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Abstract

In this paper we study an integro-differential equation that arises in modeling slow
erosion of granular flow. We construct piecewise constant approximate solutions, using a
front tracing technique. Convergence of the approximate solutions is established through
proper a priori estimates, which in turn gives global existence of BV solutions. Fur-
thermore, continuous dependence on initial data and on the erosion function is derived,
achieving well-posedness of the solutions.

1 Introduction and preliminaries

Consider the scalar integro-differential equation

ult, 2, + <f(u(t,x)) exp {/m Fult, ) ds}>$ 0, (1.1)
associated with the initial data
u(0,z) = u(x), x €R. (1.2)

This equation was first derived in [2] as the slow erosion limit for a granular flow model
proposed in [15], with a specific function f. A more general model is later derived in [20]
and [3] for more general functions f. Here, the unknown variable u describes the slope of the
standing profile of granular matter, where small avalanches are passing over. The function f
is called the erosion function, which denotes the erosion rate per unit length in space covered
by the avalanche. See [20] for a more detailed derivation of the model.

Existence of global BV solutions and continuous dependence on initial data for a initial-
boundary value problem of (1.1) are studied in [3], where we use an iteration technique with
a frozen global term at every time step. In this paper, we propose a different approxima-
tion technique where we trace directly the wave fronts and follow their interactions. In more
details, we construct piecewise constant approximate solutions, and design an algorithm in
the style of front tracing. A somewhat similar algorithm is used in [20] where a Hamiltonian



type integro-differential equation for the height of the profile is treated, and piecewise affine
approximate solutions that allows discontinuities are constructed. Such front tracing algo-
rithms give better intuition and control over wave interactions, and result in straight a-priori
estimates. Convergence of solutions follows by compactness, yielding global existence of BV
solutions. Furthermore, by directly comparing the L' distance between two piecewise constant
approximate solutions, we achieve the continuous dependence on both the initial data and the
erosion function f. This paper is self-contained.

To simplify notation, we let F' denote the integral term, i.e.,

P = e { [T st as) (13)

and we write (1.1) as

u+ (fF)z =0. (1.4)
The erosion function f € C2{(0,+oc)} satisfies the assumptions (F):
. / " . _ . f(S) _
f(1)=0, f >0, f<o, S1_1>r51+f(s)— 00, sginoo—s =0. (1.5)

The physical meanings of these assumptions are as follows. (i) At the critical slope v = 1
there is no erosion or deposition, so f(1) = 0; (ii) When the slope approaches 0, there is
infinite large deposition; (iii) When the slope is very large, the erosion function f grows slower
than any linear functions. Examples of such functions could include the logarithm function,
or f(s) ~ s® with 0 < a < 1 for large values of s.

We remark that the assumptions in (1.5) are sharp to prevent blowup of w. In [20] it is proved
that the slope u blows up to +o0 if f(s) approaches a linear asymptote as s — +oo.

Throughout the paper we will use ||-||11, ||| and TV{-} to denote the L' norm, the L>
norm and the total variation, respectively, all in the space variable. We use sign(-) to denote
the sign function, and C to denote a generic bounded constant that does not depend on the
critical variables.

Solutions of the Cauchy problem will be obtained within the class W consisting of all functions
w : R +— R satisfying the property (W):

(W) There exist positive constants kg, mg, My and a bounded interval I = [a, b], such that

w(z) > Ko, |lw() =1y < mo, TV{w(-)} < My, supp{w(-) —1} e I. (1.6)
A definition of weak solutions for (1.1)-(1.2) is now given.

Definition 1.1 A function u : [0,T] x R — R is called an entropy weak solution for (1.1)
with initial data u(z) € W if u(0,z) = u(x), and

e u(t,-) €W for everyt e [0,T].

e For every test function ¢ € C°(R?), one has the integral identity

T
/0 /R (uds + () F(z: u)by) dudt — /R (uT2)6(T 2)  u(0,2)6(0.2)) da. (L7)



e For any x <y, there exists some constant C (that does not depend on x,y), such that

u(t,z) —u(t,y) < Cmax{1l/t, 1} (y — ). (1.8)
The existence of entropy weak solutions is stated in next Theorem.

Theorem 1.1 Let T > 0 and an initial data w € W be given. Then the Cauchy problem
(1.1)-(1.2) admits an entropy weak solution u = u(t, x) defined for allt € [0,T], that moreover
satisfies infy u(t, z) > inf, a(z).

We also study continuous dependence of the solutions, on both initial data and the erosion
function. Let v = v(t,z) be an entropy weak solution for

v+ (g(v) exp {/ g(v(t,s)) ds}) =0, v(0,2) =v(x) €W (1.9)
with a different erosion function g that satisfies the assumptions (F), i.e,

1) = / U I = lim £ — ¢, 1.1
g()=0, ¢ >0, ¢"<0, limg(s)=-oco,  lm ===0 (1.10)
Note that it is important to have the same critical slope for both erosion functions, otherwise
|t — ©||p1 would already be unbounded. Existence of weak solutions for (1.9) follows from
Theorem 1.1. Let k9 and M be the lower and upper bounds (resp.) for both u and v, we
define the norms

If =gl = max |f(s)=g(s)|,  [f =gl = max [f(s)—g'(s)] .  (1.11)

rko<s<M rko<s<M

We have the following well-posedness Theorem.

