WEAK ENTROPY SOLUTIONS OF NONLINEAR
REACTION-HYPERBOLIC SYSTEMS FOR AXONAL TRANSPORT
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ABSTRACT. This paper is concerned with a class of nonlinear reaction-hyperbolic sys-
tems as models for axonal transport in neuroscience. We show the global existence of
entropy-satisfying BV-solutions to the initial-value problems by using hyperbolic-type
methods. Moreover, we rigorously justify the limit as the biochemical processes are
much faster than the transport ones.
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1. INTRODUCTION

The axonal transport is important for the maintenance and functions of nerve cells.
These cells are also called neurons. A neuron consists of three parts mainly: cell body,
dendrites and a single axon. The axon is a long and thin pipe whose length can exceed
10,000 times its diameter. It is this axon that distinguishes neurons from other cells. The
axon is responsible for signal transmission in the nervous system. Its cytoplasm does not
contain rough endoplasmic reticulum and therefore its proteins can only be transported
from the cell body, where all proteins are synthesized.

The transport proceeds as follows. Proteins are stored in vesicles as cargos. The vesi-
cles are attached to kinesin (anterograde motors) or dynein (retrograde motors) proteins.
These motor proteins drive the vesicles to walk along the cytoskeletal microtubules as
track. Here the kinesin proteins move the vesicles from the cell body to synapse (antero-
grade transport), while the dynein proteins move the vesicles in the opposite direction
(retrograde transport). During the transport, many biochemical processes are possible.
For example, the cargos can leave its track, can switch its motor proteins from kinesin
to dynein or vice verse, and can move back onto the track. Thus, we can divide the
cargos into a number of subpopulations, such as free vesicles, vesicle-kinesin compounds

off track, moving vesicle-dynein compounds on track, etc.
1
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As the axon is long and thin, it is reasonable to assume the transport only along the
longitudinal direction of the axon. Denote by x > 0 the distance down the axon from the
cell body which is located at = 0. Let u; = w;(x,t) be the concentration at space-time
(x,t) of the i-th subpopulations. According to Reed and Blum [8], the mathematical
model for axonal transport is partial differential equations of the form:

&sui —|—>\26qu = E(u17u27"‘ 7“7")7 1 = 172’... ,T

Here the term \;0,u; accounts for the transport of the i-th subpopulation with constant
velocity A;, and Fj(uy, ug, -+ ,u,) describes the biochemical processes of the constituents.
It is well recognized that the biochemical processes are much faster than the transport in
biosystems.

In [2, 4, 5, 9], the authors studied the linear case, where F;(uq,us, - ,u,) is linear
with respect to the u;’s, in order to explain the approximate traveling waves observed
in experiments. Especially, in [5] Friedman and Hu used parabolic-type estimates to
analyse the diffusive limit of the linear systems. However, it seems uneasy to deal with
the nonlinear problems with the parabolic-type techniques. On the other hand, in [1]
Carr showed the existence of global classical solutions to a class of nonlinear models with
source terms of the form

f17 7’:1
Fi(uy,ug, - ,u,) =< fi— fic1, 1<i<r,
_fr—17 i:T

where f; = fi(u;, u;41) is a continuously differentiable function of two variables. We notice
that in applications f; is a polynomial of w; and u;4;. In addition, the model in [2] is an
example where f; depends only on wu; and ;.

In this paper, we consider the same nonlinear systems, as in [1], but with a small
parameter € > 0:

(0 + MO )ur(z,t) = %f1(U1,U2),
(1.1) (O + NiOp)ui(x,t) = —%fz‘q(uzel, u;) + %fi(umuiﬂ),

(at + )\raz)ur<$7 t) = _%fr—l(ur—la ur)-

Here the small parameter € characterizes the fact that the biochemical processes are much
faster than the transport. We assume, throughout this paper, that each f; is strictly
decreasing with respect to the first argument and strictly increasing with respect to the
second. In addition, we assume that f;(0,0) = 0 and, for fixed v, there exists w such that
vfi(v,w) > 0. These assumptions are consistent with those used in [1, 2, 4, 5, 8, 9].

