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Abstract

The paper is concerned with a scalar conservation law with nonlocal flux, provid-
ing a model for granular flow with slow erosion and deposition. While the solution
u = u(t,x) can have jumps, the inverse function x = z(t,u) is always Lipschitz
continuous; its derivative has bounded variation and satisfies a balance law with
measure-valued sources. Using a backward Euler approximation scheme combined
with a nonlinear projection operator, we construct a continuous semigroup whose
trajectories are the unique entropy weak solutions to this balance law. Going back
to the original variables, this yields the global well-posedness of the Cauchy problem
for the granular flow model.

1 Introduction

In this paper we study the scalar conservation law with nonlocal flux

ug(t, ) — <exp/;of(ux(t,y)) dy)m -0, w(0,z) = a(z).  (1.1)

Here x € IR is the space variable, and one can think of u(t,-) the height of a standing
profile of sand (or some other granular material). We assume that = — u(t, x) is strictly
increasing, with u, — 1 as x — £o00. In this model, the variable ¢ should not be thought
as the usual time on the clock. Rather, t measures the total amount of sand poured
from the top, i.e. at £ = +00. As it slides downward, this thin moving layer of sand will
put further sand into motion, at points where the slope is u; > 1. On the other hand,
if the slope is u, < 1, part of the moving layer will be deposited and become part of the
standing profile.

To understand the meaning of the flux in , consider a unit amount of sand
poured down at = 4+00. Let o(t,x) be the amount of sand which crosses the point z,
from right to left. For a fixed ¢, this is determined by solving the linear ODE

—%a(t,x) = f(ug(t,z)) o(t,x), o(+) = 1. (1.2)



Here f is called the erosion function, since it describes the amount of erosion as a function
of the slope, per unit distance travelled in space and per unit mass passing through. We
shall always assume that f is an increasing function with f(1) = 0. Solving ((1.2]) one
obtains

o(t,z) = exp/Oo flug(t,y)) dy.

The rate at which sand is deposited inside any given interval [a, b] is thus computed by

% abu(t,x)dx = o(t,b) —o(t,a) = /ab (eXp/;O f(um(t,y))dy>x dz.

Since a < b are arbitrary, this yields the conservation law .

Equation was first derived in [I] as the slow erosion limit for the two-layer
model of granular flow by Hadeler and Kuttler [13], with the specific erosion function
f(p) = (p—1)/p. In this paper, more general increasing functions f will be considered.

Differentiating w.r.t. x, and denoting by p = u, > 0 the slope, one obtains the
additional conservation law

pe(t @) + (f(p(t, x))-exp/oo f(p(tyy))dy) =0, pO2)=p). (13)
If the function f satisfies

/ 1 . . f(p)
=0, f/>0. f<0 lim fp)= o tim TP =0, (14
then one can show that solutions p(t,z) of remain bounded for all ¢ > 0. In
particular, this is the case when f(p) = (p — 1)/p, as for the limit of Hadeler-Kuttler
model, studied in [I]. Under suitable assumptions on the initial data, the existence and
uniqueness of BV solutions for has been established in [2] [3], using front tracking
and operator splitting techniques.
If the erosion function f is allowed to have asymptotically linear growth, then it is
known that the slope p = u, can blow up in finite time. Throughout this paper, instead
of we shall use the following assumptions on the erosion function:

(A1) The function f: IR — IR is twice continuously differentiable and satisfies
_ 1/ . . /!
f(]') - 05 f < 07 n = pEI—‘yl—’loof (p) > 07

Jim f(p) = —oo, pggloof(p)—pf’(p) < oo

(1.5)

These conditions imply that, as p — 400, the graph of f approaches a linear asymptote
with slope n > 0.

When the slope p = u; becomes infinite and the function v becomes discontinuous,
the equation is no longer appropriate and one must study the original equation
. As shown in [I5], solutions can have three types of singularities. These are kinks
(where u, has jumps but u is continuous), shocks (where u has jumps), and hyperkinks
(where u is continuous but u, approaches +00). With the presence of the jumps in u, the
distributional derivative 0,u contains point masses, causing technical difficulties in the



analysis. For a suitable family of initial data, the global existence of entropy admissible
solutions was proved in [I5], by means of piecewise affine approximations generated by
an adapted front tracking algorithm. However, the uniqueness of these solutions has
remained an open problem.

We observe that, as long as u,(t,x) > ¢o > 0, the inverse function x = X (¢, u) is al-
ways well-defined and globally Lipschitz continuous. Whenever u(t, ) has a jump, with
left and right states v~ < u™, the map u — X (¢,u) remains constant over the interval
[u=,ut]. If u = u(t,x) is a smooth solution of (L.1), a straightforward computation
shows that X = X (¢, u) satisfies the conservation law

+o00
X (t,u) + <exp/ g (Xu(t,v)) dv> =0, X(0,u) = X (u). (1.6)

u

Here the function g is recovered from f according to

o(z) = 2 f (i) . (1.7)

A straightforward computation yields

1 1 1 1 1
/ — - I — " = — " — . 1.8
s0 = 1(H)-1r(2). v = 5r() (1.9
From the assumptions ([1.5)) on f it thus follows

g(1) =0, g" <0, lim g(z) =—-o00, ¢(0)>0, ¢'(0)< cc. (1.9)

Z—+00
Differentiating (1.6) w.r.t. u, and writing z(¢,u) = X, (¢, ), one obtains

“+oo

zi(t,u) — <g(z(t,u)) -exp/ g(z(t,v)) dv) =0, 2(0,u) = z(u) . (1.10)

u
The advantage of this alternative formulation is that, while u in can be discon-
tinuous and p in can become a distribution with point masses, the variable X in
(1.6) is always Lipschitz continuous and z in remains a globally bounded function.
However, this comes at a price, because a solution of may well become negative.
In this case, the map u +— X (¢,u) is no longer invertible and the connection with the
original equation is lost.

To preserve its physical meaning, the equation ([1.10)) must be supplemented by the
pointwise constraint z > 0. This leads to

—+00

zt(t,u)—<g(z(t,u))-exp/ g(z(t,v))dv) = u®, 20,u) =z(w), (1.11)

u

where, for each ¢t > 0, u(t) is a suitable measure supported on the set where z = 0.
Throughout this paper we shall consider solutions of which are nonnegative, lower
semicontinuous, and such that z(t,-) € BV for every ¢t > 0. In this case, a precise set of
conditions on the measures u® can be stated as follows.



(C) There exists a jointly measurable function © = (¢, u) such that ©(t,-) € BV and
p® = 9,0(t,-) is the derivative in distributional sense, for a.e. t > 0. Moreover

) #£0 = pP(]—o0,u]) =0, (1.12)
b
z(t,a) #0, z(t,b)#0 — /,u(t)(]—oo,u])du = 0. (1.13)

A semigroup of solutions to (1.11)) was first constructed in [9]. The analysis in [9]
shows that the limits of front tracking approximations yield entropy weak solutions
which depend continuously on the initial data as well as on the erosion function g.

The purpose of the present paper is three-fold. First, we provide an entirely dif-
ferent construction of the flow generated by . Solutions are here obtained by a
flux-splitting method, alternating backward Euler steps for ((1.10]) with a nonlinear pro-
jection operator on the cone of positive functions. This approach is much in the spirit
of nonlinear semigroup theory, as in [I0]. We then prove the uniqueness of entropy
weak solutions of by a classical Kruzhkov-type argument. Finally, we prove the
equivalence between entropy solutions of and entropy solutions of the original
equation . As a consequence, this yields the global existence and uniqueness of
entropy admissible solutions to , and their continuous dependence on the initial
data.

The remainder of the paper is organized as follows. In Section 2 we define a backward
Euler step for and establish several estimates. In Section 3 we study a nonlinear
projection operator from a subset of Llloc into the cone of non-negative functions. By
combining these two steps, approximate solutions to are constructed in Section 4.
Letting the time step approach zero, a compactness argument derived from Helly’s
theorem yields a continuous semigroup of entropy weak solutions. See Definition [5.1
and Theorem [5.4] in Section 5 for a precise result.

The uniqueness of entropy weak solutions to is proved in Section 6, by adapting
the classical variable doubling technique [14]. Finally, Theorem in Section 7 shows
that the entropy weak solutions to correspond to entropy admissible solutions for
the original problem . This equivalence heavily relies on the fact that our solutions
are BV functions and the flux function is convex. In this case, the Kruzhkov entropy
conditions are satisfied if and only if the Lax admissibility conditions hold at every point
of approximate jump. From the existence and uniqueness of solutions to , thanks
to this equivalence result we eventually obtain the well-posedness of the Cauchy problem
for ([1.1)).

For the basic theory of conservation laws we refer to [5, (16, 17]. The admissibility
conditions and the variable-doubling technique to establish uniqueness of entropy weak
solutions were introduced in the classical papers [I§] and [14]. The semigroup approach
to a scalar conservation law, based on backward Euler approximations, is originally due
to Crandall [10].

It is interesting to compare the equation with similar conservation laws with
nonlocal flux. In the models considered in [0} [7, 8], the structure of the equation provides
uniform a priori bounds on the integral [ u2 dx. As a consequence, solutions remain uni-
formly Ho6lder continuous and no shock is ever formed. On the other hand, solutions to
can become discontinuous in finite time, and display various types of singularities.
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As a related result, we mention that the existence and local stability of traveling
wave solutions for (1.11)) have been recently established in [12].

2 Backward Euler approximations

In this section we study the backward Euler step for the slow erosion model without the
constraint z > 0. Note that in this case the solution of could become negative.
We thus need to extend the definition of the erosion function g(z) also for negative
values of z. For convenience, we extend the domain of g by setting

g(z) = g(0)+ ¢'(0)z, z € [-1,0]. (2.1)

and further extend ¢ in a smooth way for z < —1. Recalling (1.9, we can assume that
this extended function g satisfies the following assumptions:

(A2) The function g : IR — IR is continuously differentiable, vanishes for s < —2, is
affine for s € [—1,0], and is twice continuously differentiable for s > 0. Moreover
it satisfies

g(0) >0, g(1) =0, g"(s) <0 forall s> 0. (2.2)

g(z)

Figure 1: A function f and the corresponding function g in (|1.7]), extended to negative values
according to (A2).

