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Abstract

We study the Rayleigh-Taylor instabolity for two incompressible, immiscible, inviscid magneto-
hydrodynamic (MHD) fluids with zero resistivity, evolving with a free interface in the presence of
a uniform gravitational field. We first construct the Rayleigh-Taylor steady-state solution with
a denser fluid lying above the light one. Then, we turn to an analysis of the equations obtained
from linearizing around such a steady state. By solving a system of ordinary differential equa-
tions, we construct the normal mode solutions to the linearized problem that grow exponentially
in time. A Fourier synthesis of these normal mode solutions allows us to construct solutions that
grow arbitrarily quickly in the Sobolev space H*, thus leading to an ill-posedness result for the
linearized problem in the sense of Hadamard. Using these pathological solutions, we can then
demonstrate the ill-posedness of the original non-linear problem in some sense.

Keywords: Rayleigh-Taylor instability, MHD, ill-posedness, Hadamard sense.

1. Introduction

Consider two completely plane-parallel layers of immiscible fluid, the heavier on top of the
light one and both subject to the earth’s gravity. In this case, the equilibrium is unstable to
sustain small perturbations or disturbances. An unstable disturbance will grow and lead to a
release of potential energy, as the heavier fluid moves down under the (effective) gravitational
field, and the lighter one is displaced upwards. This phenomenon was first studied by Rayleigh
[7, 8] and then Taylor [10], and therefore, is called Rayleigh-Taylor instability. In the last decades,
a lot of works related to this phenomena have been made from both physical and numerical point
of view. However, there are only few analytical results published in the recent years. In 2011,
Y. Guo and I. Tice established a variational framework for nonlinear instability in [3], where
with the help of the method of Fourier synthesis, they constructed solutions that grow arbitrarily
quickly in time in the Sobolev space lead to the ill-posedness of the perturbed problem. It should
be noted that they also investigated the stabilized effect of viscosity and surface tension to the
linear Rayleigh-Taylor instability (see [4]).

The magnetohydrodynamic (MHD) analogue of the Rayleigh-Taylor instability arises when
the fluids are electrically conducting and a magnetic field is present, and the growth of the in-
stability will be influenced by the magnetic field due to the generated electromagnetic induction
and the Lorentz force. This has been analyzed from the physical point of view in many mono-
graphs, see, for example, [1, 11]. Recently, Hwang [5] investigated the MHD Rayleigh-Taylor
instability mathematically. He derived the nonlinear instability around different steady states
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for both incompressible and compressible ideal MHD flows when the density is continuous. When
two incompressible immiscible fluids evolve with a free interface (the density is discontinuous at
interface), it was first showed by Kruskal and Schwarzschild [6] that a horizontal magnetic field
has no effect on the development of the linear Rayleigh-Taylor instability for the case of whole
space. Recently, for the case of finite slab, Wang [12] obtained the critical magnetic number for
the linear Rayleigh-Taylor instability. Namely, he gave an instability criterion to the linearized
problem. In particular, he also remarked that the linearized problem was unstable for the ini-
tially horizonal magnetic field B = (B,0,0). To our best knowledge, however, the nonlinear
Rayleigh-Taylor instability for two uniform MHD flows is still not shown mathematically in the
literature.

In this paper, we will study the Rayleigh-Taylor instability for two unform inviscid MHD
flows with a free interface when the initial magnetic field B is vertical to the direction of gravity.
We will prove that the corresponding linearized system is unstable in the sense of Hadamard, and
moreover, the original nonlinear problem is ill-posed in some sense. We point out that in [2] Guo
and Hwang introduced a variational approach to deal with the Rayleigh-Taylor instability for
incompressible Euler fluids, but it is not obvious whether their approach can be directly extended
to two uniform MHD incompressible as well as compressible flows since the MHD flow has a more
complicated structure due to presence of the magnetic field. In the current paper, a crucial point
in our proof lies in the observation that the growth rate A\(£) goes to infinity in some unbounded
domain (cf. Lemma 3.2), and the normal modes with a higher spatial frequency grow faster in
time, providing consequently a mechanism for the Rayleigh-Taylor instability.

Next, we formulate our problem in details for further discussion.

1.1. Formulation in Eulerian coordinates

We consider the two-phase free boundary problem for the equations of magnetohydrodynamics
within the infinite slab Q = R? x (—1,1) C R? and for time ¢ > 0. The fluids are separated by a
moving free interface ) (t) that extends to infinity in every horizontal direction. The interface
divides € into two time-dependent, disjoint, open subsets Q4 (), so that Q = Q. (£)UQ_(t)UD _(¢)
and () = Q. (t) N Q_(¢). The motion of the fluids is driven by the constant gravitational field
along ez—the x3 direction, G = (0,0,—¢g) with ¢ > 0 and the Lorentz force induced by the
magnetic fields. The two fluids are described by their velocity, pressure and magnetic field
functions, which are given for each ¢t > 0 by

(us,px, ha)(t,-) : Qu(t) — (RB,R—i—?R?))v

respectively. We assume that at a given time ¢ > 0, these functions have well-defined traces onto
2. (1).

The fluids under consideration are incompressible, inviscid and of zero resistivity. Hence,
for t > 0 and = = (21,22, 23) € Q4(t) the fluids satisfy the following magnetohydrodynamic
equations:

Oy(oxut) + div(prur ® uy) + divSy = —gozes,

diVUi = 0, (1 1)
&ghi + div(ui (%9 hi) — le(hi &® ui) = O, '
dth:t = O,

where the stress tensor, consisting of both fluid and magnetic parts, is given by

|hy]?

Si:ﬁif—i- I —hy®hs

with I being the 3 x 3 identity matrix, the positive constants o, denote the densities of the
respective fluids.



Now, we prescribe the jump conditions that the normal component of the velocity is continu-
ous across the free interface. Since we do not take into account the surface tension, it is standard
to assume that the normal stress is continuous across the free interface (cf. [1, 13]). Therefore,
we impose the jump conditions at the free interface

[u - v]|s @) =0,

[SV]Is) =0, (1.2)

where v denotes the normal vector to the free surface ) (t), and f|y () the trace of a quantity f
on Y (t), the interfacial jump is defined by

flsw = felso — s

We also enforce the condition that the normal component of the fluid velocity vanishes at the
fixed boundaries, that is,

uy(t, o', —1)-e3=u_(t,2’,1)-e3 =0, forallt>0, 2’ := (21,25) € R*.

The motion of the free interface is coupled to the evolution equations for the fluids (1.1)
by requiring that the surface be advected with the fluids. This means that the velocity of the
surface is given by (u - v)v. Since the normal component of the velocity is continuous across the
surface, there is no ambiguity in writing v - v. The tangential components of ui need not be
continuous across » (), and indeed there may be jumps in these. This allows for the possibility
of slipping: the upper and lower fluids moving in different directions tangent to » (¢). Since only
the normal component of the velocity vanishes at the fixed upper and lower boundaries, {x3 = 1}
and {x3 = —1}, the fluids may also slip along the fixed boundaries.

