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Abstract

We study the Rayleigh-Taylor instability for two incompressible immiscible fluids with or without
surface tension, evolving with a free interface in the presence of a uniform gravitational field in
Eulerian coordinates. To deal with the free surface, instead of using the transform of Lagrangian
coordinates, we transform the perturbed equations in Eulerian coordinates to an integral form and
formulate the two-fluids flow in a single-fluid flow in a fixed domain, thus offering an alternative
approach to deal with the jump conditions at the free interface. First, we analyze the linearized
problem around the steady state which describes a denser immiscible fluid lying above a light one
with an free interface separating the two fluids, and both fluids being in (unstable) equilibrium.
By a general method of studying a family of modes, we construct smooth (when restricted to
each fluid domain) solutions to the linearized problem that grow exponentially fast in time in
Sobolev spaces, thus leading to an global instability result for the linearized problem. Then,
using these pathological solutions, we demonstrate the global instability for the corresponding
nonlinear problem in an appropriate sense.

Keywords: Rayleigh-Taylor instability, viscous incompressible flows, global instability.

1. Introduction

We consider the two-phase free boundary problem for the equations of two incompressible
immiscible fluids within the infinite slab Q@ = R? x (—=1,1) C R? and for time ¢ > 0. The
fluids are separated by a moving free interface ¥(¢) which is given by the unknown function
n: Rt x R? — R. Hence we can definite $(t) := {z € R® | 23 = n(t,2’)} for each t > 0, where
2’ = (z1,72)7, and the superscript 7" means matrix transposition.

The interface divides ) into two time-dependent, disjoint, open subsets Q4 (t), so that 2 =
Q, (HUQ_(H)UX(¢) and B(t) = Q. (t)NQ_(t). The motion of the fluids is driven by the constant
gravitational field along ez-the x3 direction, G = (0,0, —g)” with g > 0. The two fluids are

described by their velocity, and pressure functions, which are given for each ¢t > 0 by
(ui7ﬁi)(t7 ) : Qi(t) - (R37R+)7

respectively. We assume that at a given time ¢ > 0, these functions have well-defined traces onto
Y(t).

The fluids under consideration are incompressible and viscous. Hence, for ¢ > 0, the fluids
satisfy the following motion equations:
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O = ug — u101m — u20s7, on X(t),
O(orus) + div(orus @ uy) + divSy = —goses, in Qy(t), (1.1)
divuy =0, in Q4(1),

where (1.1); describes the motion of the free interface (cf. [7]), 0; := 0,,, the positive constants
o+ denote the densities of the respective fluids, and we define the stress tensor by

Si = —/Li(Vui + Vui) +ﬁi[~

with p4 and p+ being the viscosity coefficient and the pressure of the respective fluids, and I the
3 x 3 identity matrix.

For two viscous fluids meeting at a free boundary with surface tension, from the physical
point of view, the velocity is continuous across the interface and the jump in the normal stress
is proportional to the mean curvature of the surface multiplied by the normal to the surface (cf.
2, 19]). Thus, we impose the jump conditions at the free interface:

[u]l2 = 0, (1.2)
[SV]|sw) = kHv, (1.3)

where the interfacial jump is defined by

lzw = Frlsw = F-Iso
fls@ is the trace of a quantity f on ¥(t), and

L (=0m, =0, )T
V14 (0m)? + (9:n)*

denotes the normal vector to the free surface ¥(¢). The jump condition of (1.2) implies that there
is no possibility of the fluids slipping past each other along ¥(¢). Here we take H to be twice the
mean curvature of the surface 3(¢) and the surface tension to be a constant x > 0. Since () is
parameterized by (2/,7(t,z’)), we may employ the standard formula for the mean curvature of a
parameterized surface to write

Ay + (01n)203n + (0am)?0fn — 201mDan10am
(1+ (01n)2 + (92m)?)3/2 '

We also enforce the condition that the normal component of the fluid velocity vanishes at the
fixed boundaries, that is,

H =

uy(t,o', 1) =u_(t,2/,1) =0, forallt>0, 2’ € R%

To complete the statement of the problem, we have to specify initial conditions. We give the
initial interface ¥(0) = 3y, which yields the open sets €24 (0) on which we specify the initial data
for the velocity and height of interface

us(0,-) : QL(0) — R?,  7n(0,): R* — (=1,1).

Thus the initial datum of the pressure can be given by o+, 1(0,+) and u(0,-). To simply the
equations, we introduce the indicator functions xq, and denote

0= 0+Xa, T 0-Xa_, U=UsXo, TU-Xa_, P=D+Xo, +DP-Xa_,
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to define the modified pressure by
p =D+ goxs.

Thus, for each t > 0, the equations (1.1) can be rewritten as

O = uz — 1101 — uz0a1), on X(t),
00w + o(Vu)u + Vp = pAu, in Q\ 3(t), (1.4)
divu = 0, in Q\ 3(t)

and the jump condition (1.3) becomes, setting [go] = 04+ — 0,
(pI = p(Vu+ Vu"))vls) = (gleln + H)v.
For convenience in the subsequent analysis, we will use the natation
L] := frles=0 — [-|es=0

for the jump of a quantity f across the set {z3 = 0}.
Now, we linearize the equations (1.4) around a steady-state solution n = 0, u = 0 and p =
constant, then the resulting linearized equations read as

on = us, on RT x {x3 =0},
00yu + Vp = plAu, in RT x (2\ {z3 =0}), (1.5)
divu = 0, in RT x (2\ {z3 =0}).

The corresponding linearized jump conditions are
[u] =0, [pI — p(Vu+Vu)es = (gleln + wAzm)es, (1.6)
while the boundary conditions are
u(t, ', —1) =wu(t,2’,1) = 0. (1.7)

Considering two completely plane-parallel layers of immiscible fluid, the heavier on top of the
light one and both subject to the earth’s gravity. In this case, the equilibrium state is unstable to
sustain small perturbations or disturbances, and this unstable disturbance will grow and lead to
a release of potential energy, as the heavier fluid moves down under the (effective) gravitational
field, and the lighter one is displaced upwards. This phenomena was first studied by Rayleigh
[14, 15] and then Taylor [16], and therefore, is called the Rayleigh-Taylor instability. In the
last decades, a lot of works related to this phenomena have been made from both physical and
numerical points of view. In particular, many results concerning linearized problems have been
summarized in monographs, see, for example, [2, 17]. To our best knowledge, however, there
are only few mathematical analysis results on nonlinear problems in the literature, due to the
fact that in general, passage from a linearized instability to a dynamical nonlinear instability for
a conservative nonlinear partial differential system is rather difficult. In 1987, Ebin [4] proved
the ill-posedness of the equations of motion for a perfect fluid with free boundary. Then, he
adapted the approach of [4] to obtain the ill-posedness of both Rayleigh-Taylor and Helmholtz
problems for two-dimensional incompressible, immiscible, inviscid fluids without surface tension
[5]. In 2003, Hwang and Guo [10] showed the nonlinear Rayleigh-Taylor instability for two-
dimensional, incompressible, inviscid fluids with continuous density, and their result was extended
to magnetohydrodynamic (MHD) flows [9] recently. Unfortunately, the approaches in both [5]
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and [10] could not be applied to the viscous flow case, since the viscosity can bring some technical
difficulties in the study of the nonlinear Rayleigh—Taylor instability.

In 2011, for two-compressible immiscible fluids evolving with a free interface (the density is
discontinuous across the free interface), Y. Guo and I. Tice made use of flow maps (Lagrangian
coordinates) to transfer the free boundary into a fixed boundary and established a variational
framework for nonlinear instability in [6], where with the help of the method of Fourier synthesis,
they constructed solutions that grow arbitrarily quickly in time in the Sobolev space, leading to
the ill-posedness of the perturbed problem in Lagrangian coordinates. It should be noted that
they also investigated the stabilized effect of viscosity and surface tension to the linear Rayleigh-
Taylor instability (see [8]), however, the nonlinear instability still remains open.

In this paper, we will study the nonlinear Rayleigh-Taylor instability for two unform viscous
incompressible flows with surface tension and a free interface, across which the density is dis-
continuous. We will prove that in Eulerian coordinates, the corresponding linearized system is
globally unstable in the sense of Hadamard, and moreover, the original nonlinear problem with
or without surface tension is globally unstable. For this purpose, we assume that x > 0 and that
the upper fluid is heavier than the lower fluid, i.e.

0y > 0- < [0] > 0.

We mention that the analogue of the Rayleigh-Taylor instability arises when the fluids are
electrically conducting and a magnetic field is present, and the growth of the instability will be
influenced by the magnetic field due to the generated electromagnetic induction and the Lorentz
force [3,9, 11, 18]. Some authors have extended the partial results concerning the Rayleigh-Taylor
instability of superposed flows to the case of MHD flows by overcoming additional difficulties
induced by presence of the magnetic field.