In the rest of the paper, we denote TV{-} the total variation of a function. Our
approximate solutions will take values inside the domain

Dy = {z :IR— IR; =z is absolutely continuous and there exist

constants M, Uy > 0 such that ||z(-) — 1|1 < M, (2.3)
TV{z(")} <M, z(u)=1 forallu> Uo} .

The set of nonnegative functions in Dy will be written as

D = {zeDo; 2(u) >0 for auueJR}. (2.4)
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For z € Dy, we define

Gluiz) = exp [ gla()) dy. (25)
Using the assumptions (A2) one obtains
Gu(u;z) = —g(2) G(u;2), lim G(uz) = 1, (2.6)
and
12) < < ") ||z — : :
0<Gsew [ oCo)dy<en] g WGt @D

We shall construct approximate solutions using a backward Euler scheme. For con-
venience, instead of (1.10) we consider the equivalent equation

ze(t,u) — (9(2) - G(u; 2)),, — Azoy = 0, (2.8)

where the constant A > 0 is chosen large enough (depending on the initial condition)
such that all the characteristic speeds for become < —1. By , this is the case
provided that

sup |¢'(2(t, u))| - sup G(u; z(t,u)) + A > 1. (2.9)

t,u t,u

It is clear that these two problems are entirely equivalent: z(¢,u) is a solution of ([2.8))
if and only if z(t,u — At) is a solution of ([1.10]).

Definition 2.1 (Backward Euler operator). Consider a function z € Dar and let € >0
be given. We define the backward Euler operator E_ : DJ — Dqy by setting

EZz = w, (2.10)

where w € Dy is the unique function satisfying the implicit ODE
w(u) = 2(u) + e (g(w(u)Glu w))u + ey (2.11)
Notice that the condition w € Dy singles out the unique solution of such that

w(u) = 1 for all u sufficiently large. (2.12)

The next lemma shows that the backward Euler operator is well defined, and estab-
lishes some of its properties.

Lemma 2.2. Let g satisfy the assumptions (A1). Let z € Dy and let M, Uy be the
corresponding constants in . We introduce the constants

{ k=M |Ig'lLoe (=2, pr41)) - { Co = e - sup,< 9°(s),

- (2.13)
A=1+e"[|glgeo 2, 1) -

G = ||9/Hi°°([—27M+1]) 2M e

Then for every e > 0 the problem — admits a unique solution w = E_z € Dy.
Moreover, the following properties hold.



(i) sup w(u) < sgp z(u) < M+1.

(@) oGy < 20—y < M.
(iii) e " < Gu;w) < e

(vi) inf w(u) > — Coe.

u
(v) TV{w} < (1 —eC) 'TV{z}, provided that e < 1/Cy.
(vi) |lw—z||p < e (4N + 2ke") - TV{z}, provided that e < 1/(2CY).
(vit) If z* € Dy and w* = EZz* is the corresponding solution to —, then
(1-e0)flw—wlgr < [lz =21 (2.14)
for some constant C' depending only on the function g and on M.

(viii)  For any constant ¢ > 0 and any positive test function 1), one has

/\w—c[—| d)d —1—/‘ )G (u; w) + AMw — ¢) |y, du
¢ (2.15)
<~ (o) | sign(w - )g(w)Glui )i du.
Proof. The implicit ODE can be rewritten as
(A g/ () Glusw) Jww = “—= + g (w)Gluw). (2.16)

By assumption z € Dy, hence there exists Uy such that z(u) = 1 for all w > Up. Since

g(1) = 0, it is clear that w = E- z is the unique absolutely continuous function that
solves the ODE (2.16) for u < Up and such that

w(u) =1 for all u > Uy. (2.17)

Because of the regularity of the coefficients, this ODE has a unique local solution. It
thus remains to check that this solution can be prolonged backwards for u €] — oo, Up|.
This requires to prove a priori estimates showing that w(u) remains uniformly bounded,
while the coefficient A 4+ ¢/(w)G(u; w) in (2.16)) remains uniformly positive.

(i) - Upper and lower bounds on w. We begin by showing that, on any domain
[ug, oo[ where the solution of (2.11)) is defined, one has the a priori bounds

-2 < wu) < sup z(u) . (2.18)

Indeed, consider any w# > sup, z(u) > 1. If w(u) > w* for some u, a contradiction is
obtained as follows. Define

ut = sup{ueﬂ%; w(3)>wﬁ}.
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We then have
w (uﬁ) =w, w(u) < w forall u>u', so w, (uﬁ) <0.

However, this is impossible because

Wey (uﬁ> = [)\ +4d (wﬁ> G (uﬁ;w)}_l (wﬁ—gz(uﬁ) + 42 (wﬁ> G (uﬁ;w>) > 0.
Next, if w(u) < —2 for some u, define

W = sup{u; w(u) < —2}.

We then have

w (ul’) = -2, w(u) > —2 forall u> W, SO Wy (ub> >0.

However, this is impossible because by using g(—2) = 0 and ¢'(—2) = 0 we have

Wy (ub) = [)\ +4d(-2)G (ub;w)}_l <_2_Z(Ub) +¢*(-2)G (ub;w>> < 0.

€

(ii)-(iii) Bounds on |w — 1||;,; and on G. Let the solution of (2.11)) be defined on
[ug, oo[. We rewrite (2.11)) as

wu) —1 = 2(u) -1+ 5[g(w)a(u; w) + Mw — 1)]u. (2.19)

Multiplying by sign(w — 1) and integrating in u, for any u* > ug one obtains

/:o w(u) — 1| du

< /uoo |2(u) — 1| du +€/OO sign(w — 1) [g(w)G(u; w) + Mw(u) — 1)} du

* u* u

<z = 1w~ esign(w(u’) = 1)]g (w @) G ('5w) + A(w () = 1) ], (2.20)

because w is absolutely continuous and ¢g(w)G(u;w) + AM(w — 1) = 0 whenever w = 1.
We claim that the last term on the right hand side of (2.20)) is non-positive. Indeed, by

([2.18) it follows

/ < / — / .
swplg'(wC)| = sup NG = 9l 2, ar

Observing that
9@ < (19 lpqa a0 (@) =11

to prove that
—sign (w (u*) = 1) - [g (w W) G (u5w)+A(w(w*)—1)| < 0, (2.21)
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by (2.13)) it suffices to show that G (u*;w) < e”. If this inequality fails, a contradiction
is obtained as follows. Define

v = sup{u; G(u;w) > e},
By continuity, G (uﬁ; w) = e". Hence by lb there exists > 0 such that

Hg,HLOO([—2,M+1]) -G (U w) < A for all u* € [uf — 6, oo]. (2.22)

Using (2.22) in (2.20)), for every u* > uf — § we obtain
oo
[ ot = 1ldu < = 1,
u*

SO

o0
/ g(w(y))dy’ < HngLOO([—Q,M—i-l]) : ||’UJ - 1||L1 < Hg/HL"O([—Q,M+1D : ||Z - 1||L1 < K.
u*
Hence G (u*;w) < e for all u* > uf — §, against the assumption.

The previous analysis shows that, if a solution of (2.11))-(2.12) is defined on [ug, 00|
for some ug, then the bounds (2.18]) hold, together with

A g (w(u)G(u,w) > 1 for all u > wyp. (2.23)

We thus conclude that the solution w of (2.11))-(2.12)) can be extended backwards to the
entire real line, and satisfies (4)—(447).

(iv) Lower bound on w. We now refine the lower bound in (2.18)), deriving an e-
dependent estimate. Recalling l’ consider any value w® < —Cpe. If w(u) < w” for
some u, a contradiction is obtained as follows. Define

W= sup{u eR; w)< wb}.
We then have

w(ub) =, w(u) > w’ forall u>u’.

However, this is impossible because the inequalities G (ub; w) < e" and z (ub) > 0 yield
n(#) = (i () 6 (0sw)) (L () (0)
(g (w) (i) (L re) <o

(v) Bound on the total variation. Fix any h > 0. Then

IN

w(e) = #(u) + e |glw(w)Cusw) + Mw(u)] |

u

wu—h) = 2u—h)+e [g(w(u — h))G(u — h;w) + Mw(u — h)

u

9



Writing o(u) = sign(w(u) — w(u — h)), we obtain

TV{w} —TV{z} = hlim 1 / {\w(u) —w(u—h)| —|z(u) — z(u— h)|} du

—0+ h

e lim 1 /J(u) : [g(w(u))G(u; w) — g(w(u — h))G(u — h;w)

IN

h—0+ h
+FA(w(u) —w(u — h))]u du

— e lim 5 [ o) [(gw() - glwlu—m)G(uiw) + Mw(w) - wlu - 1)] du
1

e lim o /J(u) [otwtu— )G uw) G~ hiw))] du

Here the first term vanishes because w(u) is absolutely continuous and
sign(w(u) —w(u = h)) = sign [(g(w(w)) — g(w(u = h)))G(u;w) + A(w(u) — wlu - h))].

