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Abstract. In this paper we study an integro-differential equation describing gran-
ular flow dynamics with slow erosion. This nonlinear partial differential equation is a
conservation law where the flux contains an integral term. Through a generalized wave
front tracking algorithm, approximate solutions are constructed and shown to converge
strongly to a Lipschitz semigroup.

1. Introduction. Granular matter is being poured from an uphill location outside
the interval of interest, and slides down the hill. As it slides down, it interacts with the
standing layer. This interaction is described by the erosion function f, which depends
only on the slope and denotes the rate of mass being eroded or deposited per unit length
and per unit mass passing through. There is a critical slope where no interaction happens
and f vanishes. In a normalized model one could choose the critical slope to be 1. If the
slope is bigger than 1, then f > 0 and erosion happens, so that the moving layer grows.
If the slope is smaller than 1, then f < 0 and part of the moving layer deposits on the
standing bed. Under these assumptions, one obtains a 2 x 2 system of balance laws, with
the heights of the standing and moving layers as the unknowns. This model was originally
proposed in [16], and the time-dependent solutions were first studied in [21, 1, 4].

We consider the case where the standing layer is very small, and we refer to it as slow
erosion. In [22], the following one dimensional model is studied, describing the changes
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for large times in the standing profile due to the materials sliding on it:

titt.) ~ (o [ +Oof(Uz(t,y))dy> 0. (1)

xr
Here x is the space variable, U is the height of the profile, and ¢ represents the total
mass of moving layer that slid through. The slope of the profile U, is assumed to remain
strictly positive.
We stress that here U(t,x) describes the strictly increasing asymptotic profile at x
after ¢ material was slowly poured from +oo. Differentiating (1.1) in z, one obtains a
conservation law for the slope U,

+o0
Wit + (1 Oateanes [ @) o0, 12)

x
In general, the erosion function f is non-linear, therefore the solutions of (1.1) and
(1.2) may well lose regularity. Under suitable assumptions on f, the slope U, remains
uniformly bounded in ¢. Existence, well-posedness and stability of BV solutions of (1.2)
are established, see [2, 3, 4, 5, 6].

Allowing more erosion for large slopes, the solutions of (1.1) can develop various
types of singularities, including jumps in the profile U, see [22] for a detailed discussion.
Therefore, we expect U(t) to attain values in BV and its space derivative U, to be a
measure. In this case, it is not suitable to study the equation (1.2). Instead one should
study (1.1). The presence of the measure U, causes additional technical challenges in the
convergence analysis for the approximate solutions of (1.1). Under suitable assumptions
on the erosion function f and on the initial data, global existence of BV solutions of (1.1)
is established in [22]. However, continuous dependence on initial data was not treated
in [22] due to technical difficulties caused by the measure U,.

In this paper we tackle the problem of continuous dependence. We introduce the
inverse function X = X (¢, u) which is the graph completion of the inverse in space of U,

X(tu)=z < uwelU(t,z—),U(t,z+)] .

Note that if U is right continuous, then v < U (t, X (t,u)) for all v € R. Wherever U
has a jump, the inverse function X will remain constant over the interval of jump in U.
Under the further condition that there exists a positive k such that

U(t,ze) —U(t,x1) > k(xe —x1) forall 1,20 € Rz < g, (1.3)

the function X is Lipschitz continuous in u. Define the function z(t,u) to be the u-
derivative of X (¢, u), i.e.,

z(t,u) = Xu(t,u). (1.4)

This is a well defined function, and z € L°°(R; R™). In the case of a smooth function U,

we can rewrite the integral in (1.1) as
—+o0

+oo
/ F (Us(t,y)) dy = / g (=(t,v)) dv (1.5)

Ul(t,z)
where the function g is defined by

g(s)=sf(1l/s) foralls>0. (1.6)
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Remark that the right hand side in (1.5) is well defined also if U(t) € BV(R; R).
We now formally derive the differential equations that govern X (¢,u) and z(t,u). By
our variable changes, we have, for smooth solutions,

Xy(tu) = —%w — Xu(tu) Us (, X ()

= Xu(t,u)f (m) /:OO g(z(t,v)) dv

which leads to a conservation law for X (¢, u)

X, (t,u) + (expL+oo g(z(t,v))dv) —0. (1.7)

u

Differentiating (1.7) in u, we obtain a conservation law for z(¢, u)

2t u) — <g(z(t,u))exp/u g(z(t,v))dv> —0. (1.8)

u
When a jump in the profile occurs, we have z = 0 at the jump. However the solutions
of (1.7) or (1.8) could lead to z < 0, which does not have physical meaning. Therefore
we need to impose the pointwise constraint z > 0 for (1.7)—(1.8). One can combine the
constraint and the equations (1.7)—(1.8) into one single conservation law

zi(t,u) — (g(z(t,u))exp /+oo g(z(t,v)) dv> =/, (1.9)

u u

—+o0

where 1 is a measure satisfying the following property. For every ¢ > 0 and a,b € R such
that z(¢,a) > 0 and z(¢,b) > 0, one has

u(a,b]) = 0, / s u]) du = 0. (1.10)

Note that the first and second properties in (1.10) are precisely the conservations of z
and X over a jump, respectively.

The measure p yields the projection into the cone of non-negative functions. To
understand its effect on the L! distance between two solutions, consider z; and zo as
in Figure 1, where z; = 0 on an interval and zo > 0. The property (1.10) implies the
relation Ay = Ay + Ao for the areas, and then

|2 = 22| — 21 — z2llp: < —Ao+ Ay + 43 <0,

formally proving that the measure p does not increase the L1 distance between two
solutions.

From (1.1), thanks to (1.5) which allows to give a meaning to the nonlinear function
f applied to U,, we are led to consider the conservation law

+oo

U(t,x) — exp/ g(z(t,v)dv ] =0 (1.11)
Ul(t,z) -

where we treat as unknown the function z. Moreover, to allow the reconstruction of U

from z, we have to impose further constraints on z, namely that

2(t) e L°(R;RT) and  (z(t) — 1) € L*(R;R). (1.12)
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Fic. 1. Effect of the measure u on the L1 distance between two solutions.

As a motivation for the conditions above, we first recall the inequality || 2|, < 1/k, with
 as in (1.3). Secondly, note that ||z — 1||;,, is related to the height difference between
the asymptotic slopes at +0o0 and at —oo. Under these conditions, we reconstruct U
from z as follows:
X (t,u) u—i—/ioo (z(t,v) — 1)dv (1.13)
U(t,z) = max{veR: X(t,v) <z} .

This paper is thus concerned with the construction of a Lipschitz semigroup of solutions
to (1.11)—(1.13).

Other models for granular matter dynamics recently received attention in the mathe-
matical literature. We recall first the well known Savage—Hutter model [19, 20], extended
to comprehend deposition and erosion in [9, 14].

From the analytical point of view, the present model (1.11)—(1.13) can be seen as a
further step towards the study of conservation laws with nonlocal terms. First, source
terms with convolution in space were considered in [13], while [10, 11, 12] deal with
memory effects, i.e nonlocalities in time. Then, nonlocal terms in the flow were considered
also in [18] in the framework of traffic modeling.

In Section 2 we present the analytical results, collected in Theorem 2.1. In Section 3
we construct the approximate solutions, derive their a priori estimates, and prove the
relevant parts in Theorem 2.1. Finally, we establish the Lipschitz dependence on initial
data and on the erosion function in Section 4.

2. Main Results and Preliminary Considerations. We assume that the erosion
function g satisfies the following property,

(g): g € C2((0,+00); R) N C* ([0, +00); R) satisfies g(1) = 0, supg” < 0, g(0) > 0.
Note that the above conditions on g are equivalent to the conditions on f in (1.1) used
in [22].

Motivated by (1.12), we seek BV solutions to the Cauchy problem for (1.11) within
the class

(2.1)

z - {z € BV (R: [0, +:00)) : z is right-continuous, and }

(z—1) € L* (R; [0, +0))
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For notation simplicity, we introduce the map G: Z x R +— R as

o0

G(z(t,");u) = exp/ g (z(t,v)) dv. (2.2)
Note that G depends on z in a non-local way. We also define the function ¢: [0, +00) — R
by

By (g), we have
$(0) =g(0) 20,  ¥'(s) =—sg"(s) >0. (2.4)
Therefore, the map ¢ is positive, bounded (for bounded s) and strictly increasing.

We now state the main result of our paper.

THEOREM 2.1. Fix T' > 0 and let Z be as in (2.1). For any g satisfying (g), there exists
amap SY9: [0,T] x Z — Z with the following properties:
(1) S§ =1d and for any t1,t2 € [0,T] with ¢; + t2 € [0,T7], the semigroup property
holds: S7 o S? =S7 ...
(2) For any z, € Z, the orbit t — 57z, solves (1.11)—(1.13) in the sense of distribu-
tions.
(3) There exists a constant L > 0 such that for any g,g satisfying (g), for any
2,z € Z and for any t,t € [0,T] with ¢ < ¢,

1872 = Sz||pa < L (tlg = lwree + " llz = Zllpa + [t — 1) -

This result is obtained through piecewise constant approximation generated by a suitable
wave front tracking algorithm. Some similar algorithms are used in [22, 5]. For front
tracking for conservation laws, see [8, 15].

