce the subsets of bounded energy in Fy.

Definition 4.4. We denote by FM the set
FH={X=Uv)eF|h=|v|n <M}
and let HM = H N FM.

The important propery of the set FM is that it is preserved both by the flow,
see (2.28]), and relabeling. Let us prove that

BynHcHM c BynH (4.6)

for M = 6(1 + M) so that the sets By; N'H and HM are in this sense equivalent.

From (3.3), we get [|yell ;o < 1+ M which implies [|y¢l ;. < 14 M. By (2.24c),
we get that Ug < yer < %(yg + %) < L(ye + v)? < (14 h)? and therefore
1Uell,2 < 1+ M. Since fye(n)dn = 1 and e > 0, the set {€ € [0,1] | e(€) > 1}
has strictly positive measure. For a point &y in this set, we get, by (2.24c|), that

U2 () < 32585 < 2(1+ M). Hence, U], < [U(&)| + |Uell 1 < 3(1+ M) and,

finally,
1Ullwps + 19ellr + 7l < 601+ M),

which concludes the proof of (4.6]).
Definition 4.5. Let dys be the metric on HM which is defined, for any X, Xp €
HM | as
N
dyy (Xo, Xg) = inf Y J(Xno1, X) (4.7)
i=1
where the infimum is taken over all finite sequences {X,}N_ € HM which satisfy
XO = Xa and XN = Xﬁ
Lemma 4.6. For any X, Xg € HM | we have
”ya - yBHLoo + ”Ua - Uﬁ”[,oo + |hoz - hﬁ‘ < CMdM(XmXB) (4‘8)

for some fized constant Cy; which depends only on M.
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Proof. First, we prove that for any X,, Xg € HM, we have
1 = Ysll Lo + [[Ua = Upll oo + |ha — Rl < CruJ(Xa, Xp) (4.9)

for some constant Cj; which depends only on M. By a change of variables in the
integrals, we obtain

1 1
o — hs| = '/ VaOffgdff/ Vﬂogggdﬁ'
0 0
<[ Xaof—Xsogl,.
‘We have
e — sll e + U — Usl o

< | Xaof—Xsogll, +lysof —ysogll+IUsof—Usogl,
<[[Xaof—Xgegllp+ (ysel poo + 1Usell o) If = gllp - (4.10)

From the definition of H™ we get that, for any element X = (y,U,v) € HM, we
have [|yell o« + V[l pe < 2(1 4+ M). Since UZ < yev, from (2.24¢), it follows that
1Uell o <2(1+ M). Thus, (4.10) yields

1Yo = Ysllpee +1Ua = Upll o < | Xa @ f— Xgogllp+4(1+M) [If — gll - (4.11)

We denote by C)ps a generic constant which depends only on M. The identity (4.9)
will be proved when we prove

1f = 9gllpe SCulXaof—Xpogly. (4.12)
By using the definition of H, we get that

1
I fe — el = ’Hha(yagOeruaoJ")fg 1+h6(y5509+1/5°9)95 .
|ha—h5| 1
< X, of—X
S i hy +1+h5” of sedlp
SOu[[Xaof—Xpegly. (4.13)

Let § = g(0) — £(0). Similar to (3.9) and (3.10), we can conclude that
1 FO)+1+6
et rose= [y
0

(0)+48

0 1 1+£(0)+6
:/ yﬁd€+/ yﬁd§+/ ypd§
£(0)+5 0 1

0 1 f(0)+o

- / ysdé + / yadé + / ysdé + F(0) + 6
F(0)+06 0 0

= f(0) +4.

Thus we have § = fol ygo (f +9)fe d¢ — £(0) and analogously 0 = fol ygo (f)feds —
£(0). Hence,

0] =

By (4.13)), we get that
lg = f =6l < [Ife = gellpy S Crrl[Xaof —Xpoglg. (4.15)

1 1
/ ygo (f +0)fe df*/ Ya o ffe df‘- (4.14)
0 0
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Then, since

1ys o (f +6) —wsogllpee < lypellpoe If +0 =gl
SCu|Xaof—Xpogly,

we obtain that

Yoo f —yso (f+ )l < llaof —ysogllw +lysog—yso (f+0)ll
<Cum ||Xa°f7Xﬁ°9||E' (4.16)
Then, yields
61 < Car [ Xa e f = Xg 0 gl (4.17)
From (4.15) and (4.17)), (4.12) and therefore follows. For any ¢ > 0, we
consider a sequence {X,}Y o in HM such that Xy = X, and Xy = Xz and
SN J(X1, X)) < dar(Xa, X3) + . We have
1Yo = Ysll Lo + 1Ua = Usll oo + [ha = hgl
N
<D lyn—1 = Ynllpee + 1Un-1 = Unll e + -1 = b

n=1

N
< CMZJ(Xn—laXn)

n=1

< Cumldym(Xa, Xp) +¢).
Since ¢ is arbitrary, we get (4.8). ([l

From the definition of d, we obtain that
d<XouXﬁ) < ”Xa - X@HE, (4-18)
so that the metric d is weaker than the F-norm.
Lemma 4.7. The mapping das : HM x HM — Ry is a metric on HM .