To complete the statement of the problem, we have to specify initial conditions. We give the
initial interface ) (0) = ), which yields the open sets ©.(0) on which we specify the initial
data for the velocity and magnetic field

(us, hs)(0,-) : Q1(0) — (R* R?).
To simply the equations, introducing the indicator functions yqo, and denoting
0= 04X, T 0-Xa_, U=uUtXo, +U-Xao_,
h=hixa, +h-Xa_, D=D+Xo, +P-Xa_.
we define the modified pressure by

|
p=p+ 5 + goxs.

Thus, the equations (1.1) can be rewritten as

00w+ ou - Vu+ Vp=h-Vh,
oh+u-Vh—h-Vu=0,
divu = divh = 0,

and the jump condition (1.2) becomes, setting [o] = 04 — 0,

[P V]|z(t) = g[@]xsv + [h ® hVHz(t).



1.2. Formulation in Lagrangian coordinates

Time-evolution of the free interface ) (¢) and the subsequent change of the domains (%)
in Eulerian coordinates will lead to mathematical difficulties. To circumvent the difficulties, as
usual, we use the Lagrangian coordinates to make the interface and the domains fixed in time.
To this end we define the fixed Lagrangian domains Q, = R? x (0,1) and Q_ = R? x (—1,0).
We assume that there exist invertible mappings

773: . Qi d Qi(O),
such that
S =l =0}, {ma=1)=(as = 1)), fas =1} = ({zs = ~1)).

The first condition means that Y is parameterized by the either of the mappings 1} restricted to
{z3 = 0}, and the latter two conditions mean that n% map the fixed upper and lower boundaries
into themselves. Define the flow maps 74 as the solutions to

{ atn:l:(ta SL’) = u:t(ta n:t(tﬂ SL’)),
n+(0,2) = ni(z).

Without yielding confusion, we denote the Eulerian coordinates by (¢,y) with y = n(¢, z) and
the fixed Lagrangian coordinates by (¢,x) € RT x Q, this implies that Q4 (t) = n+(¢, Q+) and that
> (t) = ny(t,{x3 = 0}), i.e., that the Eulerian domains of upper and lower fluids are the image
of Q. under the mapping 7+ and that the free interface is parameterized by 7, (¢, -) restricted to
R? x {0}. In order to switch back and forth from Lagrangian to Eulerian coordinates, we assume

that n4(t,-) is invertible. Since the upper and lower fluids may slip across one another, we have
to introduce the slip map Sy : RT x R? — R? x {0} C R? x (—1,1) defined by

S_(t,2") =n=t, s (t,2,0)), 2’ € R? (1.3)

and S, (t,-) = S”'(t,-). The slip map S_ gives the particle in the lower fluid that is in contact

with the particle of the upper fluid at = = (x1,z2,0) on the contact surface at time ¢.
Setting n = x4+ + x—n— with x+ = xq., we define the Lagrangian unknowns

(v,0,q)(t,z) = (u, h,p)(t,n(t,x)), (t,x) € RT x Q.

Defining the matrix A = (A;;)sx3 via AT = (Dn)~! := (9;m)323, and the identity matrix
I = (I;j)3x3, then in Lagrangian coordinates the evolution equations for 7, v, b and ¢ read as,
writing 0; = 0/0,,,

omi = v;

00v; + AixOrq = b AjOkb;,

Ajk(?kvj = 0, (14)

atbi = bjAjkﬁkvi,

Ajk('?kbj = 0

Here we have used the Einstein convention of summing over repeated indices.

Since the boundary jump conditions in Eulerian coordinates are phrased in terms of jumps
across the surface, the slip map must be employed in Lagrangian coordinates. The jump condi-
tions in Lagrangian coordinates are

(U+(t, 2, 0) — v_(t, S_(t, x'))) “n(t,z’,0) = 0, (1.5)
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<q+(t,x’,0) —q_ @ ) (t,2',0) = glon’.(t, 2, 0)n(t, 2’, 0)
+((h+®h+)( a',0) — (h— @ h_)(t, S_(t,2")))n(t,2', 0),

where we have written n := (ny, ng, n3) = v(n), i

(1.6)

_ Oy X Oamy
|01m4 X Oamy|

for the normal vector to the surface > (t) = 1y (¢, {zs = 0}), and n? is the third-component of
1+. Note that we could also phrase the jump conditions in terms of the slip map S, and define
the surface and its normal vector in terms of n_. Finally, we require

v_(t,x',—1)-e3 =v,(t,2',1)-e3 =0. (1.7)

Note that since 0;n = v

t
es-ny(t, 2’ 1) = ez -nl(2,1) +/ es- vy (t, 2, 1)ds =1,
0

which implies that n,(¢t,2',1) € {z3 = 1} for all ¢ > 0, i.e. that the part of the upper fluid in
contact with the fixed boundary {3 = 1} never flows down from the boundary. It may, however,
slip along the fixed boundary since we do not require v, (t, 1, x2,1)-¢; = 0 fori = 1, 2. A similar
result holds for n_ on the lower fixed boundary {x3 = —1}.

For convenience in the subsequent analysis, we will use the natation

[f]:= files=0o — [-|es=0
for the jump of a quantity f across the set {z3 = 0}.

1.3. Reduction of the problem

In this subsection we reformulate the free boundary problem (1.4)—(1.6) and (1.7). Our goal
is to eliminate b by expressing it in terms of 1, and this can be achieved in the same manner as
n [12]. For the reader’s convenience, we give the derivation here.

Applying A; to (1.4)4, we have

AiyOib; = bjAjkakviAil = bjAjkat(akm)Ail = —bjAjkakmatAil = —b;0 Ay,

which implies that 0,(A;b;) = 0, and hence,

b; = 51771'14215?, (1.9)

Hereafter, the superscript 0 means the initial value.
With the help of (1.9), we first evaluate the divergence of b, i.e., (1.4)5. Using the geometric
identities
J=J%and O,(JAy) =0

where J = |Dn)|, and applying A0k to (1.9), we see that

1
Alk(’)kb mak(almA?lb?) = ﬁak(JAlkalon ) = —Gk(JOAOkbO) ?kakbg (1.10)

J
Jo



Hence, if we assume the compatibility conditions on the initial data
ASL0pb) = 0, (1.11)
then from (1.10), we have
Ajké?kbj - O

Moreover, for simplicity, we assume that
A% B = B; with B = {B), By, B3} being a constant vector. (1.12)

We should point out here that the class of the pairs of the data (7°,0°) that satisfy the
constraints (1.11), (1.12) is quite large. For example, if we choose 7° =Id and b° =constant, then
by virtue of (1.8) and (1.10), any pair of data (7, b) which is transported by the flow will satisfy
(1.11), (1.12).