Thus, we have
. 1
TV{w} ~TV{z} <e lim - / o (u) - [g(w(u — W))(G (s w) — Glu— b w))] du. (2.24)

To simplify notation, call

Gluw) = G(u;w)—i(u—h;w) _ % qihGu(s;w)ds = (Jp*Gy) (u),

where the right hand side denotes the convolution of the derivative G, (u;w) with the

step function
) h1 if s €[0,h],
In(s) = {

0 otherwise.
By (i) and (iv), and by choosing € > 0 sufficiently small we can assume that
w(u) € [-1, M +1], SO lg(w)| < M- Hg/HL‘X’([—ZM—HD : (2.25)
By standard properties of convolutions one obtains

TV{G(;w)} TV{Gu(sw)} = TV{g(w)-G(;w)}

<
< TV{g(w)} - IG5 w)|[e + [lg(w)llLee - TV{G(5w)}.  (2.26)

We now have the following estimates:

lo()lne < 116l (aarsny - Il — L

< Hg/HLN([—Q,M—H}) - TV{w}, (2.27)
TV{G(sw)} = [|Gu(sw)lly = [lg(w) Glw)lw = [G(5w)llLee - [lg(w) L

< GG w)uee - Hg/HLoo([—z,MH]) Jlw = 1f[p

< e HngLw([szJrl]) M, (2.28)
1G(,w)llLe < [[Gu(w)lpe < llg(w)llLes - [|G(, w) e

< M- Hg,HLOO([fQ,MJrl}) er. (2.29)
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We can represent the open set
{u; w(u) #w(u—h)} = {I; k=1}

as a disjoint union of open intervals I}, =Jay, bx[. Using (2.26) and ([2.27] - - ) we thus

obtain

G(u;w) — Glu - b w)} "

/ a(uy[g(w(u—h)) AR
Z\g (b = 1)) - G (b) = g (w (ax = 1) - G () |

Hg( NLee - TVLG(-, w)} + TV{g(w)} - [G(-, w)]|Lee
/1|2 K 1112 K
19" [[oo znrsnyy - M €™ TV{wE + |0/ e g nggyy - M- TV{w}
L2M " - TV{w}. (2.30)

u

IN

IN N

HgIHiOO([—Q,M-f—l])
Together with , this yields

TV{w} —TV{z} < eCy TV{w}.
Therefore, assuming £C < 1, we conclude

TV{w} < n{ } 7 - 1—{0}' (230
1—e(2M +2)e% ||/l (201 41)) =

(vi) - L! continuity in time. If w = E_ z, recalling (2.23)) and (2.27] - - we obtain

sl < e ] w@)Guu) + ) w,
< e [ 2nfuldut gl - TV{GEsw)

e(27+ Me® ||| anranyy ) - TV
2e (2A + ke®) - TV{z}. (2.32)

du—I—s/‘g(w(u))Gu(u; w)‘du

VAN VAN

Here the last inequality follows from ([2.31]), provided that eC; < 1/2.
(vii) L! stability. Assume z*(u) € Dy and let w* = E- 2%, so that

w'u) = 2*(u) +e [g (w* () G (u; w*)]u + et (2.33)

By possibly increasing the values of M, Uy we can assume that both z(-) and z*(-) satisfy
the inequalities in (2.3)), with these constants. We then have

Jo* —wlgy < lle* = zllg +e / sign (w* — w) [g (") G (us0") — g(w)G(ws w)] du

—i-a/\/ sign (w* —w) (w* —w), du,

11



where the last term vanishes. Therefore, we have

[w* —wllgy = [[z" = 2|1

< 5/ sign (w* — w) {g (w*) G (u;w*) — g(w)G(u; w)}udu
= 6/ sign (w* — [{g (w*) — g(w)}G (u;w )]udu
—|—5/ sign (w —w)[ (w){G (u; w*) — G(u;w)}] du

= 5/s1gn(w*—w [ (w) {G(u;w*)—G(u;w)}Ldu

< e [ |f G @) - Guw) [ o6 ), - Gl w.} | du
< el ooz TV} G () — Gl
+ellglw()e - TVG () = G w)}. (2.349)

The definition of G at (2.5) and the bound G < e imply

1GCsw) = 6w e < [l antary 10— 07t - (235)
Moreover,
TV{G(U; w) — G (u; w*) < / ‘G(u;w)g(w) -G (u;w*) g (w*) | du
< /Guw‘g /’Guw — G (uyw*) |- g (w")| du
< HG(-, ”L°° Hg HLOO([_27M+]_]) Hw_w ||L1
g (Dl - 1G5 w) = Gl w7 | e
< € |0 g o, Ay 1 = @ s
T Hg/HLOO([—Q,M-i—l}) lw* = g - e HngLOO([—ZM—e—l]) lw = w*[lg

= HQIHLoo([,Q’MJAD (14 8) - [lw—wg - (2.36)

Using (2.35)) and (2.36)) in (2.34]) we obtain an estimate of the form
(1=e0) [lw—wp < [z =2

for a suitable constant C, depending on g and on the constant M, but not on e.

(viii) - Entropy inequality. Let ¢ > 0 be an arbitrary constant, and let ) € C2° be a
positive test function. From (2.11)) it follows

w—c = z—c+ 5{ [g(w) = g(c)] G(u;w) + A(w — c)}u —eg(0)g(w)G(u;w). (2.37)
Note that the condition implies
sign(w — ¢) = sign[(g(w) — g(c))G(u;w) + AMw — ¢)]. (2.38)

12



Multiplying (2.37) by sign(w — ¢) - ¢ and integrating in u, we obtain

/ |lw — | 5_ |z — ¢ du < / sign(w — ¢) [(g(w) —g(¢))G(u;w) + AMw — c)} ul/) du
- [ signtw - g(lg(w)Glusw) du.

By using integration by parts on the first integral on the right-hand side, and then
applying (2.38]), we obtain (2.15)). This completes the proof. O

3 A projection operator

The backward Euler step maps a positive function z € D()F to a function w = EZz € Dy
which may also take negative values. We now introduce a projection operator 7, mapping
D back into D(J{ , and determine some of its properties. For notational convenience, in
this section by f € Lllo . we denote a generic function, not to be confused with the erosion
function.

Consider the sets

X = {retium; lm f@) =1 170~ U <M} (3.1
and
Xt ={feXx; fl@)=0}. (3.2)

For a given f € X, define

T ry
F(z) = / / f(s)dsdy. (3.3)
0o Jo
Notice that this implies
Fl(z) = / f(s)ds, (3.4)
0
hence F’ is absolutely continuous and

F" = f(x) for a.e. x. (3.5)

Let Fy be the lower convex envelope of F', namely
F.(z) = min {ef(a) F(1—0)f0); 0€0,1], z=0a+(1— e)b} . (3.6)
For f € X, we denote by
K = {x cR; F.(z)= F(x)} (3.7)
the closed set where F' coincides with its lower convex envelope. We observe that
Ky = {xEIR; F(y) — F(z) — (y —x)F'(z) >0 for all yEIR}

= {:UER; /y/sf(r)drdszo for all yER}. (3.8)
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X

Figure 2: A function F and its lower convex envelope Fi. One has F,(z) = F(z) if and only
there exists a line v supporting the graph of F' at the point x. This is the case if and only if
x € Kf.

Moreover, the assumption lim, 4o f(2z) = 1 implies F”(x) = f(z) > 1/2 whenever |z|
is sufficiently large. Hence the complement of K is a bounded open set, possibly empty.
The projection operator 7 : X — X T is now defined by setting

f(SU) imeKf,

. (3.9)
0, if x ¢ Kf .

nf(x) = Fl(z) = {

Since F is convex, its second derivative is non-negative. Hence nf € X .
The next lemma collects the main properties of this operator.

Lemma 3.1. Let m : X — X7 be the operator defined at (3.9). Then the following
holds.

(i) ©f = f for every f € XT.

(it) For any a,b € Ky one has
b b
/ wf(z)dr = / f(z)dzx, (3.10)

/ab/:wf(y)dyda: = /ab/jf(y)dyda:. (3.11)

/j/;wf(y)dyd:v < /j/:f(y)dydx forall E€R.  (312)

Moreover

(iii) (monotonicity) If f,g € X and f(x) < g(z) for a.e. x, then
wf(z) < mwg(x) for a.e. z, (3.13)

and
|mg —7fller = llg— fllw - (3.14)
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(iv) (L'-contractivity) For any f,g € X, we have
Imf—mgllee < If —gllwe- (3.15)

In particular,
Imf = < [[f = Lw - (3.16)

(v) (BV stability) For any f € X having bounded total variation, one has

TV{rf} < TV{f}. (3.17)

Proof. (i) If f € X, then F is convex. Hence F, = F and nnf = f.
(ii). The assumption a,b € Ky implies

Fa)=F.(a), F(®)=F0), Fla)=Fl(a), F(b)=F®)

Therefore
b b b
[ rt@de = [ Flayde = FO)-Fl@) = FO) - Fla) = [ fa)ds,
proving (3.10)). Next, still for a,b € Ky we have

//TFf Vdydo = //F Vdydz = /ab(F,:(m)—F;(a)) do

= (b—a)Fi(a) = F(b) = F(a) = (b—a)F'(a)

://f ) dy da .

This proves (3.11]). Finally, for any £ € IR the inequality (3.12)) follows from

/j/:(wf(y)— ) dyde = // (F!'(y) — F"(y)) dydx

3
- [ [(F@-F@) - (Fa) - F / F(a) da
= (RO~ F(E) - () - Fla) = F.O)~ F(©)

(iii). If f < g a.e., then

//f drds<// r)drds, for all z,y € IR.

Hence, by the characterization (3.8]), the corresponding sets satisfy K C K.
To prove (3.13) we consider two cases. If v € Ky, then x € K, hence nf(x) =
f(x) < g(x) = mg(x). Otherwise, if x ¢ Ky, then 7f(x) =0 < mg(x).
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To prove (3.14)), we choose an interval [a, b] so large that [a, )UK = [a,b|UK, = IR.
Since 7w f(x) < wg(z) for all x, using (3.10)) we obtain

b
lrg =7 flle = /R\[ b][ﬂg(x)—ﬂf(w)]der/ [mg(x) — 7 f(z)] dx

b b
— /]R\[a’b][g(x)—f(a:)]d:wr/a g(x)da:—/a fx)dz = |lg— fllg -

(iv) Let f,g € X, and denote

fVg = max{f,g}, fAg= min{f g}.