Theorem 1.2 Let u and v be entropy weak solutions for the Cauchy problems (1.1)-(1.2) and
(1.9), respectively. Then, we have

t
lut, ) —o(t, Mg < la—7dly + C /0 (s, ) — (s, g ds

+ Ot =gl + 1 = llpy] - (112)

where C' depends only on the bounds of the initial data.

By Gronwall’s Lemma, (1.12) gives continuous dependence.

Other PDE models for granular flow can be found in [13, 18, 4, 10]. For mathematical proper-
ties of the steady state solutions we refer to [8, 9]. A numerical study can be found in [14]. For
time-dependent solutions, see the recent results [19, 1, 2, 3, 20]. Other well-known examples
of conservation law involving integral terms include the Camassa-Holm equation [7, 5] and a
variational wave equation [6]. For some related results on stability for general scalar balance
law, we refer to [16, 11].

The rest of the paper is structured in the following way. In Section 2 we give the basic
analysis and some formal arguments. In Section 3 we prove Theorem 1.1 by front tracing
approximation. Finally, Theorem 1.2 is proved in Section 4.



2 Basic analysis

By the method of characteristics, for smooth solutions one has
b= fl(W)F,  4=u+iu, = f*(u)F. (2.1)

Due to the non-linearity of the erosion function f, characteristics will merge, which leads to
discontinuities in solutions. We call them shocks or shock waves. To see how these shocks
form, let z = u,, and consider its evolution along the characteristic,

=2+ f'Fzy=—f"F22+3ff'Fz— f3F. (2.2)

Assuming u, f, f' bounded, the first term (— f” F2?) dominates as |z| is large. Since —f"F > 0,
then z blows up to +oo in finite time, leading to an upward jump in u.

The traveling speed of the shock waves satisfies the Rankine-Hugoniot jump condition. Let u

has a jump at xo, with u(z;) = v~ and u(zd) = u*. The Rankine-Hugoniot condition gives
- +
u”) — f(u
As = F(xo;u)’m. (2.3)

Since f is concave, only upward jumps are admissible. Initial downward jumps will open up
into rarefaction waves. This is confirmed by (2.2), where z blows up only to +oo, i.e.,

z > —Cmax{1/t, 1}. (2.4)
Therefore, an Oleinik-type one-sided entropy inequality (see [17]) holds: for any ¢ > 0, and

x < y, one has
u(t,x) —u(t,y) < (y —x)Cmax{1/t, 1}. (2.5)

Wave interactions are determined by the local behavior of the flux, i.e., the erosion function f,
which is a concave function. The interactions are similar to those of a scalar conservation law.
When two (or more) admissible shocks interact, they will simply merge into a bigger admissible
shock, causing cancellation of waves. No new waves would be formed at interactions.

Next is a technical Lemma connecting properties of u with the global term F'.

Lemma 2.1 Let u: R — R satisfy

u(x) > ko > 0, lu(-) — 1| <mg.
Then, the function f(u(x)) is absolutely integrable, i.e.,
£l = [ 17 (@) do =€ < . (26)
Furthermore, the integral function F(xz;u) as defined in (1.3) satisfies
e ¢ <F<el TV{F} < Ce“ . (2.7)

Proof. Since ||u — 1|11 < mo, then the function z — f(u(x)) is absolutely integrable, because
u + f(u) is uniformly Lipschitz on [kg, 00| and f(1) = 0. This gives (2.6). The upper and
lower bound on F' is obvious by its definition and (2.6). Finally, since « — F' is Lipschitz
continuous, we have

TV{F} = | Follps = 1f(@)Flgs < [1Fllp /(@) < Ce©. (2.8)
0



Below we give some formal arguments, which serves as guideline for the a priori estimates for
the approximate solutions.

(1). Lower bound on u. By (2.1), u is non-decreasing along characteristics, therefore the
lower bound follows.

(2). Bound on total mass. The trivial solution is v = 1. Equation (1.1) can be written as
(u =1+ (f(w)F)z = 0. (2.9)

By the assumptions (1.5) we have sign(u — 1) = sign(f(u)). Since F' > 0, we conclude that
the L' norm of u — 1 is non-increasing in time.

By Lemma 2.1, F' is uniformly bounded from below and above, and has bounded variation.

(3). Bounded support for u — 1. By the lower bound on u, the characteristic speed f/(u)F is
now bounded. Therefore, for ¢ < T, the support for u — 1 is bounded.

