ERROR ESTIMATES FOR WELL-BALANCED AND TIME-SPLIT

SCHEMES ON A DAMPED SEMILINEAR WAVE EQUATION

DEBORA AMADORI AND LAURENT GOSSE

ABSTRACT. A posteriori L' error estimates (in the sense of [12, 23]) are derived
for both well-balanced (WB) and fractional-step (FS) numerical approxima-
tions of the unique weak solution of the Cauchy problem for the 1D semilinear
damped wave equation. For setting up the WB algorithm, we proceed by
rewriting it under the form of an elementary 2 X 2 system which linear con-
vective structure allows to reduce the Godunov scheme with optimal Courant
number (corresponding to At = Azx) to a wavefront-tracking algorithm free
from any step of projection onto piecewise constant functions. A fundamental
difference in the total variation estimates is proved, which partly explains the
discrepancy of the FS method when the dissipative (sink) term displays an
explicit dependence in the space variable. Numerical tests are performed by
means of several exact solutions of the linear damped wave equation.

MSC: 35L71, 65M15, 74J20.

1. INTRODUCTION

We consider the one-dimensional damped semilinear wave equation,
Opts — Opau + 2k(z)g(Opu) = 0,

(1)

under an assumption on k which is related to scattering problems, in the sense
that incoming signals interact and get perturbed by an external phenomenon of
bounded extent, which characteristic scale remains small when compared to the

entire computational domain:
ke L'R), k(z) >0.
By introducing the “macroscopic” variables,
J = O, p=—0zu
the wave equation (1) is equivalent to the elementary system:
OJ + Opp = —2k(x)g(J) .
Oppositely, in terms of “microscopic diagonal” variables f*, defined by
p=fT4+f,  T=ft—J"
the system (3) rewrites as a discrete-velocity kinetic model:
O(f7) = 0ul(f7) = k(z) g(f* = f7)
OH(fT) + 0:(fT) = —k(x)g(f* = f7).
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Assume that k satisfies (2) and that
g € CY(R), g(0) =0, g strictly increasing . (5)

A special case of interest is g(J) = J, which yields the Goldstein-Taylor model, the
linear damped wave equation, or Maxwell-Cattaneo-Vernotte’s equation of hyper-
bolic heat conduction, see [20, 19]. Initial data for (4) can be chosen such that

ff e BV(R)NL'(R). (6)
Now we state the main theorem of this paper.
Theorem 1. Assume (2) and (6), then the two following properties hold.

(1) Let fit stand for the fractional step/wavefront-tracking approzimation of
(4) and f* for its unique solution obtained as the limit of an approximating
sequence fit, At — 0. There exists a t* > 0, see (56), such that for t < t*:

/ |fa(t.z) — fE(t2)|de < At[TV{fi} + Cit + Cot?] (7)
Cr = 2 [|kllsollg'llocTV {5} + 12TV k- ||g]|oo,
Cs 2 TVE - gllso - [E]loo - 19 ]l

where t = nAt, n € N. For t > t*, its error increases at most linearly,
/‘fft(t,x) ~[Ea)de < ALTV{fF} + Cit + Cy(t— 1) + Ca(t')?]

G = 8l lglloe k] llg'l1c-

Moreover, its total variation grows at most linearly in time, see (54), and
a maximum principle, see Fig. 5, holds.
(2) There exists a 6 > 0 such that, under the smallness restriction

TV fE+ |kl < 0,

then for fiz being the well-balanced/wavefront-tracking approximation of
(10), the a-posteriori error estimate holds for all t > 0: for any x1 < 2,

[ - )| N

1
1
< 280 (TV (J75 @1 =t + 0} + Bl + D301t )

where f* stands now for the unique limit of an approzimating sequence
ffl, Ax — 0. Its total variation is uniformly bounded with respect to time
as written in (39).

For the definitions of fit and fim, see §3.4 and §2 respectively. One may also
include the more usual case of k(x) = 1 ¢ L'(R) by assuming that

k=k(z) € Ll,,NBViee, k>0, fi e BV(R) with bounded support.

Notice that in case k(z) = 1, the problem becomes invariant by z-translations
and traveling waves f¥(x — st), |s| # 0, connecting asymptotic constant states at
|z| — 400 may exist. Oppositely, selecting k(z) with compact support eliminates
them and time-asymptotic patterns are expected to consist in a standing wave in
the vicinity of x = 0 and scattering waves exiting the domain of influence of k at
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velocity +1. Let us compare (7), (8) when k(z) = 1. By using the slightly improved
estimate (41), the error estimate for the well-balanced approximation becomes

/I2 |f§x(t,x) — fi(t,x)|dm < 2AzTV {foi; (x1 —t,za + 1)}

1

+ Az (6]|glloc +1) (22 — 21) + Az (2[|glloc + 1)42, (9)
while the obvious simplifications TV k = 0 and ||k||cc = 1 can be done in (7).

Three main comments are in order:

e the estimate (8) heavily relies on the Bressan-Liu-Yang L!-stability theory
for weak solutions of hyperbolic systems of conservation laws ([11, 10]). The
observation that it yields a-posteriori estimates, similarly as Kruzkov theory
yielding Kuznetsov a-posteriori estimates [12], was made by Laforest [23].
He derived also rigorous local error indicators, responsible for the increase
in time of the L! error, called “discrepancies” (see [23], Theorem 3.3). Here,
we follow a closely related methodology to study inhomogeneous balance
laws and highlight which type of source term discretization entails better
control on the time-growth of the global L!-error.

e The WB estimate is independent of TV (k), it only perceives the L' norm
of k. Hence, assuming that ¥ € L' N BV(R) has compact support, say
(a,b), there exists an optimal constant of Poincaré’s inequality,

b—a
&l L1 (ap) < TTV (k).

This implies that the existence of a critical time, ¢ € R*, growing with
Vb — a and the sup-norms of k, g, ¢’ taken on the positively invariant do-
main of (4), beyond which the error estimate of the split-scheme (7) is
inevitably greater that the one of the WB scheme (8).

e By glancing at the estimate (9), one may think that in the case k = 1,
the overall performance of the WB scheme decreases as its (local) L' error
appears to be growing linearly with the time ¢. An explanation could
be that, by construction, the WB discretization doesn’t perceive moving
traveling waves, except for the static ones for which s = 0. However, the
estimates (7) and (9) still are of quite different natures: in (7), the linear
amplification acts on AzTV (f5F) and for small time, 1 + 2¢|&| oo ]|’ |00 =
exp(2t]|k]| o]l g’ | oo)- Accordingly, the error amplification depends on both
the oscillations of the initial data and a “Gronwall-type” factor (like in [3]).
It doesn’t seem possible to do the same interpretation for (9) in which the
error growth simply results from the widening of the cone of dependence.
Moreover, good performances of the WB scheme originally proposed in [19],
in terms of consistency with the asymptotic behavior prescribed by [9], were
independently shown in [6] (see §7.1.2, the case a = 0)

About global existence of solutions to system (3) for BV data with k = 1, see
for instance [4] where a fractional step approach was used to define approximate
solutions. Thanks to the above conditions on ¢, the increase of total variation
at each time step where the source is added can be accurately controlled, hence
one obtains strong compactness of sequences of approximations generated by the
algorithm. Other relevant references are [14, 25]. A careful treatment of 1D systems
of hyperbolic semilinear equations is given in [28]. A general study of the temporal
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behavior of error estimates appears in [1]. Our framework applies for instance to
models endowed with a two-scale discontinuous relaxation parameter, see [13].