This paper is organized as follows. In Section 2 we state our results on the linearized system
(1.5) and nonlinear system (1.4), i.e., Theorems 2.1 and 2.2. In Section 3 we construct the
growing solutions to the linearized equations, while in Section 4 we analyze the linear problem
and prove the uniqueness and Theorem 2.1. In Section 5, we prove the global instability of order
k of the nonlinear problem, i.e. Theorem 2.2.

2. Main results

Before stating the main results, we introduce the notation that will be used throughout the
paper. For a function f € L?(Q), we define the horizontal Fourier transform via

f(g,:c3) = /R2 f(a!, xg)e ™ 4da’,

where 2/, £ € R?, and “” denotes scalar product. By the Fubini and Parseval theorems, we have
that

/ﬂ|f(m)|2dx:%ﬂ/ﬂ‘f(ﬁ,xg)rdfdxg.

We now define a function space suitable for our analysis of two disjoint fluids. For a function
f defined on Q we write f, for the restriction to Q; = R? x (0,1) and f_ for the restriction to
Q- =R? x (—1,0). For s € R, we define the piecewise Sobolev space of order s by

HQu) = {f | f+ € H(Q,), f- € H'(Q.)) (2.1)

endowed with the norm

/]

%{s(ni) = || f] %{s(m) + [ f] %{S(Q,)-
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Similarly to (2.1), for a function f defined on (0,00) x 2, for which an interface divides Q2
into two time-dependent, disjoint, open subsets Q. (t), so that Q = Q,(t) U Q_(t) U X(f) and
X(t) = Qi (t) N Q_(t), we denote

H2 Qe (1) = {f(8) | £+(2) € H*(Q24.(1)), f-(t) € H*(Q-(1))} (2.2)

for each t € [0, 00).
In addition, for k£ € N we can take the norms to be given by

01, F- (€. my)| dedry

]~

T / (1+|¢[2)k7
i—=0 RQXIj:

/ (14 Py
RQ

where I = (—1,0) and I, = (0,1). The main difference between the piecewise Sobolev space
H?*(Q2) and the usual Sobolev space lies in that we do not require functions in the piecewise
Sobolev space to have weak derivatives across the set {z3 = 0}. If f = (f1, -+, fu)f €
(H*(24))™, to shorten notation, we define

= |

2

21, fu (&, )|

d
- L2(Iy) &
7=0

1 ey = D Mfillireqs)-
i=1

Now, we are in a position to state our first result, i.e. the result of global instability for the
linearized problem (1.5).

Theorem 2.1. The linearized problem (1.5) with the corresponding jump and boundary condi-
tions is globally unstable in the sense of Hadamard in H*(Q)) for every k. More precisely, there
exists a constant Cy > 0, and for any k, j € N with 7 > k and for any o > 0, there exist a con-
stant Cj, depending on j and k, and a sequence of solutions { (0, un,pn) }o>; to (1.5) satisfying
the corresponding jump and boundary conditions (1.6), (1.7), so that

1
19 (O} z2) + un (O[3 (02 + [1Pa (Ol iy < (2.3)
but
ltn (O || gr0y) = for all t > t, := Cjx + Ciln(an). (2.4)
Moreover,
l|n () || 20y — 00 as t — o0, (2.5)

Theorem 2.1 shows globally discontinuous dependence of solutions upon initial data. The
proof of Theorem 2.1 is inspired by [8] under necessary modifications and its basic idea is the
following. First, we notice that the linearized equations have coefficients that depend only on
the vertical variable x3 € (—1,1). This allows us to seek “normal mode” solutions by taking the
horizontal Fourier transform of the equations and assuming that the solutions grow exponentially
in time by the factor e*(I€)t, where ¢ € R? is the horizontal spatial frequency and A(|¢|) > 0. This
reduces the equations to a system of ordinary differential equations with A(|¢]) > 0 for each &.
Then, solving the ODE system by the modified variational method, we show that A(|£|) > 0 is a
continuous function on (0, |£].), the normal modes with spatial frequency grow in time, providing
a mechanism for the Rayleigh-Taylor global instability, where |£|. = /¢[o]/k if K > 0, otherwise
€] = oo0. Indeed, we can restrict ¢ in some annulus domain such that A(|¢|) has a uniformly
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lower bound, then we form a Fourier synthesis of the normal mode solutions constructed for each
spatial frequency £ to give solutions of the linearized incompressible equations that grow in time,
when measured in H*(Q) for any & > 0. Finally, we exploit the property of boundary trace
theorem to show a uniqueness result of the linearized problem (i.e. Theorem 4.1), with the help
of which we obtain the global instability of the corresponding nonlinear problem (i.e. Theorem
2.2). In spite of the uniqueness, the linearized problem is globally unstable in H*(Q2) for any k
in the sense of Hadamard.

With the linear global instability established, we can show the global instability of the cor-
responding nonlinear problem in some sense. Recalling that the steady state solution to (1.4) is
given by n = 0, u = 0, p =constant, we now rewrite the nonlinear equations (1.4) in the form of
perturbation around the steady state. Let

n=0+mn, u=0+u, p= constant + o.
Then, the system (1.4) can be rewritten for (n,u, o) as

Om = uz — 11011 — u0o1),
00wu + o(Vu)u + Vo = uAu, (2.6)
divu = 0.

The jump conditions across the interface are

[ull> @ =0, (2.7)
(0T = u(Vu+Vu"))v] |50 = (gleln + xH)v, (2.8)

where
B(t) = {x € R® | w3 = n(t,2’)} C Q for each t > 0.

Finally, we require the boundary condition
u_(t,',—1) =u,(t,2',1) = 0. (2.9)

We collectively refer to the evolution, jump, and boundary equations (2.6)—(2.9) as “the perturbed
problem”.

Definition 2.1. We say that the perturbed problem has global stability of order k for some k > 3
if there exist §, Cy > 0 and a function F : [0,0) — R satisfying F(z) < Cyz for z € [0,0), so
that the following holds. For any ng, ug satisfying

170l 2 2y + llwoll e (04 0)) < 6,

there exist n(t) € H*(R?) N CYLR?), u(t) € (H*(Qx(t)) N COQ) N HY(NQ))? and 0 € H'(Qx(t))
for any t > 0, so that

(1) (n,u)(0) = (1m0, uo),

(2) n, u, o solve the perturbed problem (2.6)-(2.9),

(3) m € C°([0, +00), Lii(R?)), and u € C°([0,+00), (L*(2))?),
(4) it holds that

O<Stl<llj ([l zsw @) + 10l 2@y + lol|mr @) < Fnollarm@ey + Juoll mx o 0)))-



We can show that the property of global stability of order k£ cannot hold for any k£ > 3, i.e.
the following Theorem 2.1, which will be proved in Section 5.

Theorem 2.2. The perturbed problem does not have property of global stability of order k for
any k > 3.

The basic idea in the proof of Theorem 2.2 is to show, by utilizing the Lipschitz structure of F,
that the global stability of order & would give rise to certain estimates of solutions to the linearized
equations (1.5) that cannot hold in general because of Theorem 2.1. We will adapt and modify
the arguments in [6] to prove Theorem 2.2. Compared with the perturbed problem in [6, Theorem
5.2] where the Lagrangian coordinates were used, our problem here is coupled to a free interface,
rather than the fixed interface {x3 = 0}. As is well-known, the motion of the free surface ()
and the domains Q4 (¢) present several mathematical difficulties, so the authors [6] switched the
perturbed problem in Eulerian coordinates to a perturbed problem in Lagrangian coordinates,
in which the free interface is switched to the fixed interface {x3 = 0}, while the domains of the
upper and lower fluids stay fixed in time as , = R? x (0,1) and _ = R? x (—1,0), respectively.
Thus, the convergence for the jump conditions of the rescaled functions can be easily dealt with
at fixed interface in the proof of [6, Theorem 5.2]. To circumvent such difficulties without the
aid of the transform of Lagrangian coordinates, similarly to Nespoli and Salvi [12], we transform
the perturbed equations (2.6), to the integral form. Indeed, multiplying (2.6), by ¢, integrating
by parts over (0,y) x €, and using (2.7)—(2.9) together with the formula of surface integral, we
obtain

/to /(gﬁtu -+ o(Vu)u - ¢)dxdt + /to /(/L(Vu + Vul) —ol) : Vodadt
o Jo o Ja

—/0‘ 0 /%ng]n + /iH)(b(t,x’,n(t, x’)) . (_8177’ —8277, 1)d$/dt,

where ¢ := (¢1, ¢o, ¢3) € (D'((0,T) x Q))3, and
(W(Vu+ Vu') —ol) : Vo = Z (u(05u; + Oyuy) — 0d;5) 05

1<4,j<3

In this manner we have transformed the two-fluids flow in a single-fluid flow in a fixed domain,
this offers an alternative approach to deal with the jump condition (2.8) at free interface 3(t),
instead of using the method of Lagrangian coordinates in [6, 8]. Consequently, we can avoid
the proof of convergence for the jump conditions of the rescaled viscous stress-tensor at the free
boundary. This transform will play an important role in the proof of Theorem 2.2 in Section 5.
Moreover, this idea is also applied to the proof of the uniqueness of solutions to the linearized
equations (1.5) in Section 4.