(4). Upper bound on u. Integrate the conservation law (2.9) over the region (t,y) with
0<t<Tandy < x(t) where t — x(t) is a characteristic, we get

T z(T) z(0)
/ [(u—1)f"(u) = f(u)] th‘ = ‘/ (u(T,x) — 1)dz —/ (u(0,z) —1)dz| < 2mg,
0 —o0o —00
(2.10)
thanks to the bound on ||u — 1|| 1. Define an auxiliary function
a(u) = 2}(_“)1 futl,  a(l)=1/701). (2.11)

This function is well-defined for all w > 0. At u = 0 we can set a(0) = 0 by continuity. The
function is nonnegative, a(u) > 0 for u > 0, and is increasing in u, i.e.,

oy Jw) = (w=1)f(u)
o (u) = () > 0

By the last assumption on f in (1.5), a(u) grows to +o00 as u — 400,

for u>0, u#1.

lim a(u) =+0c0. (2.12)

U—>—+00

The evolution of a(u) along a characteristic is

%a(u(t,x(t)) = o/ (uyir = [f(u) — (u—1)f'(w)] F. (2.13)
By (2.10), we have, for all T,

a(u(T,z(T))) < a(u(0,z(0))) + 2mq . (2.14)
By (2.12) we conclude that u(t, ) remains bounded for all t, .

(5). BV bound on u. Let z = ug,. Differentiating (1.1) in z, one gets

2+ (f (W F(25u)2)s = (f*(u) F(a;1))s -



Recall kg and M as the lower and upper bound for u. We define

1l = max |F(s)] . (2.15)
Formally we have
d
ZTV{u} < TV{F2()F} < || fllfe TVF} + 2] fllgee £/ (50) TV} [ Flgee
< C(1+TV{u}).

Therefore, TV{u} can grow exponentially, but remains bounded for finite time.

3 Front tracing approximate solutions

In this section we prove Theorem 1.1. The algorithm for the piecewise constant front tracing
approximation is described in Section 3.1. Then we establish a priori estimates in Section 3.2.
All estimates are used in Section 3.3 to achieve convergence, proving Theorem 1.1.

3.1 The algorithm

Let € be the approximation parameter, and u® be the piecewise constant approximation for u
that we now construct. For a given initial data & € W, one can construct a piecewise constant

approximation, call it @®, such that a* — @ in Llloc7 and u® € W. The approximation could be

achieved by a suitable sampling in w. This will be the discrete initial data for the algorithm,
ie., u®(0,x) = u°(x). Let z; (i =0,---,N) be the points where u* has jumps, and write

u, 1 (t) =u(t, x) for x € [zi, it1) -

H—%

The algorithm will result in a set of ODEs that govern the evolution of x; and u, 1 in ¢.
2

The approximation to the initial data must satisfy the following requirements.

e The downward jumps should be small because they are not admissible. Introduce the
quantities

Bt = g () = wa (), 0(t) = maxm(t). (3.1)
Note that n(t) measures the size of the downward jumps at ¢. We require that
n(0) <e. (3.2)

This ensures that possible initial (big) downward jumps will open up into a fan of
downward jumps, each one of size < €.

e Whenever @ crosses 1 with negative gradient, we will make sure that v = 1 is sampled.
This will lead to a clean a priori L' estimate.

e Denote the discrete version of the global term F* as
Fet) = Fland) = { [ st (33

6



For accuracy and convergence of F'¢, we define the quantities

Gaa () = @i = 2i) - [fln ), C0) = maxGa (1), (34)

7

and we require

((0)<e. (3.5)
Then at ¢t = 0, F* satisfies
_ Fe(0,241)
€ — c. 3.6
= Fe0,m) (3:6)

Therefore, as ¢ — 0%, we have the convergences of ¢ at initial time ¢ = 0
F¢F>F, F-—F, inlL,,. (3.7)

Now we describe the algorithm. The jumps, either upward or downward, will all travel with
Rankine-Hugoniot speed

by = F () —2 - (3.8)

and uH%(t) evolves as

F(wiq1) — F*(74) .

Tit+1 — X4

ﬂi+% = *f(upr%) (3.9)
The logistics of the choice of 1, 1 in (3.9) is as follows. In order to keep u® constant on
2
the interval [z;,x;+1), uf must be piecewise constant. This leads to a piecewise constant
approximation for F, by a finite difference of the form
Fe(wig1) — F° ()

Fi(z) ~ pp—— ) x € [T, Tit1) - (3.10)
7 7

Since F¢ is smooth on the interval, by the Mean Value Theorem we have

Fo(zip1) — F°(;
(@ir1) = Fo(z:) _ flug, 1 )F(F;,1),  forsome &1 € (24, 2i41) . (3.11)
Tit1l — T 2 2 2

This leads to
U1 = f2(ui+%)F€(9~ci+%), Tip1 € (T Tign) (3.12)

In the end, the piecewise constant approximate solution u® satisfies the approximate equation
ui + (f(u)F¥)z =0, (3.13)
where for every given ¢, F* is a linear interpolation of F¢ in z through nodal points, i.e.,

Fe(z) = Fo(o) 2 70 o) 20 forz € [wgymisd]. (3.14)
Li4+1 — X4 Tit+1 — X4



Merging of nodal points. Since the fronts travel with different speeds, nearby fronts
could approach each other as they travel. If this happens, we will let all the approaching
nodal points merge into one, and rearrange the indices. The new front will then travel with
new Rankine-Hugoniot speed defined in (3.8). Total number of fronts will decrease in time.