2.1. Jump Conditions and Characteristic Speeds. The propagation speeds of the vari-
ous waves are basically derived from Rankine-Hugoniot condition. We provide here some
heuristic considerations. First we observe that where the unknown z(t,u) is strictly
positive and continuous, then U (¢, z) is differentiable with

Ualt, ) = 2(t,u)’

Uite) = —g((tu) Gt Ju)Uslta) = 4L GEE )

where we set v = U(t,xz) and used (1.11), (1.13). Consider now the case of a jump
discontinuity in the map = — U (t, z), which we label as a u—shock. Then, the Rankine—
Hugoniot conditions [8, § 4.2] related to (1.11) impose that the discontinuity’s speed A
in the (¢, ) plane satisfies

AU, z+)—=U(t,xz—)) =G (2(t,-); U(t,z+)) — G (2(¢,); U(t,x—)) .
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If we define u* = U(t, z4) passing to the speed ) of the same jump in the (¢,u) plane
(see Figure 2), we have
- oo Gt )iu) Gt )iuT) g ((tum o)) G )iuT)
z(t,u=—) (ut —u™) z (t,u=—)
Gzt );ut) —G(a(t, hiu”)  gz(tu+)) G(a(t-);u’)

)\+

z(tut+) (ut —u——) z (t,ut+)
Setting 2+ = z (t,u*™+), G* = G (2(t,-); u™) the expressions above become
G [e 9O —uT) _q
AT = —— -
z~ ( ut —u~ +9z7)

+ = =
AT = po

Gt (1= e9(0)(ut—u™)
ut —u~

+g(z+)> :

The classical Lax shock condition [8], when applied in the left extreme of a u-shock,
reads —g'(2~) G~ > A~, which is equivalent to ¥(z7) > (1 — 9@ =u)) /(y+ — y7)
and is always satisfied. In u™, —¢’(27) GT < At becomes

N e9(0)(ut—u™) _q
P(zT) < B — (2.5)
which selects the admissible upward jumps.

Observe that for u € (u™,u"), the function z satisfies z(t,u) = z(t,u) = 0.

When z has a discontinuity between two strictly positive values z* = z(t,u+), the
map U is continuous at z = X (¢,u). We obtain, see Figure 2,

+ - _
% = G () L)) (2.6)

Finally, to complete the definition of approximate solutions to (1.11), we need also to
know how z changes along characteristic curves. To this goal, suppose U smooth, by the
implicit function theorem and by (1.11) obtain

U (t, X (¢, u))
U, (6, X (tu)

)
A=U —U;

X(t,u) = = —Gu (2(t,);u).

Differentiating by u we get
20t u) = =Gu (2(t, ) 1) = ¢’ (2(,0)) G (2(1,); ) zu(t,w) — g (2(8,)* G (2(t, )i w)
hence, z satisfies
2i(t,u) — g (2(t,u) G (2(t,-);u) 2y (t,u) = —g (2(t, u))2 G (z(t,");u).

This last equation shows that the characteristics speed is —g’ (z(¢,u)) G (2(t,); u), (see
also (2.6) in the limit v~ — u™), while the change of z along characteristics is

Aty u) = —g (2(t,u))” G (2(t, ) w). (2.7)

3. Construction and Properties of the Approximate Solutions. In what fol-
lows, up to the final limit, we assume that g satisfies (g) and moreover g € C2 ([0, +00); R).
This latter requirement will be removed in the final part of the proof of Theorem 2.1.
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-
X ;!
At = AU + (;}/
] = y) A
—5 Slope = U]
A
A
AT =AU + U7
I
A
' Slope = U
U, Slope = U

F1G. 2. Relation between the speeds in the (¢, z) plane and the ones
in the (¢,u) plane

3.1. Construction of the Approximate Solutions. Piecewise constant approximate so-
lutions are constructed in the style of front tracking, where each discontinuity is treated
as a wave front. Let € be the parameter for the approximation, and let 2¢(¢,u) denote
the piecewise constant approximate solution.

Introduce for later use the map

e9(0A _q
gy =St (3.1)
that satisfies £(A) > ¢(0), and the function ¢(A) implicitly by
9(¢) = ¢g'(Q) =£(A). (3.2)

The map ( is a strictly increasing and ((0) = 0, see Figure 3.

LEMMA 3.1 (Construction of the discrete initial data). Let z, € Z as defined in (2.1).
Then, for every € > 0, there exist n € N and real numbers uq, ..., u,; 29, ..., 2, such
that setting

n—1
Z;(u) = 20 1(—007u1)(u) + Z Zq l[umui+1)(u> + zn l[unyoo)(u)
=1

the following requirements are met:
L. ||Z§ - Zo||L1 < €

2. TV(25) < TV(,);

3. 220,20 =2,=1;

4. z; — zi—1 < efor all z;_1 > 0;
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Fi1c. 3. Geometric interpretation of ((A)

5. z; < C(A;) +eif z;_1 =0, where A; = u; — uj—1;

6. if z; = 0, then both z;41 >0 and z;_1 >0

7. there are no two contiguous states z;_1 and z; such that 0 < z;_1 <1 < z;;

8. up <wug < ... < up, where u; = u;y1 can happen only if either 0 < z;_1 < 2; < z;41

or z;_1=0and z; = ((A;) + € < 2zi31;
- 19(2)| (wigx1 — wi) < € whenever z; > 0.

NeJ

Note that 6. ensures that no contiguous u-shock are present. The condition 7. implies
that no rarefaction may cross 1. The requirement 8. applies to upward jumps that
violate (2.5): it says that the right jump in a non admissible u—shock of width A is split
starting from ((A) + e.

Proof of Lemma 3.1. Fix e > 0. Let Z. be any piecewise constant map satisfying 1. and 2.,
see [8, Lemma 2.2], so that also 3. holds. The conditions 4., 5., 7. and 8. are satisfied
adding in a suitable way states z;. To comply with 6. simply glue adjacent segments
where z¢ vanishes. Finally, 9. follows by suitably adding states w; where z¢ does not
vanish. g

3.2. Ewvolution of uy,...,un and z1,...,zp—1. To simplify the notation, we assume
that e is fixed and omit it.

Now we define a system of ODE which controls the evolution of the two vectors
Z = (z1,...,2n-1) and U = (uq,...,up). The discussions in Section 2 lead to the
following approximate evolution equations:

=0 if zz=0
G (z,uip1) — G (2, 1)

Uit+1 — Uq

(3.3)

Zi = 9(21) = —g(Zi)2 G(Z,’ai) if z; >0
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where u; is a suitable point u; < @; < u;y+1. Moreover, by Rankine-Hugoniot conditions,

9(2i) — g(zi—1) G(

U; = — Z; ;) if zj,2;_1 >0
Zi — Zi—1
) _ . —Ai+19(0)

;= _g(zz—l) g(AH-l) e G(Z,’Uq) if z; = 0.

Zi—1

As initial data we take the one defined in Lemma 3.1. Since the right hand sides in (3.3)

and (3.4) is locally Lipschitz in a neighborhood of the initial data, there exists a local

solution (Z(t),U(t)) defined in [0,0) for some ¢ > 0. By the downward convexity of g,

for all small times ¢ it holds that u1(t) < ua(t) < uz(t) < ... < up(t).

Fix now an arbitrary T > 0 and define £(t) = € X! where the constant K will be fixed
later and will depend only on T, g, TV(2,), ||20 — 1||1.1, ||Zol/pec- Then, proceed up to a
time 7 > 0, when an interaction of one of the following types takes place:

(I1) one or more wave fronts meet: u; = u;41 = ... = u;. Then, we redefine the indexes
so that we have a single wave front (or no wave fronts if z;_1 = z; = 0) and use
this new (Z,U) as initial data for (3.3)—(3.4), which again admits a solution locally
in time;

(I2) zi(r) = 0 with z(¢t) > 0 for t < 7 and u;41(7) — ui(7) > 0 (otherwise we fall in
point (I1)). Then, continue with z;(¢) = 0 for ¢ > 7 according to (3.3). If two
or more contiguous states become zero at the same time, then we also erase the
intermediate waves.

(I3) for some z;—1(7) = 0 we have z;(7) = ((A;) + 2¢(7), with z(t) < (A;) + 2¢(t)
for t < 7 and u;41(7) — ui(7) > 0 (otherwise we are in case (I1)), then we split
the upward jump (0, z;(7)) in two parts: a piece of a u—shock, (0,((A;) + &(t)) and
a rarefaction (C(A;) +e(t),C(A;) + 2e(t)). If the rarefaction contains the value 1,
we split it in two rarefactions in such a way that no new rarefaction crosses 1.
Therefore there is the generation of 1 or 2 new rarefactions.

As long as the solution to (3.3)—(3.4) exists or we end up in one of the above cases (I1),

(I2) or (I3), then an approximate solution z is constructed by the present algorithm.

Next, we show that only (I1), (I2) or (I3) can take place up to time 7', which ensures

that z can be defined up to that time.

THEOREM 3.2. Fix a positive T. Then, the approximate solution z can be uniquely
defined on all [0, 7] and for all ¢ € [0, T] enjoys the following properties:

a) zi(t) >0fori=1,....,n—1and z(t) = z,(t) = 1;

) zi(t) — zi—1(t) < e(t) as long as z;_1(t) > 0;

) zi(t) < C(A;) + 2¢(t) whenever z;_1(t) = 0;

) if z;(t) = 0, then z;41(¢) > 0 and z;_1(t) > 0;

) there are no two contiguous states such that 0 < z;_1(t) < 1 < z;(t);

) 19 (4(0)] (wis (8) — wi(t)) < £(t) as long as z(t) > 0

where £(t) = ee®’ with K dependent only on an upper bound on 7', ||g|lwz.ee, TV zo,

o & o T

HZOHLco and ||z, — 1HL1-
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Preliminarily, we list the basic properties enjoyed by z as long as it exists.

L= bound: From (3.3), ||z(t, )|/ < [/2(0,-)||Lee-

Rarefactions cannot cross the state 1: It is a straightforward consequence of
the evolution (3.3) of the ODE and of the interaction rule (I3)

Approximate admissibility of u—shock: If z;_; = 0, then by the interaction
rule (I8) z; < ((A;) + 2¢(¢).

Exact conservation: Define G/(z;u) as the linear interpolation of G(z;u) on the
points w1, us, ..., U,. If we define

—9(2)G(z;u) for u € (u;,ui+1) and z; #0

F(zu) = (3.5)

G(zsuip1) — Gz u4)

Ui+1 — Us

for u € (u;,ui+1) and z; =0

then, direct computations show that z(¢, «) turns out to be a weak exact solution
to the conservation law

zt + F(z;u)y =0, (3.6)
this implies that also z — 1 is a conserved quantity:
(z—=1)¢ + F(z;u)y = 0. (3.7)
Observe also that, when z; = 0:

G(z;uip1) — Gz u;)

IN

= —G(zuiv1) (A1) —9(0) G(2; uit1)
1ee 9021

= —G(z;ui)T > —g(0) G(z;u;) .