We will regard (1.1) as a hyperbolic relaxation system [11] and use the corresponding
techniques to study it. In particular, we will use a difference scheme to show the global
existence of entropy-satisfying BV-solutions (u{,us$, - ,u$) to the initial-value problems
of (1.1) and investigate the limit as e goes to zero. For r < 3 and for linear problems,
we prove that the limit (u{,ud,--- ,u?) is also an entropy-satisfying BV-solution to the
so-called equilibrium or reduced system of (1.1):

{ O(uy +ug + -+ + up) + O (Ayug + Aoug + -+ - + \pu,) =0,

(12) Jilur,ug) = fa(ug,uz) = -+ = froy(up—1,u,) = 0.
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We remark that the present problem could be treated with different methods (see, e.g.,
[6, 7]), instead of difference approximations. However, the latter seems more clear and
elementary.

Although the BV-framework is quite standard for nonlinear hyperbolic problems (see,
e.g., [3, 6, 10]), some innovatory ideas seem necessary to carry our the details. In partic-
ular, we use the Brouwer fixed-point theorem, the BV -estimate and the special structure
of the source terms in (1.1) to derive the existence, boundedness and time-Lipschitz con-
tinuity of the difference solutions. It seems not so easy to obtain the time-Lipschitz
continuity. Moreover, the techniques from [7, 6] do not seem helpful here, due to the
complicated structure of the source terms. Furthermore, for an arbitrarily given convex
entropy function for the reduced system (1.2), we construct a dissipative entropy function
for the original system (1.1). In equilibrium, the constructed entropy function reduces to
the given one.

The paper is organized as follows. Section 2 is devoted to the analysis of a difference
scheme for the system (1.1). The time-Lipschitz continuity of the difference solutions is
derived in Section 3. In Section 4, we discuss entropy functions for the two systems (1.1)
and (1.2). The main results are shown in Section 5.

2. DIFFERENCE SOLUTIONS

We begin with construction of approximation solutions to the reaction-hyperbolic sys-
tem (1.1) by using difference methods. For simplicity, we set

U= (u1>u27 T >u7‘)T7 A= diag()‘b)\% e a)‘r‘)a

QU)= (fi, ~fima+ fir s =fr)T,

where the superscript T' denotes the transpose of vectors or matrices. Then the reaction-
hyperbolic system (1.1) can be rewritten as

(2.1) U, + AU, = %Q(U).

About this system, we make the following assumptions mentioned in the introduction:

(1). each f; is continuously differentiable, strictly decreasing with respect to the first
argument, and strictly increasing with respect to the second;

(2). £:(0,0) = 0.

These assumptions are consistent with those used in [1, 2, 4, 5, 8, 9].
Our difference approximation to (2.1) is the following semi-implicit upwind scheme
n+1 n n n n n
vit-g I M L Bl i lme
At Ax Ax e’
Here Az and At denote the increments respectively in z and ¢; U;" denotes the approxima-
tion of U(x,t) over the grid block [z;,j41) X [tn, tp+1) With z; = jAz and ¢, = nAt; j =
0,£1,£2,--- and n=0,1,2,---; QF = QU}); AT = diag(A\, A3 ,--- ,\}) and A~ =

(2.2)
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diag(Ay, Ay, -+, A7) with

Ai + A A A
(2.3) Aj:%zo and Ai:#go.
For n = 0, we take
A~ f;jj“ Up(x)de, if j< =
(2.4) Uy = ;
0, if j>x
where Up(z) := (u10(x), uz0(), ..., u0(z))? is a bounded measurable function of z € R.

In addition, the 0 in (2.4) can be replaced with any constant vector.
Throughout this paper, we assume that the grid sizes satisfy the CFL-condition

At

To analyse the above scheme, we start with the following elementary fact.

Lemma 2.1. Let A = (ar)nxn be a matriz satisfying > p_ ap = 1 for 1 = 1,2,--- ,n
and ay; <0 for k # 1. Then A is invertible, the spectral radius of A™! is not bigger than
1, and the 1-norm of A=! is 1.

Proof. Let X\ be an eigenvalue of A. By the Gershgorin circle theorem there is an integer
[ such that

IN—au| < law| = an - 1,
kAL
foray =1 — Ek# ag; and ag; < 0(k # [). From this we easily deduce that |A\| > 1. Thus

A is invertible and the spectral radius of A~! is not bigger than 1.
Furthermore, it follows from ), ax = 1 that

(1717"' al)A: (171a 71)
and thereby
(1,1,---, )A = (1,1,---,1).