Proof. The symmetry is embedded in the definition of J while the construction of
dyr from J takes care of the triangle inequality. From Lemma we get that
dn(Xo, X3) = 0 implies that yo = yg, Uy = Ug and h, = hz. Then, the definition
(3-3) of Fo implies that v, = vg. O

Remark 4.8. In [14], a metric on H is obtained simply by taking the norm of
E. The authors prove that the semigroup is continuous with respect to this norm,
that is, given a sequence X, and X in H such that lim, . || X, — X|| 5, we have
lim,, oo ||StXn - S’tXHE = 0. However, S, is not Lipschitz in this norm. From
, we see that the distance introduced in [14] is stronger than the one introduced
here. (The definition of E in [14] differs slightly from the one employed here, but
the statements in this remark remain valid).

We can now prove the Lipschitz stability theorem for S;.

Theorem 4.9. GivenT > 0 and M > 0, there exists a constant Cpy which depends
only on M and T such that, for any X,, Xg € H™ and t € [0,T), we have

dpi(Si X o, 5 X5) < Crrdar(Xa, Xs). (4.19)
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Proof. By the definition of dM, for any e > 0, there exists a sequences {X,, }\_, in
HM and functions {f,}2', {g.}Y-}! in G such that Xy = X,, Xy = X5 and

nla

Z [ X010 fu1— Xpogn1llp <du(Xa,Xp) +c. (4.20)

Since HM By for M = 6(1 + M), see ([4.6]), and By; is preserved by relabeling,
we have that X,, e f,, and X,, e g,,_1 belong to By;. From the Lipschitz stability

result given in ([2.26)), we obtain that
Hst(anl L fnfl) - St(Xn L4 gnfl)”E S CM ”anl L4 fnfl - Xn o gnflnE )

(4.21)
where the constant Cy; depends only on M and T'. Introduce
X, =X,e0f, X! =8(X,), forn=0,...,N—1,
and
X, =X, g0 1, )N(:l = St(Xn), formn=1,...,N.
Then (4.20)) rewrites as
N ~
3 HX’H — %|| < dar (X Xp) + e (4.22)
i=1
while (4.21)) rewrites as
HX’Z-l - X <Cum HX’n_l ~ X[ - (4.23)
E E
We have

H(Xé) = H [0} St(XO [ ] fo) = H o) (St<X0) ® fo) = H o St(XQ) = St(Xa)

and similarly II(XY%) = Si(X3). We consider the sequence in H™ which consists
of {TIX!}N- 1 and S‘t (X 5). The set FM is preserved by the flow and by relabeling.
Therefore {HXt 5 and S;(X3) belong to HM. The endpoints are S;(X,) and
S;(X3). From the deﬁnltlon of the metric dys, we get
N—1
dar(Se(Xa), Se(Xp)) < Y (JOX]_1, TIX])) + (XL _y, S, (X))

n=1
N-—1 B _
=) (J(Xh 1, X3) + J(Xi_1, X§)) by ([E-2).
n=1
(4.24)

By using the equivariance of Sy, we obtain that

— 5(%n) = Sul(Xu o f ) 0 gn )

= Sy(Xn) e (fy ogn1) =X e (fy ogn1)
Hence, by using , that is, the invariance of J with respect to relabeling, we get

from (4.24) that
N-1

3(5u(Xa), 5u(Xe)) £ 3 (I(Xhy, KD)) + I(Ky—y, KR

n=1

(4.25)
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M=

% - %

by (19

E

3
Il
—

IN

by

N
Cu Y [ %r - Ko
W3-,
< Cwm (dM(XmXB) +e).
After letting € tend to zero, we obtain . O

5. FROM LAGRANGIAN TO EULERIAN COORDINATES

We now introduce a second set of coordinates, the so—called Eulerian coordinates.
Therefore let us first consider X = (y,U,v) € F. We can define the Eulerian
coordinates as in [I4] and also obtain the same mappings between Eulerian and
Lagrangian coordinates. For completeness we will state the results here.

