ERROR ESTIMATE FOR GODUNOV APPROXIMATION OF LOCALLY
CONSTRAINED CONSERVATION LAWS

CLEMENT CANCES* AND NICOLAS SEGUINT

Abstract. We consider a model of traffic flow with unilateral constraint on the flux introduced by R. M. CoLoMBO and P.
GOATIN [14], for which the convergence of numerical approximation using monotone finite volume schemes has been performed
by B. ANDREIANOV et al. [4]. We derive for this problem some new BV-estimate, and make use of it to provide an error estimate
for the Godunov approximation of the problem of order h'/3 that is improved into the optimal order h!/2 under a reasonable
assumption. Numerical experiments are then provided to illustrate the optimality of the result.
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1. Presentation of the continuous problem. Recently, R. M. CoLoMBO and P. GOATIN [14]
analyzed the following model of traffic flow, inspired from the so-called LWR model [21, 25], with a constraint
on the flux:

Ou+ 0 f(u) =0 for (z,t) € R x Ry,
u(z,0) = up(zx) for z € R, (1.1)
f(u)(0,t) < F(t) forteRy,
where f is supposed to be Lipschitz continuous on [0, 1] and bell-shaped, i.e. there exists @ € (0,1) such that
f(0)=f(1) =0, >0, f'(u)(@—wu) >0 for a.e. ue|0,1], (1.2)
and where the constraint F' satisfies
0< F(t) < f(u), for ae. t € Ry.

This constraint F' models toll gates or traffic lights. In the case where the flow is not constrained, i.e.
F = f(u), then it is well known that the good notion of solution for the problem (1.1) is the notion of
entropy solution [23, 28, 19]. In the case where the constraint becomes active, i.e. F(t) < f(@) on a
non negligible set of R, then it is shown in [14] that a non-classical shock with zero speed can appear
at the interface {x = 0}, so that the constraint can be satisfied. It has then been pointed out by B.
ANDREIANOV, P. GOATIN and N. SEGUIN [4] that the problem (1.1) can be immersed in the framework of
scalar conservation laws with discontinuous flux functions, that has been widely studied during the last years.
Among the numerous references available on this topic, let us mention that ADIMURTHI, S. MISHRA and G.D.
VEERAPPA GOWDA [1] exhibited that such scalar conservation laws with discontinuous flux function admit
an infinite number of solutions.
More precisely, we look for solutions of

{ Ou+ Opf(u) =0 for (z,t) € R x Ry, 13)
u(z,0) = uo(x) for z € R,
that satisfy the usual entropy criterion away from the interface, i.e. such that

Otlu — K|+ 0, P, (u) <0, in D'([0,+00) x Ry), (1.4)

where @, (u) = sign(u — &)(f(u) — f(x)). We also require the continuity of the flux at {x = 0}, yielding the
Rankine-Hugoniot condition

flur) = f(ur), (1.5)

where uy, and ug respectively denote the one-sided traces of u on {z = 0} from {x < 0} and {z > 0}, i.e.

0 €
ur(t) = lim l/ u(zx, t)dx, ug(t) = lim l/0 u(z,t)de. (1.6)

e—0t € J_. e—0t €
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2 C. CANCES AND N. SEGUIN

Note that, following E. YUu. PANOV [24], since the flux function f is non constant on any interval and since
the solution u satisfies (1.4), then the traces uy, g defined by (1.6) exist for almost all ¢ > 0.

As it was first noticed in [1], uniqueness of the solution of (1.3)—(1.5) fails since undercompressive shocks
can be generated by the interface {x = 0}, yielding an infinite number of solutions. More precisely, define by

U={(A,B)e0,1]°| f(A) = f(B), A>uand B <}
the set of all possible stationary undercompressive shocks. For all (A, B) € U, the piecewise constant function
x> Ally<o(z) + Bllyso(x) (1.7)

is a steady solution to the problem (1.3)—(1.5), being a usual entropy solution in the sense of [19, 23] if and
only if A = B = u. It has been emphasized in [9, 5] that for all (A, B) € U, there exists a unique L'-
contraction semi-group such that (1.7) is a solution to the problem. Reciprocally, given a time independent
L'-contraction semi-group for the problem (1.3)-(1.5), there exists a unique (A, B) € U such that (1.7)
is a solution to the problem. Let u be the solution of (1.3)—(1.5) belonging to this latter L'-contraction
semi-group, then its one-sided traces satisfy

@p(ur(t)) — ®a(ur(t)) <0, forae. t>0.
Moreover, it has been pointed out in [3] that

flur) = f(ur) < f(A) = f(B) for ae. t >0,

so that the choice of (A, B) € U enforces a constraint on the flux at the interface.
Symmetrically, let F € L=(R,;[0, f()]), then there exists a unique couple (4, B) € (L>®(R,;[0,1]))>
such that

A(t) zu  (resp. B(t) <m),  F(t) = f(A(t)) = f(B(t)). (1.8)

Obviously, (A(t), B(t)) € U for a.e. t > 0.
DEFINITION 1.1. Let F € L*®(Ry4; [0, f(w)]), and let A,B € L>®(R.) be defined almost everywhere
by (1.8), then the subset G*(t) of [0,1)?, defined by: for a.e. t > 0,

G*(t) = {(cL,cr) € [0,1° | f(cr) = f(cr) and ®pg)(cr) — Pac(cr) <0} .

is said to be the L'-dissipative (dual) germ corresponding to F.
We refer to [5] for an extensive discussion about the notion of L!-dissipative germs and to [3] for a
discussion on the correspondence between constraining the flux and choosing an undercompressive shock.
We focus now on the characterization of the relevant solution to (1.1).
DEFINITION 1.2. A function v € L>®(R x R4; [0, 1]) is said to be a solution of the problem (1.1) if:
1. for all k € [0,1], for all v € DT (R x Ry) such that 1(0,-) = 0,

+oo
/ / |u(z,t) — k|0 (x, t)dxdt —|—/ |uo(z) — kl(x, 0)dx
0 R R

+oo
—|—/0 /R@K(u)(x,t)axz/)(x,t)dxdt > 0; (1.9)

2. for almost every t € Ry, the one-sided traces (ur(t),ur(t)) belong to G*(t).
REMARK 1.1. Three equivalent notions of solutions to the problem (1.1), among which the previous one,
are proposed in [4]. Here, we choose to focus on only one of them, which is sufficient for our study.
Let us describe now the L!-dissipative germ G* involved in the problem (1.1). Given a constraint
F € L*®°(R4, [0, f(w)]) and A, B the functions defined by (1.8), then following [4], the L!-dissipative germ G*
corresponding to the problem (1.1), represented in Figure 1.1, can be split into three parts

G (t) = Gi(t) U Ga(t) U Gs(1),

where
e Gi(t) = (A(t), B(t)) corresponds to the unique undercompressive shock allowed at time ¢ > 0;
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Fi1G. 1.1. Left: graphical representation of the values A(t) and B(t) corresponding to the constraint F(t). Right: graphical
representation of the corresponding L'-dissipative germ G*(t).

o Go(t) = {(c,c) €[0,1]% | f(e) < F(t)} corresponds to a continuous solution across the interface and
a flux satisfying the constraint;

e G5(t) = {(cr,cr) € [0,1]2 | e <, cg > and f(c) = f(cr) < F(t)} correspond to the
compressive stationary shocks satisfying the constraint.

