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ABSTRACT. In this article we find explicit formulae for spherically symmetric
solutions of the multidimensional zero-pressure gas dynamics system and its
adhesion approximation. The asymptotic behaviour of the explicit solutions of
the adhesion approximation has been studied. The radial components of the
velocity and density satisfy a simpler equation which enables us to get explicit
formulae for different types of domains and study its asymptotic behaviour. A
class of solutions for the inviscid system with conditions on the mass instead
of conditions at origin has also been analyzed.

1. INTRODUCTION

A proper understanding of radially symmetric solutions can be considered as a
fundamental step in studying the multi-dimensional systems. Though apparently
these solutions seem to be one-dimensional in nature, but the singularities at r = 0
make the study in these cases much more complicated and more intriguing than
in the general one-dimensional cases (see [3, 14, 19] for illuminating discussions on
this). This article is devoted to the study of explicit spherically symmetric solutions
for the multi-dimensional zero-pressure gas dynamics system and the associated
adhesion model.

The adhesion model .

ug + (u.V)u 2Au, (L1)

pt + V.(pu) = 0.
is one of the analytical models proposed to describe the large-scale structure of
the universe. Here u, p are the velocity and the density of the particles respectively
(see [4] and references therein for the physical importance and analysis of solutions).
This system and its inviscid counterpart, the multi-dimensional zero-pressure gas
dynamics system

w4+ (u.V)u =0,

pt +V.(pu) =0

have been active field of research since they were introduced, see [1, 4, 5, 21, 22].
However there is no clear analytical understanding of the solutions of these equa-
tions. The well-posedness theory and large time behaviour of the solutions still call
for a better understanding. The advantage of (1.2) over (1.1) lies in the fact that
it is simpler to describe the solution of (1.2) in the region where classical smooth

(1.2)
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solutions exist. It is well-known that global smooth solutions for (1.2) do not exist
in {(x,t) : € R™,t > 0}, even when the initial data
u(z,0) = uo(),
p(x,0) = po(x)
are smooth with compact support. Therefore we need to interpret the global solu-
tions in a weak sense. But then weak solutions again are not unique and additional
conditions need to be specified to select the physically interesting solution. One
way of selecting the ‘physical’solution of (1.2) is by taking the limit of solution of
(1.1) as € goes to 0.

In the context of the large scale structure formation, the fastest growing mode in
the linear theory has decaying vorticity. So it is natural to seek potential solutions of
the model equations (1.1) and (1.2). Then the velocity can be represented in terms
of a velocity potential ¢, see [22]. In this case, u¢, € > 0 can be constructed using
the standard Hopf-Cole transformation, [9, 22]. Then the continuity equation for
p¢ is a linear equation with smooth bounded coefficients which can be solved using
the method of characteristics. We use this method to construct weak asymptotic
solution of (1.1) and (1.3).

For the inviscid system (1.2), spherical solutions of the form u = (z/r)q, p(z) =
p(r), r = |z|, was constructed for n = 3 in [13]. This is a special case of potential
velocity. It was shown that the radial components of velocity and density satisfy

qt +qqr =0,

(1.3)

1 (1.4)
pe+ —5(°pa)r =0, 7>0,

where r = |z|. By the change of variable p = r?p the equation (1.4) takes the form
qt +qqr = 0,

1.
pe+ (qp)r =0, 7>0. (1.5)

Classical theory of hyperbolic conservation laws of Lax [15] is not applicable due
to the formation of § waves. However the system (1.5) is well studied in [8, 10, 12].
Using explicit solution of this system, we obtain radial solution of (1.2), with initial
data at ¢ = 0 and with different behaviours at the origin x = 0. It is clear that
in the region of smoothness, u and p constructed using (1.5) is a solution of the
multidimensional system (1.1). As the solution is not smooth, it is not obvious
that the constructed distribution is a weak solution of the multidimensional system
(1.2).

The structure of this paper is as described below.

In section 2, we derive the equations for (1.1) and (1.2) in the radial cases. For
the corresponding equation of (1.2) a linearization using Hopf-Cole transformation
is also provided. In section 3, we recall the notion of weak asymptotic solutions
from [1, 21] and recollect the Rankine-Hugoniot conditions derived therein for the
inviscid system (1.2). Section 4 is devoted to the construction of explicit weak
asymptotic solutions for (1.2) using the adhesion approximation. In Section 5, we
solve boundary value problems for radial adhesion model in different interesting
domains and study its asymptotic behaviour for space dimensions n = 2 and n = 3.
In Section 6, the Rankine-Hugoniot conditions for the one-dimensional systems
derived from (1.2) for the radial cases have been discussed. In the last section, we
find explicit solution for the radial inviscid system, with conditions on the mass.
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2. CORRESPONDING EQUATIONS IN THE RADIAL CASE AND THEIR LINEARIZATION