Since the operator 7 preserves the ordering, for every x € IR we have

[mf(z) —mg(z)] < m(fVg)(x)—n(fAg))
Then, (3.15)) follows because
Inf=roly < [ [ va)@) =77 A g)w)] da
= [ [#vor@ - an@]de = I gl
Finally, by taking g =1 in (3.15)), we obtain (3.16]).
(v). Since the projection m commutes with translations, using the contractivity property

(3.15)) one obtains the estimate

TV{rf} = limsup/i/Oo |Tmf(z+h) —nf(x) dx

h—0+ —00
1 oo
< tmswpy [ 1fa 0 - fla)lde = TV{F).
h—0+ —00
completing the proof. O

We now study how the projection operator behaves in connection with a family of
convex entropies. For f € X, define the function

o) = | " m ) — 1) dy, (3.18)

—0o0

so that ©/ is an absolutely continuous function which vanishes for |x| large and satisfies

Of(x) = 7f(x) - f(z). (3.19)
The following properties of ©/ follow immediately from Lemma
Lemma 3.2. Let f € X, and assume a,b € Ky. Then

b
o'(a) = &) = 0, / o/ (y)dy = 0, (3.20)

and .
/ ef(y)dy < 0 for all z € IR. (3.21)
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The next lemma shows that the projection operator is dissipative w.r.t. a family of
convex entropies.

Lemma 3.3. Let f € X. For any constant ¢ > 0 and any non-negative test function
1 € CX(IR) one has

[ mre) —dudn < [ 1)~ d i) ds

— /1R sign(mf(x) — )0 (z) ¥y (z) d. (3.22)

Proof. By we have
nf(x) —c = f(z) —c+0L().

Multiplying both sides by sign(wf(x) — ¢) - ¢ and integrating over IR, we obtain
[ mr@) vz < [ 1@ =)o+ | sioninse) - o 0wt dr

To handle the last term, we observe that ©/ is supported on the region where 7 f = 0,
hence sign(wf(z) —c¢) = —1. An integration by parts yields

| sien(ef(@) - oeli@ds = ~ [ ol)vix)ds
R R
=~ | sien(af(@) = 98/ (@) s (a) da

completing the proof. UJ

4 Approximate solutions by a flux-splitting algorithm

Combining the backward Euler operator and the projection operator introduced in the
previous sections, we now construct a family of approximate solutions. Let an initial
data z(0,:) = z € Dy be given. Fix a time step £ > 0 and let z. : IR — Dy be the unique
function such that

{ 2(t) = z if +<0, (4.1)

2(t) = w(E-z(t —e)) if t>0.

Here E_ is the backward Euler step introduced in Definition 1, and 7 is the projection
operator defined at . It is understood that, in the construction of E_, we choose
A > 0 sufficiently large so that holds. Thanks to Lemma the constant A\ can
be chosen as in , depending on the initial data z but not on €.

Notice that z.(-) can be constructed through discrete time iterations. Consider the
times

te = ke, k=0,1,2,...
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We begin by setting
) = zZ(u). (4.2)

Next, given 2¥(-) = z.(t4, -), the function 2"+ = z_(t,1,-) is computed by setting
whtl = B2k = gt (4.3)
The solution of is then
z(t,u) = 2F(u), if t e [te, te]- (4.4)

To study the projection operator at every time step tx, it is convenient to introduce the
functions

OF (1) = é /_ ’ ()~ whw)] du, ) = é [ —wr@w)], @)
and
O (tu) = OF(u),  OL(Lu) = OF(u)  if £ € [thtpnl. (4.6)

Combining the properties of the backward Euler operator proved in Lemma and
the properties of the projection operator in Lemma[3.T]and Lemma[3.3] we obtain similar
estimates for z..

Lemma 4.1. Consider initial data z,z* € Dy where Dy is defined in (2.3)), and let
M = max {|z=1lp, Iz =1, TV}, TV} |

Let z:(t,u), z5(t,u) be the corresponding solutions of ({{.1]), with A chosen as in ([2.13).
Then, for every e > 0 sufficiently small and every t > 0, the following estimates hold.

(i) sup,{z(t,u)} < sup,{z(u)}.

(ii) llze(t,) = Ulga < 12 =1[ga < M.
(iii) 0 < C~1 < G (u;2:(t)) < C.
(iv) TV{z(t,")} <e“*TV{z}.

(v) llz=(t,-) = 22(t, e < € ]|2 = 2| -
(i) ||ze(tj, ) — z=(ti, g < CeCYlt; —t;| for any integers 0 <i < j.

(vii) (Kruzhkov entropy inequality) For any ¢ > 0 and any positive test function i €
C(]0,T[ xIR), we have

[ [ =clundude = [ [1az0 — g(e)Glus ) + Mz — o) v dud
+ [ [ sientee = ) - gledg(e)Glus 2oy dude
+ / / sign(ze — ¢) - 0%, dudt — Ce. (4.7)
Here C is a suitable constant independent of €.
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(viii) (©° has uniformly bounded support) For any given T, Ry > 0 there exist R,§ > 0
such that the following holds. If Z(u) > 1 — ¢ for |u| > Ry, then for every e > 0
small enough one has

1
25(t,u) > B forall t€0,T], |u]> R. (4.8)

In particular, the support of ©F is contained in [0,T] x [-R, R].

Here the constant C' depends only on M and on the function g, while K depends on M,
g, ¢, T, and on ||Y||c2 . The constants R,$ depend on M, g, ¢, T, and on Ry.

Proof. 1. The properties (i)—(iv) are straightforward consequences of the corresponding
properties in Lemmal[2.2] for the backward Euler step and in Lemma[3.1]for the projection
operator.

2. To prove (v), we observe that the (2.14) and the contraction property of the projection
7 imply

* 1 *
loe(thrn) = ze(the)llin < =57 llze(te) — 2z (t)ll

for some constant C' depending only on M and for any ¢ < C~!'. By induction on
k=0,1,2... we obtain (v), with a possibly different constant C'.

3. To prove (vi) we observe that, by (2.32]),

HEE_zk — ZkHLl < eCy-TV {zk} . (4.9)
Here Cj is a constant depending only on sup, z*(u) and on sz — 1HL1. In addition,
since z¥ = 7zF and 7 is a contraction, we have
— k — k -k k k -k
H7r(EE 2")—E; z ‘ o < Hﬂ'(EE ") — Tz ’Ll + HTI’Z —Ez .
-k k
< 2HE6 P ‘Ll . (4.10)

Putting together (4.9)-(4.10) and using the estimate (iv) on the total variation of 2% =

z(t), we obtain

sz+1 .

|

o H?T(E;zk) _ ZkHLl < 3eCy - TV{zk} < 3eC) - Ot TV{z}. (4.11)

We now write

7j—1
||25(tj, ) - Ze<ti7 ')”Ll < kz HZkJrl — Zk‘ -
=i

and use (4.11)) to estimate each term. This yields (vi), for a suitable constant C' and all
€ > 0 sufficiently small.

4. To prove the Kruzhkov entropy inequality, we use property (viii) in Lemma with

2z = 2F = 2. (t,"), w = w*t!, and then Lemma with f = wFtl, nf = ¢l =
2e(tg+1,7). Choose N so large that T < Ne. By assumption, the test function
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vanishes for ¢ = 0 and for ¢ > Ne. Summing over £ = 0,..., N — 1, by a standard
summation-by-parts technique we obtain

ZkJrl(u) . C‘ . P (tk+17 u)e_ Y (tka U) du

> =
é

[ (400 = = 24100 =] )

[ (0=l -]

([0 - - [#41) - ]) ]wtk,u) i

E_: /‘( (")) = 9(e)) G (") + 4 (wH () —e)

/ 81gn W (u) — c) ~g(e)g (wk+1(u)) G (u; wkH) Y (tg,u) du

=11

e
i

0

v

Uy (te,u) du

Z / 81gn( kL (y )fc) L OF (b1, ) Yo (tr, ) du. (4.12)
k=0

As ¢ — 0, the difference between the left hand side of and the left hand side of
is bounded by a constant multiple of €. Similarly, comparing the right hand side
of (with C' = 0) with the right hand side of (1.12)), we see that the difference is
again bounded by a constant multiple of €. Therefore the inequality in follows
from , for a suitable constant C.

5. The bound (4.8) will be established by a comparison argument. For every t = t;, = ke
we will prove by induction that z(¢,-) satisfies bounds of the form

&(t) if u> R(t),
z(t,u) > 0 if we[—R(t), R(t)], (4.13)
n(t,u) if u<—R(t).

See Figure 3| Here the functions t — &(t), t — R(t) and n(t,u) are defined as

u+R(t)

E(t) =1—-86-20t, R(t)=Ro+Mt, ntu) = 1-5§e2"—e"2 .  (4.14)

The value of ¢ will be chosen sufﬁciently small, as specified later.

At t = 0, the bounds hold by assumption. Now assume that, at time ¢ = t;,
z(t,-) satisfies the bounds . We will show that (4.13) holds at ¢t = t441 = t+e. On
the interval u € [—R(tg4+1), R (tr+1)] - holds trivially, because 2**!(u) > 0. Next,
consider the half line {u > R(tx+1)}. We claim that

W (u) > €(ty) — 260 = € (tig) for all u > R (ty) . (4.15)
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R() 0 R(1) u

Figure 3: The lower estimates on a flux splitting approximation z(t, -).

Indeed, if w**1(u) achieves a local min at u*, one then has w1 (u*) = 0 if u* > R(t),
while w1 (u*) > 0 if u* = R(t;). Then, from (2.16) we obtain

2
W (u*) > 2F(u*) — eGuaxL? <1 — wkH(u*)) ,
which is equivalent to
2
[1 - wk“(u*)} < [1 - z’f(u*)} + G L2 [1 - w’f“(u*)] , (4.16)

where Gax provides an an upper bound on G and L is a constant strictly larger than
the Lipschitz constant of g. We compare (4.16)) to the problem

1—+V1—-4eMa
2e M

b=a+eMb?, (0<4eMa <0.5), b= < a+ 2eMa?,

where in the last inequality we used the relation 1 —v/1 — x < %x + ixQ for 0 < z < 0.5.