We now state the existence and uniqueness result for the solution u of the problem (1.1) whose proof
is detailed in [14, 4]. The time continuity of the solution u prescribed below is a consequence of the result
stated in [11].

THEOREM 1 ([14, 4]). Let up € L>®(R;[0,1]), and let F' € L>(Ry; [0, f(w)]), then there exists a unique u
solution to the problem (1.1) in the sense of the Definition 1.2, which furthermore can be assumed to belong
to C(Ry, Li (R)). Moreover, if v is another solution corresponding to the initial data vo € L>°(R;[0,1]) such

loc

that (ug — vo) € LY(R), then one has, for all t € Ry,

u(-,t) = v(B)llLr ) < lluo = vollLr)-

2. Godunov approximation of the problem and main result.

2.1. The Godunov approximation. In this section, we introduce the Godunov approximation of
the problem (1.1). For the sake of simplicity, we choose to deal with uniform discretizations of R x R;.
Nevertheless, note that all the following results can be adapted to the case of non-uniform discretizations.

Let A > 0 the space step, we denote, for all 1 € Z,

1 Tiq1
x; = ih, Tiy172 = (i +1/2)h and u?+1/2 = E/ uo(z)dz.

Let & > 0 be the time step, we denote by " = nk (n € N), and by

1
P E/ F()dt, A" =max{s € [0,1] | f(s) = F"}, B" =min{s € [0,1] | f(s) = F"}. (2.1
tn
Note that F™ < f(u) (n € N).
We define the constrained Godunov scheme by
n+1 n
Uiri/2 ~ Yit1/2 n (.m n n(,mn n
/fh + Gi+1(ui+1/27ui+3/2) -G (ui—1/27 Ui+1/2) =0, (2:2)
where G} is the Godunov numerical flux through the edge x;, given by
e the classical Godunov numerical flux G if i # 0, i.e.

min f(s) ifa<b,
G7(a,b) = G(a,b) = min (f(min{a,@}), f(max{w, b})) = E{%ﬁj f(s) ifb<a; (2.3)
se|b,a

' The set DT (R x R) denotes the space of C*°(R x Ry;Ry) functions with compact support.
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e the constrained Godunov numerical flux Gfj if i = 0, i.e.
G (a,b) = min (F", G(a,b)) (2.4)

as proposed in [4].

We now state a Proposition, whose generalization to the case of discontinuous flux functions is the
purpose of the note [3].

PROPOSITION 2.1. The constrained Godunov numerical flur (2.4) coincides with the classical Godunov
numerical flux for the constrained problem, i.e. f(U(0;a,b)) where U(x/t;a,b) is the self-similar solution of
the constrained Riemann problem (described in [14]).

Proof. Consider ug(z) = allz<p + bll;~¢. First, solving the Riemann problem without constraint, i.e.

O+ 0, f(v) =0 in R xRy,
Vo =allzco+bllz50 inR

provides that either the solution v is continuous at = 0 and ¢ > 0, with v(0,¢) = ¢ that does not depend on
t, or we have an compressive shock f(a) = f(b) and a < b. In any case, the solution is self-similar, yielding
that ¢ = f(v)(0,t) is constant on (0,400), and is exactly given by the formula (2.3).

Assume first that f(v)(0,¢) < F"™, then, clearly, v satisfies (1.9). Moreover, (v(07,t),v(07,¢)) either
belongs to Ga(t) or Gs(t) (that do not depend on time, since we consider here the constraint F' = F™).
Therefore, v is the unique solution of the problem (1.1) for the constant constraint F' = F™.

Assume now that f(v(0,t)) > F™, then one deduces from the formula (2.3) and from the fact that f
is bell-shaped (1.2) that a > B™ and b < A™. In this case, define u as the solution of two distinct initial
boundary value problems

Ou+ 0, f(u)=0 nR_ xRy Ou+ 0, f(u)=0 inRy xRy
Uleg = @ in R_ U,_o =0 in Ry
Up,_, = A" in Ry, u,_, = B" in Ry.

Since a > B™ (respectively b < A™), the wave connecting a to A™ (resp. B™ to b) has a non-positive (resp.
non-negative) speed, so that the boundary condition is fulfilled in a strong sense in each case. Clearly, u
satisfies (1.9), and its traces on the interface belong to Gs(t), thus u is the unique solution to the problem (1.1)
for the constant constraint /' = F™, and the flux at the interface is exactly given by F". O

All along this paper, we assume that the following CFL condition is fulfilled:

ik, 29

where L denotes the Lipschitz constant of f, and also that the time step is bounded, let say, without loss

of generality,

k<1 (2.6)

DEFINITION 2.1. We denote by uyp, the so-called approximate solution, defined almost everywhere by

up(@,t) = ulyy s i (2,) € (25, Tig1) ¥ [t "+,

We now state the L stability of the scheme. We refer to [4, Proposition 4.2] for the proof of Proposi-
tion 2.2.
PROPOSITION 2.2. Under the CFL condition (2.5), one has 0 < up <1 a.e. in R xR,

2.2. Approximate traces on the interface. In this section, we seek to introduce, for all n € N, two
artificial approximate traces uf}, u% such that (u},u}) belongs to the approximate germ G”, defined by

G"=Grugy with Gf =(A",B") and G§ ={(c.c) € [0,1]? | f(c) < F"},

and then to derive some properties on them.
PROPOSITION 2.3. For all n € N, there exists (u},u'y) € G" such that

Go(ulyj9,uljn) = G(uly g, up) = Gufg, uyyy) = ful) = f(uf). (2.7)
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In the case where G(uﬁl/Q, u’ll/Q) < F™, one has either uf} = u' = u’jl/z oru} =ul}h = u’ll/z. Moreover, the
case u} = A" and uy = B"™ only occurs when u’1‘/2 < A™ and uﬁl/Q > B,

Proof. We can prove the above Proposition by a case by case study. For reader’s convenience, we drop
the index n. Let u_;,5 and w5 belong to [0, 1], then we define by uty ), € [@, 1] and Uiy € [0,@] by

f(U*—1/2) = f(u—l/Q)v f(uf/g) = f(u1/2)'

1. Assume that 0 <u_;/ < B.
(a) If uj/p < ujl/Q, then up = up = u_y o satisfies (2.7).
(b) If uy/o > ujl/Q, then up = up = uy /, satisfies (2.7).

2. Assume that B < u_1/o < 1.
(a) If 0 <wuyjp < A, then up, = A and ug = B satisfies (2.7).
(b) If A <wuyjp <1, then ur = ur = uy/y satisfies (2.7).

REMARK 2.1.

1. Note that u’,u'% are not in general unique. Indeed, assume that “711/2 < B", and that u’1‘/2 ="

1/27
then (u},u'}) can be chosen equal to either (u’_Ll/Q,u’llﬂ) or (u?/z,u?/z). Of course, whatever ti/n's
choice is, the flur f(u}) = f(u}) through the interface {x = 0} is unique.