To study the radial solutions of (1.1) with prescribed initial and boundary con-

ditions, we look for radial components of velocity and density of the form

u(x,t) = gq(r, t), plx,t) = p(r,t), r=lz|

(2.1)

We find the equations for ¢ and p and show that the resulting system can be lin-
earized using the Hopf-Cole transformation. More precisely, we have the following

Theorem 2.1. The equations (1.1), for radial components, transform into the

following system:

;[q’!"l‘ + (n ; 1)qr - (n; 1)(I]7

pe+ "I Ypg) =0, v >0, t>0.

gt +qqr =

The above system can further be linearized by the transformation
Q(Ta t) = —6%, p(’l"7 t) = T_(n_l)p(Tv t)

to the system
€ n—1
ay = i[arr + ( , )

Proof. A simple computation shows that

ar]a Dt + (pQ)r = 0.

()or, = {(i)QHf%)qr - (#)g, k=
(*58)ar — (F55)g, k#j

and
z3 3z 33 33 T .
g+ (B - g+ (-, k=
(u])xkxk - z;a? T, z,x? 2z 12 3x;22 T .
(;ﬁSk)qrr“F(r%*%* ;4k)qr+( TJSk*FZ»)qa k#]
From (2.1),(2.5) and (2.6), we have for j =1,2,...n
n x IEQ 1‘2
(u)e + > uk(ug)e, = (g + ()l )q+(7§)qr - (r%)Q]
k=1
Tk, TiT} LTk
+a ) g - ()
k#j
T
= g + qar)
and ) ) )
€ _€Zj T J 3'TJ 3
§AUJ 5*[(72) rr (== —57 ) + (=5 — 72)61]
x2 1 3z 32 1
+Z[( I;)qrr—’_( - 3k)7“ (7"4k_7’72)]
k#j
€T, (n—1) (n—1)
= 57[ rr T+ r r2 Q]

Using these in (1.1), we get

T €T n—1 n—1 .
f{qt+qqr}:§7j[qrr+( )qrf( : )CJL j=1,2,3,..n,
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Also for the continuity equation, we have
- 1 xi xi xﬁ
prt Y (unp)e, = oot D {Ca+ (C5)a = CHap+ (C5)aps}
k=1 k=1

n 1
=pt+ ~ar +arp — 7ar +qpr (2.8)

n—1
=p+ (T)qp + (gp)r

= pe+ =V pg),

From (2.7) and (2.8), it follows that (u, p) of the form (2.1) is a solution of (1.1) iff
q and p satisfy the equations

(n—1) (n—1)

€
5 [qT"I" + qr — (I] )

qt +qqr =

2 r r2 (2.9)
pe+r= V(Y pg), = 0.
Let p = (™Y p. Then the above system becomes
G (n—1) (n—1)
gt +qqr = D) [qrr + r dr 72 Q], (210)

pe+ (pq)r =0, >0, t>0.

Now the equation for the velocity component can be linearized using Hopf-Cole
transformation. For this first we note that if Q(r,t) is a solution of

(n—1)

r

1 €
Qi+ 5((Qr)) = 5[Qrr +
2 2
then ¢(r,t) = Q. (r,t) is a solution of the first equation of (2.10). Now let

Q(r,t) = —eloga®.

An easy calculation then shows that @ satisfies (2.11) iff a¢ satisfies

Q) (2.11)

a; = E[GTT (n—-1)

5 —a,]. (2.12)

O

Proceeding as in the proof of Theorem (2.1), we can prove the following result
for the inviscid case.

Theorem 2.2. The equations (1.2), for radial components, transform into the
system
qt +qqr =0,

2.13
ot + T—(n—l)(r(n—l)pq)r =0. ( )

Using the transformation p(r,t) = r~(=Up(r,t), the second equation above can
again be written as

pe + (pq)r = 0.
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3. WEAK ASYMPTOTIC SOLUTIONS FOR THE MULTI-DIMENSIONAL CASE

In this section, we recollect the notion of weak asymptotic solutions and gener-
alized d—shock wave type solutions for the inviscid system (1.2) as introduced in
1, 21].

Definition 3.1 (Weak asymptotic solutions)
A family of smooth functions (u€, p€)eso is called a weak asymptotic solution of the
system (1.2) with initial conditions (1.3) if
uy + (u.V)u® = op/ (R™)(1),
Pl + V.(p°u) = opr (R™)(1),
u(x,0) — uo(z) = op/ (R")(1),
p*(x,0) — po(x) = opr(R")(1)

(3.1)

where (o5 (R™)(1),n) — 0 as € — 0 uniformly in ¢ > 0, for every n € C°(R").