By a standard comparison argument, choosing € and § sufficiently small such that
4eGraxL <

. 0 GuaxL?(1+27) < (4.17)

DN | =
N | —

we have
[1 - wkﬂ(u*)} < [1 - zk(u*)} + 26Gmax L? [1 - zk(u*)}2 .

Applying the assumption [1 — zk(u*)] < 6(1 + 2t) and the condition (4.17]), we get
[1 - wkH(u*)} < 5(1+ 2t) + 26Gmax L262(1 + 26)2 < §(1+ 2t) + 266 = 1 — £ty + €),

proving (4.15). The projection operator could move the support of ©¢ further to the
right. Thanks to the properties (i7) and (vi) in Lemma we have the estimate

MC()&“
1 =& (tes1)

Finally, we consider the half line u < —R(tx11). Suppose z¥(u) > n(ty,u), we first
show that, for some constant M it holds

R(tks1) — R(tk) < < 2MCoe.

wk-i—l(u) > ﬁ(u) =1 _ 562C(tk+a) o €(u+R(tk)+Me)/(26)_ (4.18)
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From ([2.16]) and property (vi) in Lemma we have

k+1 k

W] <t (-t W R 2 Coe. (419)

We proceed by contradiction. Assume that (4.18) fails and let u* < R(tz) be the right-
most point where the equality holds:

u¥ = max {u < R(ty) : whtl = ﬁ(u)}

This yields a contradiction provided that

wyt! (uﬁ) < i (uﬁ) - —;;e[uMR(tha]/@e), (4.20)

Using ([@.19), at u = uf we have
7(ul) = n(te. ut
W () < 7 (u?) 8n(k,U)+C(1_ﬁ<uﬂ>)

< _% |:5€20tk (6205 _ 1) 4 e[uu-‘t‘R(tk)—FHe]/(Qé‘) (1 _ 67M/2)i|
C <5e2Ctk+1 n e[uﬁ+R(tk)+J\78]/(2a))
_M
_ s (6205 -1 Cem) 1T e R+ ITe)/2)
3 g

Here the first term is negative, and the constant in the second term is bounded by

1—e M2 _ (¢ 1
< -
€ 2e

for € sufficiently small and M sufficiently large, thus (4.20]) holds, providing the contra-
diction. We choose ¢ small such that §e2¢T < 1/3. By the property of the exponential
function, there exist constants C' and C’, such that

(u < —R(ty) — Me — 5’6) .

0 1
/ (2/3—6_“/(25)) du = Ce, n(u) > 3

—C'’e

The projection step will push —R(tx) — Me further to the left. Thanks the properties
(4i) and (vi) in Lemma and the properties of the exponential function, we have,
2L (u) > 7j(u) for u < —R(t,) — Me — C'e. Finally, letting M = M + C’, we conclude
that 2¥*1 > n(tp41,u) for u < —R(tg41), completing the inductive step. O

5 A semigroup of weak solutions

Taking a sequence of flux-splitting approximations, as the time step € — 0, in the limit
we expect to recover a semigroup of weak solutions. Before stating the main result in
this direction, we give a precise definition of entropy weak solution.
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Definition 5.1. Given a time interval [0, T], an entropy weak solution to the Cauchy
problem (1.11) is a bounded, measurable function z = z(t,u) > 0 with the following
properties.

(P1) The map t — 2(t,-) is continuous from [0,T] into L}

loe(IR). Moreover, z(0,u) —
Z(u) = 0.

(P2) There exist a measurable function © = ©(t,u) with compact support in [0,T] x IR,

such that
z(t,u) > 0 == =0

O(t,u) =
dta) >0, 2(tB)>0  — /bG(t, W) du = 0. (51

Moreover, for any constant ¢ > 0 and every non-negative test function ¢ €
C(]0, T[ xXIR), the following entropy inequality holds:

T T
—/0 /IR |z — c| ¥y dudt —i—/o /IR sign(z —¢) - (9(z) — g(¢)) G(u; 2(t)) ¥y dudt
T
< —[;/;$gmz—@-w@g@ﬂ%wz@»wduw
T
—/0 /]R sign(z — ¢) - O(t, u) 1, dudt . (5.2)

Remark 5.2. Since the function © is supported on the set where z = 0, for ¢ > 0 in

(5.2) we always have
sign(z —c) - O(t,u) = —O(t,u).

Remark 5.3. According to (5.2)), for every ¢ > 0 the function z = z(¢,u) satisfies the
inequality

|z —cf¢ - [Sign(z —¢)(9(2) — g(c)) G(u; Z(t))} —0, <0 (5-3)

u

in distributional sense, for some measurable function ©(¢, u) satisfying (5.1]).

We now state the main result on the global existence of BV solutions to the Cauchy
problem. Consider the domain

DT = {z : IR+~ [0,00[; =z is absolutely continuous and (5.4)
() = 1llgs < 00, TV{=()} < oo} |
and, for any M > 0, the subdomain
yo UL {z eDt; 2() =1 < M}. (5.5)

Theorem 5.4. Let the function g satisfy the assumptions (A2). Then for any M > 0
there exists a map S : D}\Z x [0, 00[+ DT with the following properties.
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(i) For every z € DM, the trajectory t — SiZ is an entropy weak solution to the

Cauchy problem in the sense of Definition .
(i) For any M', one can find a constant C' such that, if

z,z5 e DV, TV{z} < M, TV{z*} < M/,
then for allt > s > 0 one has

HStz - Ssz”Ll
1Stz — Sez" ||

< CeClt —s), (5.6)
< ez -7 |ga -

Proof. 1. The domain DM is a separable metric space, with the L! distance. In partic-
ular, we can select a countable subset D! ¢ DM N DO+ such that the following holds.

(P*) For every z € DM there exists a sequence of elements %, € D such that

Iz — Z|ltr — 0, limsup TV{z,} < TV{z}. (5.8)

n—oo

2. Let the constants x, A be as in (2.13), depending on g and on the constant M.
Let an initial condition z € D! be given. Consider a sequence &, — 0. Let t — z., (t)
be the corresponding solutions to . Observe that, as t ranges over any compact
interval [0,7], the total variation of z.,(¢,-) remains uniformly bounded. Next, let
Ze, + [0,00[— Dy be the piecewise affine function which coincides with z., at the
discrete times ty, = k-&,. Then the maps ¢t — Z. (t) are uniformly Lipschitz continuous
w.r.t. the L' distance, on bounded intervals of time. By Helly’s compactness theorem
(see for example [5]), we can extract a subsequence (e,),>1 such that the functions
Z., converge in L} , and hence the same holds for the functions z.,. By a standard
diagonalisation argument, we can assume that the same sequence €, — 0 achieves
convergence for every z € D

If now z., — 2z in Llloc, we define the function S;z by setting

(Si2)(u) = z(t,u — At). (5.9)

3. For initial data z, 2* € D, the estimates — follow from the corresponding
estimates (v)-(vi) in Lemma We can now extend the definition of S from D¥ x [0, oo
to the whole domain DM x [0, o[, by continuity. Indeed, given zZ € DM there exists a
sequence of initial data Z, € D such that (5.8) holds. We then define

n—oo

The inequalities —, valid for z,z* € D!, guarantee that the limit exists and is
independent of the approximating sequence.

By continuity, the estimates — remain valid also for Z, z* in the larger domain
DM This already proves part (i) of the theorem.

4. It remains to prove that each trajectory t +— S;z is an entropy weak solution. We
fix a z € DM, By choosing a further subsequence, we can assume the weak convergence
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O — 0. By construction, the map t +— Z(¢) is Lipschitz continuous from [0,77] into
L!(IR) and satisfies the initial condition Z(0) — z = 0. Moreover, by (vii) in Lemma
as € — 0 we have

//|z—c|¢tdudt //( )G(w: 2) + AE — )| du dt
N (5.11)
> // sign(z —¢) - g(¢)g(2)G(u; 2) ¥ du dt + // sign(z —¢) - © ¢y, du dt,
for any ¢ > 0 and any positive test function ¢ € C°(]0,T[ X IR). Defining
2(tu) = Z(tu+At), O(tu) = O(tu+ At) (5.12)
we obtain an entropy weak solution of the Cauchy problem ([1.11)). |

Remark 5.5. We cannot construct the flow generated by the equation simultane-
ously for all initial data z € DT. This is because the backward Euler approximations are
defined for the conservation law , where the shift A must be chosen large enough so
that the characteristic speed is strictly negative. This choice of A depends on ||z(¢)—1||f,1
and on sup,, z(t,u). As shown in Lemma both of these quantities do not increase in
time, hence their upper bounds are determined by the initial conditions.

Remark 5.6. If we assume that g(O) = O, then for any z > 0 the solution w = E_ z
to the backward Cauchy problem ([2.16] can never become negative. In this case,
in one has zFt! = rwht! = E 2k Hence the projections m can be omitted, and
trajectories of the semigroup S can be Constructed simply as limits of backward Euler
approximations.

Under the assumption g(0) = 0, a unique solution of the Cauchy problem with
Lipschitz continuous initial data @ was constructed in [2,[9]. In particular, it was proved
that the wu-profile never develops shocks. In terms of the transformed variables, this
means that

Z(u) >0 forall ue R = z(t,u) >0 forall we R, t>0.

6 Uniqueness of entropy weak solutions
We are now ready to state the uniqueness Theorem.

Theorem 6.1. For any initial datum z € DT, the entropy weak solution of the Cauchy
problem (1.11)) is unique.