The paper is organized as follows. Section 2 focuses on the well-balanced (WB)
approximation: §2.1 deals with the non-conservative Riemann problem and §2.2
with general interaction estimates. In §2.3, we give convergence results by means
of the BV-bound (39). The error estimate (8) is established in §2.4 by setting up
a Bressan-Liu-Yang functional uniformly equivalent with the L' norm (following
[3, 23]) which decreases in time: then the resulting L! error is easily deduced.
Section 3 follows by focusing on the fractional-step (time-split) approximation: §3.1
studies the possible increase in total variation due to the space-dependence of the
sink term, the BV-bound (54) is deduced in §3.2. A local truncation error (LTE) is
proved for general space-dependent sink terms, following [5], from which the global
L' error (7) follows. At last, §4 presents a few numerical results based on several
exact solutions given in [24, 21], displaying for instance a bifurcation phenomenon
of wave speed. Finally, §5 gives concluding remarks.

2. THE WELL-BALANCED APPROXIMATION

In this context, the WB approach consists in dealing with the inhomogeneous
system (4) by means of a non-conservative homogeneous 3 x 3 system, which turns
out to be equivalent for smooth a(x),

Of~ —0uf —g(f* — f)a =0
OfT 4+ 0uft+g(ft—f)0a = (10)
Gta =0

where

From assumption (2) one has that
a € BV(R)NnC(R), az; > 0. (11)

This procedure, which consists in localizing a source term of bounded extent into a
countable collection of Dirac masses in order to integrate it inside a Riemann solver
by means of an elementary wave which is obviously linearly degenerate, appears to
trace back to the paper by Glimm and Sharp [15]. It is extensively used in [17].

The characteristic speeds of system (10) are A = —1, 0, 1 with corresponding
eigenvectors r_ = (0,1,0)%, 79 = (—g,—g,1)%, 1 = (1,0,0)t. We will call 0-wave
curves those characteristic curves corresponding to A = 0. One can easily check
that the characteristic curves are straight lines [17, §8.1.3]. Indeed, this is obvious
for r4, while for ry we observe that, along a 0-wave curve, one has f* = f~ so
that g and hence ry are constant. Therefore 0-wave curves are straight lines, not
necessarily parallel to each other.

2.1. The 3 x 3 Riemann problem and positively invariant domains. Let

Uéz(féiaf;aal)v UT:(fr_afjvar)
be a given a Riemann data for (10). The Riemann problem for system (10) is
solved in terms of the three characteristic families, resulting in three waves: the
two +1-waves, with corresponding speed +1, where only f* can change its value;
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and the 0 — wave, corresponding to the stationary field of (10), evolving along the
stationary equations
0p [+ = —k(w)g(]). (12)
Notice that J = f* — f~ is constant along stationary solutions.
The intermediate states in the Riemann fan are

Ur= (7 f5a),  Ua=(f7fan),
while the waves appearing in the solution are as follows: U, and U; are connected
by a (—1)—wave of size o_1, U; and Uy are connected by a O—wave of size og, and
U, and U, are connected by a 1-wave of size o7 where

o1 = fo—fr = Je—Js = pep—pe (13)
o0 = a—a (14)
o1 = f:__f:_ = Jr—=Ji = pr— papr- (15)

Here the ”%” denotes the corresponding value related to the O-wave: more pre-
cisely, (p«¢, J«) and (p«r, Ji) denote the left and right state long the 0-wave, re-
spectively, in term of the variables (p,J). Notice that J is constant across the
O-wave. The states along the O-wave satisfy a discrete version of (12), that is

=10 == = =9 —a); (16)
this implies (compare with steady equations in (3)):
per—Prp = —29(J)(ar —ar).

Remark 1. A more accurate choice for measuring the size of 0-waves, rather than
(14), may be o9 = g(J.)(a, —a;) = —(AfT) instead. We shall not pursue in this
direction hereafter.

oo
Uy Us
(fe_afz_vae) (fr_afjaaT)

FIGURE 1. The solution to the Riemann problem.

Proposition 1. Let m < M, § := a, —a; > 0 and initial states fei, fE €m, M.
Then one has

m < fHx,t) <M (17)
and
L5 =S+ = f71 =208 < Jooa| +|oa| < IfF = 71+ 1f = £ | +2C8 (18)
where
C = max{|g(M)],|g(m)}. (19)
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Proof. Define the intermediate value J, implicitly by the equation
Jo+9(J)s = fF—fo d=ar—a;>0. (20)

r o

This is well-defined since the map

x—x+g(x)d
is strictly increasing for 6 > 0 (recall that ¢’ > 0). Hence the values f, f. are
defined by the identity
A= = - = (21)

and then the intermediate values f,”, f satisfy (16). The estimates can be proved:
e By denoting (z,y) = (fF, f), one can easily find that
(ff —2) = f7) = (" — o)y~ f7) = Jo-g(J)s. (22)

Noticing that u - g(u) > 0 for all u, we conclude that, if § > 0, the new
values f+ do not leave the interval with extrema f; , [

m <min{f", f; } <z, y <max{f, [} <M,

therefore (17) is proved.
e Finally, concerning (18), we use (15) and (16) to find that

VA Al I VAR A VA
o1+ [ = ] = loa] + g(J.)16
lo1| + Cd
A PR VAR P Rael
\fF = f+ 208,
with C' as in (19), so that

fF = fF1=C6 < ou| < |fF = f71+C9d,

An analogous estimate holds for o_;. Hence we end up with (18).

ININ TN

Remark 2. If § = a, — ay < 0, assume moreover that
(supg’)|d] < 1. (23)

Then there exists a unique solution to the Riemann problem for (10) with data Uy,
for x < 0, U, for z > 0. In other words, the jump in a should be sufficiently small.
Indeed, thanks to (23), the map R 3 x +— x4+ g(x)¢ is strictly increasing. Moreover,
(17) does not hold necessarily for § < 0, since (22) does not have the correct sign.

We are now in position to explain the construction of an algorithm able to deliver
a Well-Balanced approximation of (3).

Let a(x) satisfy (11) and f;© satisfy (6). Fix Az > 0 and set z; = jAz for j € Z.
Approximate the initial data fgt and a with constant values on each (z;,z;11), say
(fo)2 (@) = fo(xy),  a®(z) = alx)) for € (xj,211).

Denote by f~ = (f7)2% and f* = (fT)?® the approximate solutions naturally
defined by a wave-front tracking algorithm. Let m < M be constants such that

Vr € R, m < fgt(x) < M. (24)
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By means of Prop. 1, since a, > 0, the approximate solution remains confined
inside the same interval:

V>0, m<fEE.) <M. (25)

2.2. General study of interaction patterns. Now we investigate the interaction
between various patterns of waves for the system (10) because the introduction of
a(x) yields a nonlinearity. The amplitude of waves is defined at (13)—(15).