This shows that the sum of each column of A~! is also 1. On the other hand, we set
D = diag(a11, a0, ,an,) and F = D — A. Tt is obvious that the elements of F D! are
nonnegative,

A=D—-F=(I—-FD "D
and thereby
At=DYI-FDH

Moreover, with the Gershgorin circle theorem it is not difficult to see that the spectral
radius of F D! is less than 1. Thus we can write

A'=D I+ FD '+ (FD ')+ ),

which shows that the elements of A~! are nonnegative. Hence the 1-norm of A~! is 1 for
the sum of each column of A=!is 1. This completes the proof. OJ
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Set V = (vi,va, -+ ,v.) T, W = (wy,wa, -+ ,w,)7,
1 .
0 7

(27) Bz = Bl(V, W) = /1 afl (HUZ + (1 - H)wl, 91}1'+1 + (1 - 9)wl+1)d9

0 OUit1
Assumption (1) implies that A; < 0 and B; > 0. By the mean-value theorem we have

(2.8) QV) - QW) =QV,W)(V—-W).
From the definition of (), we have
Ay By
_Al —B1 + A2 BQ
OV, W) = — Ay —By + A3 Bs
_Arfl _Brfl

It is easy to verify that I — %Q(V, W) satisfies the conditions in Lemma 2.1. Therefore
we have

Corollary 2.2. I — 2LQ(V, W) is invertible, the spectral radius of (I — SLQ(V,W))~! is
not bigger than 1, and the 1-norm of (I — &LQ(V,W))~™" is 1 for any V,W € R".

With these preparations, we study the difference scheme (2.2). In what follows, we will
denote by |- | the 1-norm of vectors and matrices.

Lemma 2.3. Given U}, U;.”l can be uniquely determined by solving the nonlinear alge-
braic equation (2.2).

Proof. From f;(0,0) = 0 we see that Q(0) = 0 and
n+1 n+1 n+1 n+1
Qj+ = QjJr - Q(0) = Q(UjJr aO)Uj+ .
Thus, we deduce from the difference scheme (2.2) that

At At At At At
I—— ntl ntl — —_ATU? I — — AT+ —A U+ (——A)U",.
( € Q<U] 70))U] Al’ U]*l + ( AI‘ + A$ )U] + ( AI‘ )U]Jrl
With this equation, we construct a mapping F': V — W as follows
At At At . AL, At
(I — ?Q(V, 0)W = MA Ui+ (I EA + MA YU+ ( EA Lo
Due to Corollary 2.2, we can write
B At AL At AL At
W =(I—- ?Q(V, 0)) [EA U+ = MA + EA U + (_MA YU
and thereby
At At At At At
< S — LI == Aty AT AU+ (=AU
At At At At
= | —ATU" + (I —-—A"+ —A)U" + (——A)U, .
|A$ Uj*l—i_( Ax +AZL’ )U] +( Azr )U]Jrl’

Therefore, W is bounded for fixed 7 and n. By the Brouwer fixed-point theorem, the
mapping F' has fixed points for F'is continuous. This shows the existence of U ]7‘“.
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To see the uniqueness, we assume that both U; and U, satisfy the difference scheme
(2.2). With the mean-value theorem, we see that

U~ U = SHQUY) - Q) = S, U)Wy - 1)

and thereby
At
([ - ?Q<U1, U2))(U1 - UQ) - 0

It follows from Corollary 2.2 that U; = Us. This shows the uniqueness and hence the
proof is complete. O

Remark 2.1. We could use the contraction mapping principle to show the existence and
uniqueness of an+1' However, it requires that At is much smaller than e. On the other
hand, this lemma does not tell the uniform boundedness of the difference solution U7

Next we establish the L!-stability of the difference scheme (2.2).

Lemma 2.4. Let U} and V}* be two solutions of the difference scheme (2.2) with initial
data UJQ and Vjo, respectively. Then it holds that

“+oo +oo
oy =vis Yo up vy

j=—o0 j=—o0
for alln > 0.
Proof. 1t follows from the difference scheme (2.2) that
Uptt vt = B - QUp) + ST - Vi)
+(I — %A* + %A)(Uf — Vi) + (—%A)(UJ’?+1 - V).
Thus we deduce from the mean-value theorem and Corollary 2.2 that
(1= 2l vy vy = Ry, - v
I = oA RO 07— Vi) 4+ (AU~ Vi),
O e (1 R S (G
HI = SoA 4 RN U7~ V) + (- oAU~ Vi)
P v < (= S v ) A U~ V)
HI = R0+ DA 07 V) + (- R - Vi)
< AU~ Vi)

At LA At
+|(]_A_xA++A_g:A U =V, )|+|(_A_xA J(Ua = Vi)l
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and thereby