2. The introduction of these approximate traces enables us to rewrite the constrained Godunov scheme
(2.2)-(2.4) as two classical Godunov schemes on {x < 0} and {x > 0} with respective Dirichlet
boundary conditions u} and u'y:

n+1 n
Uit172 — Uit1y2 n n " n .
AL AR 2 2 + G(“i+1/2a ui+3/2) - G(Ui—l/za ui+1/2) =0, fori¢{-1,0},
u" T —
—-1/2 —-1/2 n n n n
. L 2 + G(u—1/27uL) - G(u_3/2, U—l/z) =0, (2.8)
n+1 n
Y2 —"My2 n_.m no,n
/ A h+ G(ui)p, uy)) — G(ug, uy),) = 0.

In the sequel, we denote by uy, , and ug,j the functions defined by
up p(t) ;== ul, upp(t) =ul fort € [t ¢"Th). (2.9)

2.3. Convergence of the scheme and error estimate. We state here the following convergence
result, which is the main result of [4].

THEOREM 2 ([4]). Let F € L>®(Ry; 0, f(@)]), and let ug € L>*(R; [0, 1]), then, under the CFL condition

2Lk
Tf <1-¢,  with & €(0,1), (2.10)

then the approximate solution wy defined in Definition 2.1 converges in L}OC(R x R4) towards the unique
solution u to the problem in the sense of Definition 1.2 as h tends to 0.

REMARK 2.2. Note that the CFL condition (2.10) is slightly more restrictive than (2.5), so that some nu-
merical diffusion stabilizes the scheme. However, we will deduce from this work that, if the data are sufficiently
reqular (roughly speaking in BVio. ), then the scheme still converges under the weaker CFL condition (2.5).
First, we need a classical BVj, assumption on (A4, B):

ASSUMPTION 1. The functions A and B defined in (1.8) belong to BV (R4).

Notice that this last assumption is slightly more restrictive than the one imposed in [14], i.e. F' € BVj.(R4).
Nevertheless, in the particular case where min,¢[o,17 [ f'(u)| > @, as in the so called hat fluz test case proposed
in Section 6, Assumption 1 is equivalent to assuming F' € BV, (R4).

In order to improve the error estimate, we shall make the following assumption.

ASSUMPTION 2. There exists Cgy depending only on T such that, for all discretization parameters h,k
fulfilling (2.5), and for all 7 € (0,T),

T—7
/ (|’U,L7h(t + 7') — uLﬁh(t)| + |uR1h(t + 7') — UR,h(t)Ddt < CgyT.
0
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In the sequel, we denote by wg the subset of R x R, given by
wr={(z,t) e Rx Ry | |[z] <R — Lyt}. (2.11)

Because the solution u propagates with finite speed lower or equal to L, the restriction to wg of the solution
u depends only on the restriction of ug to [—R, R].

Let us now state the main result of this paper. It relies on two error estimates between the approximate
solution uy, and the solution u. As usual, it is derived in the BV setting, but due to the (relatively slight) loss of
control of the approximate traces (u}, u’),, the optimal order, that is h'/2, is obtained under Assumption 2.

THEOREM 3. Let ug € BVio(R), let u be the unique solution of the problem (1.1), and let up be
the approzimate solution given by its Godunov approzimation. Then, under the CFL condition (2.5) and
Assumption 1, for all R > 0, there exists C' depending only ug, f, A, B and R such that

// lup (z,t) — u(x, t)|dzdt < ChY/3, (2.12)

Moreover, if Assumption 2 holds, then for all R > 0, there exists C' depending only ug, f, A, B, Cy and R
such that

// lup (x,t) — u(zx, t)|dedt < CRY2. (2.13)

REMARK 2.3. In the particular case of a Riemann problem, then ur j and ugj are constant w.r.t. time,
then Assumption 2 holds for Cgy =0, and the error estimate (2.13) holds.

The proof of Theorem 3 is based on the doubling variable technique introduced by S. N. KRUZKOV [19]
for proving the uniqueness of the solution of the entropy solution of a multidimensional scalar conservation
law, and then used by N. N. KuzNETsOV [20] in order to obtain some error estimate for the approximation
of scalar conservation laws by monotone finite differences methods.

In order to obtain the convergence rates 1/3 and 1/2 stated in (2.12) and (2.13), we need to show that

(i) the exact solution u belongs to BV (R x Ry),

(ii) the approximate solution wy is uniformly bounded w.r.t. the discretization in BVie.(R x Ry).

2.4. Outline of the paper. We derive in Section 3 a uniform (w.r.t. the space step h) estimate for the
local total variation of the approximate solution u,. As a direct consequence, this will yield an estimate on
the local total variation of the exact solution u. In Section 4, we provide the discrete and continuous entropy
inequalities that the approximate solution verifies. Section 5 is devoted to the proof of Theorem 3, following
N. N. KuzNETsov [20]. We illustrate our error estimates by numerical tests in Section 6 and discuss in
Section 7 several perspectives which could follow this work.

3. BV estimates. We first derive BV estimates on the approximate solution. This requires a careful
study of the approximate traces, based on an extended definition of the numerical total variation which
incorporates the discrete traces. Secondly, we deduce BV estimates on the exact solution.

3.1. BV estimate on the approximate constraint.
LEMMA 3.1. Under Assumption 1, the functions Ay, By, defined respectively by Ap(t) = A™, B(t) = B"
if t € [t ¢t belong to BVioe(Ry), and, for all T > 0,

TV[O,T] (Ah — Bh) = TV[O)T] (Ah) + TV[QT] (Bh) < TV[07T] (A) + TV[QT] (B) + 1. (3.1)

Proof. Assume first that the functions A, B are smooth, so F' = f(A) = f(B) is Lipschitz continuous.
Then, for all n € N, there exists " € (t",¢"*1) such that F™ = F(f"). Hence, A" = A(f") and B" = B(t").
Thus, denoting by N the index of the time step where ¢V < T < tV+1 one gets that

N— N-1
TViory(An) = Y |A™H — A" = Y A — A(™)|
n=0

=

©
L

[AETY) =A@+ AEY) — AEY)].

3
Il
=]
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Since [A(#N) — A(HV"1)| <1 -7 and 25;02 |A(T" 1) — A(f™)| < TV{o,77(A), one obtains that
TVio,11(Ar) < TVo,1)(A) + (1 — ).
Similarly, we can state that
TVio,71(Bn) < TVio,7y(B) + 7,

so that the estimate (3.1) holds for smooth functions A, B. Assume now that A, B only belong to BVio.(R4),
then there exists some sequences (A,), ey, (By),ens (Avn), ey and (Byn), oy of smooth functions (obtained
for example by convolution with smoothing kernels) such that A, — A, B, — B, A, j, = Ay and B, j, — By,
a.e. in Ry as v — oo and

TV[O_’T] (A,,) < TV[OyT] (A), TV[OyT] (B,,) < TV[O_’T] (B),
TVior(Avn) < TVior(An), TVio,71(Bu,n) < TVio,71(Bn)-

Then we can pass to the limit and extend (3.1) to functions A, B merely in BV, (R4).
It only remains to check that due to their definition (2.1) and to the bell-shaped behavior of the function
f, the functions n — A™ and n — B™ have variations of opposite signs, i.e.