Proposition 2. Let Uy and U, be connected by a complete Riemann pattern of size
g1, and qo. Let Uy, and U, be connected by a single wave as described in the cases

below. Finally let qil be the sizes of the £1-waves solving the Riemann problem
for Uy, U, (see Figures 2 and 8). Set C1 = Lip(g), the following holds:

(a) If Uy, and U, be connected by a —1-wave of size o_1, then one has

" - —oal=la —qr| < Ciqolol. (26)

(b) If Uy, and U, be connected by a 0-wave of size oy, then one has
a5y —asil=la" —ar| < Cilar|oo. (27)
(¢) If Uy, and U, be connected by a 1-wave of size o1, then one has

=92, 4 =q +o1.

Proof. Denote by J—, JI the intermediate values of J in the Riemann problem for
(U, Uy,) and (Uy, U,.) respectively. Then the following identities are valid for the
sizes of waves:
{qi_1 -q, =J; - JF, (28)
(JT*QI = =I5+ = Jm) -

Indeed, it is sufficient to remind the definitions (13), (15) for the size of the waves;
for instance we get ¢*, — ¢, = (Js — J) — (Jo — J7) and hence the first identity.
Similar for the second one.

e In case (c) one has J,. — J,,, = o1 and J_ = J. Hence the thesis simply
follows from (28), being ¢ —q; —01 =0=¢", —q¢_;.

q0

q_1 q0 A o_1

FIGURE 2. Tllustration of Case (a).
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e About (a), one has that o_; = J,, — J,; moreover, by using (20), the
quantities J;, J satisfy
JoH 90w =15~ fme 9T = 5 - £,
so that
(Jo =T 1+ g (§)ao) =01

Then
qi‘r*‘h_ = (Jr*Jm)WL(J;*Jj)
—_———

1 9'(§)ao
= Oo_ —1 + — = —0_1 - .
1( 1+g’(€)qo> P14 g (a0
Since 1+ ¢'(£)go > 1, then (26) follows:

i —ar| < lo—1lg' (©ao < Cilo—1]qo.

o0+ qo
q_1 q;r
12 r
q-1 Qo @ 00
12 m r

FIGURE 3. Illustration of Case (b).

e It remains to consider (), where J, = .J,, and hence (28) reduces to

o -a = -, = J0 T (29)
The following identities hold for JF:
I+ 9 a0 = f = fn I+ 9(IN) (o +o0) = f — £
Therefore
(o =75 (149 ©a) — 900 = f7—fu-
From (16) we immediately deduce that f~ — f,. = —g(J,)oo, so that
(o =I5 (1 +9'(©)a) = o0 (9(J) = g(Jr))

= oog'(n) (J}—J»)

= oog'(n) |-(J5 =T = (Jr = J.)

= —oog' () (Jo =) —a0g'(n)ay -
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The previous identity rewrites as

(Jo = TH) 1+ 4 (g0 +00g'(n) = —00g' (n) ai -
Recalling that ¢, qg, o¢ are all > 0, it follows from the previous identity
that

o =I5 < ood)lar | < Croolar |
and hence, going back to (29), we get (27).
O
Proposition 3. (Multiple interaction) Assume that a 1-wave, a 0—wave and a

—1-wave interact. Let 0_,, o] be the sizes of the incoming waves and Jfl, Jf be
the ones of the waves after interactions. Then

o5yl + 1o < loTy]+ oy ] (30)
Besides, for § = a, — ay, one has

loXil=loZy| < Cio(JoZy] + oy ]) (31)
o | =lor | < Cio(joZy] + oy ) -
Proof. We proceed by letting interactions occur two at a time, and then collect the
result. The same procedure was used in [2].

e Assume first that the (+1)—wave interacts with the O-wave, then two +
waves of size o171 will outgo the interaction point. We are in case (b) of
Prop. 2, where 0—; =0 = 09 and (29) reduces to g, — 0] = 0_1, so that

o1—0-1 = 07 . (32)
By equating p, — pe before and after the interaction, we find that
G1+0-1—29(N)0 = of —2g(Jn)s. (33)
Subtracting (32) from (33), we get
26 1-29(J)0 = —29(Jm)d,

so that

= —g(§a0.
Hence sgn(gy) = —sgn(o_1), and using again (32), we find that
sgn(oy ) = sgn(oy).
Therefore we have proved that
o1l +loa| = o7 ] (34)
e After this interaction, the wave of size o1 will cross the (—1)—wave of size
0_4, clearly without changing size. The interaction between this last wave

and the O—wave will produce two new waves, o+1. Analogously as before,
they will satisfy

o1+ o1 = loT4]. (35)
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Due to the linearity of +1—waves, no other interaction can occur. The sizes of the

outcoming waves o', o; must satisfy

0'1_1:5714*8,1, Jf_:51+81.

Therefore, by using (34) and (35), we finally get (30):
o5yl + 1o < [Fal+ 1G]+ 151 + (5]
= loZil+ oy

Finally let us prove (31) for the 1-family, the other one being analogous. From the
construction above and Prop. 2, it is easy to deduce that

lor —or [ < Ciloy |6, [o1] < CiloZy]6.
One has

o | = oy | < JGul+ 61l = oy | < 61— oy [+]61],

therefore we conclude thanks to the above estimates on |67 — o7 | and on |o1|. O

2.3. Bounds on total variation for WB approximation. Previous interaction
estimates allow to derive uniform bounds on the total variation for the system (10)
(if a(x) = z, see also Sect. 8.1.1-2.1 in [17]). As usual, one defines:

Le(t) = D IAff+Af
(£1)—waves
Lot) = > IAff+|Af7
O0—waves
and

Remark 3. We remark that Li(t) coincides with TV J(t,-): indeed, along +1-
waves, it holds that |Af*| = |AJ|; on the other hand, since J is constant along
O-waves, then

Li(t)= > |AJ] = TV.J(t). (36)
(£1)—waves
Let us explain how these quantities evolve in time.
e From (30) and (18), one has that Ly (t) < Ly(s) if t > s and thus,
Li(t) < Li(0+)
< TVfH0,)+TVf(0,:) +2CTVa, (37)

where (18) is used for Ly (0+). Recall that C' = max{|g(M)], |g(m)|} as in
(19).
e By using (16) and (19), a uniform in time estimate for Lo reads as follows:

Lo(t) = 2 Z l9(Ji(z5))|Aa(z;)

< 20 ) Aa(z;) =2CTVa. (38)

J
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Recalling that TV a = ||k|| 1, we put together (37), (38) and finally get the following
estimate that does not depend on time:

TV Tt )+ TV (1) < TV H0,) + TV F7(0,) + 4Colkl[Lr. | (39)

2.4. Lyapunov functional and linear L' error estimate. Among all the pos-
sible interaction patterns, we are especially interested in the ones which occur when
following the stability roadmap proposed by Bressan et al. [10]. It consists mainly
in introducing a nonlinear functional which tracks the time-evolution of the L!
distance between two wavefront-tracking approximations by considering their dif-
ference as a “transversal Riemann problem” being solved by shock curves only
regardless to entropy conditions. Obviously, in the present simplified framework,
there is no entropy conditions at all as the system (3) is semilinear. Hence, 2 ap-
proximations fli, a(z) and fQi, b(x) being given, at each point ¢, x, one solves the
Riemann problem for (10) with left/right data:
fif(ta),a(x),  fy (@), b(x).
Let
g+1, qo(z) = b(z) — a(x)

stand for the corresponding “transversal wave-strengths”, and consider, for in-
stance, that f; has a jump of size o at the point (¢,z,): see Figure 4. In order
to correctly devise the weights involved in the Lyapunov functional, it is necessary

to know how the “transversal wave-strengths” evolve according to all the jumps in
both fi, a(z) and fi,b(x).