We mention that Guo and Tice [8] recently proved the linear global instability for compress-
ible viscous fluids in Lagrangian coordinates, while in the current paper the nonlinear global
instability for incompressible viscous fluids in the sense of Definition 2.1 is established in Eule-
rian coodinates. Finally, we point out that Hwang and Guo [9] constructed an unstable solution
to show mathematically the Rayleigh-Taylor instability for two-dimensional, incompressible in-
viscid flows when the density is continuous. It still needs further study whether we can construct
a concrete solution of (2.6)—(2.9) which does not have global stability of order k.

3. Construction of a growing solution to the linearized equations

3.1. Growing mode ansatz
We wish to construct a solution to the linearized equations (1.5) that has a growing H*-norm
for any k. We will construct such solutions via Fourier synthesis by first constructing a growing
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mode for fixed spatial frequency.
To begin, we make a growing mode ansatz, i.e., let us assume that
n(t, ') = f(x)eM, u(t,z) = v(z)e, p(t,z) = q(x)e, for some A > 0.
Substituting this ansatz into (1.5), eliminating 77 by using the first equation, we arrive at the
time-invariant system for v = (vy,v2,v3) and ¢:
Aov + Vq = pAv,
o va=a (3.1)
dive =0

with the corresponding jump conditions
[v] = 0. [gf = uV (v +v")]es = A7 (glovs + wAuvs)es
and boundary conditions

v(t,2',—1) = v(t,a’, 1) = 0.

3.2. Horizontal Fourier transform
We take the horizontal Fourier transform of (vy,vs,v3) in (3.1), which we denote with either
*or F, and fix a spatial frequency & = (£;,&) € R?. Define the new unknowns

p(as) = 101(&, 23), O(zs) = i02(, x3), Y(ws) =03( 23), m(ws) = q(&, x3),
so that
F(divw) = 1 + &0 + 9,
where " = d/dxs. Then, for ¢, 6, ©» and A = A(§) we arrive at the following system of ODEs.
Aoy — &+ p([EPe — ¢") = 0,
Aot — Eom + p([€]?0 — 0") = 0,

Aoy + 7'+ p(|é]* — ") = 0,
S+ &0+ 4" =0,

(3.2)

along with the jump conditions
[#] = 6] = [¥] = 0,
[1(&v — )] = [u(&y — )] =0, (3.3)
[—2pX" + An] = (gle] — wIE1*),

and the boundary conditions

p(=1) = (1) = 0(=1) = 6(1) = ¥(=1) = (1) = 0. (3.4)
Eliminating 7 from the third equation in (3.2) we obtain the following ODE for
A€ = ¢") = u(€[* — 20¢*y" + ¢™) (3.5)
along with the jump conditions
[v] =[¥] =0,

[u(€l*y +¢")] =0,
[uA (@™ = 3[E[*4")] = [N U] + (glp] — wlEP) €Y,
and the boundary conditions
v(=1) =v(1) =¢'(-1) =¢'(1) = 0. (3.9)
3.3. Construction of a solution to the fourth order ODE

Similarly to [8, 18], we can apply the variational methods to construct a solutions of (3.5)-
(3.9). For reader’s convenience, we sketch the procedure of the construction.



First, fix a non-zero vector £ € R? and s > 0. From (3.5)—(3.9) we get a family of the modified
problems

=Np(lE*y — ") = sp(lE]*e — 20¢*y" + ™), (3.10)

along with the jump conditions
[v] = [¥'] =0, (3.11)
[su(€[*y +4")] =0, (3.12)
[spA(@" = 3lE[*")] = [Noy'] + (glo] — #l€I*)IE[*, (3.13)

and the boundary conditions
b(=1) =v(1) =¢'(-1) =¢/(1) = 0. (3.14)
We define the energy functional of (3.10) by
1

P) =5 [ sugP P + 1€+ 0 )dn = SIEGl] — AgPIOF (.15

with a associated admissible set
1
A={veme1n| [ pepir+ 1w Pan =2}, (3.16)
-1

where HZ2(—1,1) is the subset of H?(—1,1) satisfying (3.14). Thus we can find a —\? by mini-
mizing

=A\([€]) = a([¢]) = inf E(¥). (3.17)

PpeA

In fact, we can show that a minimizer of (3.17) exists, and that the minimizer satisfies Euler-
Lagrange equations is equivalent to (3.10)—(3.14).

Proposition 3.1. For any fivred £ # 0, E achieves its infinimum on A. In addition, let ¢ be
a minimizer and —\* := E(v), then the pair (1, \?) satisfies (3.10) along with the jump and
boundary conditions (3.11)-(3.14). Moreover, 1 is smooth when restricted to (—1,0) or (0,1).

PROOF. We can follow the same proof procedure as in [18, Proposition 3.1] to show Proposition
3.1. Hence, we omit the details of the proof here. O

Next, we want to prove that there is a fixed point such that A = s. To this end, we shall give
some properties of a(s) as a function of s > 0.

Proposition 3.2. a(s) € C21(0,00) is strictly increasing. Moreover,

(1) for any a, b € (0,|£|.) with a < b, there exist constants c1, co > 0 depending on o4, pix,
g, a and b, such that
a(s) < —c1 + sco, for all €| € |a, b], (3.18)

€l = {\/9[9]//-6, if 5> 0,

~+00, if Kk =0.

where

(2) there exist constants cs > 0 depending on o+ and g, cq4 > 0 depending additionally on ps
and ||, such that
a(s) > —c3|€| + scq.



PROOF. We refer to [18, Lemma 3.5] and [8, Propostition 3.6] for a proof. O

Given £ € R? with [£]| € (0, ¢].), by virtue of (3.18), there exists sy > 0 depending on the
quantities o4, p4, g, [£[, so that for s < sq it holds that «(s) < 0. Hence, we can define the open
set

S =a'(-00,0) C (0,00).

Note that S is non-empty and this allows us to define A\(s) = y/—a(s) for s € S. Therefore,
as a result of Proposition 3.1, we have the following existence result for the modified problem
(3.10)(3.14).

Proposition 3.3. For each £ € R?* with |¢| € (0,[¢|.), and each s € S there is a solution
= P(|€|, z3) with A = A(|€], s) > 0 to the problem (3.10) with the jump and boundary conditions
(8.11)-(5.14). Moreover, 1 is smooth when restricted to (—1,0) or (0,1) with ¥ (|¢],0) # 0.

Finally, we can use Proposition 3.2 to make a fixed-point argument to find s € S such that
s = A(|¢], s) to construct solutions to the original problem (3.5)—(3.9).

Proposition 3.4. Let £ € R? with || € (0,[¢|.), then there exists a unique s € S so that

A€l s) = v/ —als) > 0 and s = A([¢], ).
PROOF. We refer to [18, Lemma 3.7| for a proof. O

Consequently, in view of Propositions 3.3 and 3.4, we conclude the following existence result
concerning the problem of (3.5)—(3.9).

Theorem 3.1. For each & € R? with |¢| € (0,[¢|.), there exist ¢ = (||, z3) and N(|¢]) > 0
satisfying (3.5)-(3.9). Moreover, 1 is smooth when restricted to (—1,0) or (0,1) with ¥(|£],0) #
0.

Next, we show some properties of the solutions established in Theorem 3.1 in terms of A(|¢]).
The first property is given in the following proposition which shows that A is a bounded, contin-
uous function of |¢].

Proposition 3.5. The function X : (0,|£].) — (0,00) is continuous and satisfies

glel

sup  A([E]) < 7= (3.19)
0<|¢]<o0 —
Moreover,
lim A(|¢]) =0, (3.20)
|€]—0
and if kK > 0, then also
\5|hrﬁ| A([€]) = 0. (3.21)

PROOF. The continuity and the limits (3.20), (3.21) follow from the same arguments as in [8,
Proposition 3.9] with the help of (3.5), (3.19) and Ehrling—Nirenberg-Gagliardo interpolation
inequality. To complete the proof, it suffices to show (3.19). For each || € (0, |{].) there exists
a function ¢ € A satisfying (3.5)—(3.9), so that —A*(|¢]) = E(¢¢). By (3.15), we find that

A ! 1
(g = 2D / AP P+ 1€ + Vi ) des — 516P (gl = sl€P)lvig (O)F,
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which yields

1
1
2u-l€PAED [ TufglPdn < SlePollvaOF (3.22)
Using the Holder inequality, we can bound
1 2 1
O = | [ vigdn| < [ wigran 329
0 0
Substitution of (3.23) into (3.22) gives then
1 1
6 (20-MeD ~ oldl) [ 1olgPaza <o (3.21)
-1
Consequently, (3.24) implies (3.19), since [|¢/¢|[r2(-1,1) > 0. O

3.4. Construction of a solution to the system (3.2)-(3.4)

A solution to (3.5)—(3.9) gives rise to a solution of the system (3.2)—(3.4) for the growing
mode velocity v, as well.