AnJrl Z An o FnJrl S Fn o Bn+1 S Bn,

yielding TV(A, — By) = TV(A) + TV(By). O

3.2. Space BV estimate on the approximate solution. In the sequel, we introduce a modified total
variation, that takes the approximate traces into account:

TV(un(1") = 3

i#£0

n n n n n n
Uir1/2 — ui71/2‘ + ’U’fl/Q - UL’ + ‘U1/2 - UR’ )

while the classical total variation of up(-,t") is given by

TV (,#) = 3

i€

n n
Wit1/2 — uifl/Q‘ .

We first state the following technical lemma, whose proof can be carried out thanks to a case by case study.
LEMMA 3.2. Let (c,d) € [0,1]? such that ¢ > d and (a,b) € [0,1]%. If we denote

U(a,b) = |c—a| +[d—b] —|a—b],

we have
a € 10,d] a € [d, ] a € [e, 1]
be[0,d] | U(a,b)=c+d—2(aTh) U(a,b)=c+d—2a U(a,b)=d—c¢ 39
beldc| U(a,b)=c—d U(a,b)=c—d—2(a—0b)" U(a,b) =2b— (d+¢) (3:2)
b€ e 1] U(a,b)=c—d U(a,b)=c—d U(a,b) =2(ald) — (c+d)

where aTb = max(a,b) and alb= min(a,b). In particular, if (a,b) € [d, 1] x [0,¢], we have

[P (a,b)] <c—d.

LEMMA 3.3. For allt > 0, one has
[TV (un(-,t)) = TV (un(-,t))] < 1.
Proof. Let t € [t",t"T1). Assume that (u?,u’) € G&, then TV (up(-,t)) = TV (up(-,t)). We now focus on

tsl.le case where (u},ul) = (A™, B™). As seen in Proposition 2.3, this implies that u’_‘l/2 > B™ and u’ll/2 < A"
ince

TV (un(-,1)) = TV (un(,1)) = [uly o = A"+ [ujy = B"[ = |uly 5 = uys],
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then using the lemma 3.2 with a = u", ,, b= u’ll/z, c= A", d = B"™ provides the result. O
Denote by A C N the set of the time step indices where the constraint is saturated, i.e.

peEN & uﬁl/2ZBp andu’l’/ngP (& G(u’il/Q,ufﬂ)sz),
and introduce the sets

A={peN|pdA p+1ehAl, A={pcA|p+1¢A}, A=A\R,
T=N\(AUuA)={peN|p¢A (p+1)¢A}

so that we have N = TU/OXUAUK.
LEMMA 3.4. Let p € Y, then, under the CFL condition (2.5),

TV (un (-, 7)) < TV (up (-, t7)).

Proof. Since p ¢ A, then uy(-,tP*1) is the solution computed by the classical Godunov scheme without
constraint. Hence, it follows from classical computations (see e.g. [17] or Lemma 5.7 in [16]) that

p+1 p+1 uP
Z |ui+1/2 w;_ 1/2| < Z |uz+1/2 i71/2|' (3.3)
i€Z =
Now, since p € T then, thanks to Proposition 2.3, for ¢ € {p,p+ 1}, either v = u}, = u‘il/Q oruf =uf, =

uf /o As a consequence,
TV (un(,t1)) = Z w12 = Wiy ol (3.4)
i€z

Lemma 3.4 is a direct consequence of (3.3) and (3.4). O
LEMMA 3.5. Let p € A, then, under the CFL condition (2.5),

TV (un (-, 7)) < TV (up(-, 7)) + (APTH — BPFY),

Proof. Since p ¢ A, then, as previously,

Z |uf:11/2 f+11/2| < Z |uz+1/2 ?71/2| = TV(uh(-, tP))-

€7 €L

Since (ub™!, ul) = (APT1 BPH1) | then

TV (un (- 771) < TV (up (-, 7)) + R, (3.5)
where
RPFL = [P p+1 Ap+1|+|u11?721_Bp+1|_|u2i721_ Ij}2| (3.6)

Since p + 1 € A, then one has, thanks to Proposition 2.3, uer} > BPt! and up;rl < APt Hence we can
apply Lemma 3.2 to claim that RPT! < Ar+!l — prtl O

We investigate now the cases where the constraint at the time step P is saturated, i.e. if p € A UA.
In these cases, (uf,uf,) = (AP, BP), and adapting once again the computations of [16, Lemma 5.7] on the
formulation (2.8), we get, under the CFL condition (2.5),

p+1 ;D+1 p+1 _ pp Z
Z Uip1yo — Ui 1/2’ + [uy)y — BP| < u
>0 >0

D Ju

<0

p _ P p _ P
i+1/2 ui—1/2‘+|“1/2 BP|.

— AP

P+l p+l _ ap P P P
Uipqry2 — Ui 1/2‘ + [ul 1/2 AP < § , Witqy2 — Wi_qyo +|U_1/2
i<0
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As a direct consequence of the inequalities stated above, one has

TV (un (- 771)) < TV (up (-, 7)) + R, (3.7)
where
RV =l — | — [P, = AP+ [ =l ) - B (3.8)

LEMMA 3.6. Let p € A, then, under the CFL condition (2.5),

TV(un (7)) < TV(un(-,t7)) + [(APF = BPHY) — (AP — B7)].

Proof. Since p+ 1 € A, one has (ub*", ulF') = (AP+1 BP+1). Replacing in (3.8) leads to, thanks to the
triangle inequality,

Rp—i-l < |Ap+1 _ Ap| + |Bp+1 _ Bp|
Since APt! > AP if and only if BP*! < BP, one obtains
'Rp-i-l < |Ap+1 _ Ap| + |Bp+1 _ Bp| — |(Ap+1 _ Bp-i—l) _ (Ap _ Bp)|_ (3'9)

We conclude by using (3.9) in (3.7). O
LEMMA 3.7. Let p € A, then, under the CFL condition (2.5),

TV(uh(-,tp+1)) < 'TV(uh(-,tp)) + (B;D-i-l _ Ap-i—l) + |Ap+1 _ Ap| + |Bp+1 _ Bp|_

Proof. Since, thanks to Proposition 2.3, u/ = uly e fuPT P then the expression (3.8) turns to
172> U1 /2

RPFL < REFL | APHL 4P| 4 | BPTY — BP),
with

+1 +1 +1
RE = ) — ol = 7

+1 +1 +1
172 —U_1)2 Q_Ap |- |UI1)/2 - B

1/

Since p+ 1 ¢ A, we known from the case by case study carried out in Proposition 2.3 that uﬁ"{% < Brtl or

u’fj‘zl > APt We deduce from the first column and the last line of (3.2) that RYT! < Brt1l — Ar+1 [

LEMMA 3.8. Assume that ug € BV(R), then, under the CFL condition (2.5) and Assumption 1, there
exists C' depending only on A, B and T (but neither on h nor on k) such that

TV(uh(-,T)) < TV(UQ) + C. (3.10)

Proof. Let n € N be such that T' € [t",t"T1), then

n—1

TV(n(T)) = TV(un(-0) + Y (TV(un (- #77) = TV(un(-, 7)) .