Definition 5. 1 The set D consists of all pairs (u, p) such that

(i) w€ Hy,, and
(ii) wisa posztwe Radon measure whose absolute continuous part, pae, satisfies

fac = (u? + u2)dz. (5.1)
We can define a mapping, denoted by L, from D to H C F:
Definition 5.2. For any (u, ) in D, let
h = u([0,1)),
y(§) = sup{y | Fu(y) +y < (1+ h)¢},
v(&) = (1+h) —ye(6),
U(§) = uoy(8),

(5.2)

where

w([0,2)) ifz >0,
Fo(z) = 0 ife=0, (5.3)
Then (y,U,v) € Fo. We define L(u, ) =I(y, U, v).
Thus from any initial data (ug, o) € D, we can construct a solution of (2.19)

in F with initial data Xo = L(ug, o) € F. It remains to go back to the original
variables, which is the purpose of the mapping M, defined as follows.

Definition 5.3. For any X € F, then (u, u) given by
u(x) =U(&) for any & such that x = y(§),
p= Yy (vdg),

belongs to D. We denote by M the mapping from F to D which for any X € F
associates the element (u, 1) € D given by (5.4).

(5.4)

The mapping M satisfies
M = M oIl (5.5)
The inverse of L is the restriction of M to H, that is,

LoM=II, and MoL=id. (5.6)
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(Id, u, [ du)

T (uo)

(x] (Id, uo, fi dpo)

Lagrangian coordinates (F) Eulerian coordinates (D)

FIGURE 2. A schematic illustration of the construction of the semi-
group. The set F where the Lagrangian variables are defined is
represented by the interior of the closed domain on the left. The
equivalence classes [X] and [Xy] (with respect to the action of the
relabeling group G) of X and X, respectively, are represented by
horizontal curves. To each equivalence class there corresponds a
unique element in H and D (the set of Eulerian variables). The
sets ‘H and D are represented by the vertical curves.

Next we show that we indeed have obtained a solution of the CH equation. By
a weak solution of the Camassa—Holm equation we mean the following.

Definition 5.4. Let u: Ry x R — R. Assume that u satisfies
(i) w € L=([0,00), Hyey )
(i) the equations

/ /R (b )6 (1,3) + (ult (1 2) + Po(t.)0(0. )

:/u(O,x)¢(0,x)dx, (5.7)
R
and
J[ Pl (0 - Juie)ota) + Pulta)n(ta)dode = 0. (55)
R+XR

hold for all ¢ € C§°([0,00),R). Then we say that u is a weak global solution of the
Camassa—Holm equation.

Theorem 5.5. Given any initial condition (ug,po) € D, we denote (u,u)(t) =
T (ug, po). Then u(t,z) is a weak global solution of the Camassa—Holm equation.

Proof. After making the change of variables z = y(t,£) we get on the one hand

_ / / u(t, )y (t, x)dadt = — / / u(t, y(t, €))e(t, y(t, §))ye (t, £)dédt
Ry xR R, xR
- // UG (1) = balt (1)), et el

== //R R[U(t,é)yf(t,é)(aﬁ(t,y(t,f)))t — Ge(t,y(t, ©)U(t, &) dedt
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- / U(0,€)6(0,5(0,€))ye (0, £)de (5.9)
+ / / D6 () + Ut s 1. ot (0, ) e
+ / /R U0l y(t. )l
= / (0, 2) (0, x)dx
R
- / / (@t &)+ Ue(t. U (1, ). y(t. €)) s

while on the other hand

//]R R(u(tv x)um (t7 x) + P, (t7 :L'))(;S(t, x)dxdt
- //R UG OUE ) + Palt,y (8, €)Jye(t, )6t y(¢, €))dédt (5.10)

N // (UL ) + QU e (1) (¢, (8, €) e,

which shows that (5.7)) is fulfilled. Equation (5.8)) can be shown analogously

Ry xR
= [/R . Q(t’g)yé(t7£)¢$(tay(t,£))d£dt

- //R QU €)de(t (. €)) g (5.11)
_ / / Qelt,€)(t, y(t, €))dedt
Ry xR
— [ Gre o+ QUL — P(t.)uelt, D)ot uit.€))dsds
Ry xR

- / / [%ui(t,x)+u2(t,x)—P(t,az)}d)(t,:z:)dxdt.
Ry xR

In the last step we used the following

1 y(0)+1 y(1)
/ u? +uide = / u? +ulde = / u? +ulde (5.12)
0 y(0) y(0)

U2 1
:/ U2yg+—5d§=/ vdz, (5.13)
{€€[0,1]]ye (¢,£)>0} Ye 0

the last equality holds only for almost all ¢ because for almost every ¢ € R the set
{€€[0,1] | ye(t,§) > 0} is of full measure and therefore

1 1
/ (u? +u?)dr = / vd§ = h, (5.14)
0 0

which is bounded by a constant for all times. Thus we proved that u is a weak
solution of the Camassa—Holm equation. O
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Next we return to the construction of the Lipschitz metric on D.
Definition 5.6. Let
T, :== MS,L: D — D. (5.15)
Note that, by the definition of S; and 7 we also have that
T, = MS,L.