Ui+1 — Uy
G(z;uip1) — Gz u;)

Ui+1 — Uy

Changes in the Waves’ Nature: Fix positive states z;_1 and z; and, using (3.3),
compute
d 2 . 2 ~
G zim) = —g(2)” Glai%) + g(zi-1)” G2 8i-1)
Ui

= G(z;%) | —9(2:)* + g(zi_1)* exp {[ g (z(t,v)) dv}}

i—

where 4;—1 € (uj—1,u;) and @; € (u;,ui+1). We consider the following two

examples:
o If 1 <z 1 <z, then g(z(t,v)) <0 for v € (u;—1,u;41) and
d -
o (i — zi1) < Glz) [~9(2)% + 9(2i-1)%] <0 (3.8)

since for z > 1, z — g(2)? is strictly increasing. Hence, the strength of
rarefactions above 1 can only decrease. They can become shocks, but no
shock above 1 can become a rarefaction.

o If z,_1 =z < 1, then g (2(¢t,v)) > 0 for v € (u;—1,u;4+1) and

9z — 2i) > Gl ) [~9(2)? + 9(2i1)°] = 0 (39)
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this proves that below 1 no rarefaction becomes a shock. It also suggests
that shocks below 1 can become rarefactions and both can increase their
strength.

Preliminary Estimate on the Total Variation: Define

2(t,u) = max {1, 2(t,u)}.

Both the total variations of z and of 2 do not increase at any interaction. Along
the trajectories of the ODE the total variation of z may well increase, due to (3.3).
On the contrary, the total variation of Z may not increase. Indeed, Z attains the
value 1 both at —oco and at +o00, hence

. ) d . d ..
TV i(t,-) =2 Z Az and - TVA(L) =2 Z AL (3.10)
AzZ>0 AzZ>0

Now, if A2 > 0, then AZ = z; —max{1,z;_1}. If z;,_1 > 1, then the wave at

u; is a rarefaction above 1 and (3.8) shows that £ Az < 0. If, on the contrary,
zi—1 < 1, then %Aé = %zi < 0. Therefore

TV :(t,-) <TVZ2(0,:) <TV z,.
3.3. Preliminary L1 Estimates.

LEMMA 3.3. Let 7 € (0,6) and u € R be such that z(r,u—) > 1 > z(7,u+). Then

—+o0
/ (1= 2(7,0))dv < |70 — 1]l

Proof. Observe that the number of times in which z(¢,u) — 1 changes sign does not
increase in time. A shock as that at u may arise neither during the evolution of the
ODE, nor during interactions not already containing such a shock. Therefore, we can
trace it backward up to time ¢ = 0. If two shocks of this type interact, we trace back
along, say, the fastest (leftmost) one. For simplicity, to avoid the changes in the indexing
at interactions, we call u(t) the support of this shock, z(t) < 1 is the state to its right
and z~(t) > 1 the one to its left.

Because of the conservation (3.7), we can compute (outside interactions):

d [t

pr [1—z2(tv)] dv=—(1—2{)u(t) — F (z;u(t)+). (3.11)
u(t)

We need now to distinguish two cases: z(t) > 0 and z(t) = 0.
Case L. 2(t) > 0:
d +oo _ —
[ aw=0- 920 g 4 g o,
dt u(t) zZ—Zz
(observe that on the discontinuities G = G). Now 1 — z > 0, 2= > 1, therefore by
convexity
() —9(=) _g9(x)—g(1)

< = slope of a,
z— 2z z—1

slope of b = <l
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see Figure 4, left. Finally

d [T

dt u(t) [1—z] dv < —g(2) G(z;u) + g(2) G(z;u) =0,

Fi1G. 4. Comparison between slopes. Left for I, i.e. 2(t) > 0 and,
right, for IT, i.e. z(t) = 0.

Case II. z(t) = 0:
Put z = 0 in (3.11) and using the corresponding expressions in (3.4) and (3.5), we
obtain

+o0 -\ _ —Ag(0)
% [1—2] dv=G(z;u) 9(=") §(_A)e
u(t) z

+e M0,
where A is the strength of the u—shock to the right of u. Again by convexity, since
0 < £(A)e=2900) < g(0) (see Figure 4), right, we obtain

) SO0 ) AN

which again implies
d [+t
— / [1—2]dv<0

The two cases above ensure that, since 4 fut;o [1 — 2] dv < 0 always holds, we have

+oo +oo
/ - 2(t,0)] dv < / 1= 2(0,0)] dv < |1 - zoflga »
u(t) u(0)

completing the proof. O

LEMMA 3.4. Let 7 € (0,d) and u € R be such that
(a): either z(r,u—) > 1> z(t,u+),
(b): or z(T,u—) <1 < z(t,u+).
Then,
Glziu) < exp (g (D] 11 - 20l)
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Proof. Note that in case (a), Lemma 3.3 applies, so that

+oo
/ (1—z(1,v))dv < ||zo — 1|pa -

The same bound holds also at (b). Indeed, call A = {v > u: z(7,v) < 1}. If A =0, then
f;oo (1 —2z(7,v))dv < 0, while if A # (), define & = inf A. Apply Lemma 3.3 at 4 and
obtain

+oo

“+o0 [
/ (1—2(T,v))dvz/ (1—2(T,v))dv+/ (1—z(1,v))dv < ||zo — 1|pa -

u [

By convexity g(z) < ¢’(1)(z — 1), this implies

G(z;u) = exp {/+OO (z(t,v)) dv } < exp {g (1)1;00 [2(t,v) — 1] dv}
< exp{|g’ |/+m1—ztv]d}
< exp(lg' (W1 = 2ola)
completing the proof. O

Below, C' denotes a constant depending only on an upper bound on 7', ||g|lw1.e0 ([ Izollpc0)’
TV(20), |20 = 1|11+ [| 20| ,e0 While C, is a constant that depends also on an upper bound

on 19" [l oo ([0, 21,00

LEMMA 3.5. Let 7 € (0,9) be such that no interaction takes place at time 7. Assume
there exist points u;, u; with u; < u; and, using the notation in Lemma 3.1, such that
zic1 > 1>z and zj_1 <1 < z;, with 2(¢t,v) < 1 for all v € (u;,u;). Then, using ¢ as
defined in (3.2),

d ["

= | (=2 dv < Calz =) [z = C(A)]" < Culz—1).

In particular, whenever z; = 1, the quantity A; may be not defined but we intend that
the right hand side above vanishes.

Above, [2]* = (2 4 |2|) /2 is the positive part of z.
Proof. By the conservation law (3.7), we can write

d [
pr 1—z(t,v)] dv = (1 — zj_1)u; + F(z;uj—) — (1 — z;)0; — F(z;u+) .
Proceeding as in Lemma 3.3, one proves that —(1 — z;)4; — F(z;u;+) < 0. We need to
consider the term in the left hand side. If z;_; > 0 then it is a rarefaction and we must
have z; = 1. By (3.5) and (3.4) we directly have

- G(ziu;) — g (zj-1) G (z1u;) = 0.
21

(1= zj_1)u+ F(zu;—) = —(1 - zj-1)
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Note that if z;_; = 0, then in u; there is the right part of a u-shock and z; is not
necessarily 1, but greater or equal to 1. By (3.5) and (3.4) we have

(1= 2oy + F(zuym) = 2T =EED gy ga)) Gasuy)

_Zgj(z_j)l < 9(z) =2 9'(2) = (%), (3.12)
By definition (3.2), § (4;) = g (C(4;)) = ¢(4;) g' (C(A;)) = ¥ (C(4;)), so that

(=) 4+ Flou=) < 2 [ () — 6 (C(A))] Glesug)
]
< %;Wmm@m—U%Wme>
< 29" e (25 — 1) [z — C ()] eld @Il

where we used Lemma 3.4, since u; is the location of an upward discontinuity crossing
1.

4

LN

Fic. 5. Geometric justification of the estimate (3.12).
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Therefore, the previous equation can be written as
(1= zj-1) tij + F (zu5=) < Cu (2 = 1) [z = ((A)] T < Cu (25— 1)
completing the proof. O

PROPOSITION 3.6. For all ¢ € [0, ] and all u € R,
1
llz(t,-) = 1 < Cy and Yol < G(z;u) < Cy.

*

Proof. Fix a positive time 7 € [0, ] at which no interaction occurs. Observe that

/R|1—z(7',v)| dv:/Ru_z(T,v)]* dv+/[1_z(r,v)r dv

R
while by the conservation law (3.7)

/]R [1—2z(t,v)] dv = /]R [1—z(t,0)" dv— / [1 — 2(t,v)]” dv = constant.

R
Hence
Aoy do=2 [ 1= a0 dv
dt Jp ’ dt Jr ’
and, recalling Lemma 3.5 and (3.10),
%/Ru —z(t,v)] dv = 2% R[1 — 2(t,0)]" dv

< G > (2 — 1)

upward jumps crossing 1
Cy TVZ(t, ) < C. TVz, < C. .

IN

We have finally a uniform bound on the L' norm
||Z(t7 ) - 1”I_,l < ||Zo - 1||L1 +C.T < C, ,

which gives uniform lower and upper bounds on G: CL <G(z;u) < Ciforanyu e R. O

3.4. Euxistence Between Interactions for the ODE. Now we prove that the solution
to (3.3)-(3.4) can be extended up to the first time ¢ at which either (I1), or (I2) or (I3)
occurs. Then, the above algorithm ensures that this solution can be prolonged after ¢ up
to the next interaction. Standard results on the theory of ordinary differential equations,
see [17, Chapter 2, Theorem 3.1], ensure that the solution to (3.3)—(3.4) is defined up to
the boundary of the domain where the right hand side is defined. Therefore, the next
step consists in proving that none of the functions u;(t) or z;(t) tends to oo and that
no value z;(t) adjacent to a u-shock may vanish at any finite time.