Theorem 3.2. For each & € R* with [£] € (0,[¢|.), there exists a solution (¢,0,1,7) =
(P(E&, 3), 0(&, 23), (&, x3), T(E, x3)) with A = A(|€]) > 0 to (3.2)—(3.4), and the solution is smooth
when restricted to (—1,0) or (0,1). Moreover,

H95H%2(—1,1) + HQH%%—M) + ’WH%%—LU =1, (3-25)

1 Il 2 -y < [€l4/20% 07" (3.26)

PRrROOF. By Theorem 3.1, we first construct a solution (i, \) = (¥(|¢],z3), A(|€])) satisfying
(3.5)-(3.9). Moreover, A > 0 and ¢ € A is smooth when restricted to (—1,0) or (0,1). Then,
multiplying (3.2); and (3.2)y by & and & respectively, adding the resulting equations, and
utilizing (3.2)4, we find that 7 can be expressed by ¥, i.e.,

m=m([¢],z3) = ()" — (Mo + ul€*)P]IE1 7. (3.27)
Notice that (3.2); can be rewritten as
¢ = (No+ ulél) e/ =—&m/u (3.28)
with jump and boundary conditions
[e] =0, [u(& — )] =0, p(=1) = (1) = 0. (3.29)

Hence, we can easily construct a unique solution

&1(c1€%+3 + cge™ 3 — f (x3)), on (0, 1),

p=(§13) = { (3.30)

&1(cge®="8 4 cue™ " — f_(x3)), on (—1,0)
to the equation (3.28) with jump and boundary conditions (3.29), where
ax = v/ |§’2 + )\Q/,u:b

1 3
fe(xs) = / 7.r(eai(ﬂc:),—y) _ Gai(y_z?’))dy,
2atp1+ Jo

11



and
-1

c1 0 1 1 -1 -1
e | _ | (e —p)Y0) | | ppay —pyay —pa_p-a-
3 f(1) et e ot 0 0
C4 f(=1) 0 0 e et

Similarly to (3.30),

§a(cre™™ + cpe™ ™ — f. (w3)), on (0,1),
Eo(c3e™ "3 + cue™ "8 — f_(x3)), on (—1,0)

0:=0(&x3) = {

is a unique solution of (3.2)s with jump and boundary conditions:

[61 =0, [u(&v —6)] =0, 6(=1) =6(1) = 0.
Consequently, (¢, 8,1, ) is a solution to the system (3.2)—(3.4). Now, we define

((157 é? 7;7 ﬁ) :(é(ga x3)7 9(57 .1'3), 7&(67 Z’g), ﬁ(f? -733))
=(p, 0,9, /(H()OH%Q(fl,l) + H9H%2(71,1) + ||¢||%2(71,1)>-
Thus, (p,0,1,7) is still a solution to the system (3.2)-(3.4), and moreover, ($, 6,1, 7) satisfies

(3.25).
Finally, making use of (3.2)4 and (3.16), we conclude that

1 1 !
e 3 |, 0PI + 18P

1
= N
—1

SHSDH%Q(AJ) + ||9||%2(71,1) + ||¢||%2(71,1)

and
1

¢ |2des < 2/0-.
-1
The above two inequalities imply (3.26) immediately. O

Remark 3.1. For each 3, it is easy to see that the solution (B(€, ), 0(€,-), ¥ (&, ), 7(€,-), A(J€])
constructed in Theorem 3.2 has the following properties:

(1) AJ€]), ¥(&,-) and 7(€, ) are even on & or &, when the another variable is fixed;
(2) @(&,-) is odd on &, but even on &, when the another variable is fixed;

(3) 0(¢,-) is even on &, but odd on &, when the another variable is fixed.

To directly estimate the H* norm of the solution ¢ from (3.5), without use of (3.15) and the
continuity of A\, we shall apply the following Ehrling—Nirenberg—Gagliardo interpolation inequal-
ity, the proof of which can be found in [1, Chapter 5].

Lemma 3.1. Let Q2 be a domain in R™ satisfying the cone condition. For each ey > 0 there is a
constant K depending on n, m, p and gq, such that if 0 < e <ep, 0 < j<m, and u € W™P(Q),

then
Z/\Dau(xﬂpdeK € Z /|Dau(x)|pdx—|—5_j/(m_j)/|u|pdm
.JQ Q Q

|a|=7 |la|=m

12



The next lemma provides an estimate for the H¥ norm of the solution (gﬁ,é,@f),fr) with &
varying, which will be useful in the next section when such a solution is integrated in a Fourier
synthesis. To emphasize the dependence on &, we write these solutions as (¢(&) = @(§, x3),0(&) =

0, 23),0(€) = (&, x3), 7(€) = 7, x3)).

Lemma 3.2. Let £ € R* with 0 < Ry < [§] < [¢]., ¢(&) == @(£), 0(¢) =
(&) :=7(§) and X(|¢]) be constructed as in Theorem 3.2, then for any k >
constants ay, by and ¢ depending on Ry, o+, u+ and g, so that

0(8), ¥(&) = ¥(9),
0

there exit positive

k41
@)l z<10) + 10zt 0.1) + 10(E) | (—1.0) + 1O 01y < @ D IEF,  (3.31)
§=0
k
110y + 1)l reony < b Y L€, (3.32)
§=0
k41
17 ()l (-1.0) + 17 ) < er D &P (3.33)
§=0
Moreover,
el Ze 10y + 1017210 + 1917210 = 1. (3.34)
ProOOF. Throughout this proof, we denote by ¢, - , ¢y generic positive constants which may

depend on Ry, o4, u+ and g, but not on [£].
(i) First, (3.34) follows from (3.25) immediately. We now write (3.5) as

Y€)= [(Ao+ 2ule*)w" (€) — (Nol€l* + plg])w ()] /. (3.35)

If we make use of (3.19), [{| > R; and Lemma 3.1, then we see that there exists a couple
(¢1,¢2), such that

1" ()l r2(rey < (117 + EMNYE N 2ere) + 1+ 1€ ()l r2(rs)]
< (G + D[P+ + 1P+ 1) 2 (3.36)
+ Vel (Ol r2yy]  for any e € (0,1),

respectively, where I, = (0,1) and I_ = (—1,0). Choosing /¢ = 1/{2(¢, + 1)} in (3.36) and
using (3.34), we arrive at

97(€) 11y < 251+ € + 1Y) for some & > 0,
whence,

1™ ()l 21,y < Ea(1+ 1€ + 1€1°). (3.37)

Writing (3.35) as
_ " (&) + (Mgl + ulg)e(E)
(Ao +2p/¢P?) ’

¥(€)

we utilize (3.37) and (3.34) to get

19" ()l z2-1y < E(1+[EF). (3.38)

Differentiating (3.35) with respect to x3, we see that
V€)= [(Ao+ 2ule*)w" (&) — (Nolél® + ulel) ' (€)] /n.

13



Similarly to (3.37)—(3.38), we obtain, by Lemma 3.1, (3.19), (3.26) and (3.34), that

[ r21y < E(1+ €7 + 1€]* + 1€P). (3.39)

and
19" ()l 2(-1.1) < Er(1+ [€]* + [€F). (3.40)
Summarizing the estimates (3.34), (3.26) and (3.37)-(3.40), we conclude that, for each non-

negative integer k € [0, 5], there exists a constant by > 0 depending on Ry, o+, p+ and g, such
that

k
lp® (& ez <0 Z [ (3.41)
=0

Differentiating (3.35) with respect to x3 and using (3.41), we find, by induction on k, that
(3.41) holds for any k£ > 0. This gives (3.32).

(ii) Recalling the expression (3.27) of m and the fact that |{| > R;, we employ (3.32) to deduce
that for any k > 0,

l7 ™ (21 <

.
B9 ey + (LD 4 ) e ® () e
— ¢ 4p_ €]

P s | b - glolo* -
< max { R% + Rl + /~L+bk+3 + 4 _R2 + :qu bk+17

Mﬂ;k +(9[] )b }%ma
+3 I R k+1

which implies (3.33).
(iii) From (3.19), (3.28), (3.33) and (3.34) we get

rwwamaLnsfﬁw@wm<my+(d] %ﬂﬂﬁHw(Wm(m>

4p2
<es(1+ ¢l + []%).
Applying (3.42), (3.34) and Lemma 3.1, we obtain

le"©llz2(-1,0) + 1€/ (€)1 200,1) <Eo(L +[€] + [€]). (3.43)

Combining (3.34) with (3.42) and (3.43), we conclude that, for each nonnegative integer & € [0, 2],
there exists a constant a; > 0 depending on R;, g+, pu+ and g, so that

(3.42)

k+1

HSO(k) ONle2-1,1) < Z €17 (3.44)
j=0

Thus, by virtue of (3.28), (3.44) and induction on k, (3.44) holds for any k£ > 0. Following
the same procedure as used in estimating ¢, we infer that for each k£ > 0,

k1
169 ()l z2-11) < d Z € (3.45)
for some constant dj, depending on Ry, o, pix and g. Adding (3.45) to (3.44), we arrive at
ke
e ll21 + 10 @)l 21 < (@ +de) D JEF for any k>0,
=0
which yields (3.31). This completes the proof. O
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3.5. Fourier synthesis

In this section we will use the Fourier synthesis to build growing solutions to (1.5) out of the
solutions constructed in the previous section (Theorem 3.2) for fixed spatial frequency & € R?
with [£] € (0, |£].). The constructed solutions will grow in-time in the piecewise Sobolev space of

order k, H*(Q21), defined by (2.1).