p=0

From Lemmas 3.4, 3.5, 3.6 and 3.7, we deduce that

07 lfp S T,
Artl _ Brtl if peA,
TV(uh(-,tp+l)) — TV(uh(-,t”)) < °
|(APHE — BPHY) — (AP — BP)], if p € A,

BPHL— APFL 4 |(APHL — BrHLl) (AP — BP)|  ifp € A.
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Therefore,

TV(un(-T)) < TV@n(,0) + 3 (A7 = BrHY) - (4P — B7)|

p<n—1
pEA
+ > (APt N (Bt - Art), (3.11)
pﬁgxl p<n—1
pei pEA

Since for all p, ¢ € A with p < ¢, there exists » € A such that p < r < ¢, and since |A* — B¥| <1 for all k, it
follows

> ((A7 = BP) — (AT — BPT)) > (A0 — BO)IA(0) + ) (APTT— Bt 4+ Y (B - APt ]

p<n—1 p<n—1 p<n—1
pEA PEA pEA

where the last term —1 is a lower bound to A™ — B™. This inequality can also be written as

Z (APFL — ppily 4 Z (BPFL — APFYY <1 4 Z |(AP+T — BPHLy — (4P — BP)| (3.12)
p<n—1 p<n—1 p<n—1
PEA pEN PEA

which, taking (3.12) into account in (3.11), yields

TV(un(-T)) < TV(un(-,0)) +1+2 Y |(APH — BPHY) — (47 — BP)|

p<n—1
pEA

S TV(uh(, 0)) + 1+ 2TV[07T] (Ah — Bh).

We conclude by using Lemmas 3.1 and 3.3. 0
PROPOSITION 3.9. Let ug € BV(R), then, under the CFL condition (2.5) and Assumption 1, there exists
C' depending only on ug, T, A, B such that, for all £ > 0,

T
/ / lup(z + &, 1) — up(z, t)|dedt < CE.
o Jr

Proof. Tt follows from Lemma 3.8 that the function up (-, t) has a bounded variation for all ¢ € [0, T'], thus
there exists C' depending only on ug, A, B, T such that

/ lup(z + &, t) — up(x, t)|de < CE.
i

We conclude by integrating w.r.t. to ¢t € [0,7]. O

3.3. Time BV estimate on the approximate solution.
LEMMA 3.10. Let ug € BV(R), then, one has

n 0 2Lk .
Dol =iyl < =ETV (7). (3.13)
1€EL

Proof. The scheme (2.2) can be rewritten

n+1

n —
Uiviye = Wit1/2 =

Gyl j2) = f (0 j2) = (Gl oo lyaga) = Flulynyo))) i & {10}
Gluly o0 ja) = (" j5) = (GlU™y oy ) = (1 12)) )

Glup,ulyo) = flufys) = (Glutpsulya) = F(ul)o))).

n+1

n —
U_1y0 = U1/2 =

n+1 n o __
Uyjg = Urj2 =

/N N N

S S
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Using the fact that G is L ¢-Lipschitz continuous w.r.t. each of its variables, we obtain

|uz:11/2 —uiiy ol < % (|ui—1/2 — Uiy o] + Uiy n — “z‘+3/2|) ifi ¢ {-1,0}, (3.14)
|“:1r/12 - ZL1/2| < ffl (|uL - “71/2| + |U71/2 - U73/2|) ) (3.15)
|“1/+21 —ufp| < _}fl (|U1/2 — up| + [ug — U1/2|) . (3.16)

Summing (3.14) for i € Z\ {—1,0} with (3.15) and (3.16) yields (3.13). O
PROPOSITION 3.11. Let ug € BV(R), then, under the CFL condition (2.5), (2.6) and Assumption 1, for
all T > 0, there exists C' depending only on A, B,T,uq and Ly such that, for all T € (0,T),

T—1
/ / lup(z,t + 7) — up(z,t)|dedt < CT. (3.17)
0 R

Proof. One has (with a slight abuse of notation, since dyuy, is a bounded Radon measure on R x [0, 7]
which is not absolutely continuous w.r.t. to the Lebesgue measure)

LT/k]

T
/]R/O |Opup, (2, )| dedt = Z Z |u;’:11/2 — Ui qalhe

i€Z n=0
Then it follows from Lemmas 3.10 and 3.8 and from (2.6)

T LT/k]
/ / |Oyup (z,t)| dedt < C Z k<C.
R /O n=0

The inequality (3.17) is a classical consequence of the previous estimate (see e.g. [6]). O

3.4. BV estimates on the exact solution. Letting now A tend to 0, since we know, thanks to
Theorem 2, that uy, tends to the unique solution u (at least under the more restrictive CFL condition (2.10))
we obtain the following regularity result on the exact solution w.

PROPOSITION 3.12. Let u be the exact solution to the problem corresponding to ug € BV(R). Then,
under Assumption 1, then, for all T >0, v € BV(R x [0, T]).

REMARK 3.1. Because of the finite speed propagation property, the solution u to the problem depends,
on the set wg defined in (2.11), only on the restriction of the initial data ug to [—R,R|. So, if ug €
BVioc(R), extending ug by a constant outside of [—R, R] will not affect the solution u on wg. Thus the
Proposition 3.12 can be generalized in the following way. If ug € BViec(R), then, under Assumption 1, u
belongs to BV (R x Ry).

4. Entropy formulations for the approximate solution.

4.1. Discrete entropy inequalities. Using the approximate traces u7,u% introduced in Section 2.2,
the scheme (2.8) can be rewritten under the form

H (U?J:rll/wu?+1/27“?71/27“?+3/2) =0, Vi ¢ {—1,0},
H (“T{/lzvuﬁl/zauﬁg/zaUZ) =0,
H (u?le,u?/z,u%,ug/z) =0,

where, under the CFL condition (2.5), the function H is non-decreasing w.r.t. its first argument, and non-
increasing w.r.t. its three last arguments. As a consequence, if (a,b,c,d) € [0,1]* satisfies H(a,b,¢c,d) = 0,
then, thanks to the fact that, for all k € [0,1], H(k, K, k, k) = 0, it follows from classical computations (see
e.g. [16]) that

H(aTk,bTkK,cTr,dTk)— H(aLlr,blk,clk,dlk)<0. (4.1)
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In the sequel, we introduce ®,(a,b) = G(aTk,bTk) — G(aLk,bLlr). Note that for all a € [0,1], for all
k€ [0,1], . (a,a) = P, (a). The following proposition follows from (4.1).
PROPOSITION 4.1. For all k € [0,1], one has

|u?:11/2 — k| = |“?+1/2 — Kl " n " " .
2 h + ‘I)n(ui+1/2a ui+3/2) - (I)K(ui—l/Qa Ui+1/2) <0, VieZ\{-1,0}, (4.2)
[ = Kl — [uy s — Al S _—
. L ht @u(uly g uf) = Pu(uly)y,uy)n) <0, (4.3)
Jui)y — Kl = lu), — &l
— bt (Ul ully) — B(ufy, ull5) <0. (4.4)

LEMMA 4.2. For all k € [0,1],

Dp(uly )y, ul) — Pr(uf) =0, (4.5)
Py (ug) — Puluf, ui/s) > 0. (4.6)

Proof. We only prove (4.5), since the proof of (4.6) is similar. Here again, for readers convenience, we
drop the index n. We denote by I(a,b) the interval [a,b] if @ < b and [b, a] otherwise.
Firstly, if & ¢ I(u_1/2,ur), then, using that G(u_;/2,ur) = f(ur), one has

Qo (u_i/o,ur) = @u(ur).