Now let us suppose that the initial conditions (1.3) are of the form

(L.
wp(w) = us (2) H(S(2,0) > 0) + u_(2) H(S(x,0) < 0),
po() = pi () H(S(2,0) > 0) + p_(2) H(S(x,0) < 0) + &,

where uy,u_,py,p— are smooth functions away from the surface S(m, 0) =0. We
consider an ansatz for (1.2) of the form

u(z,t) = ug(z,6)H(S(z,t) > 0) + u_(x,t)H(S(x,t) <0),
p(z,t) = pi(z, ) H(S(z,t) > 0) + p_(x,¢)H(S(z,t) < 0) + é(t)és(x,t):o

where uy,u_,py and p_ are smooth functions away from the surface S(z,t) = 0.

(3.2)

(3.3)

Definition 3.2 (Generalized j—shock wave type solution)

The ansatz (3.3) is called a generalized §—shock wave type solution for the Cauchy
problem (1.2),(1.3) if it is the distributional limit of a weak asymptotic solution
(uf, p)eso as € — 0.

In [1] it was further remarked that a generalized §—shock wave type solution for
(1.2),(1.3) can also be defined in terms of the following integral identities:

Let Ty = {(x,t) : S(z,t) = 0} be a surface of discontinuity, o(x,t) = [ig(m;)‘ be

the surface measure and % =0 + %.VI, u_ and u4 are velocity behind and
ahead of the discontinuity. Then the ansatz (3.3) is a generalized d—shock wave
type solution of (1.2),(1.3) if the following integral identities hold:

s Do B
/Qx[o,T]_ t(P¢t + pu.Vo(¢))dxdt +/ é(t) De o(x,t) =0,

Iy

D
/ (ut + (u.V)u)pdadt — / [u]—sqbo(x,t) =0
Qx[0,T]-T, r, Dt
for all ¢ € C°(Q x (0,7)).
In [1], using the work of Majda [17, 18] on existence and stability of multidimen-

sional shock fronts, the authors gave a local construction of (u,p) and a surface
S(z,t) = 0, from an initial discontinuous wave front (3.2) satisfying an entropy
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condition. The solution satisfied (1.2) in the region of smoothness and the Rankine
Hugoniot conditions
St + U5.Vx5|pt = 0,
oé (3.5)

5 T Vro(eus) = ([pu] — [plus)- Ve Slr,,

along the surface of discontinuity S(x,t) = 0.

In Section 7, we construct radial solutions which satisfy (1.2) in the region of
smoothness and the Rankine-Hugoniot conditions (3.5) along the surface of discon-
tinuity.

4. EXPLICIT WEAK ASYMPTOTIC SOLUTIONS FOR THE MULTIDIMENSIONAL CASE
USING ADHESION APPROXIMATION

In this section, we construct explicit weak asymptotic solution of the system
(1.2) with initial conditions (1.3) using the adhesion approximation (1.1), under
the additional condition that u = V¢.

We recall from Section 3 that a weak asymptotic solution for the system (1.2)
with initial conditions (1.3) is a family of smooth functions (u€, p€)eso satisfying
the conditions (3.1). We consider the adhesion approximation (1.1) with initial
conditions which are regularizations of (1.3). The velocity component u¢ can be
constructed using Hopf-Cole transformation, and then the continuity equation for
p° is solved using the method of characteristics. The resulting family (u€, p€)eso, is
a weak asymptotic solution of (1.2) and (1.3) as proved in the next theorem.

Theorem 4.1. Assume ug(x) = Vo where ¢ € WH(R") and py € L=(R™).
Let ¢§ = ¢o * 0, Vad§ = V(g *n°) and pg = po * n°, where n° is the usual
Friedrichs mollifier in the space variable x € R™. Further let

2[5 450
vy LT
ue(x,t) — fR"( y¢0(y))e y,

—ile—ul® .
fR" e el [ 2tJ +¢o(y)} dy
p(z,t) = p5(X(x,t,0))J(x,t,0),

where X¢(x,t,5s) is the solution of %;(s) = u(X<s) with X°(s = t) = x and
J¢(x,t,0) is the Jacobian matriz of X(x,t,0) w.r.t. x.
Then (u€, p¢) is a weak asymptotic solution to (1.2) and (1.3).