Theorem 3.3. Let 0 < Ry < Ry < [¢|. and f € C§°(Ry, R2) be a real-valued function. For
€ € R? with |€| € (0,¢|.), define

v(§,x3) = —ip(§, z3)er —i0(E, x3)ea + (€, v3)es,

where (¢, 0,10, 7)€, x3) = (3, 0,9, 7)(E, x3) with A(|€]) > 0 is the solution given by Theorem 3.2.
Denote

) = 15 [ FEDvale 00N s (3.46)
utia) = 1 [ MOFUEDole za) e ag, (3.47)
pta) = 15 [ NOFEDmE za)e e, (3.48)

Then, (n,u,p) is a real-valued solution to the linearized problem (1.5) along with the corresponding
Jump and boundary conditions. For every k € N, we have the estimate

(O 22y + [1w(0) [ 11ty + 1P(O) |25 (s

1/2 3.49
sa(@ﬂ+mW“mmW%) < o0, (349

where ¢, > 0 is a constant depending on the parameters o4, R and g. Moreover, for everyt > 0
we have n(t) € H*(R?), u(t), p(t) € H*(Q4), and

e 0(0) | kqrzy < ()l lare ey < € n(0) s e, (3:50)
D (0) | nx(sy < Nul®)los) < € ul0)mo.), (3.51)
D |p(0) | eesy < 1P|y < € Ip(0)| (), (3.52)
where
No(f) = inf A(l€)) >0 (3.53)
|€|€supp(f)
and
A= mpAmn<ﬂﬂ (3.54)
0<lgl<lele Ay

PROOF. By virtue of Proposition 3.5, (3.53) and (3.54) hold. For each fixed ¢ € R?

n(t,a’) = f(I€])us(€, 0)M Dt

u(t, z) = A(IEN) F([€])v (€, z3)e (KDteiI/E

p(t,2) = AEN SN (&, ) Drer
give a solution to (1.5). Since f € C3°(Ry, Ry), Lemma 3.2 implies that

sup  [|0%v(€,)||p~ < 0o for all k € N.
£csupp(f)
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Also, A(§) < A. These bounds show that the Fourier synthesis of the solution given by (3.46)—
(3.48) is also a solution of (1.5). Because f is real-valued and radial, combined with Remark 3.1,
we can easily verify that the Fourier synthesis is real-valued.

The estimate (3.49) follows from Lemma 3.2 with arbitrary £ > 0 and the fact that f is
compactly supported. Finally, we can use (3.53), (3.54) and (3.46)—(3.48) to obtain the estimates
(3.50)—(3.52). O

4. Global instability for the linearized problem

4.1. Uniqueness of linearized equations

In this subsection, we will show the uniqueness of solutions to the linearized problem, which
will be applied to prove Theorem 2.2 in Section 5. For this purpose, we need a generalized
formula of integrating by parts (or Gauss—Green’s formula). Let us first recall the boundary
trace theorem (see Theorem 5.36 in [1, Chaperter 5]).

Lemma 4.1. Let U be a domain in R™ satisfying the uniform C™-regularity condition, and
assume that there exists a simple (m, p)-extension operator E for U. Also assume that mp <n
andp < q < p*=(n—1)p/(n —mp). Then, there exists a bounded linear operator

7 Wme(U) — LU,

such that
YW (u) =u on OU

for allu e W™P(U) N C(U).

The function Y (u) € L9(QU) is called the trace of the function of v € W'P(U) on the
boundary OU. By the Stein extension theorem (see Theorem 5.24 in [1, Chaperter 5|) and the
definition of the uniform C™-regularity condition (see Definition 4.10 in [1, Chaperter 5]), it is
easy to verify that , Q, and Q_ have different simple (m, p)-extension operators. Keeping these
facts in mind, we can start to show the following formula of integrating by parts. For convenience
in the subsequent analysis, we will use the natations v, (f) := v+ (f1) and v_(f) := v** (f-).

Lemma 4.2. For allu € H}(Q) and w € H*(Q), we have

[ e = = [ woude+ [ () =1 (@) wads (4.1)

fori=1,2,3, where a;y = as =0 and az = —1.

PROOF. Temporarily suppose @ € C3(€2), wy € C*(Qy) and w_ € C1(2_). By the Gauss-Green
theorem, we have

/@wudx = — / waiuder/ ((wy —w_)u)(z',0)a,dw. (4.2)
Q Q R2
Using Lemma 4.1, one has
(@ = v+ () (@', 0)| 22y <[l@ — v (u)l| 2200,
=[l74 (@ = wr200,) < cllo —ullmray)

<cl|t — ull g3 (e
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and
e — ()@ )| aqeey <elly — welasca
for some constant ¢ > 0. By the Holder inequality, the above two estimates imply that
(@2 = 7 ()4 () (2, 0) ]| 21 r2)
< (a(wy — v4-(w))) (@', 0) || 12y + || (V4 (w) (@ — v4(w))) (2, 0) || L1(m2)
< fla(’, 0)[[ 2@y | (Wr — v4 (w)) (2, 0)|| r2(re) (4.3)
+ 17+ (w) (@, 0) [ 2y 1 (@ — 74 (W) (2, 0) | 2y
< 02||ﬂ||H3(Q)||@+ —wilmey + Ellwgllm @ e — ull i)

Similarly to (4.3), one gets

[(w_w — - (w)yy (u) (2, 0) || L1 (r2)

= - _ (4.4)
< (@l myllo- —w-llmay + lw-llm@ ) 12 — ullmyo)-
In addition, if @,, — u strongly in H}(£2), then there exists mg > 0 such that
bl g ) < llullgig) +1 for any m > my. (4.5)

Note that since Cy(Q2) is dense in H}(Q2), and Cy(R?) is dense in H'(Q2;) or H'(Q2_), thus
(4.1) follows from (4.2)—(4.5), using a standard density argument. O

Definition 4.1. Given ty > 0 and the initial data (ng,ug) to the linearized problem (1.5)—(1.7),
a triple (n,u,p) is called a strong solution of (1.5)-(1.7), if
(1) n e C%0,to], L2 .(R?)), u € C°([0, o], (L*(2))?), n(0) = no, u(0) = ug and

loc

ess sup (u(t) sy + [n(®) ) + () gy + POl < 00, (4.6)

0<t<to
(2) the equations
00wu + Vp = pAu, (4.7)
divu =0

hold a.e. in (0,t) x (Q\ {z3 = 0}).
(3) For a.e. t € (0,tg),

O = us, (4.9)
(A (P) — ps (Vuy + Vul)) — (A (p)] — p—(Vu_ + Vul))) - e;
= (glon + kAwn)es (4.10)

holds a.e. in R? x {x3 = 0}, where ug is the third component of u.

Remark 4.1. Since u(t) € H}(2) N H3() for each ¢t > 0, we can make use of the embedding
theorem and (4.8) to obtain

u(t) € C°(Q), uy(t) € CHQL), u_(t) € C1(Q), (4.11)
and
u(t) = 0 on 0L, (4.12)
Vetuy = Vyu_ on R? (4.13)
divu(t) =0 in Q for a.e. t > 0. (4.14)
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Thus, in view of (4.13), we define for the sake of simplicity that
Vou = Vyuy = Vyu_ on R* x {0} (4.15)
Moreover, by virtue of Lemma 4.1, there is a constant ¢ such that
lu(t, =, 0)| g (r2y < cllu(t)]| m2y) for a.e. t > 0. (4.16)

Remark 4.2. It is easy to verify that any (7, u, p), which is a solution established in Theorem
3.3, is a strong solution to the linearized system (1.5)—(1.7).

Theorem 4.1. Assume that (n,v,p1) and (12, w,p2) are two strong solutions to (1.5)-(1.7),
with v(0) = w(0) = ug, M (0) = N2(0) = ny. Then, (N, v,p1) = (N2, w, p2 + ¢) for some constant
c.

PrOOF. Let (n,u,p) = (m —n2, v —w, p; — pa). Recalling Definition 4.1, (,u, p) is still a strong
solution to the linearized system (1.5)—(1.7) with zero initial data, i.e. 7(0) = 0 and u(0) = 0.