LEMMA 3.7. Let ¢ > 0 and s € (0,7) be fixed. Assume that a solution to (3.3)—(3.4) is
defined on [0,%) and no interaction takes place in the interval [s, ). Then,
sup  max |z(t)] <4+oo and  sup max {|u;(t)|, |wi(t)|} < +oo.
tels,D) 1=1,..., n—1 te[s,D) i=1,..., n
Moreover, if [u;—1(t), u;(t)] is a u-shock, then
either: liminf, ,;_ z;_2(¢) > 0 and liminf,_,z_ z;(¢) > 0;
or: limy_,zu;—1(t) = limy_,7u;(t). i.e. at (f,u;(t)) there is an interaction of type (I1).
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Proof. By the rule (I12), z(¢) > 0 and, by (3.3), 2;(¢) < 0, so that the upper bound on
z(t) is immediately proved.
Consider now the three right hand sides in (3.4). The first one is bounded thanks to
Proposition 3.6. To bound the other 2, consider preliminarily a w-shock in the first or
last point of jump:
i =1: with z; =0, then 29 = 1. Then, by (3.4)

1 — ¢—A29(0)
Ay

i =n: with z,_1 = 0, then z, = 1, using (3.1),

lin| = £(An) G(z5un) < Cu§(An) < C.

|| = f(Ag)e_Azg(o) G(zyup) = G(z;u1) < Cy;

since £(A) is an increasing function and A,, is bounded by the L norm of z — 1.
This show that the support of the map (¢,u) — 2(¢,u)—1is bounded. Since no interaction
takes place in the time interval [s,?), the maps ¢t — wu;(¢) are bounded, also for i =
2,...,n—1.

Consider now u-shocks. If z;_1(t) = 0 for ¢ € [s,1), by (3.4)
o= SR I o > DO ) > — g Gl 2
Hence this velocity is uniformly bounded from below. Similarly one can show that if
z; = 0, then %, is uniformly bounded from above.

Unfortunately, if ¢ = 2,...,n — 1, no other uniform bound on the velocities of the
discontinuities on the sides of any u—shock is available, since the denominator in (3.4) may
vanish. Nevertheless, we show that these velocities are bounded between interactions,
although this bound does not depend only on T', g, TV z,, ||zo — 1|11, [|20]|f,ce-

By contradiction, suppose that 1;(t) — 400 as t — t—. The previous considerations
imply that z;_1(t) = 0 and z;(t) > 0 for ¢ € (s,t). Moreover z;(t) — 0+ as t — t—. The
differential equation (3.3) implies

Glt) = =g (2:(1)” Gz ) 2 =Ci,
and hence, integrating with respect to time,
zi(t) < Ci(t —1t).
Using the uniform boundedness from above of u;_1 and the assumption u;(t) — o0,
Aj=d; — 11 >0 —Cy — +ooast — 1t — .
Therefore, we have A; > A > 0 in (s,#). Now, using (3.4), compute
§A) —9) Gy > S8 =90 gy 90 —a() o

1 &(A) —g(0) 1 &A) - g(0)

> 222 B Calld s e > ,
e A 9"l e R —

This shows that 1; is not integrable in a left neighborhood of ¢ and this implies

; Zuq)

IS

-C,.

t
w;i(t) = ui(s) +/ U;(0) do — +ooast — 1.
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This implies that u;(¢) has to meet u;+1(t) before the time ¢ contradicting the hypothesis
that in (s,%) there are no interaction. A similar argument applies when wu;(t) — —oco as
t—t—.

This completes the proof that the velocities of the wave fronts remain bounded.

Finally, suppose that z;(t) > 0, z;—1(t) = 0 for t € [s, 1), with z;(t) = 0ast — t—. The
speed 4; is bounded, hence w; is Lipschitz continuous and lim;_,;_ u;(t) = 4. By (3.4)
and the boundedness of u;, we get A; — 0, therefore the state z;_1 = 0 disappears, in
the sense that u;_1(f) = u;(f) = 4. This shows that at time ¢ an interaction of type (I1)
takes place.

An entirely similar argument holds in case z;+1(t) = 0 and allows to conclude the
proof. O

3.5. Bound on Rarefactions’ Strength.

LEMMA 3.8. Let § > 0 be fixed. Assume that the approximate solution z is defined on
all the time interval [0, d]. Then, z enjoys the properties a), b), ..., f) in Theorem 3.2.

Proof. Note that properties a), ¢), d) and e) are immediate by the construction defined
through (I1), (I2) and (I3).
Consider now properties b) and f):

b) zi(t) —zic1(t) < e(t) forall zi_q1(t) >
£) g (z:(t))] (wir1(t) —ui(t)) < e(t) for all z

Note that both properties hold at ¢ = 0 by construction.
This proof is divided in two steps.

1. Let 7 € [0,4]. If b) and f) hold in [0, 7), then they hold also on [0, 7].
If no interaction takes place at time 7, then 1. trivially holds by continuity. Assume
now that an interaction occurs at time 7 and consider condition f).

0,
0 (3.13)

(I1) By continuity, possibly renumbering the various waves, condition f) holds also at
T.

(I2) A new u-shock appears and condition f) trivially holds also at time 7.

(I3) At time 7, a new wave detaches, so that u;_1(7) = u;(7) and f) holds.

Passing to condition b):

(I1) If the outgoing wave is a u-shock, then b) is trivial. If the interaction is between
the left and right side of a u-shock, then the outgoing wave is a shock and b) holds.
Otherwise, if only two waves interact, then they result in a shock and b) holds. If
more than two waves interact, then there may not be two adjacent rarefactions.
Therefore, grouping the interacting waves in pair, the whole interaction turns out
to be equivalent to an interaction between two shocks or between a shock and a
rarefaction. In both cases, the resulting wave is either a shock(and b) holds) or a
rarefaction weaker than the interacting rarefaction, so that b) still holds.

(I2) Condition b) hols by continuity also at time 7.

(I3) A new rarefaction arises and, by construction it is of size at most €, hence b) holds.

2. Let 7 € [0,6). If b) and f) hold in [0, 7], then they hold also on [0, 7 + ] for a positive
8.
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Consider first b). If z;_1 > z;, then b) holds by continuity in a right neighborhood of
7. Assume that 0 < z;_1 < z; and, using (3.3), compute at time t = 7+:

=4 —¢ = —g(2)*G(z; ) + g(2i-1)°G (2;0;1) — Ke
= [9(zi-1)? = 9(2)?] G(z3w) + g(2:)* |Gz w:) — G (2 ;)]
+9(2i1)* (G (z311) — G (z;w)] — Ke
< Culzi = zima| + 9(20)° Gz, uf) (@ — wi)
+9(zi1)? Glz,ul_ ) (g — ;1) — Ke
< Cye—Ke < —¢

if K is chosen sufficiently large depending only on an upper bound on 7', ||g||\x2.00 s TV 2o,
Izo = 1llg1s ||20]l,00 - This shows that the strength of any rarefaction cannot exceed &(t)
for all t € [r,7 + §], for a suitable & > 0.

Now consider ). Compute again at the time ¢t = 7+ for z; > 0,

d

g in — ) — €] = (s — ) gz +1g(z0)| (s — i) — Ke

Concerning the first term, we have

d .
(wip1 —ui) —[g(zi)] < |9'(2:)] 9(2:)? G (2 @) (wip1 —wi) < Cie,
dt
while concerning the second term, we have to distinguish different cases according to the
possible presence of a u—shock.
If (wiy1,uit+2) is a u—shock, then, by convexity
N (A, —Ait29(0) N — (0
i — 80 €A Closuny) < 9D =00 o
Zi Zi
< —9'(2) Gz uit1) -

Z?“i—i—l)

If (wiy1,uit2) is not a u—shock, then, by convexity

_g(Zi+1) —9(2i) G(

Z?“i—i—l)
Zi4+1l — %4

Uir1 =
—9'(21) G(%; uit1) if 241 < z
< .
- —g¢'(zi+1) G(z;ui41) < —¢'(2:) G(z; ui41) + Ci € if zip1 > 2
—g/(zi) G(Z; Ui+1) +Cie.

IN

Now if (u;—1,u;) is a u—shock, then, by convexity and by (3.2), we have (see Figure 6):

{g’(zi) G(z;u;) if 2; <C(A)
g (C(A)) G(z3us) < ¢'(2:) G(ziu) + Coe i 2;>((A)

IN
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Fic. 6. Comparison between slopes

If (w;—1,u;) is not a u—shock, then, by convexity

9(2i) — g(zi—1) Gl

o zi — zi-1 % i)
g'(zi) G(2;u;) if 2, <21
9 (zit1) G(z;u;) < ¢'(21) G(z3u;) + Coe if 2> 221 .

In both cases
—1; < ¢'(21) G(z;u;) + Cig.

Therefore, we can write

lg(z)| (ir1 —15) < |g(z:)|[=9'(2:) G(z;ui11) + g'(25) G(2;u3)] + Ci €
< C. (I Gles i) (i — u) +¢)
< Cge.

Finally
d
o g(zi)|(wig1 —u;) —€] < Che—Ke < —¢

for K sufficiently large depending only on an upper bound on 7', ||g[\y2.ce; TV (20),
20 = UL 1Zollpes - _
This shows that condition f) holds for all ¢ € [, 7 + ], completing the proof. O
3.6. Bound on the Number of Interactions. If interaction points accumulate at time 7,
then the present algorithm can not define an approximate solution after time 7. There-
fore, we prove below that there is a finite number of interaction points.

LEMMA 3.9. Fix 6 > 0. Assume that the approximate solution z is defined on all the time
interval [0,4]. Suppose that in the interval [t1, 2], the interval (u;—1,u;) is a u—shock
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with Al = U; — Uj—1 and Zi(tl) S C(Az(tl)) + E(t1>, Zi(tQ) = C(Al(tz)) + 2€(t2). Then,
to —t1 > At.. for a suitable At > 0.