(4.1)

Proof. Following [6, 9, 22], we note that if ¢ is a solution of

V.d]? € .
o+ V2 0o, o(2.0) = 65 (x). (12)
then u¢ = V,¢° is a solution of (1.1) with initial condition uf(z,0) = V.¢§(z).
Now using the Hopf-Cole transformation 6 = e*%, it follows that ¢€ is the solution
of (4.2) iff 6 is the solution of

5@
0 = SA0, 0(z,0) = o= (4.3)
Solving (4.3), we get,
1 1ile—yl? €
€ - - — [P+ ()]
0°(x,t) = Gric)? /W e 2 oWldy (4.4)
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Now

€ 1 _1 \1
0°(z,t)z; = (27Tt€)"/2/m O, (e e +¢o(y)])dy

lz—y|?

1 - L
= —c 2 )).e <%0
= W/Rn(ayj(e ‘ )).e” %W dy (4.5)

_ W/R (1)@, 55())e

In the last line we have used integration by parts with respect to the variable y.
Since 6 = e~ ¢, we get from (4.4) and (4.5),

_1]z—yl
€

2t ¢o(y)dy

2 = i)

. d
(1) = S (Vw0 e Y. (4.6)
fRn [ +¢o(y):| dy
From this formula it is clear that
‘|u€||Lw(R7LX[07m)) S |‘Vm¢6|‘Loo(R1L). (47)

Further as differentiation under the integral sign is justified if V,¢o is bounded
measurable, it follows that u¢ is a C° function in R™ x (0,00). Indeed, we can
write the formula (4.6) for u€ in the following form

Jrn Vad§ (2 — \/@we?[\m?wéw—\/@y)] dy

ue(l'7 t) — = (48)
™ [lv=+e5 V@] 4,
Differentiating (4.8), using chain rule, it follows that
(o3 € C
0207 ue| < \a|+j (4.9)

where C, ; depends only on ||V ¢f||r~. Next we consider the continuity equation
with coefficient ¢ and regularized initial condition,

p; + Vi (up) =0, p(x,0) = pg(z). (4.10)
As uf is smooth, we use the method of characteristics to find p. Let X¢(z,t,s)
be the solution of

dX<(s)
ds
Since u€ satisfies the estimates (4.7) and (4.9), by the existence and uniqueness
theory of ODE, there exists a unique solution X¢(s) to (4.11) for all 0 < s < t. To
make the dependence of x and t explicit, let us denote it by X¢(z,t,s). This flow
takes the point (x,t) to an initial point (X¢(x,¢,0),0) and conversely.
Let J(X¢(z,t,s)) be the Jacobian determinant of X<(x,¢, s) with respect to z.
Then

=u(X%s) , X(s=t)=uz. (4.11)

p (2, ) = pi(X*(2,£,0))J (X (2, £,0)) (4.12)
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is the solution of (4.10).
The family (u€, p)eso given by (4.6) and (4.12) is then a weak asymptotic solu-
tion.This follows easily as

e/n Aun(z)dr = e/n u*An(x)dz = O(1)e

uniformly in ¢ for every n € C§°(R™) as u° is bounded independent of € and (z,t)
by the estimate (4.7). The solution (u€, p¢)c~¢ satisfies the initial conditions since
we have

u(x,0) = Vago(z) = u(x,0) = Vo () + Vadj(z) — Vado(z)
= vr¢0( )_ :L’QSO(‘%')?
p*(@,0) = po(x) = p*(x,0) — po(x) + pi(x) — po(x) = po(x) — po(z)
and V0§ (z) — Vapo(x), p§(x) — po(z) go to zero in distributions. O
There is a large class of interesting initial data which admit gradient type so-
lutions as described in the theorem. Omne such case is when the initial data is of
radial type.
x
u(,0) = uo(z) = —qo(r), (4.13)

Clearly it can be written as a gradient,
||
uo(2) = Vato(e) = Val [ an(s)ds).
0
For density we give the initial condition

p(x,0) = po(). (4.14)

Theorem 4.2. The solution of (1.1), with initial conditions (4.13) and (4.14) with
fo qo(s)ds < oo and fRn po(x)dx < 0o has the following asymptotic behaviour. The
velocity component goes to 0 as t tends to oo uniformly on compact subsets of R™
and the mass fR" p(x,t)dx is conserved.