Multiplying (4.7) by u, integrating over (0,7) x Q for any 7 € (0, %) and using (4.14), we find
that

/ /gatu udxdt—i—/ /le pl — u(Vu + Vul)) - udzdt = 0. (4.17)

Thanks to Lemma 4.1, (4.11)—(4.14) and the regularity of p, we obtain

/ ' / div(pl — p(Vu + Vu)) - udadt
/ /]R () = u(Vu + Vul)) = O ()] = i (Vg + Vul)es - ude'dt (4.18)
—I—/0 /Q,uVu : (Vu + Vul)dzde.
Notice that in view of (4.6), p(t) € (H'(Q+))? and u(t) € (H*(Q4))? for a.e. t > 0. Thus,

(4.7) implies that
Opu € (L*((0,10) x )%,

which, together with u € L>(0, to; (H'(2))%) N C°([0, to], (L*(2))?), yields

/ / 00y - udzxdt = / 2(T)d$—% /Q ou?(0)dz. (4.19)

In view of (4.10), (4.17)—(4.18), (4.19) and u(0) = 0, we find that

1/Qu da:+/ /uVu (Vu + Vul)dzdt

(4.20)
/ / oln + kAym)uzdz'dt.
R2
Since n € C°([0,to], L2 (R?)) and n(0) = 0, the equation (4.9) implies that
¢
n(t,z") = / us(s,x’,0)ds for any ¢ > 0. (4.21)
0

Using (4.15), (4.16), (4.21) and the regularity of n, we infer that
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T 2 T

2 .
=- Z/ / Oiuz(s,x',0)dsd;us(t, «’, 0)dz’dt,
i=1 Y0 JR2JO

where the formula of integration by parts can be shown in the same manner as in Lemma 4.1.
Consequently, inserting (4.21) and (4.22) into (4.20), we arrive at

(4.22)

1/ guz(T)dxdt—i-/ /uVu:(Vu—i—VuT)dxdt
2 Ja 0 Jo

T t

0 R2 JO
2 - ‘
i—1 Y0 JR2JO

With the help of the regularity of d;us, the property of absolutely continuous functions and
the Fubini theorem, we conclude that

T t T t
/ / /aiu;z,(s,:B’,O)dsaiug(t,x’,())dx’dt:/ / /Oiu;g(s,x',O)ds@iu;z,(t,f,O)dtdx’
o Jr2Jo
! 4.24
/R2/dt[/8u3sx0 }dtdm (4.24)
/ [/ Dyus(t, o', O)dtl dz’ > 0.
R2

On the other hand, applying the Cauchy-Schwarz inequality, we get
3
22 / p(Opu;)*dzdt < / NV (Vu+ Vul)dzdt. (4.25)
—' Ja Q
Hence, by (4.23)—(4.25), we have

/Qu dx+42/ (Oyw;)*dadt < 2go / / /u3 s,2’,0)dsus(t, 2, 0)dz’'dt.  (4.26)

Similarly to (4.24), the right-hand side of (4.26) can be bounded as follows.

T t T 2
2/ / / us(s, ', 0)us(t,«’,0)dz'dsdt :/ (/ u3(t,a:',0)dt) da’
0 R2 R2 0

< 7'/ lus(t, 2’,0)|*dz’dt

/ / / us(t, o', x3)03us(t, ', x3)drsda’dt (4.27)
R2

[\D

27gl0
<7 Dsus(t)|?dx —|——/ utzdx>dx’dt
B /o/n@(QTg[Q]/ol?’S()' ’ 0 0’3()| ’
1 T ) 272glo] [T N
S (8
29[@] 0 - 0
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Substituting (4.27) into (4.26), we deduce

IVEu( ey + 3 | 1000 et < 472010 [ ) ot
which results in
o e < T [ et (4.29
Moreover, if we apply the Beesack mequahty to (4.28), we obtain
||U(7')HL2(Q) =0 for any 7 € [0, %],
which implies u = 0, i.e. v = w. This, combined with (4.7) and (4.9), proves Theorem 4.1. [

Remark 4.3. In addition, employing arguments similar to those used for (4.1), the regularity
of u stated in Remark 4.1 and the fact that divu = 0, we can show

/ / uVu : Vuldzdt = 0.
0o Ja
4.2. Proof of Theorem 2.1

W deline /3, it €1/3, if
/3, it k>0, _ 2|&l./3, it kK >0,
51_{1, if k=0, amﬁ?_{z if k= 0.

Fix j > k> 0, @ > 0 and let ¢; be the constants from Theorem 3.3. For each n € N, let ¢, be
sufficiently large, so that

exp(2tn)\o) 2 2-2
T my e - O e e
1.e. 2\(j—k+2)/2
1 ~ 1 J— 1
- n(c;(1+63) ) + n(an) = Cj + CiIn(an),

Ao Ao

where
A P
07 ¢eBo, ﬁz)\B (| )=

Choose f, € C5°(R?), such that supp(f,) C B(0 ,ﬁg)\ (0,1), fn is real-valued and radial, and
. 1

[ = i Pa = o (1.30)
R2 Cjn

Now, we can apply Theorem 3.3 with f = f,,, Ri = 51 and Ry = 35 to find that (nn(t), U (1),
pa(t)) € HI(Q) solves the problem (1.5)—(1.7). It follows thus from (3.49) and (4.30) that (2.3)
holds for all n.

Recalling supp(f,,) C B(f1, F2) and A(|€]) > Ao, we have, after a straightforward calculation
and using (4.29) and (3.34), that

e (£) 1 7 Z/RQ(l + [6[*)* NP £ (D Pllv (€, w3) 21,0y dE

2tA j
>t [P EDPIoE a2 e s

—atd [ (1P eD Pag
=a? for any t > t,,
which implies (2.4) and (2.5). This completes the proof of Theorem 2.1
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5. Proof of Theorem 2.2

In this section, we will argue by contradiction to show Theorem 2.2. Therefore, we suppose
that the perturbed problem has the global stability of order k& for some k& > 3.

5.1. Regularity under the assumption of the global stability

Let 6, Co > 0 and F : [0,0] — R* be the constants and function provided by the global
stability of order k, respectively. Letting n € N, and applying Theorem 2.1 with this n, ¢, = Ty/2,
k >3, and a = 2, we find that (7, 4, &) solves (1.5), such that

17(0) ] 2 g2y + [12(0) | a2y + 116 () |0y < 277 (5.1)

but
a(t)|| g3y =2 for t>Tp/2. (5.2)
By the Sobolev embedding theorem, 7(0) = 7(0,2') € CY!(R?). Employing the Stein exten-

loc
sion theorem, there exist two linear operators Fy and E_ which map H*(2,) and H*(Q_) to

H*(R3), respectively, such that
E(0,(0)) = 4y (0) ae. in QF, E_(a_(0)) =a_(0) a.e. in O,
and

V- i (O sy < e (Ol mvge s 1B () sy < () [ (0)] o

for some constant ¢(k) depending on k. Keeping in mind that ||7(0)|| zegz) < n~!, we can apply
the embedding theorem to see that there exists a sufficiently small constant ¢y > 0, such that
len(0) || Loe (r2) < 1 for any € € (0,&0). Thus, we define

770 = £7)(0),
25(0) = {(', 23) € R | &3 = 7j5(a") },
Q5.(0) == {(2', 23) € R® | 5(a") < w3 < 1},
{(x/,ws)ER?’l — 1 <3 <5(2')},

2°(0) :=
E. (u ), if € Q7(0),
{E ), if z € Q°(0).
g = ev™(0).

Now, we fix n € N so that n > max{1,Cy} max{1,c(k)}. By construction, [af}|s@) = 0.
Moreover, for & < &y := min{eg, dn(max{1,c(k)})~'}, we have

17611 £k m2y + ||Uo||Hk(Q (0))
= 17(0) sy + T (3 (0)) By + 1B (O) e )
< (17Ol + k)1 (O) By + IO )

< e max{L, c(k) }([|7(0)[| e cmz) + [2(0) | 1)) < 0.

Thus, according to the global stability of order k, there exist n®,u®,0° in the function class
described in Definition 2.1, which solve the perturbed problem:

O® = uz — uion® — uz01°,
00yu® + o(Vus)u® + Vo© = pAus, (5.3)
divu® =0
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with the jump condition
[Usnzs(t) = 0, (54)
(0T = (Ve + V() )V s = (gleln® + mHEW, (5.5)
YE(t) = {x € R® | 25 = n°(t,2)},

and the initial data satisfying |75/ g2y + [|46] 74z (o)) < J. Furthermore, the solution satisfies

sup ([[u || zsog @) + 107l m2ey + 0% a2 0a)) < FUl061 ar @2y + 1861 2402 (0)))
0<t<o0 (5.6)
< eCymax{1, c(k) }([|7(0) |z r2) + 12(0) | 1 (asy) < e
Now, define the rescaled functions 7° = 1 /e, u° = uf/e, 3° = 0°/e. If we rescale (5.6), then
we see that

sup (|| (@)l ass ) + 117 Ol z2ey + 16°@) a1 0a@y) < 1, (5.7)

0<t<o0o

where
QL(t) = {(¢/,23) | ' € R?, n°(t,2") < x5 < 1},
Q°(t) ={(2/,23) | ' € R®, =1 <3 <17(t,2)}, t>0.