Proof. If at time ¢t € (t1,t2) there is an interaction at u; with a rarefaction, then
necessarily z;(t—) < ¢ (Aq(t)), so that z;(t) < ¢ (A(t)) + ().

Hence, we may assume that u; interacts only with shocks coming from the right.
Therefore, z;(t2) < z;(t1), which implies

C(A(t) = C(Ai(ta)) > 2e(ta) —e(tr) = € (252 — 1) > ¢

Let t € (t1,t2) be the first time such that

C(Ailt) = C(Ai(B) = 5. (3.14)
From

C(Az(tl)) — C(Al(t)) S for all t € [tl,ﬂ ) and C(Az(tl)) Z €

N

we get
C(A () > % for all ¢ € [t1, 7).

Considering again (3.14), using (3.2) we compute

. P TN T
5‘1LE““@””‘ha&wmwa&@»&@ﬁ'

Observe now that A; = u; —u;_1 and that we have uniform lower bound on ; and upper
bound on ;_1, so that A; > —C,. Since sup g” < 0, we get

€ g £ (Ai(t)
- < —-C, dt
2 t C(Ai(1) 9" (C(Ai(2)))
_ o[ ¢ (Ai(1) "
n (A1) [=9” (C(Ai(1)))]
C. |
< dt
= [supg”| Ji, C(Ai(t))
C., 2 - C, 2
Z(t= < - Z — ).
Isupg”le(t f) < Isupg”le(t2 o)
Therefore
lsupg”| 5 _ |supg”| ,.
— > = = .
t2 tl = 40* € O* € Ate (3 15)
completing the proof. O

This last lemma says that between two interactions of type (I3) along the same
discontinuity, there must be a time interval uniformly bounded from below.

ProrosiTiON 3.10. Fix 6 > 0. Let the approximate solution z be defined on all the
time interval [0, d]. Then, the number of interaction points is bounded from above by a
constant that depends on an upper bound on 7', g, on the approximate initial data zg
and on €, but is independent from .
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Proof. We first bound the number of (I3) interactions. They are the only interactions
where new waves arise. They take place only to the right of a u—shock. A u—shock exists
or arises only to the right of a shock whose right state is in (0, 1). These shocks are fixed
from time 0 since, by (3.9), no new shock can arise below 1 and shocks above 1 cannot
cross 1.

Call u, any one of the, say, m shocks that at time 0 have a right state below 1. No
new similar shock may arise at a positive time. Therefore, we trace the evolution of u, in
time, denoting u.(t) its position at time ¢. The discontinuity at u.(t) may interact with
a similar shock or may also cease to exist, decreasing the total number of such socks. As
long as u.(t) is defined, call @(t) the discontinuity adjacent to the right of u.(t) and Z(t)
the state to the immediate right of a(t). A type (I3) interaction may occur exclusively
along u(t), provided (u.(t),a(t)) is a u-shock.

If (u.(t), u(t)) becomes a u shock at a positive time ¢, then in %(¢—) there is a rarefac-
tion. Hence, z(f) < &(t) < ¢ (u(t) — u«(¥)) + €(¢) and one has to wait at least the time
At. in (3.15) before a type (I3) interaction occurs. On the time interval [0, 4], the total
number of type (I3) interactions that may take place along @ is bounded from above by
d/At. < T/At.. Since there are m such shocks, the total number of type (I3) interaction
is bounded by mT/At..

The total number of waves may increase only at type (I3) interactions, decreases
at type (I1)) interactions and remains unchanged at type (I2) interactions. Since the
number of (I3) interaction is bounded, so is the number of (I1) interactions.

Similarly, the total number intervals where z is strictly positive may increase only at
type (I3) interactions while it strictly decreases at types (I2) and decreases or remains
unchanged at (I1) interactions. Since the number of (I3) interaction is bounded, so is
the number of (I2) interactions. O

A consequence of the above result is that the present algorithm is able to construct a
solution on all the interval [0,T]. Hence, Theorem 3.2 is proved.

3.7. L' and TV Estimates. The next proposition improves the estimate in Lemma, 3.6.

ProposiTION 3.11. The approximate solution satisfies the following estimate, for all
te0,T7:

[n=solos [ -zl dvrce,
R R
1

e Cre < G(zu) < C e,

Ql

where, as usual, C' depends only on an upper bound on 7', ||g|l\y1.00, TV (20), [|20 — 1|12
and ||zo|1,00, while C, depends also on ||g”||1,c-
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Proof. With the value of K chosen in Lemma 3.8, use Lemma 3.5, the relations (3.10)
and the bound [z; — ((A)]" < 2¢, see point ¢) in Theorem 3.2, to obtain

d
/|1—ztv|dv = 2% [1—z(t,0)]" dv
< Cie(t) > (z = 1)
upward jumps crossing 1
< Coe(t) TV (3(,))
< Che(t) TV(z,) < CoeefT < Ce.
The second chain of inequalities is now straightforward, concluding the proof. 0

Our next step consists in obtaining a uniform bound on TV (z).

ProprosITION 3.12. The approximate solution satisfies the following estimate, for all
te€0,T7:
TV (2(t)) < =1+ (1 + TV(2o)) exp (C e t) < C exp(C ).
Proof. Tt is immediate to prove that in each of the interactions (I1), (I2) and (I3)

the total variation does not increase. Out of any interaction time, we can estimate the
rate of increase of TV (z(t)) as follows:

Cvem =S X o+ X o+ X |-l 616

i zi—12i7#0  i: 2;-1=0,2;#0 i: 2;=0,2;_17#0
The latter terms are non positive. Indeed, if z;_1(¢t) = 0, then

L) — 52 (0] = Szt = Lzite) < 0

by (3.3). The case z;(t) = 0 is identical. To conclude the proof, estimate each term in
the first sum in (3.16) using (3.3) as follows:

Llat) —za 0] < J(0) ~ 2a(0)
(

|—9(2:)? G(z, @) + g(zi-1)* G(z, i)

< g(zi)2|G(2;ﬂi)—G(Z ui)| + g(zi- 1) |G (25 1i-1) — G(z;5u;)]
+G(z;u;) |g zii1)? — g(z) |
< Ce“(lg(z)] (wixr — wi) + g(zim1)| (i — wim1)) + Ce |z — zi_1].

Adding over i we obtain

d €
Z TV (1) < C e ([l2(t) = Uga + TV (2()))
< OO (2 — Ulgs + Ce e+ TV (2(1)))
< Ce%C 1+ TV (2(1))
and solving this differential inequality completes the proof. |

We state without proof the following basic result that will be used below.
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LEMMA 3.13. Let X be a normed vector space, T' > 0 and v € C°([0,7]; X). If there
exists a £ > 0 such that for all ¢ € [0,T)

hmsup— lo(t+h) —v(t)]x <L,
h—0+

then v € C%*([0,7]; X) with Lipschitz constant L.
The next result proves the Lipschitz continuity in time of the approximate solution.

ProPOSITION 3.14. The approximate solution is Lipschitz continuous in time, i.e.

|z(t1,-) — 2(t2,-)||p2 < C exp (C’ec*é) [t1 —to| for all t1,t2 € [0,7T].

Proof. Fix any t € [0,T) and h € (0,T — t) such that no interaction in z takes place
in the interval (¢,t + h]. We also require that u;(t + s) < u;4+1(t) for all ¢ € [0, h) and all
i. To simplify the notation, we denote ug = —o0, z9 = 1, up41 = +0o0 and z, = 1, where
n = n(t) is the number of jumps in z(¢,-). Then,

/ D[t ) = 0] sty (1)

o

Consider the two last terms separately. Start with the first one:

Z Zi(t 4 P) Ly (tn) g (t40)) () = 26 () L (8) i (0)) (1)

=

IN

Hz(t + h, ) - Z(tv ')HLl

IN

n

Z 1[u1 (t+h), u1+1(t+h))( u) — 1[ui(t),ui+1(t))(“))
=0

. 1 [<
lim sup —- / D Lzit 4 h) = 2i(0)] Ly (e4h) s (10 (w) du
h—0+4 R o

n—1
< /RZ 120 ()] Liu () i (1) (w) du
1=1
n—1
< D8 (1) Glzoi) (wiga () — u(t))
=1
< Ce% Yz =1l
< CeCe.

du .

du
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Passing now to the latter term:
limsup — /
h—0+

lim sup — Z |2i(t) — zic1 (U)] Jwi(t + h) — u(t)]
h—0+ i=1

— Z'Zl ) — zi—1(t)] 4s(2)|

n

Z ) (Lpua o my i (6020 (0) = Ly (6w 1)) () | du
=0

IN

Z + Z + Z lzi(t) — zi1 (V)] |[ws ()] . (3.17)

i 2i—12i#0 it z;-1=0,2;#0 i: z;=0,2;_17#0

Note that Proposition 3.11 ensures that the right hand side in the first of (3.4) is uni-
formly bounded by Ce®~¢, whenever z;_; # 0 and z; # 0. Hence, the former sum above is
bounded by C'e“+¢ TV(z) < Cexp (Ce ). To bound the second sum in (3.17), use (3.4)
to obtain:

Yo lat) =z )] )]

i: 21'71:0,2»;750

C T st

2
i1 z;—1=0,2z;7#0 ¢

< Ce% > (l9(z) — g(zi0)] +19(0) = E(uir1 — ui)])
it z;—1=0,2;7#0
< CeP TV + > (i — w)
i: 21'71:0,21'750
< CeP(TV(2) + Iz = 1)
< Cexp (Cec*é) .