Next we show that T; is a Lipschitz continuous semigroup by introducing a metric
on D. Using the bijection L transport the topology from H to D.

Definition 5.7. We define the metric dp: D x D — [0,00) by

dp((u, ), (@, 1)) = d(L(u, p), L(a, iv)). (5.16)

The Lipschitz stability of the semigroup T} follows then naturally from Theo-
rem [£.9] The stability holds on sets of bounded energy that we now introduce in
the following definition.

Definition 5.8. Given M > 0, we define the subsets DM of D, which corresponds
to sets of bounded energy, as

DM = {(u,u) € D | u([0,1)) < M}. (5.17)
On the set DM, we define the metric dpy as
dpwm ((uv /u‘)v (ﬁ” [1‘)) = dM(L(u’ :u)7 L(’fL, [1‘)) (518)

where the metric dyy is defined in (4.7).

The definition (5.18)) is well-posed as we can check from the definition of L that
if (u, ) € DM then L(u,p) € HM. We can now state our main theorem.

Theorem 5.9. The semigroup (T;,dp) is a continuous semigroup on D with respect
to the metric dp. The semigroup is Lipschitz continuous on sets of bounded energy,
that is: Given M > 0 and a time interval [0,T)], there exists a constant C which
only depends on M and T such that, for any (u, i) and (@, ii) in DM, we have

dpwm (Tt(uv N)a Tt(ﬁv /1)) < Cdpm ((uv /l), (f"v /l))
for allt € 10,T7.

Proof. First, we prove that T} is a semigroup. Since S; is a mapping from H to H,
we have

thrtl = MStLMSt/L = MStSt/L = M5t+t/L = 1—:‘,+t/

where we also use (5.6) and the semigroup property of S;. We now prove the
Lipschitz continuity of T;. By using Theorem we obtain that

dpm (Ty(u, ), Ti (@, 1)) = dar (LM Sy L(u, p), LM Sy L(4, fi))
= dun(SeL(u, 1), S¢L(a, 1))
< Cdn (L(u, p), L(@, 1))
= Cdpu ((u, ), (4, i)
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6. THE TOPOLOGY ON D

Proposition 6.1. The mapping
u i (u, (u® 4 u?)dz) (6.1)

is continuous from HL _ into D. In other words, given a sequence u, € H!

per per
converging to u € H].., then (un, (ul +u2,)dz) converges to (u, (u® +u2)dx) in D.

Proof. Let Xy, = (Yn, Un,vy) be the image of (un, (u + u? ,)dx) given as in
and X = (y,U,v) the image of (u, (u* + u2)dz) given as in (5.2). We will at first
prove that u, converges to u in H;er implies that X,, converges against X in FE.
Denote g, = u2 + u2, and g = u? + u2, then g, and g are periodic functions.
Moreover, as X,,, X € Fy, we have y, ¢ +v, =1+ h, and y¢ + v = 1+ h, where
hn = ||Vnll;1 and B = ||v|| .. By Definition we have that y,(0) = 0 and
y(0) = 0, and hence

yn (§) 13
/ gn(l')dx + yn(f) = / Vn(x)dx + yn(ﬁ) = (1 + hn)§7 (6'2)
0 0

y(§) £
/ g(2)dz + y(€) = / v(@)dz 4+ y(€) = (1 + h)E.
0 0

By assumption u, — u in H},,, which implies that u, — w in L>, g, — g in L',

and h,, — h. Therefore we also obtain that y,, — y in L>°. We have
Up—U=Up0Yp —UOY =UpOYp —UOYp +UOYp —UOY. (6.3)

Then, since u, — w in L*°, also u, oy, — u oy, in L*= and as u is in H;er, we
also obtain that w oy, — uwoy in L. Hence, it follows that U,, — U in L*°. By
definition, the measures (u? + u2)dz and (u? + u2,)dr have no singular part, and

we therefore have almost everywhere

1+h 1+ h,
— _ = " 6.4
T T g0y T T guoyn (64)
Hence
l+gnoyn 1+goy
Y¢ — Yne = YelYn ( - ) 6.5
&~ Yne = Yeyne| 7 (6.5)
_ (1+gnoyn_1+gnoyn)
Y\ Ty g 1+h
YeYn
+ 15+fb(gnoynfgoyn+goynfgoy)-
In order to show that (, ¢ — (¢ in L%)er, it suffices to investigate
1
/ 190 Yn — g0 Y|Yeyn,edE, (6.6)
0
and
1
/ ‘gn OYn —go ynlyﬁymfdfa (67)
0

as we already know that h, — h and therefore y, ¢ and y¢ are bounded. Since
0 <ye <14 h, we have