We observe that two non-admissible (downward) jumps would never approach each other. If
two nearby jumps approach, say x;(t) = x;+1(t), then one of them must be an upward jump,
and we must have

#i(t) 2 T (), = w1 (t) S w1 (D),

so the out-coming jump must be admissible. If more than two jumps merge, say z;(t) = --- =
xj(t) with i < j — 1, then between each two non-admissible jumps there must be at least one
admissible jump. We can pair each non-admissible jump with a neighboring admissible jump,
possibly leaving the last jump at z; unpaired. By the discussion above, each pair must result
in an upward jump, reducing the size of the possible non-admissible jump at z;. As a result,
the maximum size of downward jumps 7(¢) would not increase at merging time.

3.2 A priori estimates
We define a discrete version of the maximal backward characteristic, in the same spirit as [12].

Definition 3.1 For every point (t,T), the discrete mazimal backward characteristics [0,t] >
t — x(t) is a continuous curve that satisfies x(t) = T and the following.

(c1) {fua(t,x) is continuous at (t,z), and x € (x;,Tit1) then & = f’(ui+%)F€($), where
F=(x) is defined as (3.14).

(c2) If x = x;, and u® has an admissible (upward) jump at z;, then & = f’(uz+%)F€(x)

(c8) If x = z; and u® has a non-admissible (downward) jump at x;, then & = ;. This means,
the backward characteristic will follow the nodal point as it goes backward.

(c4) If two or several nodal points merge at (t,x), say (zi—k, -, x;) merge, then it depends
only on the jump at x;: If it is admissible, we follow (c2); If it is not admissible, then
we follow (c3).

Remark. Since nodal points can only merge in the algorithm, non-admissible jumps can be
traced back to t = 0. Therefore, such backward characteristic is well defined, and it never
crosses any nodal points (though it can join a non-admissible jump).

All the a priori estimates are summarized in the next Lemma.
Lemma 3.1 Let u® be the piecewise constant function generated by the algorithm with initial

data u® € W that satisfies (3.2) and (3.5). Then, for anyt € [0,T], we have x — u(t,x) € W.
For ¢ sufficiently small we have

n(t) < Ce,  ((t) < Ce, (3.15)

for some constant C indenpendent of e.



Proof: (1). Lower bound for u®. By (3.12) we clearly have #,, 1 > 0. The lower bound
2

follows.

(2). Bound on |[u® — 1||y1. This follows from the facts that all jumps travel with Rankine-
Hugoniot speed and u = 1 is always sampled when u® crosses 1 with negative slope. In more
detail, since u® is piecewise constant, we have

e =t =

7

ui+% — 1} (xi—i-l —.TUZ') .

A direct computation gives (by using summation-by-parts)

d . . . .
it [|u® — 1HL1 = ZSlgn(UiJr% - 1)ui+%(xi+1 —z;) + Uipl — 1‘ (Big1 — &) = ZF‘E(J«%’)E,
(A (A

where

Uit 1 —1‘).

“i—% — 1‘ —

I; = ‘f(“w%) -

There are several situations.

e If sign(u;,_1 — 1) = sign(u, 1 — 1), then I; = 0;
2 2

o If sign(uF% —1)# sign(uH% —1)andwu, 1 <1< Uit 1, then by concavity of f we have

1
2

flu;_1) = flug 1)
’f(um-%) < : — : Uiy 1 1” ’f(uz_%) 2 : — Ui 1 _1‘ :
Ui L= Uiyt U 1 — U1

Therefore I; < 0.

o If sign(ui_% —1) # sign(uH% —1) and U1 >1> Uiy 1 then by construction we must

have either « 1 = 1. In either case we have I; = 0.

1 =1lorwu, 1
73

it
In conclusion, we have for all ¢ > 0,

) =<0, = [us (2, ) = g < [[w(0,) = U1 < mo (3.16)

Now, by Lemma 2.1, x — f(u®) is absolutely integrable, and the global function F* satisfies
e ¢ <FF<eY, TV{F®} < Ce“, where C = || f(u®(t,-))|lL1 - (3.17)

(8). Bound on the support for u® — 1. This is obvious since the nodal speeds for the first and
last points are bounded, thanks to the lower bound on u°.