Now, in view of (1.8), (1.10) and (1.12), we can represent the Lorentz force term as

b AjuOibi = Omy Ay, A0k (0pmi Ag, ) = Ay b3 Ok (0,m; A L) = BiBr i i

Hence, the equations (1.4) become a Navier-Stokes system with the force term induced by the
flow map n:

atm =V
00v; + AiOkq — BB ot,mi = 0, (1.13)
Ajkﬁkvj = O,

where the magnetic number B can be regarded as a vector parameter. Accordingly, the jump
condition (1.6) becomes

(g4 (t,2",0) — q(t, S_(t, ")) ni(t, 2", 0) = glaln (¢, 2, 0)ni(t, 2", 0) 114)
+ Ble ((31771&71773})(75’ l’/, O) - (alni—amn{)(t> S- (t> x/))nj (t> wla O)' .

Finally, we require the other jump condition (1.5) and the boundary condition (1.7).

1.4. Linearization around the steady state

The system (1.13), (1.14), (1.5) and (1.7) admits the steady solution with v = 0, n = Id,
q =constant with the interface given by n({z3 = 0}) = {x3 = 0} and hence n = e3, A = I, and
S_ =Id{z,—0. Here Id denotes the identity map. Now we linearize the equations (1.13) around
such a steady-state solution, the resulting linearized equations are

o = v,
00w +Vq— BB,,0% n=0, (1.15)
divv = 0.

The corresponding linearized jump conditions read as
[v-es] =0, [qles = glolnses + BsB[0m] + Bi[0ms] B, (1.16)
while the boundary conditions are

v_(t,x',—1)-e3 =v,(t,2',1)-e3 =0. (1.17)



As aforementioned, the aim of this paper is to study the Rayleigh-Taylor instability of elec-
trically conducting fluids in the presence of a magnetic field. Hence, we assume that the upper
fluid is heavier than the lower fluid, i.e.,

0+ > 0- = [0] > 0.

We end this section by giving the outline of this paper. In Section 2 we state our results
concerning the linearized equations (1.15) and nonlinear equations (1.13), see Theorems 2.1, 2.2.
In Section 3 we construct the growing solutions to the linearized equations, while in Section 4 we
analyze the linear problem, and prove the uniqueness and Theorem 2.1. In Section 5, we prove
the ill-posedness of the nonlinear problem, i.e. Theorem 2.2.

2. Main results

Before stating the main results, we introduce the notation that will be used throughout the
paper. For a function f € L?(Q), we define the horizontal Fourier transform via

IR DE / f(a!, xg)e ™ 4da’, (2.1)
R2
where 2/, & € R? and 2’ - £ = 21&, + 22&. By the Fubini and Parseval theorems, we have that
1 . 2
[ l@Pas = 5 [ [i(€ )| dedan (2
Q ™ Jo

We now define a function space suitable for our analysis of two disjoint fluids. For a function
f defined on Q we write f, for the restriction to Q; = R? x (0,1) and f_ for the restriction to
Q- =R? x (—1,0). For s € R, we define the piecewise Sobolev space of order s by

H2(Q) ={f | f+ € H* (), f- € H*(Q-)} (2.3)

endowed with the norm || f[%. = || |3,y + | f]

given by

qu(ﬂf). For k € N we can take the norms to be

o1, (€. w)| deds,

k
e, = / (1+]¢[2)k
j:O RQXIj:

k
=3 [l

for I_ = (—1,0) and I, = (0,1). The main difference between the piecewise Sobolev space H*({2)
and the usual Sobolev space lies in that we do not require functions in the piecewise Sobolev
space to have weak derivatives across the set {z3 = 0}.

Now, we are in a position to state our first result, i.e. the result of ill-posedness for the
linearized problem (1.15).

o foe| e

L2(Iy)

Theorem 2.1. Assume B = (B,0,0) is a constant vector. Then, the linear problem (1.15) with
the corresponding jump and boundary conditions is ill-posed in the sense of Hadamard in H*(Q)
for every k. More precisely, for any k, j € N with 7 > k and for any Ty > 0 and o > 0 there
ezists a sequence of solutions {(Nn, Un, gn) }oy to (1.15), satisfying the corresponding jump and
boundary conditions, so that

1
19 (O[5 + N[Ol + lgn(O) s < (2.4)
but
lon ()| 5% = 100 ()| e > « for all t > Ty, (2.5)



Theorem 2.1 shows discontinuous dependence on the initial data. In fact, we show that there is
a sequence of solutions with initial data tending to 0 in H*(£2), but the solutions grow arbitrarily
large in H*(2). The proof of Theorem 2.1 is inspired by [3] and its basic idea is the following.
First, we notice that the resulting linear equations have coefficient functions that depend only
on the vertical variable, z3 € (—1,1). This allows us to seek “normal mode” solutions by taking
the horizontal Fourier transform of the equations and assuming the solution grows exponentially
in time by the factor e*®*, where ¢ € R? is the horizontal spatial frequency and A(€) > 0. This
reduces the equations to a second order linear ODE with A(§) for each £ (see (3.9)). Then,
solving the ODE, we show in Lemma 3.2 that A({) — oo in some unbounded domain, the
normal modes with a higher spatial frequency grow faster in time, providing a mechanism for the
Rayleigh-Taylor instability. Indeed, we can form a Fourier synthesis of the normal mode solutions
constructed for each spatial frequency & to construct solutions of the linearized incompressible
equations that grow arbitrarily quickly in time, when measured in H*(Q) for any k > 0. This is
the content of Section 3. At last, in Section 4, we show the uniqueness result for linear problem
(see Theorem 4.1). In spite of the uniqueness, the linear problem is ill-posed in the sense of
Hadamard in H*(Q) for any k because solutions do not depend continuously on the initial data.