+0o0
Z ‘U;LJrl_an+1’ < Z ’—A+( _Vn Dl

j=—00 Jj=—00
+ At n R n
F 3= A A v 3 =A@, - v
j=—o00 J==o0
At . At At o
= Z I AW = VIO U = AT+ A0 = V)
j=—00
At
H(= AU = V)

In the last step we use the induction assumption that ]_700 \U o VJ"] < 00, which is

true if Y27°7 |U? — V| < co. On the other hand, from the definition of A" (2.3) and
the CFL-condition (2.5) we deduce that

At At At

y_m V”)HI([—A—A+ AWy V”>|+\<——A )07 = Vi)l
At ALy yn At
— < Az —— A |y — |+Z 1__)‘+ Azx Al — vl = < Az A G
= VUf— Vil

Hence we see that

+o00o +o0 +00
n+1 n+1 n n 0 0
D L e e S L Al S N e )

j=—00 j=—00 Jj=—00
This completes the proof. O

By taking V" = U}" ; in Lemma 2.4, we get the following corollary on BV-estimates of
the difference solutlons

Corollary 2.5. Let U be a solution to the difference scheme (2.2) with initial data UJQ.
Then the BV -estimate

+oo +o0
PR EIES DR

j=—00 j=—00

holds for all n > 0.

Having Corollary 2.5, we show the uniform boundedness of the difference solutions,
which is not covered in Lemma 2.3.

Lemma 2.6.
—+oco
sup U] < D U U
j=—00

holds for all n > 0.
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Proof. Thanks to the initial data (2.4), we have U} = 0 if jj is large enough. Thus, for
any j it follows that

Jo +00
UPI =07 = URl < D (UF = Ul < )0 |UR = U -
k=j+1 k=—o0
This completes the proof. O

Remark 2.2. This lemma requires that the initial data are of bounded variation. Other-
wise, we could not obtain the uniform boundedness of the difference solutions.

3. TiME-LipscHITZ CONTINUITY

In this section we show the time-Lipschitz continuity of the difference solutions, which

seems not so easy for the present problem.
To begin with, we set G(U) = (f, fa,- -+, fr—1)" € R""" and G} = G(U}'). Note that

(3.1) QU) =KGU), GU)=KQU)
where K is the constant r X (r — 1)-matrix
1
-1 1
(3.2) K= -t
-1 1
—1
and K’ is the constant (r — 1) x r-matrix such that K'K = I._;. Moreover, it follows

from the mean-value theorem and the definitions in (2.6) and (2.7) that
n+1 n __ n n+1 n+1 n
with MU, U1 the following (r — 1) X r matrix

A1 By
A2 By
MU, UM = Az Bs
Ar—l Br—l
Set M = M(U}, U;‘H) = M(U}, U}Hl)K € R=Dx(r=1) By calculation, we have

A1 — Bl Bl
—AQ AQ — BQ Bg
M = —Ag Ag — B3 Bg

_Ar—l Ar—l - Br—l

Thanks to the strict monotonicity assumption (1) on the f;’s, it is an elementary fact that
I— %M is invertible.
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We assume that there exists a (U}, U. }Hl)—independent norm |- |, on R"~! and a positive
constant A such that

(3.3) -2 < Sy

Although such a norm has not been found for general cases with r > 3, this assumption
is indeed true for r < 3 and for the case where Q(U) is linear with respect to U. In fact,
we have

Proposition 3.1. For r < 3, there exists a positive constant A such that

At At
(1= 20, < (14 2,
€ €
Proof. When r = 2, M is the negative number (A; — B;). Thus we have
At At At
(1 - ?M)71|oo =1+ —(Bi - AD)Th <1+ ?/\)71

with A = minyy {B(V,W) — A;(V,W)} > 0. Here the boundedness of the different
solution established in Lemma 2.6 has been used.
For r = 3, M is the 2 X 2 matrix

(A -B B,y
M‘( A, A2—32>'

Then we have

]_HM: 1—1—%(31—141) —%31
€ %Ag 1+ %(BQ - Ag)
and
At
(I ——M)™"
€
3 1 1+ 24(B, — A,) Ap
14 ALty A2 — 2L Ay 1+ 24 (B — Ay)

with A = B, — Ay + By — Ay and B = BBy — A1 By + A1 A,. Recall that A; < 0 and
B; >0 fori=1,2. Set
a =max{B; + By — Ay, B; — A} — Ay}
It is obvious that 0 < a < A and B > 0. Thus we deduce that
At 1+a2t At