(4). Upper bound for u® and bounds on n and ¢. These bounds will be established together.
First, we consider the upper bound for u°. Rewrite (3.13) as

(uf — 1) + (f(u®)F®), = 0. (3.18)



Consider a point (t,z) and let ¢ — xz(t) be the discrete maximal backward characteristic
through it; let ¢ be the index for the interval [z;,x;41], possibly depending on ¢, where the
characteristic remains. Integrate the conservation law (3.18) over the region in (t,y) where
0<t<T,y<x(t) and get the estimate

2

T
[ ey 0= 020 ~ Sy ) F 0 at0)

z(T) z(0)
- / (W(T, ) — 1) dy - / (u5(0,) — 1) dy

—0o0 —0o0

thanks to the bound on |[u® — 1||1:.

If the characteristic does not join a downward jump on some interval [t, o], i.e., if z; < z <
Tit1, then & = f'(u, 1)F*® and by (3.19) we have
2

| 03 ® = 05y 00) = Fuyy 0] FE(t,a:u))dt\ < omy,  (3.20)

t1

uniformly in 0 < ¢; < t9 <T. Recalling the auxiliary function a(u) in (2.11), we have

d . e/~
G0y (1) = 0/ )ity = [(nay = DF () = Flugg )] FEy), (321)
where 5:2._% is defined in (3.11). Thanks to (3.20) and the upper and lower bounds on F*,

i . .
dta(uH%(t)) is integrable along z(t).

If z(t) joins a non-admissible jump, the situation is slightly different. Consider the case that
x(t) joins z; for t in some [t1,t2] (the case it joins x;+1 is completely similar). By (3.19) we

have
to fluip 1 @) = flu;_1(1))
[ Jeosto 0 G S| ena < ama 52
The evolution of Oz(uH%) along x(t) is
d /
a1 (®) = [y = DF (y) = Flug )| Fg) = hi+ b
where
f(uz l) _f(ui,l)
ne = [(ui+;—1> Li SEhns —f(uH;)] F(i,,0). (3.23)
i+3 =3
Flug) = Flugs
L(t) = (uer% —1) [f/(uwé) 'L:_QI T . Fs(fw%)- (3.24)
i+ i—3

The term I is integrable along x(t) thanks to (3.22) and the bounds on F*. For I3, we have

[Ia(8)] <

U1~ 1( NF g n(®)  sup [£7(s)] - (3.25)

U . <s<u.
H—%— — z—%

10



To control the possible growth in a(u caused by I, let M; be the upper bound for u®

z+%)
where we only consider the growth in « caused by I or by (3.21). Notice that M; depends
only on the initial data and properties of f.

Let ¢ be the first time in [0, 7] that a(uH%) = a(M; + 1). Hence we have that # belongs to

an interval [t1, to] where z(t) = x; and u; 1 < My +1fort< t. Moreover we have
2

a(My) > a(ui+%(t1))+/t11(t) dt . (3.26)

t1

Before we proceed, we need to establish the estimates for 7 and ¢ for ¢ < . We have
) . . 2 - 2 =
ni(t) = Ui_%(t) - ui+%(t) =f (uz—%)FE(xz—%) —f (UH_%)Fa(fUH_%)
= (POuy) = ) F @) + ) (FE ) = Fo(3,))

< Cl(Ml + 1)?7 + CQ(Ml + 1)2C . (3.27)

For ((t), we have

éi+%(t) = (ii+1 - xz) f(ul+%) + (xiJrl - l‘i)Sign(f(uiJr%))f/(ui+l)u@'+%
P )| = i) [ )| (2 i) = Fo(80)

-{[m—f'(um (. xm)} [ fluy )P (8 0)| }

= (Tjy1 — &)

These two terms are negative if the jumps at z;, z;11 are upward (admissible). If one of the
jumps is downward, say Ui < w1, then we have
2 2

f'(ug ) FE () = i < | F¥llpee sup | f7(s)] (w1
2 1<s<Mp+1 2

~ 1) < COM)Y
The case of a downward jump at ;1 is completely similar. In conclusion, we have
Cirt < C(My)(My+1)n. (3.28)
Taking supreme over all ¢ in (3.27) and (3.28), we get
7 < CL(My+ D+ Co(My+1)%¢, ¢ < C(My)(My + 1)n. (3.29)

Notice that ¢ is continuous when nodal points merge, while n may be discontinuous but it
does not increase. Hence by standard comparison argument we arrive at

n(t) < Cse, ¢(t) < Cse, for all t € [0,7] (3.30)
for some C3 = C3(M;,T).

We now go back to the estimate on «. Using (3.26), we have

t

a(M1+1) = Oé(tl)+/t11(t)dt+/t12(t)dt < Oé(Ml)-i—/ IQ(t)dt.

t1 t1 i1

11



By the using (3.30), we have an estimate for the growth for a(u, 1) caused by Iy:
2

/tfz(T) dr < (I—t)My|[Fllge  sup  |f"(s)|n < (E—t1) [F|lpe Cac
t1 1<s<M;+1
for some Cy = Cy(M;,T). Therefore
a(My+1) — (M) < (T—t1) [|[F¥|lge Cae,
which gives

t—t >

Ck(Ml—i-l)—Oé(Ml)'l _ g

Ca || Fe| Lo €

By choosing € small, £ can be arbitrarily large, leading to the upper bound for u# for any finite
T. In turn, this gives the uniform bounds in (3.15) on 7 and (.