With the linear ill-posedness established, we can obtain the ill-posedness of the fully non-
linear problem in some sense. Recalling that the steady state solution to (1.13) is given by v = 0,
n=mn"'=1Id, ¢ =constant with A = I and S_ = S, = Id,,—¢}, we now rewrite the non-linear
equations (1.15) in a perturbation formulation around the steady state. Let

n=Id+7, n'=Id-(, g=constant+o, v=0+v, A=1-G,

where
o0

G" = (-1 (D)

n=1

Then the evolution equations (1.13) with B = (B, 0,0) can be rewritten for 7, v, o as

atﬁ =,
dive — tr(GVv) =0, (2.6)
00w + (I — G)Vo — |B|*031n = 0,

where tr(-) denotes the matrix trace. We require the compatibility between ¢ and 7 given by
¢=ijo (Id—0).
The jump conditions across the interface are
(vy(t,2',0) —v_(t,S_(t,2"))) - n(t,2’,0) = (2.7)
(o4 (t,2',0) —o_(t, S_(t,2")))n(t, 2, 0)
= glolil.(t, 2, 0)n(t, «', 0) + [ BI*(((ex + il ) (ex + Ouifl)) (¢, 2", 0) (2.8)
— ((e1 + A=) (ex + O )) (¢, S_(t, a")))ny(t,2',0),

where the slip map (1.3) is rewritten as

S- = (Idgz — ¢-) o (Idgz + 71+) = Idge + 75 — (- o (Idge + 714).
Finally, we require the boundary condition

v_(t,x',—1)-e3 = v (t,2',1) - e3 = 0. (2.9)
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We collectively refer to the evolution, jump, and boundary equations (2.6)—(2.9) as “the perturbed
problem”.
To shorten notation, for £ > 0 we define

177, v, 0, 0i0) ()| e = N7 ()| 1z + N0 @)z + o ()]l 1z + 1000 (8)]] -
Definition 2.1. We say that the perturbed problem has property EE(k) for some k > 4 if there
exist 0, to, ¢ > 0 and a function F : [0,0) — R satisfying F(z) < cz for z € [0,9), so that the
following holds. For any 1y, vo, 09 satisfying
H(ﬁﬂa Vo, UO)HH’“ < 57
there exist (1,v,0) € L=(0,ty; HY(Q)), so that
(1

(7, v,0)(0) = (70, vo, 00),

)
(2) n(t) =1d + 7(¢) is invertible and n~'(t) = Id — {(t) for 0 <t < 1o,
(3) 7, v, o solve the perturbed problem on (0,ty) x €2, and
(4) we have the estimate
sup (77, v,0,0,0) ()| g+ < F([|(70, vo, 00) || r4)- (2.10)
0<t<to

Similar to [3], we can show that the property FFE(k) cannot hold for any k& > 4, i.e. the
following Theorem 2.2, which will be proved in Section 5. In the proof we utilize the Lipschitz
structure of F' to show that the property EE(k) would give rise to certain estimates of solutions
to the linearized equations (1.15) that cannot hold in general because of Theorem 2.1.

Theorem 2.2. Assume B = (B,0,0) is a constant vector, the perturbed problem does not have
property EE(k) for any k > 4.

Remark 2.1. Here the magnetic field B = (B, 0, 0) is incorporated into the reformulated system
(1.13) instead of the original system (1.4). Notice that by the systems (1.4) and (1.13), together
with the assumption of (1.12), we immediately have the ill-posedness of the original system (1.4)
in the sense of (2.10).

Remark 2.2. Theorems 2.1, 2.2 also hold for the general horizontal magnetic field B = (B, Bs, 0).
In fact, rotating the o-ry coordinates properly so that B = (B,0,0) under the rotated coordi-
nates o-Iy, where B = /B + B?, we have the same case as in Theorem 2.2, since our system
is symmetric on horizontal plane, the above rotation will not break the system structure.

Remark 2.3. Theorems 2.1 and 2.2 show that a horizontal magnetic field can not prevent the
linear and nonlinear Rayleigh-Taylor instability in the sense described in Theorems 2.1 and 2.2.
However, in the construction of the normal mode solution to the linearized system, the horizontal
magnetic field does have a stabilizing effect on the growth rate A(¢) (cf.(3.11)). In particular, the
horizontal magnetic field can succeed in stabilizing a potentially unstable arrangement for some
spatial frequency ¢ (for example, || = [&;] is sufficiently large). Of course, it is easy to see that
if the magnetic field is neglected, i.e. B = (0,0,0), then the growth rate reduces to the one for
the corresponding equations of incompressible inviscid fluids.

3. Construction of a growing solution to the linearized equations

3.1. Growing mode ansatz



We wish to construct a solution to the linearized equations (1.15) that has a growing H*-norm
for any k. We will construct such solutions via Fourier synthesis by first constructing a growing
mode for fixed spatial frequency.

To begin, we make a growing mode ansatz, i.e., let us assume that

v(t,r) = w(x)e™, q(t,z) = G(x)e™, n(t,r) = q(x)e, for some A > 0.
Substituting this ansatz into (1.15), eliminating 7 by using the first equation, we arrive at
the time-invariant system for w = (wy, we, w3) and §:

{ Mow + V§— \"1BB,,0% w =0,

divw = 0, (3.1)

with the corresponding jump conditions
[[w3]] = 0, [[Cj]]€3 = A_lg[Q]T,Ugeg + )\_133Bl[[aﬂU]] + A_lél[[alw;;]]g

and boundary conditions
ws(t, o', —1) = ws(t,2’,1) = 0.

3.2. Horizontal Fourier transformation
We take the horizontal Fourier transform of wy, wsy, w3 in (3.1), which we denote with either *
or F, and fix a spatial frequency & = (£1,&;) € R% Define the new unknowns p(z3) = i (€, x3),

9($3) = iw2<§,$3), ¢(JI3) = UA)3(§, 133) and 7T((L’3> = 6’123(5, Ig), SUCh that
Fldivw) = &p + &0 + 1,

where / = d/dxs. Since we only consider the case B = (B,0,0), then for ¢, §, ¥ and A\ = \(£)
we arrive at the following system of ODEs.

Nop — Nam + |BI*&yp =0,
o8 — Neom + | BPE20 = 0,

Negus + A+ | BPE = 0, (3:2)
§1p+ &0+ =0,
along with the jump conditions
[¥] =0, [i[BI*&y] = 0, [A7] = gloly (3-3)
and boundary conditions
B(=1) = v(1) = 0. (3.4)
Eliminating 7 from the third equation in (3.2), we obtain the following ODE for 1
=Np(lgl*y — ") = |BP(IEP&y — &v") (3.5)
along with the jump conditions
[+] = o, (3.6)
Np'] + B[] + glp)lé]e = 0 3.7
and boundary conditions
P(=1) =¢(1) = 0. (3.8)
Since we want A # 0 for a growing mode solution, we can deduce from (3.5)
"= ¢l*y in (=1,1)/{0}. (3.9)
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3.3. Construction of a solution to the ODFEs
In this section, we will give a solution to (3.2) with [{] > 0. Throughout this section we
assume that || > 0, and we will construct a non-trivial solution with A = A(§) > 0.