[——Mil = < (1 =\
(= T30 = g <05

with
A =min{A —a,B/a} > 0.
This completes the proof. O

For r > 3, M is no longer strictly diagonally dominant and the inequality in Proposition
3.1 does not hold anymore. However, we have

Proposition 3.2. If Q(U) is linear with respect to U, then the above assumption (3.3)
holds.
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Proof. Since Q(U) is linear with respect to U, M is a constant matrix. Set a; = 1, 11 =
_O‘iAB_L’ and D = diag(aq,as, - ,a,_1). It is obvious that the diagonal matrix D is
positive definite and DM is symmetric. Then D:MD™7 is also symmetric. Thus, there
exist an orthogonal matrix T" and a diagonal negative-definite matrix /N such that

D:MD 2 =T 'NT,
and thereby

(TD?)(I — %M)l =(I- %N)I(TDé).

Set P = TDz. We define a norm on R™! as

€l = 1P¢]
for £ € R™"!. Thus the corresponding matrix norm is
At At
(I = —M)~"], == sup [(I = —M)7¢],
€ lglp<1 €
At
= sup |P(I - —M)7'¢|
|lp<1 €
At
= sup |(I = —N)7'P¢
[€lp<1 €
At
< sup [(/ — —N) | P¢|
l€lp<1 €
At At
<|(I- SNy = 1+ S
where A is the smallest eigenvalue of — V. 0

Now we turn to estimate Q" = Q(U}").

Lemma 3.3. Assume (3.3) holds. Then there is a positive constant C' such that

At
) Q e +€).

€

Q™| < C((1+ A
for alln.

Proof. From the difference scheme it follows that
n+1 n n n+1 n+1 n
Gj+ -GY = ./\/l(Uj,UjJr )(UjJr - U})

At At

At —(rm n

At y n n rrm i nyy Dt
- ?MGjﬂ — MU UMYANUr = U ) + A (U, = Uj e
and thereby
At n n n n n n
(I - ?M)Gj“ =G — MU}, U AT (U} = UfLy)
At

A (U = UP] o
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Thus we deduce from the inequality (3.3) that

At
(1+A )IG"“I* < (= —M)GFT,

n n oy n n i A
STe _M(Uj,Uj“)[A*(Uj = U) + A (U = UP)

n n n n n n n At
< GGl + IMUF, UFHIAT(U] = Ufey) + A (U = U)o

Since | - |, is equivalent to the 1-norm | -| on R"! and since the dlfference solution is
bounded, there is a positive constant C' such that

At
(1+ )!G"“I*SIG"\*JrC (07 = Uil + U3 = U)-

J

Consequently, we use Corollary 2.5 to obtam

1“_ Z‘G”H‘ Ar < N |G Az +CALY |Ur—UT,|
j J

IN

> Gl Az + CAL.
J

From the last inequality, it is easy to verify that

> IGHLA < (1+Aé Z|G0| Az +Ce < C((1+/\— Z|G°|Ax+e)

Thus we get

1G™|p < CY |G Az < C((1+ >\— Z GV Az + ).
J

Finally, from (3.1) it follows that
1Q I < ClG™|[r and |G| < CJIQ°|11.

Hence

At
1Q"]1zr < G+ A—=)T"IQllz: +€)

and the proof is complete. 0
Now we can easily show the time-Lipschitz continuity of U™.

Lemma 3.4. Assume (3.3) holds. Then

At At
U7 = Ul < =+ A=) DIQ 1 + At)

form=0,1,2,---.

Proof. From the difference scheme (2.2) we have

At At
AT (U —Un
Ar (U U

At
n+1 n n—+1 n n
l?j _Z/] _Q] — j j 1) — /S (Zi] 1 l]j)
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and therefore

Uzt — ) < 2@y 0RU0p ~ U + 107~ V).

J

Thus, from Corollary 2.5 and Lemma 3.3 we deduce that

At At
U7+~ U"I\L1<—HQ”“HL +OAt < C(— (+A?)*(”“)HQ°HL1+A¢).

This completes the proof. O

4. ENTROPIES

In this section, we discuss entropy functions for the reaction-hyperbolic system (1.1)
and its equilibrium system (1.2). For this purpose, we make the following additional as-
sumption

(3). For any fixed v, there exists w such that vf;(v,w) >0 for i =1,2,--- ;r — 1.