(5). BV bound for u®. For piecewise constant function u® we have

d _ d

7

= D osignlugy — i) [Py P () - P ) FE (@)

01 — U1
’L+§ ’L—a

= Z&gn(ui_% —vi+%) [uﬂ_% —ui_%]
i

< Z ’fQ(uH_%) - fz(uz_%) FS(JNCH_%) + fQ(UI_%) ‘Fs(jz.g_%) - Fa(ji_%)
< 2| fllge f(50) 1 F7 |l TV} + || FlIE TV{F"}
< C-TV{u}+C.

Therefore, total variation of u® can grow exponentially in time, but remains bounded for finite
time t < T, completing the proof. L]

Remark 1. By Lemma 3.1 and the fact that nodal points can only be cancelled, the set of

ODEs for x;(t) in (3.8) and for u, 1 (t) in (3.9) are well-posed, generating unique approximate
2

solutions.

Remark 2. The L' Continuity in time for u° and F¢ follows by a standard argument, as a
consequence of the a priori bounds in Lemma 3.1. We omit the details.

In next Lemma we establish the discrete version of the entropy inequality.

Lemma 3.2 A discrete version of a one-sided entropy inequality holds for uf,

u®(t,x) —u(t,y) < Cmax{l/t, 1}(y —z) + Ce, (x <y). (3.31)
Proof. For a given ¢t > 0, consider two points x < y. Let t — x(t) and ¢ — y(t) be the
discrete maximal backward characteristics through them (resp.), and let ¢ and j be the indices

of the interval where the characteristics remain, respectively. If z and y are very close to each
other, say j —i < 10, then by (3.15) we have

ut(t,x) —u(t,y) < Ce. (3.32)
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Now consider j — ¢ >> 10. Define an auxiliary function

w@®) —u(y®) i) — (@)

H(t) = = 3.33
OIS0 EORET 339
The evolution of H as z and y move along the maximal backward characteristics is
o1 — M1 L
Ht)=—2 % g 27V (3.34)
x—y x—y
Let’s estimate each term. By using (3.12) and the a priori bounds in Lemma 3.1 we have
Uiy ~ Uy e T TPy Fo@ipy) = F@0)
Cz-y (Fi1)- T—y ) T—y
= O(1)H+0O(1).

Here and in the rest of this proof, the notation O(1) denotes some uniformly bounded value
that can be both positive or negative. For the second term we have

Flug) = gy )

i —y . , Fo(z) = F*(y) , O(1)e
= Fe(x)- 1)
T—y (=) T—y T ) T—y +:c—y
= —¢H+0(1), (3.35)
with
¢=—F(x)f"(u) > 0, for some bounded .
Note that the term ¢/(z — y) is of O(1) for ¢ > . Putting these back into (3.34), we get
H'(t) = ¢H*+ O(1)H + O(1). (3.36)

For large values of H, the first term dominates, and H can blow up to +oo in finite time. By
a standard comparison argument, we have

H(t) > —Cmax{1/t, 1}, = u (t,z)—u(t,y) < Cmax{1/t, 1}(y —z). (3.37)
Combining (3.37) with (3.32), we achieve (3.31), completing the proof. 0

3.3 Convergence of the approximate solutions and existence of entropy
weak solutions

Since all nodal points x; travels with the Rankine-Hugoniot speed, our piecewise constant
function u® provides weak solutions to the modified conservation law (3.13). Rewrite it as

w4 (fF(u)F%), = E°,  where E°(t,a) = [f(u)(F® = F9)] . (3.38)

The following discrete weak formulation holds for all test functions ¢ € C°(IR?),
T
| [ o+ syreo,) dva
0 JR
T
_ / (uE(T, 2)o(T, z) —uS(O,x)qﬁ(O,x)) dx —/ /E%dmdt. (3.39)
R 0 JR

To achieve existence of weak solutions, we observe that, thanks to the a priori estimates in
Lemma 3.1, there exist some limit functions u(¢,z) and F(¢,x) such that, by extracting a
subsequence € — 0, one has

13



(i) w(0,-) = u(0,-) and w®(T,-) = u(T,-) in L}, (R);

(ii) v - wand F* — F in L]

([0, T] X R);

(iii) For any given a < b, one has

b
/ |B(t, )] do < TV{f(u)}|[F* = F¥[| o + [[fllpe TV{F® - F°}.

[
Since F* is a linear interpolation of F*¢ through nodal points, by using the estimates in

Lemma 3.1 one has
| £2 — F¥[| o < Ce,

and
— _ Tit1

TV{F* - F} = [[(F*—F)|p = Z/
< 3|y

‘Fa(x) — F¥(iy,1)] do

(@it1 — ) TV{FS; (i, wig1)} < C(O)TV{F*(t,)} < Ce.