Lemma 3.1. For any [¢| > 0, if

o glellgle = 1)~ ABPEE 4+ 1)

(04 +0-) (e +1)

then the function

— ¢ 2+a: ~
o= { O ey Gmet LD 310
is a nontrivial solution to the problem (3.6)—-(5.9) for a given constant ¢ # 0.
PRrROOF. Given [¢]| > 0, we know that the solution of (3.9) has the following form:
B { coeléls o ciemlEls i 4y € [—1, 0],
T cqelilms gl if 2 € (0, 1],
Using the condition (3.8), we get
y_ { ox (et — ) iy € 1,0,
cy(elélrs — el€l=za)y if 25 € (0, 1].
Applying the jump condition (3.6), we obtain ¢; = ¢3. Finally, by (3.7), when
1o _ olellél(e — 1) —2BPEE 1) o

(0 +0-) (e +1)

we can check that
= ey (e~ I8l — el€l+za)y o if g0 € [—1,0),
- Cl(elﬂx?’ _ e‘£|(2_1‘3))’ if T3 c (07 1]
is indeed a solution to (3.6)—(3.9) for any given constant ¢;. The desired result immediately
follows. 0

We see that A > 0 in (3.11) is equivalent to

gloll€l(e* — 1)

262
S > 2ABPE. (3.12)

Hence, (3.12) is the necessary and sufficient condition that guarantees the existence of a nontrivial
solutio to (3.6)—(3.9) with A > 0. Moreover, when & is fixed, the expression (3.11) provides a
upper and lower bound for A for large &, showing that A(£1,£2) — 0o as & — oo. In particular,
we have the following estimate for A.

Lemma 3.2. Let Ry, & satisfy

e —1 1 glo]

- > d < 2= ) 1

€2R1 + 1= \/57 an |€1| = 4|B|2 < Rl (3 3)
Then

ca(Ry) < can/|&2| < A < es/|€] for any [€] > Ry > 0, (3.14)

where .

glo] c gle] \*|"

2 2
e —, = —=, R — R -
= \a ey = g e =e | 7= (515

11



PROOF. Let [¢] > R; > 0. Making use of (3.11) and (3.13), we can estimate for A\ as follows.

glellel
(o1 +0-)
1 gla V& + & _9|BPe?
0+ +0- V2 '
> 1 (g[Q](‘fl‘ +1&[) 2\B|2§2)
“o4+o- 2 !
glall&l glel - ( glel )2
22(Q+ +0) 20s + Q)\/R1 A[B]? )
which immediately yields (3.14). O

A solution to (3.6)—(3.9) gives rise to a solution of the system (3.2)—(3.4) for the growing
mode velocity w, as well.

Lemma 3.3. Under the assumption of (3.12), there exists a solution 1p = (&, x3), m = w(&, x3),
o =p(xs), 0 =0(&x3), and N(&) > 0 to (3.2)-(3.4). This solution is smooth when restricted
to (—1,0) or (0,1). Moreover, ||¢||gr(—1,1) < 3.

PrROOF. By Lemma 3.1, we first construct a solution ¢» = (&, x3) which is smooth when re-
stricted to (—1,0) or (0, 1). Furthermore, we take the value

1
VI[P 1 et 1)

8]

in (3.10), we can check that

edlél — 4‘5’@2|§‘ —1
||¢’||L2(_1,1) =1, ||1/)||L2(_1,1) = \/|f]2(645| +4‘€|€2|§‘ =) < 2, (3.15)

which yield |[¢||g1(—1,1) < 3. Thus, by solving (3.2), we get

(N0 + |BI*¢E)y V& V'
m(& r3) = — , w(& rg) = — , 0(&, x3) = — : 3.16
(&) Nep PG T Ty MG = oy (B9
From (3.10) and (3.16), we see that m = w(&, x3), ¢ = ¢(&, x3) and 6 = 6(§, x3) are smooth when
restricted to (—1,0) or (0,1). Furthermore, they satisfy the jump conditions (3.3). O

Remark 3.1. By the expressions (3.10) and (3.16), we observe that

(1) A, ¢ and 7 are even on & or &, when the another variable is fixed;
(2) ¢ is odd on &, but even on &, when the another variable is fixed;
(3) 0 is even on &, but odd on &, when the another variable is fixed.

The next result provides an estimate for H*-norm of the solutions (¢, 8,4, 7) with || varying,
which will be useful in the next section when such solutions are integrated in a Fourier synthesis.
To emphasize the dependence on &, we will write these solutions as

(p(&) = »(& 23),0(8) = (8, 23), V(&) = ¥(§, 23), (&) = 7(&, w3))-
Denoting

D= {e= (e |lal< 29 10> m

where 1 < Ry satisfies (3.13), we see that (3.12) holds for any ¢ € D.

12



Lemma 3.4. Let £ € D, (&), 0(§), ¥(§) and (&) be constructed as in Lemma 3.3, then for any
k > 0, there exits a positive constant A depending on o, |B|, Ry and g, such that

k
() |0 + 1 (E o1y < 3D 1€, (3.17)
=0
k
o) rr(=1,0) + [0 I rr0,1) + N1OE) | rr (=10 + [0 0,1y < QZ 7, (3.18)
=0

k
17 ()]st (-1.0) + 17 | mmoy < A IEF, (3.19)
5=0

where §(j) =0 if j =0 and §(j) =1 if j # 0. Moreover

VI 1603 gy + 11y = 1 (3.20)

ProOOF. By (3.15) and (3.10), we see that ¢ () is even on x3,

P"(€) = [ElP(€), [Ev(©)* < W9 (3.21)
and
[P llze-1y <20 [ (21 =1 (3.22)
Thus
19" L2(-1,1) = IEMELE) L2 (-1.1) < N ()l z2-1,1) < I€]- (3.23)

Employing (3.21)—(3.23), we get
D €)1z < [€]* for any & > 0, (3.24)

which immediately implies (3.17).
Combing (3.16) with (3.24), we see that ¢(&) and 0(¢) are odd on x3, and

)21, + 18Pl 210) < 261 for amy k20

which yields (3.18) with [¢] > 1.
Recalling the expression of 7, we find by (3.14), (3.24) with || > 1 that

Ao |BJ?