This assumption, together with those made in the previous section, ensures that there
exists a unique and globally-defined function h; of one variable such that

fori =1,2,--- ,r — 1. Obviously, h; is strictly increasing and h;(0) = 0. By the implicit
function theorem, h; is continuously differentiable. Thus the equilibrium system (1.2) can

be written as
(4 2) 8t(ul +ug+ -+ ur) + aac()\lul + )\2u2 + -+ )\rur) = 07
. Ug = hl(“l)a Uz = hz(u2)7 ity Up = hrfl(urfl)-

Set
v=1uy+ hy(u1) +heohi(uy)+---+h—10h._90---0hy(u).

Since the right-hand side is strictly increasing with respect to u;, u; can be expressed as
a function of v, say u; = wu;(v). By the inverse function theorem, u;(v) is continuously
differentiable. Set

uit1(v) = hi(ui(v))
fori=1,2,--- ,r—1. Consequently, each u;(v) is strictly increasing, continuously differ-
entiable and u;(0) = 0. Set

v=u(v) +uz(v) + - +u.(v) and h(v) = Mug(v) + Auz(v) + - - + N (v).
Then the equilibrium system (4.2) can be rewritten as
(4.3) O + Oh(v) = 0.

Recall that any convex function is a convex entropy function for scalar conservation laws
like (4.3) (see, e.g., [3]).

Next, we turn to discuss the entropy functions for system (4.3) and the reaction-
hyperbolic system (1.1).
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Lemma 4.1. Given a strictly convex smooth function 7(v), there is a dissipative entropy
function n(U), in the sense of [12], for the reaction-hyperbolic system (1.1) such that

N(v) = n(u(v), uz(v), -+ ur(v)) = n(U(V)).
Proof. We inductively define

mi) = [ ).
0
nesle) = [ alha()de
0
fori=r,r—1,---,2. Then we have
(4.4) iy (uim1) = ni(hici(wima))  and p(u) = 7' (u, " (u).
Since 7j(v) is strictly convex and w, ! and h; are all strictly increasing, it is clear that
My, My, - -+ ,m.. are strictly increasing. Therefore,

(4.5) n(U) = Zm(u» +7(0)

is a strictly convex function of U. Recall the matrix K defined in (3.2). We see that
(1 = 1y = 13- sy — 1) = KT (U)
and, moreover, from (3.1) that

QU)=KG(U)
B ) fl(U1,U2) f2(u2,U3) fr—l(“r—laur) KTp (U
(4.6) = Kdiag( m—h " my—nh Moy =1, Ko (U)
= S(U)nu(U).

Thanks to the relations in (4.4), we deduce from (4.1), the convexity of 7; and the
monotonicity assumption (1) that
filwi, wit1) _ filwi, i)
M= Mita 771/‘+1<hi(ui)) - 771/‘-1-1(“2'—&-1)
o o (i i) + 0 (uigy = hiwy)))do
1
o Miea (hi(wi) + o (uivr — hi(w,)))do
Thus, S(U) is a symmetric and non-positive definite matrix. Its null space is obviously
that of KT, which is independent of U. Consequently, n(U) is a dissipative entropy

function, in the sense of [12], for the reaction-hyperbolic system (1.1).
Furthermore, we deduce from the relations in (4.4) that

mu(v)) = ny(hi(ur(v)))
= n3(he o hi(ur))

U;(hr—l o hp_g0--0hy(ur))
= . (ur(v))

~/

= 1 (v).
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Similarly, we have

My (ua(v)) = -+ = (ur(v)) = 77 (v).

Therefore, we deduce from u;(v) + uz(v) + - - - + u,(v) = v that

(n(U@)))" = (Z 7i(ui(v)))’
1 (u (0))ua (0) + ny(uz(v))us(v) + - -+ 0 (ur (v))uy (v)
= i)
In view of 7;(0) = 0 = u;(0), we see from (4.5) that n(U(0)) = 77(0) and hence

This completes the proof. 0

We conclude this section with a discrete entropy inequality for the difference solutions.

Lemma 4.2. Let UD be a solution to the difference scheme (2.2). Then, for any smooth
convex function n(U) = > _i_, ni(u;), there exists a Lipschitz continuous function U of two
variables such that for all j € Z and n > 0, the following cell entropy inequalities hold:

At n n n n At n n
Ax(ql(U Uj1) = WU, UF)) + ?UU(UJ e,

Moreover, the Lipschitz continuous function satisfies the consistency relation

= Z Aithi (us).
=1

Proof. For any smooth convex function n; and any two real numbers a, b € R, it is standard
that

(U < pUp) -

J

1i(b) = ni(a) < mi(b)(b — a).