Consider now the case where x € I(u_y/2,ur). Since G(u_y/2,ur) = f(ur), the function a — G(a,ur) is
constant on I(u_j /o, ur). Assume that u_; o > uz, then

Qo (u_ryo,ur) = G(u_y)2, k) — G(k,ur) = G(u_1/2, k) — f(ur).
Since G is non-increasing w.r.t. its second argument, G(u_y/2, ) > f(x), hence one has
Dp(ur/2,ur) 2 f(k) = flur) = Pp(ur).

Similarly, if u_; /o < uz, one obtains ®,(u_1/9,ur) > f(ur) — f(k) = Pu(ur). O
We now state the straightforward corollary, obtained by subtracting (4.5) to (4.3) and (4.6) to (4.4).
COROLLARY 4.3. For all k € [0,1],

n+1

[u7 )y = Kl = [uly ) — &l
S— Bt B(u) — @ (U™ 5, 1™ ) <0, (4.7)
uly = sl = Juf)y — k|
/ - / Bt By (U], 1l ) — @ () < 0, (4.8)

4.2. Continuous entropy inequalities. For a C!(R x R ;R) function ¢, we denote by

IVell = 10:¢lloc + (1026l co-

Recall that when ¢ is compactly supported, i.e. if ¢ € C}((—R, R) x [0,T)), then there exists C' depending
only on R, T such that ||¢]« < C||[Ve|.

LEMMA 4.4. Let T > 0, and let ¢ € DY ((—R, R) x [0,T)), then there exists C' depending only on ug, f,
A, B, R and T such that, for all k € ]0,1],

/ / |up, — K|Orpdadt +/ luo — K|e(+,0)dx
Ry JR_ R_

—|—/ / @K(uh)azgpdxdt—/ D, (urp.p)e(0,-)dt > —C||Vellh. (4.9)
Ry JR_

Ry
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/ / |up, — K|Orpdadt +/ luo — &|e(+,0)dx
Ry JR, Ry

+/ / @N(uh)awcpdxdt—i—/ B ()0, )dt > —C|[ Vg (4.10)

Proof. We only prove (4.9), the proof of (4.10) being similar. Let ¢ € DT ((—R, R) x [0,T)), we note

e = @i, t"), @12 = e(Tir1/2,t"), Vi€ Z,Yn € N.

n+1

Multiplying equations (4.2) by k7'’ /2

reorganization of the sums,

and (4.7) by ko™t 1/2, then summing on ¢ < —1, one obtains after

T+ Ty +T5+T4 >0, (4.11)
with
= Z Z |u?+1/2 - "$|(90?:11/2 - ‘P?+1/2)h + Z |“?+1/2 - "$|90?+1/2h,
neN i<0 i<0
= Z k Z @n(“?71/2= u?+1/2)(90?:11/2 - ‘P?jll/z)ha
neN <0
=D kP (uf)ept,
neN
Zkfb uf ) (e 1/2 gog+l).
neN

First, it is easy to check that
T4 < C|Vellh, (4.12)

< ClIVellh, (4.13)

T; + / (I)N(UL)}I)QD(O, -)dt
Ry

It follows from Propositions 3.9 and 3.11 (we use here classical computations that we can deduce for example
from [12]) and the CFL condition (2.5) that

T — / / |up, — K|Ovpdadt — / |ug — lp(-,0)dz
Ry JR_ R_

Ts —/ / )0y pdadt
Ry

Then (4.9) follows from (4.11)—(4.15).0

As a direct consequence of Lemma 4.4, following the idea of R. EYMARD et al. [15] (see also F. BOuCcHUT
and B. PERTHAME [8]), we can state the following proposition.

PROPOSITION 4.5. There exist positive local Radon measures iy, p, jir.p belonging to (Co(R x Ry))" such
that there exists C' depending only on R, Ly

prn(wr) < Ch,  pgrn(wr) < Ch, (4.16)
and such that, for all ¢ € DY (R x Ry), one has

/ / |up, — K|Orpdadt +/ luo — &|e(+,0)dx
Ry R_

/ / D pdidt — / By (1, )00, )t > — (g |0o] + Basol) (4.17)

/ / |up — K|Orpdadt —|—/ |ug — &lp(-, 0)dx
Ry JRy Ry

4 / / B (ur)Opipdadt + / By () (0, )t > — (rns 1Bug] + 10aip]) - (4.18)

Ry

< CH|| Ve, (4.14)

< Ch|Vyl. (4.15)
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In section 5, we will use the doubling variable technique introduced by S. N. KrRuzkov [19] and adapted to
this frame by N. N. KuzNETS0OV [20]. For this reason, we will assume that the exact solution u depends on the
variable (y, s) instead of (z,t). Since u admits strong traces ur,ur € L>°(R1;[0,1]) on {y = 0} x R4 (either
thanks to Proposition 3.12 or to [24]), then u satisfies the following entropy inequalities : Vi) € DT (R x R, ),

/]R+ /7 lu — K|0s¢pdyds + /R, luo — K|Y (-, 0)dy

+ /]R+ /7 D, (u)0ypdyds — /]R+ D, (ur)w(0,-)ds > 0, (4.19)
[ = wiodyds + [ Juo = o 00y

Ry JR, Ry

+ /]R+ /]R<+ D, (u)0ypdyds + /]R<+ D, (ur)w(0,-)ds > 0. (4.20)

5. Proof of Theorem 3. As mentioned before, the proof of the error estimates is based on the doubling
variable technique, introduced by S. N. Kruzkov [19] for proving the uniqueness of the entropy solution
to a multidimensional scalar conservation law and later adapted by N. N. KuzNETsov [20] to derive error
estimates on the solutions provided by monotone finite difference schemes. First of all, we need to introduce
approximation of the unit.

5.1. Approximation of the unit. Because of the presence of the interface {x = 0}, we need to
introduce a family of non-even smoothing kernels (pc) .. It is built as follows. Let p € D*(R) such that
supp(p) C [0,1], [ p(a)da = 1 and such that (z—1/2)p’(z) < 0. Let € € (0,1], we denote by pe(z) = 1p (£),
so that supp(p.) C [0, €], and

| Vtaida = 2p(1/2). (5.1)

5.2. The case where F, = F. In this section, we first assume that for almost all ¢t € [t", ")
F(t) = F™, and thus (ur p(t),urn(t)) € G*(1).
Let ¢ € DY ((—R, R) x [0,T)), then we define the functions &1, &g by

gL (Ia tv Y, S) - @(I5 t)pé (I - y)pn(s - t)a §R(x7 ta Y, S) = <P($v t)pé(y - .I)pn(S - t)5
for some €, > 0 to be fixed later, and where p. (or p,) is the approximation of the unit introduced in
Section 5.1. The functions &1, and £ are built so that

§L($,t, Y, O) = gR(«f,t, Y, O) = Oa V(%ya t) € Ry X RJF? (52)
€0 t,0,5) =0, Viots) €B_x (Be)?,  Ea(e,0.5)=0, V(ets)e By,  (53)