Proof. From (4.4)-(4.5) and 6 = e~ %, we get the following formula for the velocity

[ (25 2 [ o]
.

lz— u\ Iy\ (s)ds
f o € [ +Jo )d }dy
Making the change of variable y — (x — y)/v/2t, we get,

,1 lz—+/(2t)y|
\ffRn [m + do(s )ds}d
—1 2 [z —+/(2t)y| $)ds
[ [y wooas]

From (4.15), it follows that, as t goes to oo, u¢ goes to 0 uniformly on compact
subsets of R™ . From the formula (4.12) we have

/n pS(z, t)dx = /n p5(X(x,t,0))J(X(,t,0))

= /n po(x)dz,

u (1) = Y.

u®

(4.15)



ZERO-PRESSURE GAS DYNAMICS SYSTEM 9

since for every t, X¢(x,t,0) : R — R™ is a diffeomorphism and the determinant of
Jacobian, J(X¢(x,t,0)) is positive. Thus the mass [y, p(z,t)dz is conserved. [

From the above discussions, we know that solution of the adhesion approximation
(1.1) has an explicit formula

=1 way\2+¢e(y):|
5 N

u (JE,t) = fR ‘ —1[lz—yl? | 4

fRn GT[ ot +¢o(y)}dy

pf(z,t) = po(X(2,,0))J(x,t,0),

dy

(4.16)

We conclude this section with a result concerning the vanishing viscosity limit of
the velocity component .
For the general data u(z,0) = V,¢o(z), formula (4.16) implies

lim w(z, ) = u(z, 1) ;
where y(x,t) is a minimizer in
. |z —yl?
+ .
yrgg}l{aﬁo(y) 5 )

For almost every (z,t) this minimizer is unique and so u(z,t) is well defined a.e.
We show that if the initial data is radial then the solution is also radial and has a
simpler form.

Theorem 4.3. Assume the initial data ¢o(x) = ¢o(|z|), then

—yl? _ )2
i (ool + 520 = mintan(r) + 210

z—y(,1) (Ix\ - T(le,t)) x

u(x,t) = = " Tl (4.17)

t

where y(x,t) and r(|z|,t) are the minimizers on the left and right of the first equality
above, respectively.

Proof. Since ||z| — |y|| < |z — y|, we have
2

— 2 -
12 ] R - it A

2t 2t
and so
iy =P ) < iy B0 g
yER" 2t OV = rern 2t 0
Now consider y = rr, then |z —y| = |ﬁ(|x\ — )| = ||z|] — |y|| and so
. |z —y|? . (Jz] = 1)
< AT
Join {o(|yl) + =} = min{go(r) + ——5—}

and the first equality follows. Further the minimum is achieved on y(z,t) of the
form y(z,t) = ‘;’;—lr(|w|, t). Therefore we have

x T

fadips el

el ) = (el = r(lel, 1)

and the second equality follows. [

(z —y(e,t) == -
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Remark : The weak limit of p¢, as € goes to zero is a measure and passage
to the limit in u€.p¢ is still open. For the radial case considered in Section 7, we
construct a solution using the velocity component u obtained above in theorem 4.3.

5. RADIAL SOLUTIONS OF THE ADHESION MODEL WITH BOUNDARY CONDITIONS
In this section, we obtain explicit solutions for (1.1) in some spherically symmet-

ric domains of the form 2 = D x (0,00) for 2 and 3 space dimensions.

Case 1: Let Q = {(z,t) : |z| = r < R,t > 0} be the domain under consideration.
We take initial conditions of the form

u(z,0) = —qo(r),
| K (5.1)
p(z,0) = po(r), [z[ <R,
and boundary conditions
lim u(z,t) = qp, where gp is constant
|zl >R |z] (5.2)
lim p(x,t) = pp(t), if ¢qg <O0.
|z| =R

(Here we note that a boundary condition for p needs to be specified only if ¢p is
negative.)

We also assume a first order consistency condition of the initial and boundary data
at {(z,t) : |z| = R,t = 0}.

Let T' = {(x,t) € Q : either || = R or t =0}. Define pr on I" by

_Jpo(r), ift=0,
pr(rt) = {pB(t), if r =R. (5:3)

As g is smooth, the characteristic 3(r, ¢, s) of p; + (¢gp), = 0 passing through (r,t)
exists for all s < ¢, till it meets T', at time ¢ = ¢o(r,¢) > 0.

Let Jg, for £ = 0,1, denote the Bessel functions of first kind and order k. With
these notations, we have the following theorem.

Theorem 5.1. Explicit solution for (1.1), with initial and boundary conditions
(5.1) - (5.2) is given by

z [J10,G(r &, t)e I 0()dsge
|33| fo (r,&, t)e= < Js q0(s)ds ge (5.4)
,1) = 1 Dpr (B0, o, 1)), b, )t POANIE,

u(z,t) =

where G(r,&,t) is as described below.
Forn =2, G has the form

2 2
Vin paTy oy
Gren= mzqﬂ?ﬁﬂumMﬂhﬁmRk o (59)

where ., are positive solutions of the transcendental equation pJy (1) —kRJy(n) =0
and forn =3, G takes the form
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(ZB/ ) )2 . HnT an 7€2“R2t
cinet Z ‘JB/G (((JB/€) —1) sin(g- Jsin(—5* R e , (5.6)

where ., are positive solutions of the transcendental equation pcot(p)+ (g /€)R—
1=0.