Thus, for the given convex function n(U) = >";_, n;(v;) and for any V,W € R" we have
n(V) —=n(W) < nu(V)(V —W).

Thus, it follows from the original difference scheme that

At At At
n+1 n - n n ntl el
WU < 0U} = TA (U = U = TeA (U = UD) +mo (U ) 205,
since
n At n n At n n At - n n
Uj+1:?Qj+l+Uj _A_xA+(Uj _Uj_l)_A_xA (Uj+1—Uj).
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On the other hand, we deduce from (2.3), (2.5) and the convexity of 7; that

nwy - A:CA+<UJ- U7 - A%A U2 = U}))
B At +rm At At At R
At _ At _ At
= an )\+_qu 1 +( Aj_A )\l AZ’) %,] )\1 Az zy+1)
At n At _ At n _ At n

< ;P\JFA ni(uiy_y) + (1 — /\ZLA— + A N - miui;) — A A_xm(ui,j—‘rl)]

d . At . .
= Z[nl<uz ) — _<|/\ |7 (ui! ) A; Th‘(ui,j—l) + A m(ui,jﬂ))]-

i=1

Define

W(UV) = S )+ m(w) +

i=1

) = o))

This W is obviously Lipschitz continuous and satisfies the consistency relation. Moreover,
the above inequalities lead directly to

Aac(‘ll(U Ui) = (U, UF)) + ?”U(Uj H)Q(Uj ).

This completes the proof. O

n(U) < aUy) -

- J

5. MAIN RESULTS

In this section we prove the main results of this paper. To this end, we define
UA (e, t) = (u (0,0, 0 (.8), - u (o, )T o= (i, )T

for (z,t) € [jAx,(j + 1)Az) x [nAt, (n 4+ 1)At). With this definition, it simply follows
from Corollary 2.5, Lemma 2.6 and Lemma 3.4 that

Lemma 5.1. The piccewise constant function U (x,t) satisfies the following estimates

+o00
(5.1) UMz, t) < Y U) = U] forall (1),

j=—o00

(5.2)  TV(U2(,1) < io U7 = Ujal,

j=—o00

At mln{t min{t,t1}

(5.3) IIUA(wt)—UA(wtl)IILlSC( (L+A—)" 1Q°1zr + (It — ta] + At)

for all t,t; > 0.
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Proof. We only need to show the last inequality. Let k,k; be two integers such that
t € [kAL (k + 1)At), ty € [kiAt, (ki + 1)At). Without loss of generality, we assume
k; < k. Then we deduce from the definition of U? and Lemma 3.4 that

HUA<'7t)_UA<~7t1)||L1 = Z|Uf_U]k1’Ax

J

k—1
SN Ut - ur|Ax

<
n=ky1 J
< ZC 1+>\ )("+1)||Q0||L1+1)At
n=kq
1 At
< O+ A=) S H)Q0 1 + 1)(k — ka)At
€ €
1 At min{t,t
< CEA+AT)TINQ | + 1)1t — 1] + 20).
This completes the proof. O

Having the estimates in Lemma 5.1 and the discrete entropy inequality in Lemma 4.2,
we follow the standard argument in [3] to obtain (e is fixed)

Theorem 5.2. Suppose the initial data Uy(x) = (u10(x), uso(x), -+ , uro(z)) have bounded
variations, the grid sizes At and Ax satisfy the CFL-condition (2.5), the fls satisfy the
assumptions (1)-(3), and the inequality (3.3) holds. Then, as the grid sizes At, Az tend to
zero, there is a subsequence of the function family U>(x,t) = (uf(x,t),us (z, 1), ,ul(x,t))
converging in (L}, .(R' x RT))" to an entropy solution U(z,t) = (ul,u2, e 5) of the
reaction-hyperbolic system (1.1) with initial data Uy(z). Furthermore, the solution fulfills
the following estimates

+o0

(5.4) \U(z,t)| < Z \U) = U7\ for almost all (z,t),
j=—00
+o00
(5.5) TV(U(, 1) < Y Uy = U7,
j=—00
1 Amin{t,t
(5.6) UG 8) = U t)ll < O (2 eXP(——{l})HQOHLl + Dt —tl.

for all t,ty > 0.