Let us choose k = u(y, s) in (4.17) and integrate on R_ x Ry w.r.t. (y,s), and kK = up(z,t) in (4.19) and
integrate on R_ x Ry w.r.t. (x,t), and then sum both contributions. This provides

D¥ + DY + DY + DI > Df, (5.4)

where

i- | + /] + [ untat) =ty )10 o~ ) (s — oy,
- [ + | u0(e) = uto. )t 00pele = )y s)dadyds,

Dy = /ﬂh /K /ﬂh /7 Doy(y,s) (un(z,1))0up(x, t) pe(x — y)py (s — t)dzdtdyds,
k- [ + /] Pt (42000 04D — Dy,

R

DE = — /]R+ /K (r.n, (|0cp] 4 1020]) pe(- — y)py(s — -)) dyds

R

—/R/ (s @ (10eC = 9)lpn(s =) + pe(- = y)lpiy (s = ) ) dyds
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Among the above terms, only D is original in the sense that its treatment has not already been performed
in the already mentioned works [20, 17, 16]. Let us first recall the classical results concerning the other terms.
Concerning the term DE. it follows from Fubini-Tonelli theorem and from estimate (4.16) that

/R / (. (1e0] + 100]) pe(- — y)pa(s — ) dyds < CHI| Vo]
e

On the other hand, thanks to (5.1), one has

L[ o Qo =alloats =+ o= wlsts = yayas <€ (242 ) ol
Ry JR_ €

hence
I h
Dy >-C(h+ - + Vol (5.5)

Let us now consider the term Dy, for which one has
Df < Df;y + Dis, (5.6)

where

D1L,1 :/R / |up(x,t) — u(z, t)|Ovp(z, t)dzdt,
+

= | + |/ + [ tute.0) = uta ) 0rpta Dl = w)on(s = tidodtayds.

Using the fact that u belongs to BV(suppy) (cf. Proposition 3.12), one thus obtains that
Diy < Cle+n)||Vell, (5.7)

where C' only depends on suppey, ug, f, A, B.
In order to estimate D, we mimic the method proposed in [15, 12, 22]. This provides

Dy < Cle+m)¢lloo + Cull Vel
Concerning D% one has
D < DY, + D, (5.8)

with
D3 1 —/ / u(a,t) (Un(7,1)) 0z p(, t)dxdt,
Ry
Db, = I / / / / lu(z, £) — u(y, )10 (@, Dlpe(@ — y)pols — t)dedtdyds.
R, R, JR_

Therefore, using again that u € BVio.(R x R ), we deduce that
Dy < Cle+n)[Vell. (5.9)

Let us now focus on D and choose

(1:9) = 20,005~ 1) [ pa)da
—y
as test function in (4.19) and integrating for ¢t € R yield

Dy < Dy, + Dy, (5.10)
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where

DE, = - / / Do, (o) (1 (£)0(0, E)po (s — t)dids,

nhy= [ + / + [ 1) = usaoieto.0, -0 [ °° pela)dadydsdt.

We deduce from the triangle inequality that
Di, < Dig+ Dy, (5.11)

where

Dhy= [ [ [ w9 —uratsle.06,s 0 [ putadadydsat,
R+ R+ R_ -y
Di, = / / fuz n(t) — wp ()10 (5 — Dldsdt.

Integrating Dig by parts w.r.t. the variable ¢ leads to

pta= [ [ ota9)—uea(o) [ O:pxa)da){ (0.000(6) + [ 00p(0, )0 )t dys

Since 0 < u(y, s),ur n(t) < 1, since, y — ffz pe(a)da is compactly supported in [—¢, 0] and bounded by 1,
we obtain that

D5 < Ce(||@lloo + Vel (5.12)

We provide now two estimates for Df) 4 according to the regularity of ¢ — wup p(t).
e First, we do not assume that Assumption 2 holds, then, using the fact that 0 <wup j <1 a.e. in Ry,
one has

€
D, < CEHWH. (5.13)

e Assume now that Assumption 2 holds, then one obtains that
Dy 4 < 2¢p(1/2)Crv || Veol|. (5.14)

Thus it follows from (5.4)—(5.14) that

/ / lup (z,t) — u(x, t)|Orp(z, t) dxdt—i—/ / Doyz,t) (un (2, ) 0p (2, t)dadt
Ry _

[ o unn®)e0.0)0,(5 — s = ~CITelO(h. e, (5.15)
where
h h . .
h+e+n+—+— if Assumption 2 holds,
€
O(h,e,1) = hoh . (5.16)
h+e+n+—+—+—  otherwise.
€ n n

Similar calculations carried out for (z,,y,s) € (Ry)" with the test function ¢g yield
/ / lup (z,t) — u(x, t)|Orp(x, t)dxdt +/ / Doyz,t) (un (2, ) 0p (2, t)dadt
Ry JRy Ry JR

[ B uma®)o(0.0m (s — tdeds = ~C[VolO(h, 1) (5.17)
R, JR;
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Adding (5.15) and (5.17) provides
/ / lup (z,t) — u(x, t)|Orp(x, t)dxdt
Ry JR
+ / / B ooty (un (2, 1) Do, Oddt + By () > —C|| V|| O(h €, 1m), (5.18)
Ry JR
where
o) = / / (@ 06) (w0 (6)) — By o (0 (6))] 90, ) (5 — dtds.
+ JRy

LEMMA 5.1. Lett > 0 and let G*(t) be the L*-dissipative germ introduced in Definition 1.1, then, for all
(CL,CR) € g*(t)) fOT all (’{Lv"QR) € [07 1]27
Prr (CR) - P, (CL) < Lydisty ((Kln ﬁR)? g (t)) )

where disty ((kr, kr),G*(t)) = Min(g, opjeg@) (|82 — ar| — |kr — arl).
Proof. Let (ar,ar) € G*(t), then, thanks to the definition of G*(¢), one has

(I)aR (CR) - ‘I)aL (CL) S 0.
Now, since k — ®@,(s) is L-Lipschitz continuous for all s € [0, 1], we obtain that
Dpp(cr) = Py (cr) < Ly (kL —arl — [kr — arl) -

Since G*(t) is closed in [0, 1]?, the above relation thus still holds for the minimum (ar,ar) € G*(t). O
LEMMA 5.2. There exists C' depending only on f,T, A, B such that

Ryn(¥) < CnlYlles, V4 € Ce([0,T); R). (5.19)

Proof. Using the fact that @, (u) = ®,(k), it follows from Lemma 5.1 that

Do) (Urn(t)) = Puy(s) (urn(t)) < Ly max {distl ((ur(s),ur(s)),G"(t)), dists ((urn(t), urn(t), G (s)) }
Now, its appears clearly that if (ur(s),ur(s)) € G*(t) or (ur,n(t), urn(t)) € G*(s), then

Do (s) (Wr (1)) = Puyp sy (uL,n(t)) <
Assume now that (ur(s),ur(s)) ¢ G*(t) and (urn(t),ur,n(t)) ¢ G*(s). This implies that either

F(t) > F(s) and  (ur(s),ur(s)) = (A(s), B(s)), (5.20)
or F(t) <F(s) and (urn(t),urn(t)) = (A), B(t)). (5.21)