FIGURE 4. Interaction between a “transversal Riemann problem”
(left) and a —1-wave resulting in the new Riemann problem (right).

In the sequel, we use all the standard notations by Bressan ([10]); the only ex-
ception is that the characteristic families are numbered —1,0, 1 for obvious reasons.
Let U,V stand for (f{, f;,a) and (f5, ", b) respectively. We write o for the size
a front located at x®, of the family ¢ € {—1,0, 1}; zero-waves are measured simply
by the jump of a(x) or b(x), respectively for U or V (see (14)). Recall that all the
0§ are positive, since a(z) and b(z) are assumed to be monotone, non-decreasing.
The Lyapunov functional ®[U, V] reads, for z1 < o and t <T = (2o — x1)/2:

xo—t

e Vi) = Y [ @ Wids, (10)

i=—17 71+t
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where W, are time-dependent weights, defined as follows:

Wz(taz> = 1+ KlAi(taz) + H2(Q(U) +Q(V)) ) i = 717 Oa 1
and

A = Y o,

Ta<T
Ai(z) = Z a4

Taq>T

Ao(t,z) = Y Jof+ Y lo%l.
Ta<T Ta>T

The sums above extend over all jumps in U and V. An estimate for A4 reads:
Agii(t,z) < TVa+TVbh.

On the other hand, an estimate on Ay goes as follows. Assume that m, M are
common bounds on f£(0,-) and f3(0,-), see (24). By defining

Ao = TV f7(0,)+ TV f(0,-)+2CTVa,

By = TV f;(0,-)+ TV f(0,:)+2CTVb
and recalling (37), one obtains

Ao(t,z) < La(tU)+ L(t;V) < Ao+ By

Here the constants k1, ko are positive, to be chosen, and Q(U), Q(V) stand for
the interaction potential between +1-waves and 0—-waves that show up in U, V
respectively:

QU = doag | D> o+ D e
B8

a, Ta<Tg Q, Ta>TB
where the sum runs over all jumps of U in (x1 + ¢, 29 — t). Hence
QWU)() TV{a} L+(t;U)
TV {a} L+ (0+,U)
TV {a} .AQ .

IAIN TN

The situation is analogous for V:
QV)(t) < TV{b}B,.
We estimate the sum of the @) as follows:
QU)+Q(V) < TV{a} Ay + TV{b} B, .

In order to ensure that these weights are uniformly bounded, one must deal with
the bounds:

Wil(t, .Z’) < 14kt (TVG + TV b) + Ko (TV {a} Ag + TV {b} BO) s

Wo(t,z) < 14 k1 (Ao+Bo)+ ke (TV{a} Ao + TV {b}Bo) .

Hence, once that the constant values k1 and k9 are determined, it is necessary to
restrict both the total variation of initial data fgt and the strength of the source
term. More precisely there exists 6 > 0 such that, if

TVa, TVDh, TVfE0,), TVf0,)<d,
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then the weights satisfy 1 < Wi (¢, z) < 2.
Let us present the main steps of the analysis:

(1) We first quantify the relation between ®[U,V](t) and the L' difference
between the two approximate solutions. Define

- [ U ) — S )|+ 1 () — f (6 2)ld.

1+t

Recalling (18) and using Wy > 1, one gets

IQ—t
It) < / g1 | W1 + |g—1|W_1 + 2Cla — b| dz
x1+t
' mz—t
< @[U,V](t)+(20—1)/ la — b| dx
x1+t
and also, always taking advantage of (18),
xo—t xo—1t
UVIE) < 2 ) \gildz + 2/ la — blda
i=—1,1 1+t z1+t
mz—t
< 2[(t)+(4C+2)/ la —b|dx.
x1+t

Altogether, assuming that t — ®[U, V](t) decreases, it comes that:

) < o V](t)+(201)/z2t la — b da
x1+t
< @[U,V](O)+(2Cl)/m—t la — bl dz
x1+t
< 20(0) + (4C+2)/12|a—b|dz + (201)/12_t la— b dz. (41)

T x1+t

(2) Then, we want to prove that ® does not increase in time. To see this, let’s
start considering interaction times:

e When a wave front leaves the left boundary, of family £ = —1, the
weights W; change continuously in L}, . If the leaving wave-front is of
family k£ = 0, the weight W_; possibly decreases.

e When the interaction between two waves +1, —1 occurs, their size do
not change across interaction, so the functional does not change.

e Now we consider the case of a £1 wave-front interacting with a 0-
wave; the presence of reflected waves induces a possible increase in the
weights W, which is controlled by means of (31) in Prop. 3.
However, thanks to the presence of both the interaction potentials
Q(U) and Q(V), the possible increase of W; is compensated with their
corresponding decay. Hence, for ko big enough, the overall functional
decreases.
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(3) Now, following Bressan (see [10, p.155]), outside interaction times it is
convenient to write the time-derivative of ® as follows:

do[U, V) !
—5 = = i; lqi () Wi (2) (=1 +N)|,_, .,
1 1
+ > @ Wi@) (=1 =), _ > Y B,
1=—1 a i=—1
being
Eoi = |7 T[WET O =) = |gi 7 [WE (AT — @)

= (g IWET — g [WET] (A — a%)

where we used that the \;’s are constant. Thanks to the linear structure
of families +1, lots of simplification occur. For instance, if i = k., then the
corresponding speeds coincide A$ = ¢ thus E,; = 0. Since |A\;| < 1, the
contribution from the boundaries is non-positive and then:

AU,V !
WO < % B

a i=-—1
We formerly assumed that ¢ — ®[U, V](t) decreases, the next lemma proves this:

Lemma 1. Let U,V be two approximate solutions, generated by the Well-Balanced
algorithm, from initial data Uy = (fli(t =0, -),a(-)), Vo = (fQi(t =0, ),b()) en-
dowed with sufficiently small total variation so that the corresponding weights satisfy
the uniform bound 1 < W;(t,z) <2, € {0,£1}.