In the framework of BV-solutions, the zero-relaxation limit can be very easily dis-
cussed. In fact, the standard argument in [3] proves that the embedding of L>*(R, x
R) N L=®(R,, BV(R)) N Lip(Ry, L*(R)) into Lj,.(R; x R) is compact. On the other

hand, the estimates in (5.4) — (5.6) show that {U¢}.o lies in a bounded subset of
L®(R; x R) N L®(R,, BV(R)) N Lip(R., L'(R)) by assuming

(5.7) 1Q°[zx = 0.

Namely, the initial data are assumed to be in equilibrium. Thus, we have
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Theorem 5.3. Under the conditions of Theorem 5.2 and the equilibrium assumption
(5.7), there exist a bounded measurable function U*(x,t) = (uf(x,t),us(z,t), - ,ui(z,1))
and a subsequence(denoted in the same way) of set {U(x,t) = (u,us, -+ ,us)} such that
as € — 0,

U(x,t) — U*(x,t) in (L. (R' x RT))".

Moreover, the function U*(x,t) is a weak entropy solution to the Cauchy problem (1.2)
with initial data Uy(z) and satisfies

“+o0o
|U*(z,t)] < Z U = U, for almost all (x,1),

j=—o00

+o0
TV(U (1) < Y Uy =UY |,
j=—00

U 1) = U (- )l < Ot =]

Remark 5.1. The fact that U*(z,t) satisfies the entropy conditions for the equilibrium
system (1.2) follows from Lemmas 4.1 and 4.2. Indeed, because S(U) in (4.6) is symmetric
and non-positive, the term ny (U"™)Q(U™*!) in Lemma 4.2 is

no (U™ QU™ = nu (U S ) (U™) <0
if 7 is chosen to be that constructed in Lemma 4.1.

Remark 5.2. Without the equilibrium assumption in (5.7), U¢ can only converge to U*
for t > 0 but not up to t = 0, because

€
_ ; < -
exp(—Amin{t, t1}/€) < AL 6]

in (5.6). Indeed, without the equilibrium assumption, initial boundary-layers occur. See
also [10].

REFERENCES

[1] D. D. Carr, Global existence of solutions to reaction-hyperbolic systems in one space dimension,
SIAM. J. Math. Anal. 26(2) (1995), 399-414.

[2] G. Craciun & A. Brown & A. Friedman, A dynamical system model of neurofilament transport in
azons J. Theoretical Biology 237 (2005), 316-322.

[3] C. M. Dafermos, Hyperbolic conservation laws in continuum physics (2nd Edition), Berlin, Springer,
2005.

[4] A. Friedman & G. Craciun, Approzimate travelling waves in linear reaction-hyperbolic equations,
STAM. J. Math. Anal. 38(3), (2006), 741-758.

[5] A. Friedman & B. Hu, Uniform convergence for approzimate travelling waves in linear reaction-
hyperbolic systems, Indiana Univ. Math. J. 56 (5) (2007), 2133-2158.

[6] M.A. Katsoulakis & A.E. Tzavaras, Contractive relaxation systems and the scalar multidimensional
conservation law, Commun. PDEs 22 (1997), 225-267.

[7] R. Natalini, A discrete kinetic approximation of entropy solutions to multidimensional scalar con-
servation laws, J. Differ. Equations 148 (1998), 292-317.

[8] M. C. Reed & J. J. Blum, Mathematical Questions in Azonal Transport, In: Lectures on Mathematics
in the Life Sciences, Vol. 24, 1994.

[9] M. C. Reed & S. Venakides & J. J. Blum, Approzimate travelling waves in linear reaction-hyperbolic
equations, STAM. J. Appl. Math. 50(1) (1990), 167-180.



18 Hao YAN and W.-A. YONG

[10] W.-A. Yong, A difference scheme for a stiff system of conservation laws, Proc. Royal Soc. Edinb.
128A (1998), 1403-1414.

[11] W.-A. Yong, Basic aspects of hyperbolic relazation systems, in Advances in the Theory of Shock
Waves, H. Freistithler and A. Szepessy, eds., Progress in Nonlinear Differential Equations and Their
Applications, Vol. 47, Birkhduser, Boston, 2001, 259-305.

[12] W.-A. Yong, An interesting class of partial differential equations, J. Math. Phys. 49 (2008), 033503.

7ZHOU PEI-YUAN CENTER FOR APPL. MATH., TSINGHUA UNIVERSITY, BEIJING 100084, CHINA
E-mail address: yanhaoO6@mails.tsinghua.edu.cn

ZHOU PEI-YUAN CENTER FOR APPL. MATH., TSINGHUA UNIVERSITY, BEIJING 100084, CHINA
E-mail address: wayong@tsinghua.edu.cn