Proof. We implement a “doubling of variables” argument to show that the entropy

inequality (5.2]) implies uniqueness. Let Z and z be two entropy weak solutlons of 1_}
according to Deﬁnltlon and let @ © be the corresponding functions in -(5.2

Let ¢ € C(]0, T[XIRX}O T[xIR) be any positive test function, and let ¢, ¢’ 2 O be two
arbitrary constants. Then 2 = 2(¢, u) satisfies

/ |2 —c| - ¢ dudt + // sign(z —c¢) - [(g(2) — g())G(u; 2) + (:)(t,u)] ¢y dudt
// sign(z — €)g()g(2)G(us 3) - b dudt (6.1)
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Similarly, using (s,v) as independent variables, the solution z = z(s, v) satisfies
—/ |z — |- ¢ps dvds + // sign(z — ) - [(g(z) — g(c))G(v; 2) + O(s, v)] ¢y dvds
- // sign(z — )g(d)g(2)G(v; 2) - pdv ds (6.2)

Choosing ¢ = z(s,v) in (6.1)) and ¢/ = 2(¢,u) in (6.2]), integrating w.r.t. all variables,

and summing the resulting inequalities, we obtain

—//// [L1+L2+L3+L4] dudtdvds < 0 (6.3)

where
Ly = [E=2[- (ot + ¢s), (6.4)
Ly = —sign(z=2)(9(2) - () |G(u:2) - 6y + Glvs2) - 6], (65)
Ly = —sign(z —2) - g(:)g(2) | Glu: 2) - Glv:2)] 0. (6.6)
Ly = Ot u)dy+ O(s,v)py. (6.7)
Here for L, we used the fact that sign(s — ¢) = —1 where ever O(¢, u) is non-zero, and
sign(z — ¢) = —1 where ever ©(s,v) is non-zero. See Remark
Let 6,(-) and 7,(-) be two standard one-dimensional mollifiers, and let
t+s u+twv t—s u—
¢ - ¢(t,u,s,v) - ¢< 9 7T)5p<?)77p( 9 ) (68)

To shorten the notation, in the following we write

N R A G N )

etc. One has

au77p = - avnpa O = Oy
Oup = Oyt - 5p77p + "Mp : 8u77pa O = Ot - 5p77p - wép : 3u77p,
at+s¢ = (@ﬂ/} + 83'¢) : 5,0 *Mps aerqu = (@ﬂ/} + av@b) : 5,0 Mo -

With the choice ( of the test function ¢, the above terms Ly, Ly = Loy + Loo, L3
and Ly = Ly + L42 in . ) take the form

Li = [5=2] Wet 1) 8
Lo = —sign(z—2)(g(2) - 9(2) - |Gl 2) + G(v:2)] - s 3, -,
Ly = —sign(z—2)(g(2) — (=) - [G(wi2) = Gvi2)] -+ 8, Ouny,
Ly = —sign(s - 2)g(:)9(2)|Glu:2) = G(v52)] -0 -6,

Ly = [B(tu)+6(s,0)] dute- 6, 1y,

Lip = [B(t,u) = 6(s,0)] -6, 0y,



Taking the limit as p | 0 and writing 1) = ¥ (¢, u), one obtains

////L1 — //lé—z\wtdudt,

////L21 — —// Sign(é—z)(g(é)—9(2))%[G(u;2)+G(u;z)}wududt,
////L3 - // sign(2 (u;f)—G(u;z)]wdudt,
////L41 — // @+@¢dudt

Concerning the term Lo, an integration by parts yields

J[[[ 12 = = []][ sientc = 2362~ 9200 s216ws2) -8, -
+ [[][ [ - 20002) - g(z»w}u (62— G 6,y

Taking the limit p | 0 and the integrating by parts, we get

e [flwi-

2)G(u; z) dudt .

Therefore, we have

//// Los+ Ly — //—sign(2 —2)g(2)|9(2)G(u; 2) — 9(2)G(u; Z)} du dt.

The term Ly is treated in a similar way as for Los. An integration by parts yields

[[f 2 = ~ [ -6t @-onsivn)

Taking the limit p | 0 and use integration-by-parts for the second term, we get

[t~ - [f-onson

—//((:)—GWududt—l—/ (6 — O)ydudt = 0.

Combining the above expressions one obtains
[ 12 = 2t siontz = 2000 - g(z»% [G:2) + G ) du
< - // sign(z — 2) 2) — ()G (s 2)| () du
—/ % [(:) + @] Yy dudt . (6.9)
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Since both Z and z satisfy the conditions in Definition we can find a constant M
such that

Z(t,u) € [0,M], =z(t,u) € [0,M], Gu; 2(t)) < M, G(u;2(t)) <M (6.10)

for all t,u. Since g is uniformly Lipschitz continuous on the interval [0, M], setting
A =M (|90 (po,a1))» for all £, u we obtain

(92) — 9(2)| - 56 2) + Gl )] < A2, (6.11)

Concerning the first term on the right hand side of (6.9), using (2.35)-(2.36), we
have the estimate

19(2)G (u; 2) — g(2)G(u; 2)|
< 9(2) = 9(2)|G(w; 2) + |g9(2)| - |G(u; 2) — G(u; 2)]
< g HLoo = 2M+1)|Z 2|+ lg(2)le* g’ HLOO ([-2,M+1)) 12 = 2l

Let 0 < t; <ty < T, and consider the domain
I'={(t,u); telti,ta], [ul<R-A},

where R is chosen large enough so that ©(t,u) = @(t ,u) = 0 whenever [u| > R — At.
This is possible because, according to Definition © and © have compact support
in [0,7] x IR. Following a well established techmque, we now consider test functions v
which approximate the characteristic function of the domain I'. Thanks to the choices
of R and A in —, in the limit one obtains

R—M\to R—M\t1
/ 12(ta, 1) — 2(t, )| du—/ 2(t1, 0) — 2(t1, u)| du

—R+MXt2 —R+)Xt1
to
< M?|2(t,-) = 2(t, )|y dt
t1
Letting R — oo, for any to > t1 > 0 we obtain
5 [
12(t2, ) — 2(ta, ) llps — 12(E1, ) — 200, )l < M / 12(t,-) = 2(¢, )| dt

t1

By Gronwall’s lemma, for any 0 < ¢t < T this implies
. 20 14
12t ) = 2t )l < €M 112(0,) = 2(0, )| -

This shows the continuous dependence on initial data, and thus the uniqueness of entropy
weak solutions. |
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7 Equivalence with the original problem

By Theorem for every nonnegative initial data z € DT defined at , the entropy
solution of is unique. In particular, it does not depend on the constant A > 0
chosen to construct the backward Euler approximations. Putting together the estimates
proved in the previous sections, we thus obtain

Theorem 7.1. Let the function g satisfy the assumptions (A2). Then there ezists a
continuous semigroup S : Dt x [0, 00[+— D such that, for every z € D, the trajectory
t — Siz is the unique entropy weak solution to the Cauchy problem , in the sense
of Definition|5. 1]

In this final section we study the equivalence between solutions z = z(¢,u) of the
equation (|1.11)) and solutions u = u(t,z) of the original problem (|1.1). Before stating a
precise result, some definitions are needed. Recall in (1.5) we define the parameter

n= lim f'(p) =g(0) > 0.

p—o0

Given an increasing function v : IR — IR, call y = pu® + p® the decomposition of the
measure g = D,u into an absolutely continuous and a singular part (w.r.t. Lebesgue
measure). Motivated by (1.1)), we introduce the flux function

0(0) = e [ Ftuatu) dy+ ()0} (7.1)

Definition 7.2. Consider a measurable function uw = u(t,x), such that u(t,-) is strictly
increasing for every fized time t. We say that u is a weak solution of if the map
t > u(t,-) is continuous with values in L} . and

/OOO/ [U%—(I)“(t)cpm} da:dt—i—/u(x)cp(O,x) dr = 0 (7.2)

for every test function ¢ € C}(IR?).

To achieve uniqueness of solution, one clearly needs to impose additional entropy
conditions. We shall do this by assuming some additional BV regularity and by imposing
the Lax admissibility conditions at each point of approximate jump.

(RC) There exists a function w = w(t,x) > 0 such that, for every t > 0, the map
x — w(t,z) is lower semicontinuous bounded variation (uniformly w.r.t. time), and
satisfies

0 if x€ Su 5(t)),
wtz) = 3 f pp(p(t)) (7.3)
[uz(t, x)] for a.e. x € R.
Here p*(t) is the singular part of the measure Dyu(t, ).

Remark 7.3. The variable w introduced here is essentially the same as z in Theorem
However, we prefer to keep different notations to stress the fact that w = w(¢, x) while
z = z(t,u).
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Following [4, B, I1], we say that (¢,x) is a point of approximate jump for the
function w if there exist u~,u™, X such that, setting

u” if y—x<As—t),
Uls,y) = 7.4
(5:9) {u“‘ if y—ax>As—1t), (7.4)
one has )
lim — // (s, y) — Uls,y)| dyds = 0. (7.5)
e—=0 € (s—t)2+(y—z)2<e2

We denote by J“, J¥ the jump points of u and w, respectively. Since u,w € BV, a
classical structure theorem [4, [I1] implies that the sets J*, J* are rectifiable, i.e. they
are contained in the union of countably many Lipschitz continuous curves, together with
a set whose one-dimensional Haussdorff measure is zero. We can now impose additional
admissibility conditions on the solution u of .

(AC) There exists a set of times N with measure zero such that, at each point of jump
of w or w with t ¢ N, the following holds.

(i) Let (t,z) € J*, so that (7.4)-(7.5) hold. Then the speed of the jump is greater
than or equal to the characteristic speed of the right state. Namely

A > (ug(t, m+)) @O (z). (7.6)

(ii) Let (t,xz) € J¥\ J*. Then the Laz admissibility condition holds:

w(t,z—) > w(t,z+). (7.7)

The next theorem provides a basic correspondence between solutions of (1.1)) and
entropy weak solutions to the auxiliary equation (1.11]).