Proof. By Theorem 2.1, it follows that the velocity w is given by u(z,t) = —emj,
where a satisfies the linear problem

—1
at:E[anL (n )ar}, r<R, t>0

2
& a(s)ds 5.7
a(r,0)=e "< , r<R (5:7)

ear(R,t) + gpa(R,t) =0, t>0.

Then G given by (5.5) and (5.6) are just the Green’s functions for the boundary
value problem (5.7), for n = 2 and n = 3 respectively, see [20]. The formula (5.4)
for u follows.

Now we find a formula for p. Notice that p(z,t) = r(n%l)p where p satisfies the
equation

Pt + qpr = —qrD-

Using the method of characteristics we have Zq = —q,p along the curve d’B =q. Let
us consider the characteristic curve (8(r,t, s), s) passing through (z,t). Integratmg
the equation for p, along this characteristic, we get

plr.t) = p(B(r 1 tg))e” Fio 1PN,
where ty = to(r,t)(< t) is the time the curve touches the boundary T O

Case 2: Next let us consider the equation (1.1) in the domain Q = {(z,t) :
Ry < |z| < Ry, t > 0} with initial conditions

ua,0) = | % (), (5.8)

p(x,0) = po(r), Ry <l|z| <Ry
and boundary conditions

lim L u(z,t) =¢q;, 1=1,2 (5.9)

where ¢; are constants. For p we need to prescribe a boundary condition on (|z| =
R;) only if (1), is positive,
lim p(x,t) = pi(t), if (=1)"'g > 0. (5.10)
2= R;
We also assume a first order consistency condition of the initial and boundary data
at {(z,t) : |z| = Ry, Ry andt = 0}.
Let ' = {(x,t) € Q : either |x| = R; or t = 0}. Define pr on I" by

_Jpo(r), ift=0,
pl"(rv t) - {pz(t), if = Ri. (511)

As ¢ is smooth, let 5(r, t, s) be the characteristic of p; + (¢p), = 0 passing through
(r,t) and let this characteristic meet the boundary point at time ¢ = to(r, t).
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Let Ji (k = 0,1) denote the Bessel functions of first kind and order k& and Yj
(k = 0,1) denote the Bessel functions of second kind and order k. With these
notations, we have the following theorem.

Theorem 5.2. Explicit solution for (1.1), with initial and boundary conditions
(5.1) - (5.2) is given by

v [ 0,G(r, € et IS misqe
_em e -1 [§ qo(s)ds
Ry G(r7§;t)€ e Jo dé- (512)
p(z,t) = 1~ Vpn(B(r 1, to(r, 1)), to (1 £) Je ot T (Brts)ds

where G(r,&,t) is as described below.
For n =2, G has the form

u(z,t) =

22 )2 4
G(r,§,t) = ) Z %Z[(‘D/QJO(AHTQ) - >‘7LJ1(AnrQ)]Zan(r)Hn(f)67 2 (5.13)

where

By = (AL + (g2/€)*)[=(k1/€) Jo(AnR1) + AnJ1 (A R1))?
— (X2 + (k1/0*)[(g2/€) Jo(An R2) = AnJ1 (A R2)1?,

Ho(r) = [=01/0Y00n B1) + AnYi O B)LJo ) o1
— [ (q1/€) Jo(AnR1) + And1 (AnR1)][Yo(Anr)
and the X\, are positive roots of the equation
[—(q1/€)Jo(AR1) + AJ1(AR1)][(q2/€)Yo(AR2) — AY1(AR:)] (5.15)
— [(g2/€)Jo(AR2) — AJ1(AR2)][—(q1/€)Yo(AR2) + AY1(ARy)] = 0. '
For n =3, G has the form
G(r,&,1)
_ 2% i (b3 + REAZ) W, (r) W (€)™ 520!
(et (Ra — R1)(3 + R2X2) (b3 + R3A2) + (b1 Ra + baRy)(b1by + Ry RaA2)’
(5.16)
where
U, (1) = by sin[A, (r — R1)] + RiAncos[An(r — Ry)] (5.17)

by =—(q1/e)Ri+1, ba=(q2/€)R> — 1,
and N\, are positive solutions of the transcendental equation
(b1b2 — R1R2/\2) sin[)\(Rg — Rl)] + )\(Rlbz + Rgbl) COS[)\(RQ — Rl)] =0. (518)

ar

Proof. From theorem 2.1, we get u = —€%

€ n—1
atzf[a'r'r“‘( )