Therefore fab |E=(t,x)| dz — 0 uniformly for ¢ € [0,T].

(iv) Since u® and f(u®) are uniformly bounded, the identity (3.3) holds in the limit, i.e.,
F(t,x) = exp {/ f(u(t,y))dy} a.e. (t,z) € [0,T] x R.

Furthermore, by taking the limit ¢ — 0 in (3.31), the entropy inequality holds. The existence
of entropy weak solutions follows, proving Theorem 1.1.

4 Continuous dependence on initial data and erosion function

In this section we prove Theorem 1.2. Introducing the notation

Clvs) = exp{ / mg(v(t,y»dy} , (4.1)

we can write

v+ (9G)e = 0. (4.2)

Let u®,v® be the piecewise constant approximations to u, v, respectively, generated by our
algorithm. Let x; (i = 0,--- N) be the points where either u or v* has a jump. We have

hus(t, ) = o7t )l = )

Here and in the rest the summation ) is always over i. Differentiating (4.3) in ¢, we have

iy 3 (6) = iy ()] e () = (). (4.3

d 3 3
g () =, )l = A+ B (4.4)
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where

= ZSign(uiJr% - vi+%)(ui+% - ®i+%)(5€i+l —x;), (4.5)
= > Uit =gy | (Ei1 — &) (4.6)

Consider term A. Recalling 1, 1 in (3.9), namely

- Fs(xi-i-l—i-m) - FE('TZ'—TL) (47)

U 1
2 Tit1l4+m — Ti—n

e f(uH%)(I)H% ) P\

where ;—p, Tit14+m are the two nearby points where u® has jumps, and for v, 1,
2

: . G (@i141) — G5 (@ip)
Yitl = 7 9(”i+%)‘1’i+é ’ Vi1 = Tir1tl — Tik ’ (4.8)

where x;_k, ;114 are the two nearby points where v* has jumps. Then

ui+ - i}i+% = _(f(uwr%) - f(viJr%))(I)iJrl - (f(vpr%) _g(vpr%))q)prl _g(viJrl)(q)iJrl - \I’iJr

2 2 2 2

N

We can write
A=A+ Ay + As

where
A 2 =3 ) = (04| @ (@i — @2), (4.9)
Ay = — Z sign(uH% - ”i+%)(f(”i+%) - 9(”i+%))¢i+%($i+1 — i), (4.10)
Ay = — Zsign(uH% =019 1) (i1 = 1) (@i — @), (4.11)

Note that @, 1 and ¥, 1 are approximations to F: and G respectively on the interval
[, 2;11). By our construction we have

F;(z) — (I)i+% <Ce, )G;(x) — \I/i+% < Ce, Vo € [, Tit1) - (4.12)

We immediately have
Ay < TV{F}-|f = gllge + Ce. (4.13)
Az < ||gllpee TV{F® —= G} + Ce. (4.14)

Now, consider the term B. By summation-by-parts, we have

) ;. (4.15)

At every x;, we define the artificial speeds s;, §; as follows. If u® has a jumps at z;, we let
s$; = §; = ;. Otherwise, if v* has a jump at z;, we let

fog1) = flo_1) g(v, 1
5; = F=(x;) - 2 —2 5 = F*(x;) - e
Vipl = Vie

Uil T Vied

5 (4.16)

1
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Note that we use the F© for the global term in all these speeds. We now have

B =B; + By + Bs

where
B, = Zsl( Ui 1=V 1] = uH_%—UH%), (4.17)
By = Y (5i—si)(ui_y —v_t| = |ug1 —vi 1)), (4.18)
B; = Z(xl—gz)( ul_% V,_1| — UH_%—UH_% ) (4.19)

Here in By, B we only need to sum over all jumps in v°.

Now consider By. At every point z;, we define A;” and )\;r as

f(u;_1) = fly;_1) fug1) = flvgn)
A= el pe(ry), A= 2 TR pe (). (4.20)
Ui 1= Uipl = Vi1

The term B; can be written as
By = B4+ By,

where

Bl,a = Z
By = Z

Consider B; , and write By, = > Bj 4. There are various situations. Let’s first consider if
u® has a jump at x; so v,_1 = v, 41 There are several cases.
2 2

N —si) —

U, 1 —UV: 1
=3 T3

A (4.22)

(/\; — Si) s (4.21)

i+l T Vgl

A7 —

(3

Wil = Vigl

o If ;1 > Ui Ly Uyl > Uipls we have
Biai = (uer% - vi+%))‘i+ - (uzfé - Uifé)A; - (uz+% - “F%)Si = 0.
o If ;1 < i1 Uip < Uipls it is completely similar. We have By ,; = 0.
o If ;1 < Vil =Vl < Uiy L, then the jump is admissible. We have
)\;r <5 <A, therefore Bi,; <0.
o If U1 > Uil = U1 > Uiyl the jump is not admissible, therefore it is small. We have
)\;r —5; < Ce, si—A; < Ce, therefore B ,; <C Uppl — U L|€.