If k1 > 4C4 then one has, outside interaction times:

do[U, V] <0
dt -
Proof. We will analyze the jumps that occur in the V' = ( fQi, b) vector of unknowns;
the analysis for the jumps in U is completely similar (see also [10, p.160]). Such a
framework exactly meets with the interaction estimates given in Prop. 2. Accord-
ingly, let k, € {£1,0} denote the characteristic family of the jump present at the
abscissa x,. To carry on, one distinguishes between each value of k:

o if k, = —1 = 2%, an easy computation shows that E_; = 0 and that
@ =d, Wi =Wy, Wi -Wg=—ri|o_i
and hence
Ey = lgg {Wo" =Wy } = —rilo-illgg |,
By = 2{l¢ | —lgr |} Wy .

Moreover it follows from Proposition 2 that |¢;| < |¢; | + Cilqq ||o—1]-
Therefore, recalling that the weights are supposed to be smaller that 2,
one gets
1
Y Ei=E+E < —rmlglloa| + 2W Cilgg o]

i=—1

IN

g0 [lo—1] (=1 +4C1) < 0.
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o if k, =1 =4 this is the simple Case (c), and

1
Y B = E.a+E

1=—1

= -2 {|qir1|Wj1 - |q:1|W:1} - {|‘](;F|VVOJr - |q07|W07} :
Here qo, g—1, W_1 do not change, while
WOJr - Wy = +k1071.
Hence one gets a negative sign for every x; > 0:

1
Y B = —laol {W5 — W5} = —rilalor <0.

i=—1

e if k, = 0 = &%, this is Case (b), depicted in Fig. 3, with & = A\g = 0 and
thus Fy = 0.

1
ZEi - FE.,+F

i=—1

= - {|qJ—r1|Wj1 - |q:1|W:1} + {|q;r|VV1Jr - |Qf|Wf} .
The weights Wii, 1 = =1 jump as follows:
le—le :+H1|00| >0, W;—W;Z—Hlld(ﬂ.

Hence, by means of (27), we find that

E, = *|qir1| {le - le} -W {|qir1| - |q:1|}
< W {|qir1| - |q:1|}
< 42 ||q:1| - |qir1||
< 202, -l
< 2Cio0lg |

while, in a quite similar way,

E, gy |V = W) + (g | = lar YW
—r100lqy | +2 ¢ — a7 |
—r100lqy | +2C100lq; |

oolqy |(2C1 — K1)

ININ A

At this point, having k1 > 4C; again ensures £_; + E; < 0.

Since we now have the time-decay of ®[U, V] at hand, by just selecting

b= P2, Ora(x) = k(z),
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and V(t =0,-) = PA*U(t = 0, ), one obtains that the L' error of the WB scheme
at time ¢ > 0 is bounded by a uniform constant times the initial error:

xo—t
/ FE (1) — FE(t2)|de

1+t

=< 2/12 |fx.(0,2) = £5(0,2)|dz + (6C + 1)AzTV (a)

IN

2Az (TV (f)+ TV (fy)+(BC+ %)/ k(z)dz)

1

This concludes the proof of (8) in Theorem 1.

3. THE FRACTIONAL STEP APPROXIMATION

A general Fractional Step setup proceeds by first, fixing At > 0, then comput-
ing iteratively an approximation (f~, f%) := (f~, fF)A of system (4) with f&
satisfying (6) and k(z) satisfying (2). Accordingly,

(1) on [0, At) the f* are given by the exact solution of the linear problem
Ohf™—0uf" =0,  OfT+0fT=0. (42)
The group operator S giving the solution writes as
Se(fo o fo) @) = (fo @+, fo@=1), (. fd) € L'(R).
(2) At time ¢ = At the solution is updated by the source term:

(fia er) (At+a :C) = OAt( (fia er) (At—y ZC); k((E)) ) (43)
where O, denotes the solution operator of the ordinary differential equation
I — k -
Y =kg(z—y) (44)
7 =—kg(z—y),

and a constant value k > 0. In other words,
t— Ot((yo,zo);k) e R? (45)
satisfies (44) with initial data (yo, 29) for t = 0.

In the time strip (At,2At) the solution is extended as in step (1) by taking
(f=, f7) (At+,+) as initial data. The procedure is then repeated inductively.

Let O; be the group associated to (42) and (44) respectively; more precisely,
recalling (45), for (u,v) as in (6) and k now as in (2) we have:

VeeR,  Oi((u,v)ik)(x) = O((u(x), v(x));k(x))
We denote by t — (UA?); the fractional step operator. It rewrites:
Uty = Id,
U, = Sijaro UM jar,  jAE<t< (j+1)At, >0,
while at fractional steps t = jAt, j > 1 we let the space-dependent source act,
U jar = Oar (U jae—;K(2)),

where (UA)jar— = Sar o (U j_1)at -
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3.1. Action of the time-ODE (44) on the total variation. Despite the fact
that the right-hand side of the simple system (4) appears at first glance to be
dissipative, it involves a dependence in the space variable through the smooth
function k(x) which, somewhat counter-intuitively, can increase the space variation
of the time-splitting approximation. There is indeed an accretive effect, weaker
than in [3], which can increase the total variation of the approximate solution. In
terms of the variables p =y 4+ z and J = z — y, the system (44) turns into

p=0, J' = —2kg(J). (46)
Recalling assumption (5) on g we notice that |J|" = —2k|g(J)| < 0 (dissipative
effect for z fixed). Now, since ¢’(0) > 0, we get
p(t) = p(0)=yo+ 20,

O] < [J(0)]e™, o~ 2kg'(0).
Being y = (p— J)/2 and z = (p + J)/2, we deduce that

0 Yo + 2o
t t) —» = ="
y(t), =) - 5 = L2

Lemma 2. Let g satisfy (5) and consider the system (44):
(1) For k>0, let (y1,21)(t) and (y2, z2)(t) be two solutions of (44). Then

t— 00.

%{Iyl(t)*yz(t)lJrIZl(t)*Zz(t)l} < 0. (47)

(2) Take 0 < k1 < ko, and let (y1,21)(t) and (y2, z2)(t) be two solutions of (44)
corresponding to k = k1 or ka, respectively. Assume also that (y1,21)(0) =
(y2,22)(0). Then

lyr(t) = y2(t)] + [21(t) — z2(t)] < 2C(k2 — k)t (48)
where
. o [0.00) 0 >0,
€= Je[tf.,)b] l9(D la, b} {[J(O), 0]  otherwise. (49)

Proof. (1) One easily computes that

{|y1(t) —y2(t)] + |21(t) — z2(t)[}
klg(z1 —y1) — g(z2 — y2)] {sgn(y1 — y2) —sgn(z1 — 22)}
=kg'(€) [(z1 — 22) = (y1 — y2)] | {sgn(y1 — y2) —sgn(z1 — 22)}
=kg'(€) [=ly1 — ya| — 21 — 2o
+ (21 — 22)sgn(y1 — y2) + (Y1 — y2)sgn(z1 — 22)]
<0.

(2) Denoting by (Y (), Z(t)) the integral curve of (44) with initial data (y1, z1)(0)
and k = 1, one sees that the space-dependence of k(z) leads to:

(y1,20)(t) = (Y (kat), Z(kat)) . (y2, 22)(t) = (Y (kat), Z(kat)),
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hence, setting J =2 —-Y

IN

2 / " 9(I())] ds

1t

< 20 (ks — k)t
where C' as in (49). O

[91(8) = g2 ()] + [21(8) = 22(1)]

A

In the following lemma we illustrate the dependence of the solution on the vari-
ations of the parameter k. We will use the notation |(a, 8)]1 = |a| + |3].