The latter sum in (3.17) is estimated analogously. The proof is then completed applying
Lemma 3.13. |

4. Stability and Uniqueness of the Limit. In this section we will compare any
two approximate solutions obtained in Section 1. Let z = z(¢,u) be an e-approximate
solution to

i oo
zi(t,u) + |g (2(¢t,u)) (exp/ g (2(t,v) dv) =0, z(t,u) >0 (4.1)

Ju

and Z = z(t,u) be a é&approximate solution to

Zi(t,u) + :g (Z(t,u)) (eXp Aﬂog (Z(t,v) dv)_ =0, zZ(t,u) >0

4 u

with g and g being two (possibly different) erosion functions, both satisfying (g) and in
C2? ([0, +00); R).
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As in the previous section we use the notation

+oo +oo
G(zu) = exp/ g (z(t,v)) dv and G(z;u) = exp/ g (Z(t,v)) dv

u
and, from now on, C is a positive constant dependent only on upper bounds on T,
9l w00 13llwoe s TV(20), TV(Z0), [[Z0llLoes 1ZollLes 170 = 1l[pa and [[Zo — 11 Sim-
ilarly, C', depends also on upper bounds on

1 =1
19" l.oo (0, masxtlizolipo0 1z llpoo ) A0 157 oo (0, mascfzo 001120 o0 }])

The discontinuity curves of z and Z are Lipschitz continuous. By [7, Theorem 2.71],
there exists a sequence of positive J,, converging to 0 such that the discontinuity curves
of 2% cross the discontinuity curves of Z only in a finite numbers of points. Here,
20 (t,u) = z(t,u + 6,) is also an approximate solution to (4.1) corresponding to the
translated initial datum 2%, where 22" (u) = 2,(u + 6,). Therefore, we consider now
the case in which the discontinuity curves of z and Z have at most a finite number of
points in common. The general case will then follow through a standard L! continuity
argument.

4.1. Conservation Law Type Estimates. Fix now a time 7 > 0 at which both in z and
in Z there are no interactions and at which the discontinuity curves of the two approximate
solutions do not cross. Assume that to the left of u(7) the function z is below z, whereas
to the right of w(7) the map Z is above z, in the sense rigorously described by a), b)
and ¢) below. Then, a first L type estimate is available.

THEOREM 4.1. Let u = u(t) be a discontinuity curve of z or of z defined in a neighborhood
of 7 and such that

a) z(t,u) < zZ(t,u) for all (¢,u) € (1,7 + ) x (u(t) — 6, u(t)) for some ¢ > 0;

b) = (7, ulr)+) = 2 (1, u(r)+);

c) if z(1,u(7)+) = 0, then the first upward jump to the right of u(7) is in z.

Then,

+oo
% (/(t) [2(t, w) — 2(t, u)] du> < @(2") G (Zulr) — o(z%) G (zu(r)) w2
+Cs €|z (t,u(r)+) — z (1, u(r)—)|

where z* = z (1, u(7)) if the jump in u(t) is a discontinuity of z, while z* = z (1, u(r)) if
the jump in w(t) is a discontinuity of z. The functions ¢ and ¢ are defined as

. g(z*) if 2 >0 . g(z%) itz*>0
p(2%) = l—e—B90) .. , and (") = l—e—B300) .. (4.3)
—x— ifz"=0 —x— ifz"=0
where A is the strength of the u-shock in z starting at u(7) when z* = 0.

Observe that, under the hypotheses of the above Theorem, if z* = 0, then the jump in
u(r) is in Z and z (1, u(r)+) = 0.
Proof. First observe that, by continuity, condition a) implies

z(t,u) < Z(r,u) forall we (u(r)—4d,u(r)) .
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Moreover, if Z(7,u) = 0 then (3.3) implies that Z(¢,u) = 0 also for ¢ > 7, hence a) also
implies
Z(r,u) >0 forall we (u(r)—20,u(r)) .

Thanks to the conservation law (3.6), we have

+oo
% (/ [2(t,u) — 2(t, u)] du) = —u(r) [z (1, u(r)+) — 2 (1,u(r)+)]

u(t) (4.4)

‘t:T

+F (z;u(r)+) — F (z;u(r)+)

where F is defined in (3.5) and F is the analogous flow associated to 2.

We have now two possibilities: the discontinuity in u(7) is in z or in Zz.
1. w(t) is a discontinuity curve for z. Then, at u(t) there is an upward jump in z. This
upward jump can be a rarefaction or the right side of a u—shock, see Figure 7, left.

2zt >0

Fia. 7. Left, estimate for rarefactions. right, upward jump in z.

1.1 wu(t) is a rarefaction for z. Then, z(7,u(r)—) > 0. For simplicity we define 2* =
z (ryu(r)x), 2=z (r,u(r)) and we omit the explicit dependence on time.
Inserting (3.4) and (3.5) in (4.4), we obtain (4.2) as follows:

—4 [27 — 2] + F(z;u+) — F(zu+)

= G ) 6 + (96
= O g+ I )] 1 aea s - s)EE)

IN
Y
~
N
Q
o
£
|
By
N
N
Q
xR
E
=+
Q
o
Q
o
I
+
|
S
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where we used (4.3), the relation z = z* > 0 and the following inequality (see Figure 7,
right):

9'(2) =g (3)|-]z— ="

‘ 2

—~
|
I\
+
~
|
s
—~
IN]
~—
INA

IN

C*|z+—z_ < C*e|z+—z_‘.

1.2 w(t) is at the right of a u—shock for z. Then, 2~ = 0 and from (3.4) and (3.5),
denoting by A the strength of the u-shock, we obtain (4.2):

— [zT — Z] + F(z;u+) — F(Z;u+)

M(ﬁ — ) — g(=") G(zu) + §(2) Gz )

= G o - o)+ L8 ooy g6 - a6t

= G(z;u)

As before §(2)G(z;u) — g(2)G(z;u) = @(2*)G(Z;u) — p(2*)G(2z;u), and we are left with
the quantity between braces. We distinguish two cases.

121 0<z< 2t <((A). Then g(3) — [g( )4 L)) (5 )} < 0, see Figure 8,
left.

\\

- - - - -
- - - - -

— - ===
N
I\

Q;
>

Fic. 8. Left, case 1.2.1 and, right, case 1.2.2.

1.22 0 < z < 2% < ((A) + 2. Then, u-shock is only approximately admissible and,
using the equality £(A) = g (C(A)) — ((A)g’ (¢(A)), we compute

9" —&6) | L 9D =2 () — (9 (C(A)) — C(A)g" (C(A))]
pos g9'(z") pon
< o M< -
< ||g”||Leo\< - 27,
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where ((A) < ¢ < zT. So that, by convexity (see Figure 8, right):

6(2) - [g(h) + LEDSA) (o oy
< 93) - [o=1) + g () E - 2] + = — ¢ - o — 7]
< C, 6|Z+ — 27| .

2. wu(t) is a discontinuity curve for z. Then, u(t) is a downward jump in Z and it can
be a shock or the left side of a u—shock, see Figure 9, left. As above, we define

A

z7 >0 5(7-7 U)

z2rou)=2=2>0

z z

>+ T
z Z 0 2_;'_

F1G. 9. Left, a discontinuity in z. Right, the case of a normal shock.

zt = z(1,u(t)£), z = z(,u(r)) and we omit the explicit dependence on time. We
distinguish three cases.

2.1 u(7)is ashock for z. Then, z+ > 0. From (3.4), (3.5) and by convexity (see Figure 9,
right), we compute

—t [z — 27| + F(z;u+) — F(Z;u+)
z=2%) = g(2) G(zu) + §(27)G (% u)
)

= G {aen) + LLZEE ) g o)) 49 Gl - 0 () Gesn)

z

z=—zt

7(2) Gz ) — ¢ () Glzu)
2.2 u(7) is the left side of a u-shock for z and z > 0. Then, z* = 0. Call A the strength
of this u—shock. From (3.4), (3.5) and by convexity (see Figure 10, left), we obtain

IN

—i [z — 27| + F(z;u+) — F(z;u+)

_ a(77) — £(A)e—23(0) e—A3(0) _ 1 _
= G(E;u)g( )~ & ’ z— gA lG(Z;u)—g(z)G(z;u)

g(z7) — €(A)e 29O

z+s<A>eAg<0>} ~9(2) Gz u)

z+s<A>eAg<0>} (=) G(z;u)
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ISE -

R

Z(1,u) z=
#(7,) AT
g(z7) < — — —
z=zt=0
—> -— >« — — — — — —>|

AT A |

Fia. 10. Left, first u—shock case. Right, two interlaced u—shocks

2.3 wu(r) is a u—shock for zZ and z = 0. By condition c¢), the u—shock in z ends before
the u-shock in z, see Figure 10, right. We denote by A the strength of the u-shock in Z,
by A~ and AT respectively the strength of the u-shock in z to the left and the right of
u(7), see Figure 10, right. Using the expressions (3.5) for the fluxes, denoting by u; and
u, the left and the right limits of the u—shock in z and letting u(7) = u, we have

F(z;u(r))

Therefore, using also the expression for F(2;u+) and the fact that t

creasing,

_ G(zu) —Gzwm)
- Upr — UL
1 — (a7 +aT)g(0)
AT +AT)g(0)
= G(zu) 1 ! eAT90)
’ At + A~

1—et9(0) .

s de-

—i [z — 27| + F(z;u+) — F(Z;u+)

= —F(Zut) + F(zut)

_ o—Ag(0) _ _ (a7 +A2%)9(0)
- lze G(z;u 1-c¢ — G(z;u) e=279(0)
A AT+ A
1 e—B3(0) _ 1 — 27900 A
5. . —ATg(0)

< X G(z;u) + e G(z;u)e 29

1 — ¢~ B3(0) _ 1 — ¢—2g(0)
< L o - T a)

= ¢(z)G(Zu) —p(z7) Gz u) .

with z* = 0 and where we used the fact that AT < A. a
4.2. Grouping Wave Fronts. In this subsection we show that through a careful group-
ing of wave fronts, the estimates of the previous sections are all we need to treat the

conservation law part of the problem.
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Let 7 be a time at which no interaction both in z or Z occur and at which no wave front
of z crosses wave fronts of z. Let uy(t),. .., u,(t) be the ordered wave fronts of both z and
Z in a neighborhood of 7 and let z1(¢), ..., zn(t), Z1(t),..., Zn(t) be the corresponding
states attained by z and Z. To group appropriately the waves, we define the following
coeflicients

1 if there exists § > 0 such that z;(t) > z;(¢) for all t € (7,7 + 0)
¢i =< —1 if there exists § > 0 such that z;(t) < z;(¢) for all t € (r,7+6)  (4.5)
0 otherwise.