7S 21 < (@* By ) [ )21

< {C2Q+ ZiLEl
N c2 [(4R1|B)? — (g[o])"*

which gives (3.19). Finally, using (3.16) and (3.22), we obtain (3.20). O

} €1 = Alel,

3.4. Fourier synthesis

In this section we will use the Fourier synthesis to build growing solutions to (1.15) out of
the solutions constructed in the previous section (Lemma 3.3) for fixed spatial frequency ¢ € R2.
The solutions will be constructed to grow in the piecewise Sobolev space of order k, H*, defined
by (2.3).
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Theorem 3.1. Let 1 < Ry < Ry < Ry < oo with Ry satisfying (3.13). Let f € C(R?) be a
real-valued function, so that f(£) = f(|€]) and supp(f) C B(0, R3)/B(0, Ry). For £ € R?, define

w(&, x3) = —ip(&, x3)er — i0(&, x3)ex + (&, x3)es,

where
(o806 { Zzeﬂge solutions provided by Lemma 3.3, ZZE Z g? (3.25)

Denote
n(t, ) 47T2 / FOw(E, x5)e* e ede, (3.26)
0lt) = 5 [ MOFQulE )X, (3.27)
0(t.0) = 15 [ NOFOR(E ra)eX e, (3.28)

Then, n, v, q are real-valued solutions to the linearized equation (1.15) along with the correspond-
ing jump and boundary conditions. For every k € N, we have the estimate

1/2
O e+ 1Ol + o)l < ([ 14161 DRAE) <0 (329)

for a constant ¢, > 0 depending on the parameters o, |B|, Ry and g. Moreover, for everyt > 0
we have n(t),v(t),q(t) € H*(Q4), and

e (0)| e < (@)l < € 1(0) s, (3.30)
<1 B[40 g < o)l gz < €2V |0 (0)]| g, (3.31)
4 g(0) e < lla(®)llzx < € 1g(0) 1, (3:52)
where % g (o o7 1/4
C3 = ﬁ, ca(Rp) == ﬁ R; — <4§|IBQ|2>

PROOF. For each fixed ¢ € R?,

n(t,x) = f(Ew(E, x3)eM e,
u(t, ) = A& f(Quw( x wt i€
q(t, z) = M) F(Om(€, w5)eX et

give a solution to (1.15). Since supp(f) C B(0, R3)/B(0, Ry), Lemma 3.4 implies that
sup  [|OF w(g, )| < oo for all k € N.
£esupp(f)

Also, A(§) < ¢3 \/E . These bounds show that the Fourier synthesis of these solutions given by
(3.26)-(3.28) is also a solution of (1.15). Because f is real-valued and radial, D is a symmetrical
domain, combined with Remark 3.1 and (3.25), we can easily verify that the Fourier synthesis is
real-valued.

The bound (3.29) follows by applying Lemma 3.4 with arbitrary k£ > 0 and utilizing the fact
that f is compactly supported. At last, note Ry > Ry, we can use (3.14) and (3.26)-(3.28) to
infer the bounds (3.30)-(3.32). O
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Remark 3.2. It holds that
iz’ Ed
7]3(07x17x27 47T2/ f 5 0 5

is the vertical component of the initial linearized flow map at the interface between the two
fluids. Since (&, 0) # 0 for any choice of £ € D, a nonzero f in general gives rise to a nonzero
n3(0, 21, 22, 0).

4. Ill-posedness for the linear problem

4.1. Estimates for band-limited solutions

We assume that 7, v, ¢ are the real-valued solutions to (1.15) along with the corresponding
jump and boundary conditions. Furthermore, suppose that the solutions are band-limited at
radius R > 0, that is,

U swp(l(, z3)] + [8( @5)| + 1d(-, z3)]) € B(O, R),

z3€(—1,1)

where 0 denotes the horizontal Fourier transform defined by (2.1). We will derive estimates for
band-limited solutions in terms of R.

Differentiating the second equation in (1.15) with respect to ¢ and eliminating the 1 term by
using the first equation, we obtain

{ 0020+ VO,q — |B|?0%v =0 (4.1)
divv = divo,o = 0
for B = (B,0,0), along with the jump and boundary conditions
[vs] = [Oww3] = 0, [O:q]es = glo|vses + BJoyvs] B, (4.2)
dys(t, ', —1) = dys(t, 2, 1) = 0. (4.3)

The band limited assumption implies that supp(o(-,x3)) C B(0, R) for all 3 € (—1,1). The
initial datum for d;v(0) is given in terms of the initial data ¢(0) and n(0) via the second linear
equation, i.e.

00v(0) = —Vq(0) + | BI*91,1(0).

Our first result gives an evolution equation for an energy associated to v.

Lemma 4.1. For solutions to (4.1)-(4.3) it holds that

1d
- </ 0low|* + | BP|orv[*dx —/ 9[9]|v3(56',0)|2d96’> =0. (4.4)
2dt Q R2

PRrROOF. Multiply the equation (4.1); by O,v and integrate over ). After integrating by parts
respectively in €, and Q_, and using the jump and boundary conditions (4.2), (4.3), and (4.1)a,
we obtain (4.4).

The next result allows us to estimate the energy in terms of R.

Lemma 4.2. Let v € HY(Q) be band-limited at radius R > 0, and satisfy dive = 0 and the
boundary conditions vs(t,z', —1) = v3(t,2’,1) = 0. Then,

[ stelleat 0par < EEDAL [ o, (4.5)
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PRrROOF. Since
@101 + 62112 -+ 83’[)3 = 0, (46)

applying the horizontal Fourier transform (2.1) to (4.6), writing ¢(x3) = 101(&1, &, 23), 0(23) =
iﬁZ(él? 527 .Z’g), 1/J<ZE3) = @3<£17 527 I‘g), we find that

Sip+ &0+ =0. (4.7)
From (2.2) and (4.7) we get

[ et opar <29 [ jaspac =22 [ juio)pag

s% [ L] o+ |w/|2>dx3d§]

_87r2 {/ / (0P + &P le? + 1&]710] )dgdx?)}

R2 1
*’ L/ j/ yu|2+¢vﬂ24-hg\)dxdx{
RQ
2 1
R + / lv|dz,

which gives (4.5). O
Now, we may derive growth estimates in terms of the initial data and R.

Lemma 4.3. Let v be a solution to (1.15) along with the corresponding jump and boundary
conditions (1.16), (1.17), which is also band-limited at radius R > 0. Then

2
HU(t)H%?(Q) + [[Opv(t )||L2 < ¢ e((R+dle VQ*H)t(HU(O)HHl(Q) + “atU(O)HL?(Q))a
where the constant cs depends on o, B, g and R.