Moreover, recalling the definition of H3(Q.(¢)) in (2.2), using (5.4) and the regularity of @°(t) in
(5.7), we can easily verify that

sup [|a*(¢) | gy o) < 1. (5.8)

0<t<o0
The equations (5.3)s, together with (5.7), yield
sup. (104200 < V5 (<l 20 | VI 2050 + €2 1V 200 + 102 AT 10 0 )

* <VB[n + (1+ i) o). (5.9)

Now, letting j € Z*, and employing (5.3);, (5.7) and (5.8), we infer that for each square
domain,
Rj={2 € R* | |m], |2af < j},

there exists a constant ¢1(j) depending on j, such that

sup (|07 || 12(r;) < c1(J)- (5.10)

0<t<oo

5.2. Taking limits in the rescaled function sequences

First, making use of (5.7)—(5.10), an abstract version of the Arzela-Ascoli theorem (see [13,

Theorem 1.70]), and the Aubin-Lions Theorem (see [13, Theorem 1.71]), we can extract a sub-

sequence (M, Upy) = (77, u"™), with {e,,} C {¢ | 0 < e < &y}, such that, for any p > 1 and
jELT,

t,, — % weakly star in L>°(0, Ty; Hg(Q)), (5.11)

and strongly in C°([0, Ty], L*(Q2)), (5.12)

Oy, — Oy weakly star in L™°(0, Ty; L*(12)), (5.13)

M — 7 weakly star in L°°(0, Ty; H*(R?)), (5.14)

and strongly in C°([0, Tp], L*(R;)) N LP(0, To; H'(R;)), (5.15)

Oy — Oy weakly star in L°°(0, Ty; L

Gm — 0 weakly star in L>(0, Ty; L*(

2(R))),
). (5.16)
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Hereafter, for simplicity we denote f¢" by f,,, where f represents u, 7, &, X, or i, and so on.
Denoting '
Oy ={(z' 25) € Qs | 1/j < || < 1},

and using the regularity of 7° in (5.6) and the Sobolev embedding theorem, we find that for any
positive integer j, there exists an ,,; > 0 depending on j, such that, for any ¢, € (0,e,,,) and
t > 0, we have '
QL C {2, 33) € Qu | nm(t,2")| < |zs| < 1} C €U (5.17)

Therefore, for any j, making use of (5.7), (5.9), (5.17), and the Lions-Aubin Lemma, we can
show by induction that there exists {m/} C {m/™'} C {m} such that,

€ < Emy, for any i >0,

a, ; — 4 weakly star in L>(0, To; H*(Q%,))
and strongly in LP(0, Ty; H*(¥)) for any p > 1,
o, — 0 weakly star in L*>(0, Tp; HY(Y,)), asi— oo,

i

where we have defined {m{} = {m}.
From the lower semicontinuity, one gets

sup (17(0) sy + 17O ey + 15O ) < 1
0<t<Ty

Choosing m, = m!, one has, for any j € N and 7 > j, that
Uy — u weakly star in L>(0, Tp; H3(Y,)),

and strongly in LP(0, To; H*(€Y,)), for any p > 1, (5.18)

Om; — 0 weakly star in L>(0, Tp; HY(Y,)), asi— oo. (5.19)

Moreover, by (5.13) and (5.18)—(5.19), we find that

ou + Vo = pAu,
ot Ve = Het (5.20)
diva = 0
holds a.e. in (0,7p) x (2\ {z3 = 0}), and
sup ([|a(t) [ ms0x) + 11 22y + 160 | m10sy) < 1. (5.21)
0<t<Ty
In addition, by construction, we have
7°(0) = 7(0) := 7(0,2") in R?, (5.22)
Uy (0) = @(0) in QL for any i > j.
The estimates (5.20) and (5.22), combined with (5.12) and (5.15), imply
7(0) =n(0) and u(0) = @(0). (5.23)
5.3. Convergence of the interface equation
Replacing € by &,,, we rewrite (5.3); as
Nm = (@m,B - Em@m,lalﬁm - Em@m,282ﬁm)a (524)

where
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U = O (b, ') = U (¢, 2", (t, 7)), ¢ € (0,Tp),

and ¥y, 1, Um2 denote the first and second components of the vector function v,,, respectively.
Multiplying (5.24) with ¢ € D(R?), and integrating over R?, then we arrive at

Oympda’ = / (Um,3 — EmUm 101Tm — EmUm 2027m ) da’, (5.25)

R2 R2

Recalling 7,,, € C°([0, Ty, L*(R;)), we use (5.22) and (5.25) to deduce that
t
/ Mm (t)pda’ = / [/ (Um.3 — EmUm 101 Tim — EmUm 2027m ) pda’ +/ 7(0,2")pdz’ |ds.  (5.26)
R?2 0 R2 R2

Next, we analyze the convergence of each integral in (5.26).
First, there exists a square domain R, satisfying

supp ¢ C R;, C R2.

Due to (5.15), we get

lim Mmedr’ = lim Dmpdr’ = / pdr’ = / fpdz’. (5.27)
mmee Jre IR, Riy R?
Then, from (5.7) we get
sup || 7m (t)|| 22y < 1. (5.28)

0<t<o0o

Noticing that ,,;(t) € C°(Q2) N HE(Q) for t > 0, we utilize the Holder inequality, (5.28) and

(5.8) to obtain

t t 1 3 i
//@m,i&;ﬁm@dx’ds g\/§||g0\|oo/ (// \83ﬁm,i|2d:c3dx’) (/ \&'F]m\2dx’) ds
0 JR2 0 R2 Jnm, (t,a) R2

< V2@l 00 105t | 21 (010 £2(2) Sup 1057 (8) || 22@2) < V2|l 0T, (5.29)
<t<oo

where ¢ = 1,2, and
]l == sup |p(z)] > 0.
/' €R2

Hence, from (5.29) it follows that

t
lim / / (5m@m,lalﬁm — 6m17m728277m)g0d$,d8 = 0. (530)
0 JR2

m—0o0

Finally, keeping in mind that {m.} C {m} and 0su3 € L>(0,Tp; L*(Q2)), we use (5.8), (5.18)
and the absolute continuity of integrals to deduce that for any § > 0, there exists a jo > 7; > 0
depending on ji, Ty and ||¢]|«, such that for any i > js,

To iy 5
/ / / ’83123‘ d:cgda:’ds < R
0 Ry, J =iy 3]|olloo
Ty js ! 5
/ / / ‘83@7,,/,73 — 83ﬂ3| dl’gdZE, < =,
0o Jr; J-jizt ' 3llelloo

To 1 5
/ / / |83'L_Lm/_73 — 831_1,3‘ dﬂ?gdxl < R
0o JRry Jit ' 3lllloo
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which, recalling |7, (, 2')|| Lo (2) < 45 ! by the construction of {m/} and (5.17), imply

(’Dm;’g — (s, 2',0)) pda'ds

0
[/ 83am273 — agﬂg)d.Tg + / 83U3d1’3] ngJZ,dS
R2 / (t xT ) NMm ’ (t xl)
T() TO
< ||90Hoo / / / }5’3um 3 — 83163‘ d$3dI dS + / / / 83123dx3
t CC 777n
To
< HSOHOO (/ / / ‘03Um 3 — 83U3| dx3d$ ds
T ! Ty gzt
+/ / / |83ﬂm;,3 - 83113\ dﬂ?gdl‘lds + / / / |83ﬂ3’ d.iEgdx/dS < 0,
0 Rj, J =iz " 0 Rj, J =iy "

whence,
lim/ / Ut spd’ ds—// us(t,«’,0)pdz'ds. (5.31)
1—00 RQ RQ

Consequently, letting i — oo, then m} — oo in (5.26) (i.e. €,/ — 0 with &, in place of &,,),
we conclude, with the help of (5.27), (5. 30) and (5.31), that

t
/ﬁ(pdx’—/ / ﬂg(s,x’,O)godx'ds—l—/ 7(0, 2")da’,
R? 0 Jr2 R?

which implies that for a.e. t € (0,Tp),

R2

dx/ds]

3t77 = U3z a.e. in R2.