The cases where v® has a jump at x; are completely similar. In summary, we have

Bl,a S 05 Z

iy = 1|+ s v | S Ce TV} + TV (4.23)
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For B}, summation-by-parts again gives

(F*(xig1) — F= (1)) -

By = Z ‘f(uﬂ.%) - f('UH_%)

Now, compare this with the term A; in (4.9). They are very close to each other in values but
with opposite signs. By construction we have (similar to (4.12))

_ (I)z‘+l

< Ce. (4.24)

N

’F€<mi+1) — F*(z;)

Tit1 — X4

This gives us

A1+ By <Ce- ) ‘f(ui-i-%) = f1)| (ipr — i) < Ce[||f(@)llgy + [1F () |pa] - (4:25)

Here, || f(u®(+))|ly,: and ||f(v°(-))||y,» are both bounded. Now, consider the term Bs. Since we
sum over all ¢ where v has a jump at z;, we have u,, 1 = u;_1, therefore
2 2

Ui 1=V 1] = (U = < Vil UL (4.26)
And,
(f(vip1) = g(vg1)) = (f(v;21) = g(v;_s
|5; — il = F*(z:) : : | < NF oo 1 = gl i -
Vipl = U1
Therefore,
By < \F?|lgoe I1f = 9llip D |vigs = vimt| < IFllpee [1f = gl TV (4.27)

Finally, consider the term B3. We have

Q(UH_%) - g(vi_%)

(%

[F= (i) — G*(24)] -

& — 5| =
il — Y1

Combining this with (4.26), we get
By 3 [ofvsss) = av,_p)| - 1F¥ (@) = G () < [F* — ¥l () TV} . (4.28)
Putting the estimates (4.13), (4.14), (4.23), (4.25), (4.27) and (4.28) back into (4.4), we get
% v = vl < IFS Mg [1f = gllpop TV} + 11F° = G¥llgee g (10) TV{v"}
+ TV{F I f = gllpee + llgllpe TVIF® =G} + Ce. (4.29)

By symmetry we also have

d € € € € 5 € €
=l =%l < NGl 1 = glls, TVUT} + 17 = GFllpee f/(10) TV{u}

dt =
+ TGS = gllpe + [ fllpee TVEF® =G} + Ce. (4.30)
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Now let’s estimate the terms in (4.29)-(4.30). We have

1 (%) = g(0) e = 7 (0%) = FD] = [9(v%) = g(W)]llpa = [[0° = Ulpa If = 9llpsp - (4:31)
Note that it is important to have f(1) = g(1) = 0 to obtain (4.31). For ||[F® — G®||j« we have

[F° = G lpe < ma’X{HFE||L°°7HG€HLOO}/ |f(u?) — g(v)| dy

< max{|[F*flg IGEHLoo}/_Oo [f () = fO)] + |F () = g(v7)] dy

< max{[|[F¥lpee , [G%llpee} [/ (k0) 0 = v%[lpa + [1f(v%) — 9(v%)lI1 ] (4.32)
and for TV{F*¢ — G°} we have

TV{F =G} = |[F; = Gillpa = /If(ua(taw))FE — g(v*(t,2))G"| dx

g_ﬂf V)| F2 + g(oF)| [F* — G°| da
s/u ) FE 4+ |£(0) — g(u)| F* + |g(vf)| |F* — 67| de
< F e [ <no>uu€——v€nL14—nf1v€>—-g@f>HL1]+—Hg«f>nL1nff-—<?€uLm (4.33)

By using (4.31), (4.32) and (4.33), the estimates (4.29) and (4.30) become

et ) = () < C [Hug(t )=o)l + 1 = gl + 11 = 9l +€] , (4.34)

for some bounded constant C' that does not depend on €. This gives the integral estimate
t
[u(t,) = o ()l < [[ws(0,) = 0(0,)l[ga +/0 [u=(s, ) = v°(s, )L ds

+ Ct[IIf = gl + 1 = gll i+ (4.35)

Finally, by taking the limit € — 0T in (4.35), and using the fact that u®* — u and v* — v in
L; . for a.e. t, we get (1.12), proving Theorem 1.2.

Remark. The estimates (4.29) and (4.30) are very similar to the ones in [16], Theorem 1.3,
where the authors study a scalar conservation law with variable coefficients in multi space
dimension

u+ V- (k(z) f(u) = AA(u).
Continuous dependence on initial data, on the coefficient k£ and on the flux function f is

established with very similar results, by using Kruzkov inequality and a variable doubling
technique. However, their coefficient k(z) is local and does not depend on ¢.

On the other hand, the front tracing algorithm proposed here can be easily extended to
conservation laws with variable coefficient in one space dimension

ug + (k(t, ) f(u)), =0,

for k under suitable assumptions, such as in [3], Theorem 2. Existence and continuous de-
pendence on initial data, on the coefficient k and on the function f would follow in a similar
way.
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