PRrROOF. Integrating the result of Lemma 4.1 in time from 0 to ¢, we deduce that

/Q|8tv\2(t,x)dx < C+/ glol|vs(t, 2, 0)|*da’, (4.8)
Q R?
where
cz/mmmww+wmwmwwm.
Q

We may then apply Lemma 4.2 to get the inequality

R2 1
/mwﬁ@msc+ - /|
Q

which yields

1000 ey < =+ TV, (4.9)

Combing the Cauchy inequality with (4.9), we infer that
Ollv)2@ = 200w(t),v(t) < (lo®)ll72() + 100 (B)lI72(q)
2C R%*+1)g[o
< 2 LD i,

0-
= e+ o)1z
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where (-,-) denotes the L? inner product. ¢ = 2C/o_ and ¢; = (R* + 1)g[g]/o- + 1. An
application of the Gronwall inequality gives

o(t) |32y < e (||v(o)||§2(m + 06/67) . forallt>0. (4.10)

To derive the corresponding bound for ||0tv(t)||%2(m we return to (4.10) and plug in (4.9) to
see that
10c0 () 120y < €6 + (7 — 1) (|[v(0) 172y + co/cr)- (4.11)

Note that the constant C' in (4.8) is bounded by
C <IBI[[0(0)[31 (@) + 0+ 110w (0) |72

<e[000) oy + 1(0) ). )
where cg = max{|B|?, o, }. Making use of (4.10)-(4.12), we conclude
10w ()70 + 1o ()] 720
< ¢+ (er = D)e (Jv(0) [ 2() + co/cr) + es(v(0) 7 () + 10:0(0)[1Z2())
< cse™([[0(0) 11 (@) + 10:0(0) | 2(e))-
Thus, the desired conclusion follows. L]

4.2. Uniqueness

Similar to [3], once we get Lemma 4.3, through constructing the horizontal spatial frequency
projection operator, we can obtain the uniqueness. Here we give the proof for reader’s conve-
nience.

Let ® € C5°(R?) satisfy 0 < ® < 1, supp(®) C B(0,1) and ®(x) = 1 for x € B(0,1/2). For
R > 0, let @ be the function defined by ®r(z) = ®(x/R). We define the projection operator
Pg via

Ppf=F"'(®rFf), [feL*9),

where F =" denotes the horizontal Fourier transform in 2’ defined by (2.1). It is easy to see that
P satisfies the following.

(1) Prf is band-limited at radius R.

(2) Pgis a bounded linear operator on H*(Q) for all k£ > 0.

(3) Pr commutes with partial differentiation and multiplication by functions depending only
on rs.

(4) Prf =0 for all R > 0 if and only if f = 0.
Now, we begin with the proof of the uniqueness on 1 and v.

Theorem 4.1. Assume that (n1,v1,q1) and (12, v2, g2) are two solutions to (1.15). Then ny = ns,
vy = vy, and V(q1 — ¢q2) = 0.

PRrROOF. It suffices to show that solutions to (1.15) with 0 initial data remain 0 for ¢ > 0. Suppose
that n, v are solutions with vanishing initial data. For arbitrary but fixed R > 0, define ngr = Pgn,
vr = Prv, qr = Prq. The properties of Pr show that ng, vg, qr are also solutions to (1.15) but
that they are band-limited at radius R. Turning to the second order formulation, we find that
vg is a solution to (4.1) with initial data vg(0) = dyvr(0) = 0. We may then apply Lemma 4.3
to deduce that

|vr(t)] L2(0) = [|Owr(t)||L2() = 0 for all t > 0,

which implies that ng(t) and vg(t) all vanish for ¢ > 0. Thus, n(t) and v(t) also vanish for t > 0
since R is arbitrary. Therefore, Vq = 0. O
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The solutions to the linear problem (1.15) constructed in Theorem 3.1 are sufficiently patho-
logical to give rise to a result showing the discontinuous dependence of the solutions on initial
data. Thus, in spite of the previous uniqueness result, the linear problem is still ill-posed in the
sense of Hadamard, i.e. Theorem 2.1. Next, we prove Theorem 2.1.

4.8. Proof of Theorem 2.1

Fix j > k>0, a>0,T, >0 and let ¢;, R; be the constants from Theorem 3.1. For each
n € N, let R(n) be sufficiently large so that R(n) > R; and

exp(2Tpca(n)) > o2n22
(14 (R(n) + 1)2)i-k+1 = 7
where 14
gl 2y _ (912l
) =g ti o | o - (f8R) | =1

Choose f,, € C5°(R?), such that supp(f,) C B(0, R(n) + 1)\B(0, R(n)), f. is real-valued and
radial, and

; 1
[+ 1P = o (413

J

Now, we can apply Theorem 3.1 with f,, Rs = R(n), and R3 = R(n) + 1 to find that
Ty Un, @n € H7 () (t > 0) solve the problem (1.15)—(1.17). It follows from (3.29) and (4.13) that
(2.4) holds for all n.

After a straightforward calculation, we see that

70 (T 70 > /Rz(l + (€12 O £, (P lw (€, m3) 172 1.1y,
exp(2Tpcq(n))
T (14 (R(n) +1)2)" "
> a*n’c] / (14 (€2 fa(©) e
R2

2
:a7

L YO Pt a1

where the second bound follows from the fact that supp(f,) C B(0, R(n) + 1) and A(§) > cs(n),
and the third one from the choice of R(n) and the lower boundedness (3.20).
Since A(§) > ¢4(n) > 1 on the support of f,, we conclude

o ()7 = a1 = Nl (To) |70 for all £ = Ty,

This complete the proof of Theorem 2.1

5. Proof of Theorem 2.2

The proof is similar to [3] under necessary modifications. We argue by contradiction. Suppose
that the perturbed problem has the property EE(k) for some k > 4. Let §, tg, ¢ > 0 and
F :[0,6] — R* be the constants and function provided by the property EE(k). Fix n € N, such
that n > ¢. Applying Theorem 2.1 with this n, Ty = to/2, k > 4 and a = 1, we find that 7, v, &
solve (1.15) with B = (B,0,0), satisfying

o 1
H(’I’],U,O')(O)HHk < Ea
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but
(o) e = 17(8) |2 > 1 for t > t9/2. (5.1)

For ¢ > 0 we then define 75 = €7(0), v5 = €v(0), and 65 = €5(0). Then, for ¢ < on we have
(75, 05, 55) || g+ < 8. So, according to FE(k), there exist 75,9, 5° € L>=(0,to; H*(€2)) that solve
the perturbed problem (2.6)-(2.9) with the initial data satisfying ||(7§, 05, §)|| g+ < J, and satisfy
the inequality

S 1777, 0%, 0%, 0% ) ()| s < F([[(75, 5, 50) lars) < cel| (77, 0%, 07)(0) [+ < e (5.2)
> 0

Now, defining the rescaled functions 7° = 7)° /e, v° = v° /e, 6° = 0° /e, and rescaling (5.2), one
gets
sup (7%, 0%,6%,0,6%) (t) || s < 1. (5.3)

0<t<tg

Note that by construction (7%, v%,5°)(0) = (7, v,7)(0). Our next goal is to show that the rescaled
functions converge as ¢ — 0 to the solution (7,7,5) of the linearized equations (1.15) with
B =(B,0,0).