2
Jg a(s)ds 1

a(r,()):efoqe , Ri<r< Ry (5.19)

ea, (R, t) + qia(R;,t) =0, i=1,2, t>0.
Then G given by (5.13)-(5.15) and (5.16)-(5.18) are just the Green’s functions for
the boundary value problem (5.19) for n = 2 and n = 3 respectively, see [20].
Therefore the formula (5.12) for u follows. The formula for p is obtained by the
method of characteristics in the same way as in the previous theorem and the details
are omitted. O

where a satisfies

ar], Ry <r <Rz, t>0
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5.1. Remarks on large time behaviour. The large time behaviour of the ve-
locity follows easily from the explicit formulae. In Case 1, where we considered
the problem in the domain {(z,?) : |x| < R,t > 0}, u given by (5.4)-(5.6) has the
following asymptotic form :

li = T fORarG(T,f)e_%féqU(S)dsdg
et = N —L J§ ao(s)ds
fO G(T7£)€ < Jo 40 d§

where for n = 2,

G(r,€) = E1o( ML) 1 (10T,

i1 being the first positive solution of the equation pJy(u) — kRJo(pu) = 0. For
n =23,

G(r,6) = S sin(M0) sin( 125,

p1 being the first positive solution of the equation pcot(pu) + 42 —1 = 0.
Similarly, for Case 2 where we consider the problem in the domain {(x,t) : Ry <
|z| < Ra,t > 0}, u given by (5.12)-(5.18) has the following asymptotic form :

. T 1512 arG(T, f)e*% f(f qo(s)dsd£
lim u(z, 1) = —e— = o i
t—00 |z le G(r,€)e = I qo(s) “de

where for n = 2,
G(r,§) = EH1(r)H1(§)
where Hj is given by (5.14) with A; being the first positive root of the equation
(5.15). For n = 3,
§
G(r,§) = ~ 01 (r)P1(6)

where Wy (r) = bysin[A1(r — R1)] + RiAcos[\,(r — R1)], b1 = —(q1/€)R1 + 1,
by = (q2/€)R2 — 1, and )\ is the first positive solution of the equation (5.17).

The asymptotic behaviour of p is more complex and depends on whether mass
flows out or flows in. Let us consider the mass m(t) = [, p(x,t)dz. When p is
spherically symmetric and D = {z : || < R},

R
m(t) :wn_l/ =Y p(r, t)dr.
0

From the second equation of (2.9), we have

dm(t)
— = —q(R,t)p(R,1
w0 — (R, (R, 1)
In the case when p is spherically symmetric and D = Ry < |z| < Ra,
dm(t)

dt

These show that the mass is conserved if velocity is zero on the space boundary.

= —(q(Ra,t)p(Ra,t) — q(R1,t)p(R1,1)).
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6. RANKINE-HUGONIOT CONDITIONS FOR THE ONE-DIMENSIONAL CASE

Let us consider the initial value problem
Ut + f(u)I = 07

ve + (f'(u)v)y =0 (6.1)

with initial conditions
u(x,O) :u0($)7 ’U(Z‘,O) :’UO(x)a (62)

with the flux satisfying f”(u) > 0, and limj, g @ = 00. The convex dual f* of

f is well defined on R'. There are different notions of solutions when the solution
contains a measure component. Our aim in this section is to relate the notion of
solution introduced by LeFloch [16] and the weak asymptotic solution of [1, 21],
for the one dimensional case. Let ug and vy are of bounded variation, using Lax’s
formula, it was shown in [16] that the pair (u,v) given by

7 —ulz y(z,t)
o) = (Y EED, e o[ wipa, 63)

where y(z,t) is a minimizer of min,{ [ uo(z)dz + tf*(£5%)} is a weak solution of
(6.1), satisfying the initial condition (6.2).