Theorem 7.4. (i) Let z = z(t,u) be an entropy weak solution of , with z € DT.
Fiz any constant C' and define

o0

X(tu) = u—/ (2(£,€) — 1] dé + C. (7.8)

Let x — u(t,z) be the inverse function of u — X(t,u) and call u(-) the inverse
function of X(0,-). Then u = u(t,z) provides a weak solution to the Cauchy prob-
lem satisfying the regularity condition (RC) and the admissibility conditions
(AC).

(ii) Viceversa, let w = u(t,z) be a solution to a weak solution to satisfying
the regularity and admissibility conditions (RC)-(AC). For each t > 0, let u +—
X (t,u) be the inverse function of x — u(t,x) Then the function z(t,u) = X,(t, u)
provides the unique weak entropy solution of , with z = X,,(0,-).

By the uniqueness of entropy solutions to (1.11]), the above theorem implies
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Corollary 7.5. Let w : IR — IR be an increasing function such that the inverse function
X : IR— IR is Lipschitz continuous and its derivative satisfies

X, € BV, Xy — 1 < + 0. (7.9)

Then the Cauchy problem has a unique weak solution satisfying the regularity and
admissibility conditions (RC)-(AC).

a b X

1

Figure 4: Proving the continuity of the inverse function in L .

Proof. (of Theorem 1. We start by proving (¢). Let z = z(¢,u) be a weak entropy
solution to , according to Definition Since z(t,-) — 1 € LY(IR), the function
X (t,u) in is well defined. For simplicity we assume C' = 0, which is not restrictive.
Since 0 < z(t,u) = Xu(t,u) < M for some constant M and all ¢,u, for each t > 0
the inverse function u(t,-) is well defined and strictly increasing. Since ¢t — X, (¢,-) is
Lipschitz continuous with values in L!(IR), by integrating w.r.t. u we see that t — X (¢, )
is Lipschitz continuous with values in L*°(IR).
Fix 7 > 0. For any interval [a, b], let

Ug = Sup u(T,:zj), up = inf U(T,JI).
z<a x>b

Given € > 0, choose ¢ > 0 so that || X (¢,) — X(7,-)||L~ < & whenever [t — 7| < . An
elementary argument (see Fig. [4]) shows that the inverse function satisfies

u(t, ) —u(r, MLiap) < (ub — ua +2Me) - €.

Since € > 0 is arbitrary, this shows the continuity of the map ¢ — w(t, ) with values in
Ll

loc*

2. Let ¢ € C}(IR?). Changing the variables of integration from (t,z) to (7,u) and
writing ¢(7,u) = (1, X (7,u)), we compute

t = T, ¢7’ QOt‘FSOg;XT, _
{:13 — X(ru), {¢u — X, dedt = X,dudr.
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Next, we observe that for a.e. z the flux in (7.1]) is equivalently computed by

+oo
D () = exp{ / ) )g(z(t,u))du} = Glus (1)) (7.10)

where z = X,,. Observing that X = X (7,u) is locally Lipschitz continuous w.r.t. both
variables and the same is true for (¢,u) — G(u;2(t)), we compute

| [ Tttt - 00 @ypnt,)] dna

_ / / UG X — b Xy — Glu: Xo(7))bu] dudr

- /0 /1 Xu<u¢>>f—XT(u<z>)u+XT¢—G<u;Xu<T)>¢u}dudT
- - " [ {xor + ctusxum)on} duar

_ //{ u_/ 2(7,€) —1]d€) g, + (<u;z<v>>—1)¢u}dud7<7.11>

Introduce the test function v by setting

N {/“ o(1,v) dv if u<N,
0

if w>N+1,

and such that u — ¢ (7,u) is affine for u € [N, N + 1]. Observe that 1 is Lipschitz
continuous with compact support, and v, = ¢ for u < N. Let N be large enough so
that the support of © is contained on the set where u < N. Using (5.2)) we then obtain

//zszdudT—// G(u; 2)thy, dudr = //@wududr =0 (7.12)

Indeed, ¢, (7,-) = ¢(,-) is constant on every interval [a, b] where z(7,-) = 0. By (5.1)),
the integral of ©, over this interval is zero.

Integrating by parts, for NV sufficiently large, the right hand side of can now
be estimated by

/ / { u—/ [z (T,f)—l]d€>¢r+ (G(’U,;Z(T))—1>¢u} dudr

_ / / Z¢Tdudr—// G(u; 2)y dudr
[ [CEeo -1 E)w + (Gt - 1)u] dr

= AN+ Bn. (7.13)
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Assuming that ¢, vanish for ¢ ¢ [0,7], as N — oo one has

T [N+l T [N+l
/ / 2t dudt + / / 9(2)G(u; 2)y, dudr
o JN o JNn

ol [ Va0, an

|An| =

IN

T N+1
G Il - /0 /N l9(u, 2)| dudr ,

By| = /OT[(u— /uoo[z(ﬂﬁ)—l]dé)%Jr(G(U;Z(T))—l)%} ar

u=N
< el - sup |X(7,N) = N| + ¢l - sup |G(V:2(r)) — 1],
T€[0,T] T€[0,T]

From the above, it is clear that Ay, By — 0 as N — oo. This shows that the left
hand side of (|7.11)) vanishes. Hence u = u(t, x) provides a weak solution to the Cauchy

problem (|1.1J).

3. Since z has bounded variation, and can be rendered lower semicontinuous by a
change on a set of measure zero, the regularity condition (RC) is clearly satisfied. It
remains to prove that the admissibility conditions (AC) are satisfied as well.

Consider first a point (t,z) € J* where u is continuous. This means that u, has a
jump, but the limits u(t,z—) = u(t,x+) = up coincide. To fix the ideas, assume that
(t,up) is a point of jump for z, with left and right states 2,21 and speed \g. The
continuity assumption on w implies that G(¢,u) is continuous at (¢,up). Hence, from
we deduce (see for example [5], p.84)

Mo [ =l == =¢l) = ~Gluo, (1)) (sign(z* - )(g(=+) — g(0))
~sign(z" — 9)(9(=7) ~ (¢)) ). (7.14)

Choosing ¢ = 1 (2 + 27) we obtain

0 < G(ug,=z(t))sign(z™ —27) <g(z+) +g(z7) — 2g(z+—;—2)> . (7.15)

Since g is concave down, this implies sign(z™ — z7) < 0. Recalling that z = 1/u, = w,
we conclude that ((7.7) holds.

4. Next, assume (t,z) € J* and let u~,u" and & = A be as in (7.4)-(7.5) (see Fig.[5).
Then z(t,u) = 0 for u € [u™,u"]. By removing a set of times of measure zero, it is not
restrictive to assume that (t,u47) and (¢,u") are jump points for z = z(t,u), say with
speeds 1,4, respectively. For notational convenience, define

Gt =Gut:z(t)), G =G ;z(t) = e v 9OGH (7.16)
By the projection property, the function © is non-zero on the interval [u~, u™], with

Oultu) = PO)G(us2(t) = ¢2(0)e™ OG>0, welu,u],
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while ©(t, ) has jumps at v~ and u™. By using the conditions in ((5.1)), we can obtain
an explicit formula for ©. In particular the sizes of jumps at v~ and u™ are given as

_ . _ _ G -Gt _
+ o + + G -G* +

Note that B~ < 0 and B < 0. Writing 2~ = 2(t,u”—) and 27 = 2(¢t,u’+), where
27 > 0 and z* > 0, using (7.17) and the Rankine-Hugoniot condition, we obtain the
two jump speeds:

+ +
. g(z™) —g(0 B

Consider the jump in z at (t,u”), where 2= = z(t,u”—) > 0 while z(t,u 4+) = 0. A
direct computation shows that the Lax condition

- g(27) —g(0)

uo< = ~ G~ < —Jd(HG (7.21)

is always satisfied, because g is strictly concave.

z(t,u)

Z ‘

= +
u u u X

Figure 5: A point where u(t,-) has a jump (right) corresponds to an interval [u~,u"] where
z(t,u) = 0 (left).

Next, consider the jump at u™, where 2™ = z(t,u™+) > 0 while z(t,u™—) = 0.
Choosing 0 < ¢ < 2T, from (5.2]) one obtains

[ =0) = (= 0)]i = (9(=1) = g(e)G* + (9(0) — () G+ + B .
Adding 2T u™ to both sides and using (7.20) we obtain, for all ¢ with 0 < ¢ < 2T,
20zt — )it > tat 4+ (g(z+) +g(0) — 2g(c)>GJr + Bt

= —(20(:%) —29(0) ) G*
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Since g is strictly concave, the above condition is equivalent to the constraint

) ) zH) —g(c
R e AT G

Combining (7.22)) with (7.20)) and ((7.18)), then using ((7.16)), we obtain
G- —-GT

St = =) - gO)G T+ [

—g(O)GJr] > —2td (NGt (7.23)

and
e9(0)(ut—u™) _ 1

ut —u~
We now return to the original (¢, z) coordinates. Recalling (7.1)), let ®+ = &%t (z4) =

Gt and @~ = &) (z—) = G~ be the fluxes to the right and to the left of the point of
jump. It will be useful to recall the identities

f<1> O (1) = g2)—2g(s),  lim f'p) = g(0).

z z z p—ro0

> g(z") —2Tg'(z"). (7.24)

By the Rankine-Hugoniot condition, using (7.24) we find that the speed of the jump
satisfies
S+ _ P frtoo)(ut—u™) _q 9(0)(ut—u™) _q
i) = — = pt = G+
ut —u~ ut —wu~— ut —u~
> g(zh) = 2Tg'(z") = [ (ua(t,a4)) "D (a+) .

This proves the admissibility condition ([7.6)), completing the proof of part (i) of the
Theorem.