Lemma 3. Under the assumptions of Lemma 2, there hold:
(1) Let Up= (f; . f,"), Ur= (f7, f;F), ke > 0 and k, > 0 be given. Then

|Ot(U€;k€) - Ot (Ur; kr)|1 < |U€ - Ur|1 + 2C|k€ - kr|t (50)

with C given by (49).
(2) Assume moreover that f, = f~. Denote by y.(t), yr(t) the first component
of Ot(Ug;kg), Oy (Ur;kr) respectively, they satisfy

lye(t) — yr (1)) (51)
< t {Clke — k| (1 + 1) + max{ke, ke }lg'lloo 17— £}

Proof. (1) Recalling (47) and (48) in Lemma 2, we find that
|Ot(Ul;kl) - Ot(Ur;kr)h
< |0 (Us; k) — O (Urs k)1 + |04 (Uri ke) — Ot Uy ki) |1
<|Ue=Url1 + 2C|k, — k|t
(2) Let z(t), z-(t) be the second components of O (Ug; k:g), Oy (UT; k:T) respec-
tively:
t t
wlt) =) = (o= k) [ e wdr b [ lotee -0~ gl — )]
0 0
so that

t
lye(t) —yr(t))] < |ke—k.|Ct + max{kg,kr}(supg’)/ |ze — 20| + |ye — Y| dT .
0

To estimate this last integral, we use (50) and get

t
|l sl e =l dr <17 = 51+ Clhe— kel
0
Combining together the last two estimates, we end up with (51). U

3.2. Bounds on total variation for FS approximation. Here we seek for BV
bounds of the Fractional Step approximation defined at the beginning of this Sec-
tion. The quantity

L(t) = TVfT(t,-)+TVf(t-)

is constant between time steps. On the other hand, at each time step we estimate
the possible increase of L by means of estimate (50) in Lemma 3:

L(At+) < L(At-)+20AtTV {k} (52)

where C depends on the L*> norm of J. An estimate on || J (¢, -)| o goes as follows:
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FIGURE 5. Invariant domain for both homogeneous and complete system

e For the linear system (42), each rectangle [a, b] x [c, d] is invariant.

e On the other hand, recalling (46), those square regions having a diagonal
along the line f* = f~ (J = 0) are invariant domains for the ODE (44).
This is because k > 0 and sgng(J) = sgn J.

Now, if m and M are the constant values defined in (24), then the square region
D =[m, M] x [m, M] is invariant for both the linear system and the ODE, therefore
it holds that (f~, f*)(z,t) € [m, M] x [m, M] = D. Hence a global bound for .J is
found to be

—(M —m) < J(t,x) <M —m.
Therefore obtains the following estimate valid for ¢t > O:
L(t+) < L(0)+2CtTV{k},
Co = sup |[g(J)]. (53)

|J|[<M—m
Thanks to the apriori bounds on | f*|/o and on TV f*, independent on At =
Az, one can apply Helly’s theorem for a given time interval [0, 7] and obtain a
subsequence that converge strongly in L} to a solution of the Cauchy problem for

loc

(4), (6). In the limit the following estimate holds:

TV T, )+ TV f(t,") < TV ff + TV fy + 2CoTV {k}t. (54)

Remark 4. The estimate (54), being itself a consequence of (50), is at the heart
of the matter. Indeed it shows that, despite the maximum principle holds on the
amplitude of time-splitting approzimate solutions (as a consequence of the invariant
domain displayed on Fig. 5), their corresponding total variation in space can grow
linearly in time because of the local variations of k(x), in sharp contrast with the
one generated by the WB process (39). This accretive effect shows that one must be
careful when considering the choice of one or another numerical scheme, especially
when space-dependent source terms are involved.
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However notice that, in the limit Az — 0, both estimates (54) and (39) hold,
because of uniqueness. Therefore we can take the minimum, as follows:

TVt )+ TV (t) STV fo + TV fg + 2Comin{TV {k}¢,2[[k] 1.} .
(55)

Therefore there exists a time t*, with

TV {k}t* = 2|k| (56)
such that for t > t* the BV-bound becomes constant in time.
3.3. Local Truncation Errors. Let U(t) = U(t; k) = (f~, f7)(¢,) be the exact
solution to system (4) for some initial data U(0) = (f;, fo) = Uy satisfying (6)

and for k£ € BV (R) that satisfies (2). Now we state the so called local truncation
error estimate.

In the following, the L'-norm is intended as follows: for instance ||U(t)||z: =
lfF=C )l + 11 fT( )] z1- Notice that, with this norm, the group S is an isometry
in Lt. Similarly, if U = (f~, f*), we denote by TV U the sum (TV f~ +TV fF).

Lemma 4. There ezists a time 7 > 0 sufficiently small, such that
|U(At; k) — Oae (SacUoi k) ||z < C- A%, At <7 (57)
where

C = C(Uo, k) = 2||k]loollg'loc TV Uo + 10] gl TV k.

Proof. Let At > 0 be fixed. We will proceed with a similar technique to the one
used in [5, Lemma 5.1]. The exact solution U(At;k) results as the limit of the
fractional step procedure for a sequence of space-time meshes s; = At/29 — 0. For
the moment we omit the dependence on k.

Then let us fix s > 0 and denote by U®(t) the approximate solution related to
Uo = (fy , fd) and k. Let jo € N such that jos < At < (jo + 1)s, and define for
1<J < Jjo:

of = |U°(js) — Ojs (Sjs Uo) || 1

o7 = NU*(Gs=) = Og—1)s (Sjs Uo) || 1
For j = 0 the term qﬁz{ makes sense at it is = 0. Hence we can write

Jo

Jo
o= ST 0]+ D ey —ofl
j=1

j=1
One can easily check that qﬁj — ¢; <0, since
¢y = [0s(U*(5s=)) = Os 0 Oj1)s (Sjs Uo) ||
< NUPGs=) = Og—1)s (Sjs Uo) [l -
Here we used the L! contractivity of the operator Oy that results from (47).

Thus it only remains to estimate ¢; — qb;r_l. Using that S is an isometry, we
first notice that

;;1 = |U°((G—1)s) - O(jfl)s (S(jfl)s UO) [l 21
| SsU*((j — 1)5) =SsO(j—1)s (Sj—1)s Uo) || 11
—_——

—U*(js-)



ERROR ESTIMATES FOR WB VS. TS SCHEMES 21

Therefore, using triangular inequality, we get

o5 — ¢;r_1 < OG-1ys (Sjs Uo) — SsOj—1)s (Sij—1ys Uo) || 12
= [103G-1)sSs(V) = Ss O;_1ys(V)|l 1,
where V' = §(;_1y, Uo.