We may further assume that ¢ is sufficiently small so that

1
sup |eD(t)||re < = and e < 1/(2K)), (5.4)

0<t<to 9
where K7 > 0 is the best constant in the inequality
[1FGlla2 < K| P2 Gl a2
for 3 x 3 matrix-valued functions F', G. Then,
G :=(—I+eDiy") ") /e
is well-defined by (5.4) and uniformly bounded in L>(0, to; H?*(2)) since

[e.9]

>(er oy

n=

o0

Z D) 12

- (5.5)

o0

S n— n — n 1
Z (eK)" DI < Z 2n71 1774 < Z o1
n=1 n=1

n=1

Gl = =

|
N

_ Since Id + e7° is invertible, we can define ¢ via (Id + e7°) ! = Id — ¢*, which implies that
¢ =7 o (Id — &C®). The slip map S° : Rt x R? — R? x {0} is then given by

S% = Idgs + en. — % o (Idg + £717.).
The bounds on ¢ and the equation satisfied by (* then imply that

sup [|S° — Idgz|[ze < 2e sup |||z < 26Ky sup sup ||7°(¢)|| g < 2¢K,

0<t<tg 0<t<tg 0<t<tp 0<t<to

where K, > 0 is the embedding constant for the trace map H*(Q) — L*(R* x {0}). This
boundedness allows us to define the normalized slip map 5S¢ := (5% — Idg2)/e as a well-defined
and uniformly bounded function in L>(0, to; L>(R? x {0}).
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Next, we exploit the boundedness of 7%, #°, ° and G° to control 9,7, 0;,0° and to give some
convergence results. The first equation in (2.6) implies that 0,7° = v, therefore

sup |07 ()| e = sup [|0°(t)||ga < 1. (5.6)

0<t<to 0<t<to
By virtue of (5.3) and (5.5), the second equation in (2.6) yields

lim sup ||dive®(¢)|[ms = lim sup [etr(GED)(t)||ms = 0. (5.7)
e—0 o<t<ty e=00<i<ty

Expanding the third equation in (2.6), one sees

00,0° + V&° — |BI?0i, i — eG°Va° = 0, (5.8)
whence,
lim sup ||0d,0° 4+ V&© — | B|?0%, 7 ||gs = 0
e=00<t<ty
and
sup |00 g2 < K3 for some constant K3 > 0. (5.9)
0<t<tp

We proceed to show some convergence results for the jump conditions. We first write the
normal at the interface as n® = N¢/|N¢| with

N°¢ :(61 + 88177?) X (62 + 88277‘1)
=e3 + e(e1 X 0,75 + O X ea) + 52(8177i X OoM) := €3+ eNE.

As e — 0, we have |[N¢| > 0, so we may rewrite the jump condition (2.7) as
(0. — 0% o (Idgz +£5%)) - (e3 +eN°®) = 0.
Clearly supg<,y, [|IN(¢)|| 1= is uniformly bounded and

sup ||o° o (Idge +&S5°) — 0% || < sup ||Dv°(t)||z sup [|eS°(t)||re — 0 as e — 0.

0<t<to 0<t<to 0<t<to
Therefore,

sup |les - (0.(t) = v<(t))||z — 0 as € — 0. (5.10)

0<t<to

We rewrite the jump condition (2.8) as
(05 — 0% o (Idg2 +52) — g[o]i55) (e5 + eN¥)
— 1B (e1 + enift ) ((e1 + 0175 - (e5 + =N%)) fe
— ((er + i) o (Idgz 4+ 52)) [((er + i) o (Idgz 4+ €5%)) - (e3 + dVg)]/e},
and find, after a further rearrangement, that

(65 — 5% o (Idg2 + 5%) — glo]if5)(e3 + eN°)
= |BJ*(N; — Nt o (Idge 4+ £5°) + 0153 — 015 0 (Idge + £S°))e; + eF*,
where 3 _ _ _
Fe =017 - N° + O (N} 4 01755 + €07 - N¥)
— (2 - N+ O~ (NT + 01125 + €0ii” - N¢)) o (Idge +£59)).
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Obviously supy<;, [|F¢(t)|| L is uniformly bounded. Similar to (5.10), we obtain

sup [|(65 — 0= — glolits)es — |BI*(0175 — OuifZs)enlz~ — 0 as € — 0. (5.11)

0<t<tg

By (5.3), (5.6) and the sequential weak-*compactness, we see that up to the extraction of a
subsequence (which we still denote using only ¢),

(7°,0°,6%,0,6°) — (11°,0°,5°, 0,6°) weakly-* in L™(0,to; H(€2))

and
0,° — 00" weakly-* in L™(0,to; H*(Q2)). (5.12)

From lower semi-continuity one gets

sup ||(7°,2°,6%, 0,6%) ()]s < 1. (5.13)

0<t<to

On the other hand, by (5.3), (5.6), and (5.9), we deduce

limsup sup |[(0y7°, 0,07, 0,6%)|| g2 < 0.
e—0  0<t<ty

By a result in [9], we then find that the set {(7°,v%,5°)} is strongly pre-compact in the space
L>(0,to; H'Y4()), thus

(7, 75,5°) — (7°,7°,&°) strongly in L=(0, to; H'Y/4(Q)). (5.14)
This strongly convergence, together with the equation 9,7° = v°, implies that

OyiF — O° strongly in L>®(0,to; H'V/4(Q)),

(5.15)
0yv° — 0p° strongly in L>(0, to; L*(9)).
Utilizing (5.7), (5.8), (5.12), (5.14) and (5.15), we conclude
atﬁo - @07
dive® = 0, (5.16)
00,0° + Va® — |B|2031n° = 0.
We may pass to the limit in the initial conditions (7%, v, 5°)(0)=(7,v,7)(0) to find that
(n",9°,5°)(0) = (,2,5)(0) (5.17)

as well.

We now derive the jump and boundary conditions for the limiting functions. The index 11/4
is sufficiently large to give L>°(0, to; L>)-convergence of (7°,0°,5°) when restricted to {z3 = 0},
{z3 = —1} and {x3 = 1}, i.e. the interface, the lower and upper boundaries. Combing this with
(5.10) and (5.11), we infer that

17&-63 =0on {r3=1}and ?° -e3 =0 on {z3 = —1}, (5.18)
(0] — %) -e3 =0 on {z3 = 0}, (5.19)

and
(67 — a2 — glans)es — |BI*(17}s — 7’s)er = 0 on {as = 0} (5.20)
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By virtue of (5.16)—(5.20), (7°,2°,°) is a solution of (1.15)-(1.17) with B = (B,0,0), satis-
fying the initial conditions (5.17). Thus, Theorem 4.1 guarantees that
(7°,0°,6°) = (7,0,5) on [0,0) x Q.
Hence, we can combine the inequality (5.13) with (5.1) to get

2< sup (756 < sup (77,50 s < 1,
to/2<t<to 0<t<tg

which is a contraction. Therefore, the perturbed problem does not have the property EE(k) for
any k > 4. This completes the proof of Theorem 2.2
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