5. From now on, we work on part (ii). Let u = u(t,z) be a solution to which
satisfies the regularity and admissibility conditions (RC)-(AC). For each fixed time
t >0, let u — X (t,u) be the inverse function. By (RC), the derivative z(¢,u) = X, (¢, u)
is well defined a.e. and has bounded variation. Up to a modification on a set of measure
zero, we can assume that z is lower semicontinuous. We claim that the function z
provides an entropy solution to , according to Definition

As a first step, we show that the map ¢ — z(¢, -) is continuous with values in L}, .(IR).
By the continuity of the map ¢ — u(t,-) with values in Lj ., it is clear that the inverse
function ¢ — X(t,-) is also continuous with values in L} . Consider any convergent
sequence of times ¢; — 7. By the regularity condition (RC), the functions z(t;,-) are
uniformly bounded and have uniformly bounded total variation. Hence, by extracting a
subsequence, we can assume the convergence z(t;,-) — Z in Llloc, for some BV function
Z. From the convergence X (t;,-) — X (7, -) it now follows the identity Z(u) = X, (7,u) =
z(7,u). The above argument shows that from every sequence t; — 7 one can extract a
subsequence (1, )>1 such that z(¢j,,) — z(7,-) in Lj,.. This proves continuity property

(P1) in Definition

6. In the remaining steps we will prove that (P2) in Definition also holds. For
each t > 0, the measure p() on the right hand side of 1| is determined as follows. If
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u(t,-) is continuous, then p(Y) = 0. In general, let u(t, ) have jumps at countably many
points x; and call

uf = ult,zi+),  u; = u(t,z—),
Gf = of = o0®)(z;4),
Gy = 07 = o (z,—) = exp{(uf —u;)f(+00)}®] ,
G(u) = e(uj—u)g(O)G;r’ uE [u;,u:r]

Restricted to each interval [u; ,u;], the measure 1) is the sum of an absolutely con-
tinuous measure with density G(u), plus two point masses at u;, u; . The sizes of these
masses are given by BZ-+ , B;”, where

G- -G+ G- -G+
Bf = —— "1 4 4(0)G, B = 4 T
Z uF—u TIOG T

— (0G5 . (7.25)

)

Notice that these masses are chosen so that pu® ([u;, u;"

., u; ]) = 0, while the barycenter of
the positive part of u(t) coincides with the barycenter of the negative part. Equivalently,

one can define 4 = D,O(t,-), where

Ou(u) = B + /uu 20)G)de i uy <u<u],

i

Otu) = i),

0 otherwise.
With the above definitions, one easily checks that the properties in ((5.1)) hold.

7. For each fixed time ¢ > 0, let u — X(¢,u) be the inverse of the map = —
u(t,z). By the regularity assumption (RC), the derivative u, is positive and uniformly
bounded away from zero. Since the flux function in remains uniformly bounded,
we conclude that the map (t,u) — X (t,u) is uniformly continuous and therefore has
partial derivatives X;, X,, defined pointwise for a.e. t,x. Since u provides a solution to
, it follows that X satisfies the PDE

o0

Xi(t,u) — g (Xu(t,u)) - (exp/ g (Xyu(t,v)) dv) —O(t,u) =0 (7.26)

pointwise almost everywhere. In turn, the BV function z = X,, provides a distributional
solution to the equation

5 — <g(z)-exp /u h g(z(t,v))dv> —Ou(t,u) = 0. (7.27)

u

In particular, (5.2)) is satisfied as an equality in the special case where ¢ = 0.

To prove that the inequality (5.2]) holds for every non-negative test function ¢ €
CL(]0, T[ xIR) and every constant ¢, we recall that z is a BV function of the two variables
t,u. By a well known structure theorem [4] [I1], for almost every c € IR the sets
QF = {(tu); 2(t,u) > c}, Q. = {(t,u); 2(t,u) <c},

C c
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have a common, rectifiable boundary T'. = 9QF = 9. . Moreover, a.e. point (t,u) € T,
is a point of continuity or of approximate jump for z. We can now write

I = /OT /JR {\Z — el — sign(z — ) - [(9(2) — g(c)) G(u; 2(t)) + O(t, u)] zpu} du dt
- /OT /JR sign(z — ¢) - g(¢) 9(2) G(u; 2(t)) ¢ dudt
= [ o= 06 = 000 6~ 5(6) o) G = Ot ] s

[ [ - (62) - o) G - 900 9() G - D0t ]

(7.28)
Consider the vector-valued function

z—C

Fltu) = ( (g(=) — g(0))G — © > v (7.29)

By the assumption z € BV and the explicit definition of O, it follows that the traces
F(tyu), Fr(t,u) (t,u) € 0Q, = o0F =T,

on the boundaries of 0, and QF are well defined. In the (¢,u) plane, a formal compu-
tation of the divergence of F yields

V-F= (=), = (9(z) — 9(c))G¥], — (O¢)u
= (= + (z = )t — ((9(2) = 9(0))G)ut) — (9(2) — 9(¢)) Gt — Out) — OYy
= [(z =) = ((9(2) = 9(c))G)u — O] ¥ + (2 = )bt = (9(2) — 9(c))GYu — OYy
= 9(0)Gutp + (2 = )y — (9(2) — 9(c))Ghu — OYy
= (2 =)y = (9(2) = 9(c))GYu — g(c)g(2)Gtp — Oy, .
Using the divergence theorem, the integral in can be computed as

I, :/ +V-]—“dudt—/ V- Fdudt = / (F¥ 4+ F7) ndo. (7.30)
Q Qo

c

Here n is the unit outer normal vector to the boundary 921 and do denotes arc-length.
8. To prove that I. > 0, it suffices to show that, for a.e. point in I';, one has
(F*+F)-n > 0. (7.31)
Let (t,u) € .. If z is continuous at this point, then
2(t,u) = c, FH(t,a) = F (t,u) = 0,

and the conclusion is immediate. On the other hand, if z has a jump at (¢,a), call
2+, 0% the left and right values of z,© across the jump, and let A be the jump speed.
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We observe that, by the definition of QF, Q7 either 2~ <c¢ < 2T orelse 27 <c¢ < 27.
We shall consider three cases.

CASE 1: z= > 0 and 2™ > 0. In this case we have O = ©~ = 0. The admissibility
condition (|7.7)) now implies
0 < 2" < 2.

In a neighborhood of (¢, %), the set QF lies on the left of I'. while €. lies on the right
of I'.. Hence the normal vector n pointing toward € is

- ()

We compute

7 = (e Zon6) * = (st o0 —atens) ¥

L ZT—c _ clzm — ¢
7= (o oe) = (ot T - sene) v
and so
(f+ + ]:_) . <_1)\> = {)\- (|z+ —cl—1z7 - c|) + sign(zt —¢)(g9(z1) — g(c))G

—sign(=" — ¢)(g(=7) — 9(e))G }v . (7.33)

Since g is strictly concave, for any ¢ € [z7,27] and 2~ > 2T, the Rankine-Hugoniot
speed )\ satisfies

A (leF =l = |27 —cl) > —sign(z" —¢)(9(2") = 9(c))G + sign(z™ —¢)(g(27) — 9(c))G-
Since ¢ > 0 we conclude that, at the point (¢, @), the quantity in (7.33)) is non-negative.

Hence ([7.31)) holds.

CASE 2: 2z~ >0, 2t = 0. We then have © =0, ©~ < 0. As in the previous case, QF
lies on the left of I'c and €7 lies on the right of I'c, hence n has the same expression

(7.32) as in Case 1. Observing now

—C zZ —C

7= <—<g<o>—g<c)>a_e—) oIS <—<g<Z—>—g<C>>G>¢’

we thus have

(Ft+F)- (?) = {A.(zc—z*) —(9(0)—g(c))G—0"—(g(z7) —g(c))G} Y. (7.34)

The speed A of the jump, given at ([7.19)), with the present notation takes the form

~9(z7)—g(0) , O

z
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By (7.21) and the concavity of g, it follows that
(27 —0A < —(9(z7) —9(0)G.
The term between brackets on the right hand side of ([7.34) can now be written as
A= (9(0) —9(e)G = (27 =)A= (9(27) —9(¢))G — O~
> cA—(9(0) —g(c))G — O~
) a0, O
o

~—

G+c— —(9(0) = g(c))G -6~

z

= —C —

g(z )—9(0)_9(0)_9(0) G+C_Z_@_ > 0.

Here the last inequality follows since both terms are positive. Since ¥ > 0, we again
conclude that at the point (¢, %) € T'. the quantity in (7.34)) is nonnegative. Hence ([7.31])
holds.

CASE 3: 27 =0, 2zt > 0. In this case ©F = 0, ©~ > 0, and QF lies on the right of
I'c while Q_ lies on the left of I'.. The normal vector pointing toward 2. now has the
form

= e ()

We have
Fo- (—<g<o>—g<i>>a_@) eI (—(g(zi—;c»(}) v
Hence

_ A _
Frar) () = 2040 g6 0+ o) -gl)G v (79
The speed A of the jump, given at ([7.20]), with the present notation takes the form

g(=") —g(0) ,  ©°
- Gt

-
This yields the relation

07 = Az" +(9(z7) — 9(0)G.
The admissibility condition and the concavity of g imply

_9E) —9(0) (7.36)

> —4¢:=HGE >
Az —g@(E"NGE = g

The term between brackets on the right hand side of ([7.35) can now be written as

Azt =2¢) + (9(0) = g()G + Azt + (9(2%) — 9(0))G + (9(2F) — g(c))G
= 2M(2" =) +2(g(z") — g(e))G > 0,
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because of (7.36). Once again, we conclude that, at the point (¢,%) € T, the quantity
in ((7.35)) is nonnegative. Hence ((7.31)) holds.

The above arguments show that, for any positive test function v, the inequality (5.2)

holds for a.e. constant c. By continuity, it remains true for all ¢ € IR. This completes

the proof of part (ii) of the theorem. |
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