In the first case (5.20), one has

disty ((uz(s), ur(s)); G* (1)) < |A(t) — A(s)| + [B(t) — B(s)|,

F(
F(

while in the second case (5.21), one has
disty (g, (1), wrn(1); 0" (5)) < |A(E) — A(3)] + | B(E) - B(s).
Hence,
Do () (Wr, R (1) = Puy (o) (urn(t)) < Ly (JA(H) — A(s) + [B(t) — B(s)]) -

Now, for ¢ € C.([0,T);R), recalling that supp(p,) C [0, 7], one has

T€[0,m] JO T€[0,n

T T
Rn,hw)ﬂfnwuw(sup | v —awies s |B<t+¢>—B<t>|dt>,
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which provides (5.19) using Assumption 1. O
Using Lemma 5.2 in (5.18) provides that

[ [ et) —uteforptasdadt + [ [ @ui(un(o.0)dspdsds < CIToO00. 1)
R; JR Ry JR

In order to conclude the proof of Theorem 3, it only remains to choose a convenient ¢, that is

C(l2 = Lyt)
0ift >T.

p(z,t) = if (z,t) € R x (0,77,

where ¢(r) = max (0,min(1, R+ 1 —r)) for all » € Ry, and to notice that choosing ¢ = 1 = h'/2 (under
Assumption 2) or € = h?/3 and n = h'/? (general case) provides

Ch'Y?  if Assumption 2 holds,

in©(h <
min (h.e,m) —{ Ch'?  otherwise.

5.3. The general case. Denote by u the unique solution to the problem corresponding to the constraint
Fj,. Then it has been proven previously that

// lup, — a|dedt < Ch®  with a € {1/2,1/3}.
wr

In order to achieve the proof of Theorem 3, it only remains to show that

// |u — a|dzdt < ChY/2.
WR

In fact, one has a better estimate, thanks to the following Proposition, proved in Appendix of [4].
PROPOSITION 5.3 ([4]). Let F\ I' € L>(Ry; [0, f(u)]), and let u, @ be the solutions corresponding respec-
tively to the constraint F, F and to a similar initial data ug. Then,

T T 5
/ / |u — t|dedt < 2/ |F — F|dt.
o Jr 0

Since A is supposed to belong to BV(0,T'), then F' = f(A) also belongs to BV(0,T). As a consequence, there
exists C' depending only on A, f,T such that ||[F — Fy,||z10,7) < Ch. We deduce from the above estimate
and from Proposition 5.3 the following corollary that achieves the proof of Theorem 3.

COROLLARY 5.4. Under Assumption 1, there exists C' depending only on A, f,T such that

// |u — a|dzdt < Ch.
wR

6. Numerical illustration. We present numerical simulations to illustrate the error estimate (2.12).
Two conservation laws are studied: the first one is based on the flux (called the hat fluz in the following)

flu) =1/2 = Ju—1/2|

which has the particularity of having two linear parts and the second one is based on the flux (called the
GNL flur — as genuinely non linear — in the following)

F(w) = u(l - u)

which is strictly concave. While the present work is devoted to the analysis of the Godunov scheme, we also
present the results obtained with the Rusanov scheme:

G@m:f@;ﬂw_mmwwyu%mw_w
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F1G. 6.1. Left: Ezxact solutions for each flux (u vs x). Right: Rates of convergence for each flux and each numerical scheme
(LY error vs h in Log-scale)

and the constraint is still handled using the trick (2.4). The initial data for the test case is u(x,0) =
0.41,¢(—1/2,0) + 0.5l ,¢(0,1/2) and the final time is 0.3. For each flux, the constraint is set to F' = 0.2 and
is activated (see Figure 6.1, left). For the hat flux, the solution is composed of a left-going shock wave, a
nonclassical stationary shock and a right-going linear wave. For the GNL flux, the solution is composed of a
left-going shock wave, a nonclassical stationary shock and a right-going shock wave. The rates of convergence
are displayed in Figure 6.1, right. They are the same for both numerical schemes, which let us think that our
result should be extended for any monotone numerical scheme. For the hat flux, the measured rate is 1/2
(and therefore it attests the optimality of our result) while the measured rate is 1 for the GNL flux. Note
that in the latter case, it means that the constraint does not alter the classical rate of convergence.

7. Concluding remarks.

7.1. A posteriori error estimate. As noticed by D. KRONER and M. OHLBERGER [18], the doubling
variable approach used for obtaining error estimates provides a posteriori estimators, i.e. that for all compact
subset K of R x R, there exists nx depending on f, K, ug, A, B (but not on the exact solution u) such that

// |up(x,t) — u(z, t)|dedt < ni(up).
K

Since the right-hand side in the above estimate is fully computable, this permits the localization of the error,
and an adaptive mesh refinement strategy (we refer to [18] for more details on both the derivation of the a
posteriori estimator and the mesh refinement algorithm). As a consequence, our estimates can be used to
develop a posteriori estimators for constrained conservation laws.

7.2. Comments on the optimality of the result. The order h'/2 is optimal in the sense that it can
be recovered in some particular cases. Indeed, choosing f(u) = 1/2 — |u — 1/2|, F' = 1/2 (this means that
A = B = 1/2, so that the constraint is always inactive), and ug in BV(R) such that 0 < uy < 1/2. Then
the problem turns to be the standard linear equation dyu + d,u = 0, and the Godunov scheme becomes the
upwind scheme. It is well known that in this case, the error behaves as h'/2, as illustrated in Figure 6.1.

In the case where f is uniformly concave, the numerical experiments provide an error of order h.

7.3. The case of discontinuous flux function. Consider the case of a scalar conservation law with
discontinuous flux function, i.e.

Ou+ Oy f (x,u) =0,

where f(z,u) = fr(u) if < 0and f(r,u) = fr(u) if z > 0, with fr, fr bell-shaped reaching their maximum
respectively in @r,ur. As pointed out by ADIMURTHI and VEERAPPA GOWDA [2], an infinite number of
L'-contractive semi-groups can be built for such an equation, and a criterion has to be taken into account
in order to select one. We refer to the recent contributions of R. BURGER et al. [9], B. ANDREIANOV et
al. [5] and references therein for an overview of this topic, and in particular to the resolution of the Riemann
problem arising at the interface, thanks to which we can define the Godunov scheme, and its approximate
solution up. In the case where f1, # fr, no BV estimate is available on u (neither on uy), but we can prove
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that the Temple function
sign(u(z, t) —wp)(fr(u(z,t)) — fo(uy)) if © <0,

sign(u(z, ) — ur)(fr(u(z,t)) — fr(Ur)) if >0

(z,t) — Pg(u(z, t),z) ==

belong to BVie.(R x Ry) (see e.g. [26, 7, 10]). By the use of numerical diffusion introduced by the scheme
(see [13, 27, 15, 12, 22]), it is still possible to derive an error estimate. Indeed, all the tools introduced in
the paper, excepted in Section 3, can be adapted to the case of discontinuous flux functions. Nevertheless,
the theoretical convergence speed will depend on the continuity modulus of the function (@E)_l, and will be
furthermore degraded by the fact that no strong BV-estimate is available on the exact solution itself.
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