Observe that z;(t), z;(t), and

Uit1(t)
4i(t) = /_(t) [2i(t) — zi(1)] du = [2i(t) — Zi(t)] - [wi(t) — wiy1(2)]

are differentiable in a neighborhood of 7, therefore if ¢; = 0 we have:
o zi(7) = Zi(7);

d
o« Gl = )
The last equality is due to the fact that if ¢; = 0, I; (t,) = 0 for a suitable sequence ¢,
converging to 0.
If ¢; = £1, then |2;(t) — Z;(t)| = ¢; [z:(t) — z:i(¢)] for all ¢ € (7,7 4 0), hence denoting
by % the left derivative, which obviously coincides with the derivative for differentiable
functions, we have that for any value of ¢;:

d [+
||Zl(t) —Ei(t)|du =0.
t=T1

d+  pui(t)

d+ et
2:(t) — Z(1)] du‘ s

Bl N LR iC) du| . (4)

t=T1
which implies

% ([10-m01a) | 1 " </<>() == du)

t=r =

n—l wit1(t)
= (el -l ( [ Gt -zt du>

i(t)

Since ¢}(7) = 0 whenever ¢; = 0, by conservation

n—1 wit1(t)
0= % ([ Gto -0 du)‘ =Z<[ci]++[ci]->%( JRRCOEED) du)

i=1

t=71

which leads to

dt _ _ B n—1 _+£ Wit (t) o
dt (/R|zz(t)—zl(t)|dU)’ _ZZ[&] = (Ai(t) (zi(t) — % (1)) du)

=1 |
t=
4 t=7

Now we erase from the last sum some (but not all) of the term with the coefficients
[c;]T = 0. First, we erase the terms corresponding to coefficients ¢; = 0 which are
in between two other coefficients equal to —1 or to 1 on the left and equal to —1 to
the right. Then, we erase all the terms corresponding to coefficients equal to —1. Let
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{Ie, I +1,...,Jy — 1} for k = 1,...,m be the sets of contiguous indexes left in the
summation, so that we can write

% (/R |2i(t) — Z(t)] du>’ = zi szl i) </ui+1(t) (2(t) — Z(t) du>

[ (t)

t—1 k=1 i= Ik
m Sl wit1(t)
=2y Y G ( / CIORE0) du>
k=1 i=Iy i ’t:
since when ¢; = 0, also ¢}(7) = 0. We finally obtain
d+
hll ; )| d
at </ )= =) u>\
™ gt w,, (1) -
) </ () — () du
k= ur,, (t) ’
m d+ +oo d+ +o0
= 22 — (/ (z:(t) — zi(2)) du) - — </ (z:(t) — zi(¢)) du
o | % \Vuo | dt \Ju,, 1) |
m d+ +oo d+ +o0
= 22 — / (zi(t) — z;(¢)) du + — / (Zi(t) — zi(t)) du
dt dt
k=1 ury, (t) ‘ 3 wy, () | B
We consider now the two terms in the summation. If I, = 1, then by conservation
d+ teo -
e / o (zi(t) — z(t)) du | =0=05.(21,) Gz ur,) — er1,.(21,) G(zur,)
ur,, t
with
: g(27,) if 27, #0 ( 9(27,) if 27, #0
@1, (27.) = _e A a0 and ¢, (27,) = _em A
: loe & v if 2 =0, : et — ifz; =0.

k

where Ay, is the strength of the u-shock in z (which is present when zj = 0) beginning
at us, (7). This last equality holds since the function which does not have a jump in the
first discontinuity point uy, attains the value 27, = 1, which implies that ¢(z7 ) = 0,
¢(27,) = 0. If on the other hand I # 1, then by the way we selected the terms in the
summation, ¢y, 1 = —1 which means that for the curve u(t) = uy,(t), the hypothesis a)
of Theorem 4.1 is satisfied. Moreover, ¢y, is equal to 0 or to 1, which implies that also b)
of Theorem 4.1 is satisfied. Finally, if z (7,ur,+) = 0, then also z (7,us,+) = 0, hence
cr, = 0. Then, the first upward jump to the right of u;, must be an upward jump in z,
otherwise ¢y, would be —1 and the term with index I, would have been erased from the
summation. This means that also condition c) is satisfied and that Theorem 4.1 can be



32 RINALDO M. COLOMBO, GRAZIANO GUERRA, anp WEN SHEN

applied to obtain, in any case:

“+oo
Z_—; </uz,c(t) (zi(t) — Zi(t)) du) < @or(21) G(Z;ur,) — o1, (27.) G(z;ur,)

.

+C € |Z(Ta u1k+) - Z(Tv ulk_)| .

Similar arguments hold for the other term in the summation, Theorem 4.1 can be applied
with z and z exchanged leading to

+ oS} )
Cfl_t </“ » (Zi(t) — zi(1)) du)l < i (25) Gz ug,) — @a,.(25,) G(Zug,)

+CLEz(r,ug, +) — Z(1,ug,—)| .

with

o) g(zﬁk) if 25, #0 ) g(zﬁk) if 25, #£0
P (2),) = Az, 3(0) and ¢y, (2],) = —Ay, g(0)

e loe i 2y =0, e e BT 2y =0,

k k

where Ay, is the strength of the u-shock in 2 (which is present when 23 = 0) beginning
at uy, (7). Putting everything together we have the final estimate

</|zl |du>‘ < 22{% 21 ) G(zur,) — e1,(2,) G(z;ur,)

t=1

o (25) Gz — o (25) GG um}

+C(e+€).
(4.7)
4.3. Estimates Related to the Integral Terms. The following Lemma collects the esti-
mates used to control the right hand side in (4.7).

LEMMA 4.2. Using the notations introduced in Subsection 4.2, if 7 is a time at which no
interaction occurs and at which no wave front in z crosses wave fronts in z, the following
estimates hold:

|25.(23,) — 9(23,)] A,
|1 (21,) — 3(27,) — e, (27, )+9(sz)\ < CAp g = 9llLe
7)) = 9(25) = ea(25,) +9(z5)] < CAu T~ gllpee (4.15

where Ay, = 0, respectively A, = 0, when there are no u-shock in z beginning at uy,,

19 (2(7)) = g (z(7 )l < Ce“TF(|g = gllpeo + 12(7,) = 2(7,)[[L2) (4.8)
|G(2;) = G(z;) || poo < CeP T (|7 = g llpeo + 12(7.7) — 2(7,)Ipr)  (4.9)
\pr(27,) — 1,(21)| < 119 = gllpee 4.10)
2. (25,) =25 (25)] < 13— 9l 4.11)
4.12)

)

)

)

( (
( < (

|1 (25,) —9(21,)| < CAy, (
( < C (
( (
(2]

’@Jk

respectively in z beginning at w, .
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Proof. Omitting the dependence on 7, using Proposition 3.11, we compute

/|g (2(w)|du < /|g (2(u)|du

+/ (g (2(w) = g (z(w)] =[5 (1) — g (V]| du

/| o |du+||g—g|\Lw/|z )~ 1] du

(C+Cue) (2 =2l + 17 —d'l)

IN

A

which proves (4.8).
The inequality (4.9) follows directly from (4.8) and

|G(z;u) — G(z; gz@) dv _ o[ g(2(v))

9 goz—gozp.

Concerning (4.10), if 27, > 0, @1, (27,) = 9(27,), 1. (27,) = g(z],) and the inequality

is trivial. If z; =0,
1 — e~ 21,300 1 — e~ 21,900
Ar

k

The same argument applies to (4.11).
Consider (4.12). If z7, > 0 the inequality is trivial. If 27, = 0, compute

I . 1—e 290 _
‘Splk(zlk) - g(zlk)‘ = A, —-g(0)| < CAyp,,

k

since t — (1—e~%9(0))/t is Lipschitz continuous for ¢ > 0. This argument applies to (4.13),
too.

Consider finally (4.14). If z7, > 0 the inequality is trivial. Let be zj = 0, then
compute

|1 (21,) — 3(21,) — en.(21,) + 9(21,)]

1— e*AIkg(O) 1— e*AIkQ(O)
A g(0) v 9(0)
_ \e*%@ . 1\ 15(0) — g(0)] < CAL |G- glles

where ¢ is a suitable point in between §(0) and ¢(0). The estimate (4.15) is proved
analogously. O

ProposITION 4.3. Using the notations of Subsection 4.2, if 7 is a time at which no
interaction occurs and at which no wave front in z crosses wave fronts in z, the following
estimate holds:

G120 = 2(0ll)),_, < € exp (Ce4) (Ig = glugne + 127) = 7)) +C.(e40).
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Proof. By (4.7),

G0 =20l <2Y B+ Culere),

=7 k=1

where
By = ¢1,.(21,) G(Zur,) — o1, (27,) Gz un) + ¢, (25,) G(z1ug,) — @1.(23,) G(Z ug,).
For notational convenience we now omit the dependence on 7. Observe that

_ _ Uk /- uy

Gz ur) = Gz us) el VY Glarug) = Glasug,) e

hence Ej can be split in the following way

Ey = E,+E;+E;+E.+E}, with

BE = G [oneh,) - on a1,)] [P0 5600 1]

Ep = ¢n(21,) [G(zus,) — Gz ug,)] {eff;’k’c g(z(v)dv _ 1]
E} = () Clzius,) [ S s av _ g<z<v>>dv}

Ef = o) —en(=5)] [GEus) — Gz us)]

B = Claws) [en(i) = 2n(h) —en () +enl)]

We consider the five terms separately. Using (4.10) and the uniform bounds we get

m
Sk = eyl [l o
k=1 “Ik
< (CeC-etd) ||g—g||L<>o||9°2||L1
< e’ g —gllpee 12 =1l < Ce“ P g =gl Lo -

Using (4.9) we compute

ZE% CeC*(e-i-E) [Hg/ _ g/HLco + ”5 _ Z“Ll Z/ |d’U
k=1 h=1

Ce g —gllpee + 112 = 2llpa] -

IN

IN

Concerning the third term, we apply (4.8) to obtain

m m ug,,
SE o< Y / 5 () — g (2(v))] dv
k=1 k=1
< ce0*<f+€>z / g (=(0))] dv
’U.Ik
< Celerd ||goz—goz||p < CeP D g — ol + 17— llgal
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Now, we apply (4.8), (4.11) and (4.12) to compute

[9(=1,) = 9(z5)] + Ar + Ay,

NE

S B < 0PIl — gl + 12— 2llga]

~
Il

1

IN

CeFING — g llpee + 12 =2l Y (|27, = 25, [+ Ar + Ay ]

I

IN

C exp (Ce™ ) [lg’ = g'llpem + 12 = 2la]
since 3770 Ag, < 12— 1pa, 2381 Ag, < [z = 1 and
|27, — 25, | < TV{Z, [ur,,us ]} + TV {z, [ug,, us]} -
Finally, we use (4.14) and (4.15) to get

STE < el (Z\ o) - 9] - (95 — 93]
k=1

k=1

k=1

+||§ - gHL°° Z(Alk + AJk))

m

< el [ng —g|LxZ|z;;—zfsmng—gnw]
k=1

< Cexp (CeFN g~ g llpee + 19— gllpee]

concluding the proof. g
4.4. The Final Limit.