5.4. Convergence of the momentum equations
Multiplying (5.3)3 by ¢ = (é1, ¢a, ¢3) € (D((0,Tp) x Q))* with &, in place of €, integrating
over (0,7p) x €2, and using the jump conditions (5.5), we deduce

To TO
/ /(gatam )+ £mo(Viy,) Uy, - ¢)dzdt + / /(M(Vam +Vaul) —a,1) : Vododt
0 Q 0 Q

To TO

[0] / / TP * Vi dSdt + I<&/ / H, o - VpdSdt, (5.32)

0 m(t) 0 m(t)

where
Zm( ) = {(«/, $3) €R? | T3 = nm( x')} for each t > 0, (5.33)
— — NT
= ( 3177m7 827]m7 ) : (535)
\/\3177m|2 + ’8277m‘2 +1

Hm _ A:}c’ﬁm + (alnm>262277m <8277m>28%77m - 2817]7)1627771181aﬂ]m (536)

(14 (0110m)? + (Damm)?)?/?
By virtue of (5.11)—(5.13) and (5.16),

To T
. - o ) o
o {/0 /Q(Qa’*“m ¢+ Em0(Vitm )l - ¢)dudt + /0 /Q (1(Vim + Vi) — 0nl) : Vodadt

_ /0 " /Q o0y &+ /0 : /Q (u(Vii+ VaT) - 51) : Vodrdt. (5.37)
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Next, we analyze the convergence of the terms on the right-hand side of (5.32).
(i) Recalling dS = /|01mm|? + [Oamim|? + 1d2’, we use the formula of surface integral and
(5.33)—(5.35) to infer that

To To
/ / NinPm deSdt = / / ﬁm(§0m73 - @m,lalnm - Qom,QaZUm)dx/dt-
0 m () 0 R2

From the Holder inequality and (5.28) it follows that

To To
/ / nmgomi@mmdx'dtzem/ / TP, i 0T’ dt
0 R2 0 R2

<enTolllloe sup (|7mllz2@2)l|0ifm | 2 r2))
0<t<Ty
SsmTOH¢Hooa 1= 1727

whence,

m—00

To
lim / T (Pm101Mm + Pm202m,)da’dt = 0. (5.38)
0 Jr2
Denoting
[llc := sup  [@(t, z)|

(t,2)€(0,To) %2

and noticing that

To
/ i (Pms — d3(t, 2, 0))|da’dt
0 R2

To Nm (t,2")
< sup HﬁmHL?(R?)/ / / Oz¢zdas
t€(0,70) 0 R2 |JO

<To sup ||Nmll2@2)]|03¢3]loc SUD |1 L2(R2)
te(0,Tp) te(0,Tp)

9 1/2

o’ dt (5.39)

< e To||0305]| 0 — 0, as m — oo,

we make use of (5.39) and (5.15) to obtain

To
/ / (ﬁm@m,i& - 77¢3<t, 37,, 0))d$/dt‘
0 R2

To TO
< / |(77m - ﬁ)@m,3|dx’dt + / / |77<90m,3 - ¢3(t7 ', 0))‘dx/dt
0 R2 0 R2
< |[@sllocl1m — Ml Lr(0.1)xR,,) + EmTol|O3¢3]l0c — O as m — oo,
which gives

TO TO
lim / NmPm3dz’dt = / / nos(t, x',0)d’dt. (5.40)
o Jr2 o Jr2

m—00

Here we have assumed that R, satisfies

3
U U supp ¢;(t,z) C Rjs.
)

i=1t€(0,To

Combining (5.38) with (5.40), we arrive at
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T(] TO
lim / TmPm * VmdSdt = / / Nos(t, 2, 0)d’dt. (5.41)
m(t) o Jre

m—00 0

(ii) For the second term on the right-hand side of (5.32), taking into account that 7, = €,
we employ (5.33)—(5.36) to deduce that

T Tt 292 2
0 -~ 0 ' Tlm (9177m) 8277m (6277m) a177m
Hoor - vpd Sdt = § / / [ d
/o / o e (T + (D17m)? + (Damin)2)?/2

28177ma277m818277m
(1 + (0u7n)? + (02)?)
/TO / a177m 262277m <8277m>28%77m - 28177m8277mala277m
R? + (O1mm)? + (O21m)?)3/2

To
Pm, 3A M, /
da'dt 5.42
L I emrviy o el 64)

where the first two terms on the right-hand side can be estimated as follows, using the Sobolev
imbedding theorem and (5.28), while the third term can be bounded below, following a procedure
similar to that used for (5.39).

To

3/2:| Spm,la’lnmdx/dt

Om 3da’dt

a177771 Qa%nm (aQUm)Qa%ﬁm - QalﬁmaQUmalaQUm
R2 (1+ (011mm)? + (G2 )?)3/?

To
< [|6allos / /R (01102 + (a1 — 201D r Dot 't
0 i3

O ada’dt

To
= 63n”¢3|‘00/ / ‘(8177m)23377m + (O ) O3 . — 2alﬁm8277m81627_]m‘ da'dt
0 JRy,

< 457271H(bSHOOTOHVﬁm”%‘l(Rjg)”VQﬁmHLQ(Rjg)

S 461271H¢3H00T002(j3)7 (543)
7o |: ’nm 61777%)282277771 (@Qnm>281277m i 28177771827777161827_%'1 :| ) '8‘77 dx’dt‘
R? (L4 (01mm)? + (0amim)?)?/2 (14 (01mpm)? 4 (Damp)?)3/2 | 700
To
< 8mHQb”oo/v / Apriim + alnm) 33% (8277771) 3%% 28177ma277m818277m 377m’d$ dt

< T (319l 9ty + ¥, 19
< em||@sllecTocs(Js), em <37, i=1,2 (5.44)

where ¢,(j3) and c3(j3) are two constants depending on j3, and

To — t 0) A7
190m 33 ¢3 . 3)) Z7Qd$ldt
R2 + 177m ( 277m> ) (5‘45)
< To sup [|Ax |l z2re) 10393 |0 sup ||77m||L2(R2 < enTo|03¢]|c — 0.
t€(0,To) t€(0,T

On the other hand, applying (5.15) and the dominated convergence theorem, we conclude

that
(1+ (5177m)2 + (6277m) ) 3/2 =(1+ e (3177m) 5%1(82ﬁm)2)_3/2

5.46
—1  strongly in L*(0,Tp; L*(Rj,)) (540
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as m — oo, while g, — 0. Thus, from (5.46) and (5.14) we get

To ,77 To /77
hm i dx/dt= hm / i dx’dt
/R? 1 + 817’]m (8277m)2)3/2 1 + a177m (8277771)2)3/2
To
da'dt
/ /R (1+ 31?7 (8277) )3/2

To
da'dt. 5.47
/ / (1+( am (5‘277) EEh (5:47)

In view of (5.45) and (5.47), we find that

To 2 SA ’77 / 7o / /
lim dia i dx'dt = Apnos(t, ', 0)d'dt. 5.48
oo / (1+ (017m)? + (920m)2)2 / / 195l 2,0) (548)

Combining (5.43) with (5.44) and (5.48), we conclude that

To To
lim / Hy o - VpdSdt = / / Aozt o', 0)dz’dt. (5.49)
m 0o Jr2

m—00 0

Consequently, it follows from (5.32), (5.37), (5.41) and (5.49) that

To TO
/ / 00 - ¢ + / /(u(Vﬂ +Va') —&1) : Vodadt
o Ja o Ja
To TO
=g Q]/ / nos(t, 2',0)dz'dt + n/ / Ay iips(t, o', 0)da’dt.
0o Jre o Jre

5.5. Contradiction argument
Similarly to (4.18), we multiply (5.20); with ¢ € (D((0, Tp) x2))? and integrate over (0, Tp) x
to infer that

/OTO/QQatu-gb—f—/OTO/Q(,u(vu_’_vuT)_0_]):v¢dxdt

= [ (@) = (T + Vi) = O (@) = e (Vi + Vi) Jea - 6.

(5.50)

(5.51)

Comparing (5.51) with (5.50), we get
To
/ / (AL (0)] — pi (Vg + VL)) — (A (0)] — p_(Vi_ + Val)))es - ¢(t,2’,0)da’dt
0o Jr2

Ty
= / / (glol + kApf)es - ¢(t, 2, 0))da’dt. (5.52)
o Jr2
On the other hand, by Lemma 4.1, (5.21), (5.11) and (4.11), we have
(M@ = (Vi + VD)) — (@) — o (Va_ + VaT)) ey € L¥(0,Tos (LB, (5.59)

while by virtue of (5.28),
glel + kAwi € L™(0, Tp; L*(R?)). (5.54)

Hence, by a density argument, we get from (5.52), (5.53) and (5.54) that
[(M(a)l — s (Vg +Val)) = (A (6)] — p— (V- + vﬂ))]eg = (glo]7 + KAz T)es
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holds a.e. in R? and for a.e. t € (0, Tp).

In view of Definition 4.1, we find that (7, u) is just a strong solution of the linearized problem
(1.5)—(1.7). By Remark 4.2, (7, @) is also a strong solution of (1.5)—(1.7). Moreover, 77(0) = 77(0)
and @(0) = u(0) (see (5.23)). Then, according to Theorem 4.1,

U = on [O,Tg) x €.
Hence, we may chain together the inequalities (5.21) and (5.2) to get

2< sup  [Ja@)|[mos) < sup [@flmss) <1,
To/2<t<Tp 0<t<Ty

which is a contraction. Therefore, the perturbed problem does not have the global stability of
order k for any k > 3. This completes the proof of Theorem 2.2.
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