Therefore we are led to estimate a commutator, for a generic V € L'(R;R?):
10: (Ss(V); k) = Ss (Ou(ViR)) |, 0<s <t <AL
In more details, we have (see Figure 6)
(

O (Ss(V)ik) (x) = O¢(Ss(V)(2); k(x))
= O [(Vf(:c +38),VT(x— s)) ,k(z)] ,

and (see Figure 7)
S, (OUVik) (@) = [(Ou(Vik) (@+5) (0 (Vik) (2= 8)"] .

Notice that, in the ”-” component, the two flows differ for the k& (computed at k(x)
and at k(z + s) respectively) and for the initial data V. A similar consideration
holds for the ”+” component.

Recalling (51), we find that
04 (Ss(V); k) () = S5 (On(V5 K)) ()1
< t{llklcllg eV (z+5) =V (2 = )|+ [V (@ +5) =V (z—s)|
+2C{|k(z) — k(z+ s)| + |k(z) —k(z —s)|} (1 + 1)} .
Now we integrate in x and use inequalities such as [ |k(z) — k(z +s)|dz < sTV k;
moreover we assume that At < 1. Recalling the definition of Cp in (53), we obtain
104 (8,(V); ) = 82 (OulV ) 1
<25t {||k]locllg'lloc (TVV ™ +TVVT) +4Co TV k} .

By taking V' = S(;_1)s Uo, we have that TV V =TV Uy and then
o7 — oy < 28At{|[kllscllg|ocTV Uo +4Co TV k} .

In conclusion we have
Jo
ot < D ley — o] < 28 {|[kllsollg TV U + 4Co TV k} .

j=1

3.4. Global Truncation Errors for a fractional step numerical algorithm.
In this subsection we first restrict the general procedure outlined in (42) and (43)
to a more practical numerical splitting algorithm which can be rigorously analyzed.
Then a local truncation error (LTE) between the exact solution of system (4) and
this aforementioned approximation is proved, for a small time step At > 0. Based
on this, we will provide a global estimate holding for any positive time 7" > 0.

A practical algorithm reads:
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[ P

T
t Lo NI = 10— t) = f(0, + )
. N
, N
, N
, N
, N
/, \‘
’ N
, N
, N
e \\
/, \\
4 N
4 N
4 ~
4 N
. N
A-/ \‘
FH0,2 —t) (0,2 + 1)

FIGURE 6. First commutator term: O, o &, .

T
*
h RN
. N
Ve N
., N
, N
, N
, N
N
//, \\
, N
’ N
, N
. AN
/, M
4 \\
. N
. N
A»/ \*
1 Y
t2 O (f£(0,2 — t1); k(z — t1)) Ou (f5(0, 2+ tr); k(2 + t1))
1 1
1 1
1 1
1 1
1 1
1 1
1 1
¥ M
FEO,2—t1) FEO, 2 +t1)

FIGURE 7. Second commutator term: S;, o O,.

e Choose Ax = At and set x; = jAx for j € Z. Approximate the initial data
f&f and k with constant values on each (zj,2,41), say

(f5)2(x) = fE(xy), kA (x) = k(x;) for o € (zj,x)11) -

e In correspondence to (fi)A! and k2!, the approximate solution f~ =
(f)At and f+ = (f+)?! is defined with the procedure at the begin of
this Section. Since At = Az and the wave speeds are +1, the function in
(43) is possibly discontinuous only at the points {z,},ez.

By the choice of the approximate initial data and k*, one has that TV k2t < TV k
and that TV (fE)2" < TV (fi) so that the estimates for the total variation holds
uniformly in Az as in the previous section. Hence we can again apply Helly’s
theorem and get a subsequence converging strongly to the exact solution.

In the following we obtain a global error estimate for our scheme, that corre-
sponds to part (1) of Theorem 1.
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Lemma 5. Let T' > 0. Assume that T = NAt > 0 for some N € N, with
0< At <7 asin Lemma 4. Let t* as in (56). If t* > T — At, then
lo@) — US(D)|r
< AtTVU, +AtT{2HkHOO||g'HooTVUO + 12COTVI<:} (58)
+ 28t T?Co ||k oo |¢ || TV K
while, if t* < T — At, then
@) — US(D)|p
< AtTVU, +AtT{2HkHOO||g'HooTVUO + 12COTVI<:} (59)

+ 2A¢ - (t°)*Collklsolg' | TV &
+ 8AL(T — t*) Collklso |9 [l co 1] 1 -

Proof. For convenience of the reader, the proof is divided into 3 steps.

Step 1. We start by extending (57) to take into account of different initial data
and different k. Given Vy € L' and k2! as defined above, we claim that

U (AL k) = Oae (SacVos k) e < [[Uo = Vollzr + C2(A8)* (60)
being
Cy = Co(Up, k) = 2|k|loclld’ | TV Uy + 12Co TV k (61)
with Cy = ||g||o0 as in (54).
Indeed, by using the triangular inequality we obtain
U (At k) — Ons (Sar Voi k7)o < |U(AE E) — Oar (SarUo); k) [ (62)
+10at (Sat Uo; k) — Oas (Sat Vo kAt) [FAR (63)

The term on the right hand side in (62) is handled by means of (57). The term in
(63) is estimated with the help of (50) in Lemma 3; indeed, it consists in estimating
in L! the stability of the ODE flow with respect to a slight variation of both initial
data and parameter k:

10a¢ (SatUos k) — Oar (Sar Vos k21 | 1
< Sat (Uo = Vo)l 1 + 2CoAt[k — kA 1
< |lUy = Vo1 + 2CoAt - Az TV k.
By combining the estimates for (62) and (63), we end up with the inequality (60).
Step 2. Next, denote by t,, the time ¢ = nAt. Recalling that
U (tn) = Oae (Sar(UR (tn-1)), k2 |
the global error of the fractional step procedure can be controlled by means of (60):
U (tns1) = U (tnsn)llze < [U(t) = U ()22 + Co(U(tn), k) (AL)* (64)

where Cj is estimated by means of (55), since U(t,) is the exact solution at time
t=ty,.
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More precisely, let t* be given as in Remark 4. We claim that
Co(U(tn), k) < 2|klloolld’ o TV Uy + 12Co TV k
4Co || klloollg’[|oc TV k -ty if £, < t*
{8CO|k|OO”g/HOO”k”L1 if t, > t*.
Indeed, from (55) we have
o) = i (I 2

It is then enough to substitute in the definition of Cs, (61), to prove the claimed
estimate.