THEOREM 4.4. Using the notations introduced in Subsection 4.2, the following estimate
holds:

/R|2(t,u) —z(t,u)|du < exp (C exp (Cec*(eJ“g)) t) /R|2(O,u) — 2(0,u)| du

+ (exp (C exp (Cec*(5+€)) t) - 1) (19 — 9llwi.co + Cx (e +€)) .

Proof. Define a(t) = [; |2(t,u) — z(t, u)| du. Then, using Proposition 4.3, for all but
a finite number of times,

d dt

—alt) = =—a
70 =

Since a is Lipschitz continuous, the above differential inequality leads to complete the
proof. O

(t) < C exp (C’e (ete ) (17 = gllyyr.o + alt)) + Cs (€ + ).

Proof of Theorem 2.1. Suppose first that g € C2 ([0, +0c0)). Take a sequence z”(t,u)
of approximate solutions to (1.11) with approximation parameters e, — 0, such that
2¥ —1 — 2z, — 1 in L. Then, using Theorem 4.4, we can compare any two members of
this sequence. Since in this case § = g we have for any ¢ € [0, T

127(t,) = 2t g < exp (C exp (Ce™FD) ) |2t = 2]+ Cu (e + ) = 0,
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as v, u — +o0o. Therefore z¥(t,-) is a Cauchy sequence and has a unique limit z(, ).
Theorem 4.4 also ensures that this limit is independent from the particular sequence, as
long as 2% — 1 converges to z, — 1 in L!. Tt is then possible to define S7z = z(t, ).

By Proposition 3.14, S9 is Lipschitz continuous in time and its Lipschitz constant is
independent from ||g”||{,co. The Lipschitz continuous dependence of S from the erosion
function ¢ and from the initial datum z, immediately follows from Theorem 4.4. Observe
that, in the limit, the constant C, that depends on ||¢g”||;,. disappear. The proof of point
3. in Theorem 2.1 is thus completed in the case g € C2 ([0, +00)).

Note that the approximate solutions do not satisfy the semigroup property 1. in The-
orem 2.1. However, this feature is gained in the limit. Indeed, call (¢,u) — 2°(¢,u; 2,)
an approximate solution constructed with approximation parameter € at time ¢t = 0 and
initial data z,. Then, by construction, z¢(t + s,u : z,) = 2°®) (t,u; 2¢(s)). Therefore,

HSerszo — SfozOHLl < HSerSzO —25(t+s,-: zO)HL1

2Ot 5255, 20)) — 572(5, 3 20) Lo TIST (s, 5 20) = 87520l s -

The former summand vanishes as € — 0 by the above construction. The latter term also,
by the Lipschitz continuity of Sy. To show that also the second term vanishes in the
limit, we use Theorem 4.4 with € = 0 and € = ¢(s), obtaining

25 (L, 2%(s, 45 20)) — S92(s, - 20) b S (exp (C exp (C’ec € S)) ) — 1) €(s)

which also vanishes as € — 0, proving 1. in Theorem 2.1.
Consider now point 2. Fix a sequence z¥ of converging approximate solutions with

approximation parameter €”. Define

XY (t,u) = u—i—/_oo (z"(t,v) —1)dv (4.16)
UY(t,x) = max{veR: X"(t,v) <z}.

Let ¢ € C((0,T) x R%R) and M > 0 such that the support of ¢ is contained in
(0,T) x (0,M), and define

+oo
/ / < (t,z) d¢(t, ) — exp </Uu(t )g(z”(t,v)) dv) gbm(t,x)) dedt. (4.17)

By the divergence theorem, we get I" = I{ + I3 with
—+oo
r —/ / ( U/ (t,x) + |exp (/ g(z”(t,v))dv)] >¢(t,:v)dxdt (4.18)
U (t,x) *
T n(t +o00
Iy = / AU (t,7(t)) + Aexp / 9(2”(t,v))de ¢ (t,vi(t)dt
U (t,7i (1))
(4.19)

Consider a single term in the sum above and, for a fixed time ¢, set u* = U (t,y(t)+).
Then,

+o0
Aexp (/ g (Zu(t,’l))) dU) — G(ZV;U+) _ G(ZU;’U,_)

U¥ (t,7i(1))
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Moreover, for any u € (u~,u") and using (3.5), (3.7),

Ai(t) = XY (t,u) = O /u (2*(t,v) — 1) dv = _G(Zu;u-i-)A;]f;(zu;u_)

— 00

proving that the integral in (4.19) vanishes: I} = 0.

(13 uf = uz)

Fic. 11. Graph of U¥(¢,-).

To estimate the integral (4.18), let v;(¢t) ¢ = 1,..., N(¢) be the curves along which

U¥(t,z) has a kink or a jump discontinuity (see Figure 11). Define u; = U (¢,v:(t)+),
uf = UY (t,%i11(t)=). If v(t) is a discontinuity point for U¥(t,x) then u , < u; .

Between ~;(t) and 7,41 (t), U” is linear, therefore if « € (7;(t), vi41(t)), then
U¥(t,x) € (u:, uj‘) ;
Uy (t,x) ! ! ith z; >0
r) = ————— = — with z; > 0;
A 2V (L, UY(t,z)) =2

—Xy (LU (Ge) _ g(z)G () UVt )

Uite) = n o) %
where we used (3.5), (3.7) and (4.16) to compute
Xitw) = ()
Xp(tu) = 0 / (2(t,0) = 1) dv = g(2:)G (=" (¢, ), u) .

Concerning the term with the exponential,

+oo
lexp </Uu(t7w) g (2" (t,v)) dv)] )

(G (Z"(,-); Ut 2))],

= -9 (ZU (t7 Uu(tv CL‘))) G (Zu(tv '); U”(t,x)) U/ (t, x)
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We write now the integral (4.18):

TNt) 1
= /

L P 00 0
-/ Z/ (22 @G e 0 1) - 6 05010 ) ote.0) dot,

/%H =U"(t,x) + [G (2" (t,-); U (t,x))],) ¢(t,x) dadt

i= zi
hence
B S I A CIIP
< ol 30 [T a0 o
i ? ue[ufu.*]
T N~ 7 7
v i+1 7 N 3 —
< ohom |GG Nl [ 3 g — o) at

since Gy (27(t,-);u) = g(2:)?G (2¥ (¢, -); u)
If we finally observe that X1 = u;f —u;" and that |g (2;)|(u]” —u;) < Ce”, we get

TNt) 1

]S OO C G lm [ 3 gzl =) a

IN

C()2|0l e |G (2 Hm/ /|g vt )| dudt

C(e)?[dlpee |G (2" (t,))lpee 2" (t, 1) = 11 = 0 as v — +00.

Therefore, I¥ — 0 as v — +o00. Moreover, (2¥(t,-) — 1) — (2(¢,-) — 1) in L' implies
that G (2¥(¢,-);-) — G(z2(t,-);-) and X¥(¢,-) — X (¢,-) uniformly. Therefore, the cor-
responding inverse functions U” are such UY(t,z) converges to U(t,x) at any x which
is a continuity point for U(¢,-). Hence, U”(t,-) — U(t,-) pointwise everywhere outside
a countable set. Therefore U”, respectively G (2¥(¢,-); U), converges pointwise almost
everywhere on the plane (¢,2) to U, respectively and G (z(¢,-); U). By the dominated
convergence theorem we can pass to the limit in the integral (4.17) and obtain

/ / ( (t,z) ¢ (t,x) — exp (/[]J(r:)g(z(t,v))dv> %(t,x)) dzdf = 0.

Suppose now that g satisfies (g). Let p, be a sequence of functions in C° ([0, +00); R)
such that p, <supg” and p, — ¢” in L ([0, +00); R). Define

a) = [ (¢4 ["pie)ao)ao

g, satisfies (g)

gy € C2 ([0, +00); R)

gy — g in W ([0, +00); R) .
and Theorem 2.1 applies to each g,, yielding a semigroup S9”. Moreover, the Lipschitz
constant L of S9 is independent from v, so that

158" 2 — 57" 26

IN

so that

lex < Ltllgw — gl
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and a straightforward limiting procedure allows to complete the proof of 3.
Concerning 2. observe that the approximating sequence U” (¢, x) are exact solutions
to the equation

T “+o0
/ / U”(t,z) ¢t(t,x) — exp / gy (27 (t,v))dv | ¢p(t,x) | dzdt = 0.
0 JR U (t,x)

Since 2V (t) = S7* 2z, — 2(t) = S{z, in L, as before we can pass to the limit inside the
integral and conclude the proof of the theorem. O
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