1
/ |g OUYn — Gn © yn|y§yn,§d§ < (1 + h) ”g - gn||L1 . (68)
0
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For the second term, let C' = sup,, (1 + h,) > 1. Then for any £ > 0 there exists a
continuous function v with compact support such that ||g — v||;, < e/3C? and we
can make the following decomposition
9oy —9goyn)yneye = (90y = voY)yncye (6.9)
+ (VoY —voyn)Yneye + (VO Yn — GO Yn)Yn,ele.
This implies

1 1
/ |90y —voylyneyedf < C/ lgoy —vouylyedé < e/3, (6.10)
0 0

and analogously we obtain fol |90 Yn — VO Yn|yneyedé < /3. As vy, — yin L™
and v is continuous, we obtain, by applying the Lebesgue dominated convergence
theorem, that voy, — voy in L', and we can choose n so big that

1
/ [V oy — voylyneyedé < C?|lvoy —voy,l <e/3. (6.11)
0

Hence, we showed, that fol |90y — g0 Yn|yneyed < e and therefore, using ,
1
lim g0y — g0 yn|yneyedé = 0. (6.12)
0

n—oo

Combing now (6.5)), , and , yields (e — (e in L', and therefore also

v, — vin L'. Because Cn,¢ and v, are bounded in L*°, we also have that (, ¢ — (¢
in L? and v, — v in L?. Since Yn,e, Vn and U, tend to y¢, v and U in L? and
|Un|l o and ||yn .||}« are uniformly bounded, it follows from ([2.24c|) that

T ([Unell o = Vel 2 (6.13)

Once we have proved that U, ¢ converges weakly to Ug, this will imply that U,, ¢ —
Ue in L?. For any smooth function ¢ with compact support in [0, 1] we have

/ Un,ﬁd)df = / Un,z © Z/nlln,gébdf = / U”I’L,LE¢ o y;1d§ (614)
R R R

By assumption we have u,, ¢ — u¢ in L?. Moreover, since y,, — y in L™, the support
of ¢ oy, ! is contained in some compact set, which can be chosen independently
of n. Thus, using Lebesgue’s dominated convergence theorem, we obtain that

poy,t — poy !in L? and therefore
lim [ U, ¢pdé = / ugp oy tdé = / Uepdg. (6.15)

Form (2.24c) we know that U, ¢ is bounded and therefore by a density argument
(6.15) holds for any function ¢ in L? and therefore U, ¢ — U weakly and hence
also in L2. Using now that

1Ung = Uellr < 1Ung = Uell 2 (6.16)

shows that we also have convergence in L!. Thus we obtained that X,, — X in E.
As a second and last step, we will show that Il is continuous, which then finishes

the proof. We already know that y, — vy in L*° and therefore a, = fol yn(&)dE

converges to a = fol y(£)d€. Thus we obtain as an immediate consequence

[Un(§ —an) = U — a)HLOC
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< HUn(g - an) - U(§ - an)||Lm =+ ||U(§ - an) - U(§ - a)HLOc ’ (6-17)

and hence the same argumentation as before shows that U, (§ —a,) — U(€ —a) in
L. Moreover,

1
/0 U e(€ — an) — Ue(€ — a)lde (6.18)

1 1

s/ |Un,g<£—an>—Ug<f—an>|df+/ Ue(€ — an) — Ue € — a)d
0 0

< HUH,E - UEHLl + ”Uf(gf an) - UE(§ 70“)”[‘17

and again using the same ideas as in the first part of the proof, we have that
Une(€—an) — Ug(§—a) in L', which finally proves the claim, because of ([4.18) O

Proposition 6.2. Let (uy, 1y) be a sequence in D that converges to (u, ) in D.
Then

Up — u in Loo, and py, R (6.19)
Proof. Let X, = (Yn, Un,vn) = L(un, n) and X = (y,U,v) = L(u,p) . By the
definition of the metric dp, we have lim,_  d(X,, X) = 0. We immediately obtain
that

X, — X in L®(R), (6.20)
by Lemma The rest can be proved as in [I14, Proposition 5.2]. O
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