Step 3. By setting
En = [|U(tn) — UAt(tn)”Ll )

we rewrite (64) as

En+1 < En + CQ(U(tn)v k)(At>2
and therefore
N-1
Ey < Eo+ (A1) Co(U(tn), k).
n=0

Let n* be such that n*At < t* and (n* + 1)At > t*. Assume that t* < T — At, so
that n* +1 < N. Recalling that NAt =T, we compute

N-—1
ALY Co(U () k) < T{2lkllocllg’|o«TV Uy + 12Co TV i}
n=0

n*—1 N-1
+ ALY 4Gkl llg TV E -t + At S 8ColklloollglocllEl 1 - (65)
n=1 n=n*

We easily compute that 22;1 tn = At 222_11 n= Atw < £2° . The terms
in (65) are estimated by

20" Collkllocllg | TV E + 8 (T = %) Collkllocllg’ oo IFll 11

We are now ready to complete the estimate on Fy: since Ey < At TV Uy, we finally
get

By < AtTVUO+AtT{2HI<:HOOHg’HOOTVUO + 12COTVk}

+ 28t (1) Collk o llg'loo TV E + 8AL(T — %) Collklloo gl ool 2 -

that is exactly (59). Notice that for the case under consideration, that is for T >
t* + At, the estimate increases at a linear rate, given by

A {20kl llg' TV Uy + 12Co TV k + 8 Coll o gl 1l 21 } -

Finally, in the simpler case of t* > T — At, hence n* + 1 > N, the same argument
as above leads to

Ex < AtTVU, +AtT{2HkHoo||g'HooTV Uo + 1200Tv1<;}
+ 2 At T?Co [kl lg [l TV K
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that gives (58). The proof of the Lemma is complete. O

4. NUMERICAL RESULTS FOR k'(x) =0 AND g(J) = J.

In this simple context, an exact solution for the equation (1) on the whole real
line is given in e.g. [25]: however, it involves the integral of a modified Bessel
function. Thus we prefer to turn to more specific problems, for which simpler
exact solutions can be derived. Observe that in this context where k(z) = K > 0,
the equivalence between (3) and (1) is even simpler. By differentiating the first
conservation law (the continuity equation) with respect to ¢, and then the second
balance law with respect to x, it comes

Gttp — &mp — QKGEJ =0.

It remains to use O;p = —0,.J in order to recover the usual form of the linear damped
wave equation. Notice that, in contrast with (1), we have now that u(t, z) = p(¢, z).

4.1. Bifurcation of plane waves speed. The present benchmark is inspired by
the analysis proposed by McCartin [24]: roughly speaking, it consists in seeking
plane-wave solutions of (1) with k(z) = 1 under the form p(t, ) = exp(i(wt — £x)).
By defining the wave-speed a(§) = % with a = 1, 6 = 2, McCartin explains that a
bifurcation phenomenon occurs when crossing the critical value £* = 1, namely

e for £ < 1, the plane wave is static, a(§) = 0, but decays exponentially at
two different rates,
e for £ > 1, the plane wave propagates, and decays at the rate exp(—t).

The first benchmark consists in setting up the system (4) in the domain = € [0, 27 /£)
with periodic boundary conditions on each side. By prescribing the analytical
solutions computed in [24], it is possible to derive at each time-step t" = nAt a
measured relative L' error by computing:

Era(t) = ﬁ (||p(t, D) = Pezact(t, )1 + [T (t,.) = Jexact (t, )HLl)
Indeed, a measured error with respect to an exact solution is made even more
significant if it is “normalized” according to the average value of the modulus of the
unknown, denoted here by [p[(t). All the numerical results were obtained by fixing
At = Az and 27 grid points. On Figure 8, one sees the outcome of both the WB
and the time-splitting scheme when computing a standing wave corresponding to
& = 0.99. The relative error of the WB scheme is smaller, and doesn’t oscillate like
the one coming from the fractional step algorithm. Oppositely, setting up a wave-

FIGURE 8. £ = 0.99: Density (p, left), flux (J, middle) and relative error.
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number £ > 1 yields a propagating periodic signal. Therefore, it is necessary to
implement periodic boundary conditions on the edges of the computational domain.
Such “inhomogeneous boundary conditions” fit very naturally in the well-balanced
framework because the source terms are treated at the interfaces: see e.g. Figure 2.1
in [16] or Remark 10.1 (page 199) in [17]. By carefully inspecting the macroscopic
flux J(t = 10, z) generated by the fractional step scheme, one sees that some error
appears on both the borders, and the greater deviation with the WB approximation
(see Figure 9, right) is likely to come from that. One may wonder if setting up

y v ot o¥
v ¥ § ¥

FIGURE 9. £ = 1.01: Density (p, left), flux (J, middle) and relative error.

the well-known second-order in time “Strang-splitting” can improve the picture:
on Figure 10, we display the time-evolution of (measured) relative L' errors with
both the same benchmarks and computational grids. What appears is that such
a second-order splitting decreases notably the error in the case where the wave-
number £ = 0.99 < 1, i.e. for the “standing wave” setup. , in the opposite
situation ¢ = 1.01 > 1, the relative L' error of the splitting scheme is still way
bigger than the one generated by the well-balanced scheme.

1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10

Relative L1 error with time (WB)

Relative L1 error with time (WB)

FIGURE 10. Relative L' errors for both well-balanced and Strang-
splitting schemes w.r.t. time: £ = 0.99 (left), £ = 1.01 (right).

4.2. Initial-boundary-value problem without positively invariant domain.
Now we focus on the numerical investigation of the Example 1, page 238 of [21],
which involves the slightly modified damped wave equation,

Ot — Opat + 30iu = 0, x € (0,1),
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with both initial data u(t = 0,2) = dwu(t = 0,2) = exp(2z) and boundary data
u(t,z = 0) = exp(t), u(t,x = 1) = exp(2 4+ t). The exact solution reads u(t,z) =
exp(t + 2x) and its exponential growth in time implies that the relative L! error
t — E,(t) is expected to decrease. As before, we set up both the well-balanced
and time-splitting schemes with At = Az in order to measure the relative L' errors
against the exact solution. The only change is that both a coarse (27 points) and
a fine (2% points) computational grids are considered: see Figure 11. Now, it can

E
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7

Relative L1 error with tme (W8)

Relative L1 error with tme (WB)

FIGURE 11. Relative L' errors of both WB and simple splitting
schemes w.r.t. time: 27 (left), 2% grid points (right).

be interesting to see whether the use of second-order Strang-splitting still strongly
improves the computational results like in the former test-case. On Figure 12, the
same experiment is conducted with this better splitting algorithm: what emerges is
only a marginal improvement for both the coarse and the fine computational grids.

1 2 3 4 5 6 7

1 2 3 4 5 6

Relative L1 error with time (WB) Relative L1 error with time (WB)

FIGURE 12. Relative L! errors of WB and Strang-split schemes
w.r.t. time: 27 (left), 2% grid points (right).

5. CONCLUSION AND OUTLOOK

The fundamental estimate for the WB algorithm is really (39) which states that
its total variation in 2 depends on || k|| and doesn’t grow as times goes by. In
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sharp contrast, for the fractional step, only (54) holds, meaning that now, the total
variation may depend on TV (k), which is supposedly bigger. As both numerical
schemes are endowed with positively invariant domains, these estimates imply that
some oscillations are more likely to develop in the FS approximation as soon as
Ozk # 0. Such features manifest themselves in both the error bounds given in
Theorem 1. Another aspect of both these estimates, besides being local in space,
is their a posteriori character: all the quantities showing up in the error bounds
depend only on g, the initial data and the approximate solution. In particular,
there is no mention of the exact solution: this shares a lot of similarities with
the simpler framework of [18]. In particular it may allow for the development of
adaptive algorithms [7, 8, 22, 27] for such inhomogeneous semilinear systems based
on rigorous a posteriori local indicators of the form presented in this paper.
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