Here we show that this solution satisfies the Rankine-Hugoniot conditions derived
in [1, 21].
Theorem 6.1. Assume that the solution is smooth away except along a curve
x = s(t) in a nbd of a point (s(to),to). Then v has the form v(z,t) = vi(z,t) +
H(x — s(t))vp(x,t) + e(t)dy—st), and the solution satisfies the Rankine-Hugoniot

condition

gy - Hls+0) = fu(st)-.0)

U(S(t)+7t) - u(s(t)—,t) ’ (64)

e'(t) = —s'()[v](s(t),t) + [vf (W)](s(t), ).
Proof. Assume that x = s(t) is a discontinuity curve for v and let (s(to),to) be a
point on it. Also assume that for a small nbd of this point, this curve is the only
discontinuity; that is except along this curve, u and hence v is smooth. Let ¢ be
any test function supported in this neighborhood. Now from the formula for v,

v(x,t) = vz, t) + H(x — s(t))ve(z,t) + e(t)dp—s)

The equation is understood

v+ (f (u)v)e =0

in the sense of distribution, where

f'(w) :/0 fru(s(t)=t) +7(u(s(t)+,t) —u(s(t)—,t)))dr.
This means that

/ @09+ (e D), ). dec
+/ (0r (. ¢ + (f (ur (2, )0y, £) ) )t
z>s(t)

+ /Oo e()e(s(t),t) + ' (w)e(t)du(s(t), t)dt = 0
0
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Using

1
/O f'(u(s(@) =, 1) + 7(uls(t)+,1) —u(s(t)—1)))dr

(st 8) — S v
u(s(t)+,t) —u(s(t)—,t)
we get,
/ 060+ (7 ).t + / D0 (o)
+ et

By integration by parts and arranging terms we get, for all test functions supported
in a neighborhood of (s(ty),%o),t0 > 0

/ (=" (OI(s(t), 1) + uf (W] (s(t), 1) — €' () (s(t), t)dt = 0.
0
This gives the Rankine-Hugoniot condition for the delta shock. (I

The case of our interest is when f(q) = g. The pair (u,v) given by

— t y(z,t)
u(z,t) = %(I) (@, t) = aw(/ vo(2)dz), (6.5)
0
where y(z, t) is a minimizer of min,{ [/ uo(z)dz+ (zgi’)z }, is a weak solution of (6.1)
with f(q) = %, satisfying the initial condition (6.2). This formula is also derived

in [12], using vanishing viscosity method. In this case, the previous theorem gives

Theorem 6.2. Assume that the solution is smooth away except along a curve
x = s(t) in a nbd of a point (s(to),to). Then v has the form v(z,t) = vi(x,t) +
H(x — s(t))ve(2,t) + e(t)dy—s(r), and the solution satisfies the Rankine-Hugoniot
condition

N

s'(t) = ul] e'(t) = =s'(t)[](s(t), ) + [uv](s(t), ). (6.6)

7. RADIALLY SYMMETRIC SOLUTIONS WITH PRESCRIBED MASS CONDITION AND
NORMAL VELOCITY AT THE ORIGIN

The aim of this section is to find explicit global radial solution of
ur + (u.V)u=0, pt+ V.(pu) =0, (7.1)
with initial conditions
u(@,0) = ~qo(r), p(x,0) = po(r) =1~ Dpo(r), r=lal,  (72)
a condition on the mass

/ ol tydz = pp (1) (73)
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and prescribed normal velocity at the origin,
.
lim ;U(fﬂa t) = qp(t). (7.4)

The functions go(r) and po(r) are considered to be in the space of bounded varia-
tions and the functions pg, gp are considered continuous. In fact, using a change
of variables as in the proof of Therorem 4.2 it is sufficient that pp is a constant
which again corresponds to the conservation of mass condition. We would also like
to mention that the vanishing viscosity solution for « in the radial case corresponds
to the case when ¢p(t) = 0. We start with the following remark which gives us an
idea regarding the form of the solution that we can expect.

Remark: If we consider the radial solutions of of the inviscid system (1.2) of
the form (u,p) = £q(r,t), p(r,t), r = |x| , then from Theorem 2.2 it follows that ¢
and p satisfy the equations

qt + qq- = 0,

(r"Ypg), = 0.

Pt oD

The transformation p = ("~ p changes the above system to
4t + qqr = 0,

7.5
pe+ (pq)r =0, 7>0, t>0. (7.5)

The initial value problem for this equation is well understood. This motivates us
to seek a solution with initial data
x
U(Q?,O) = ;QO(T)7 p(-’l?,O) = po(?")7 r= ‘ml
The corresponding initial data for (g, p) is then given by

q(r,0) = go(r), p(r,0) =po(r) =" po(r) (7.6)
Entropy weak solution of (7.5) and (7.6) is

_ ()(’I“,t)
EnD g <o [ ()
0

where ro(r,t) is a minimizer of

p(T, t) =

min{/om qo(T)dT + w}

ro>0 2t

This suggests the following formula for the solution of (7.1) with initial conditions

T
U(Z‘,O) = ;QO(T), p(x70) = pO(T)
namely,

(s t) = z (r—ro(rt))

ro(r,t)
2D gty =00, ([ A pa(r)de), =l
0

But since the singularity at » = 0 has to be taken care of, we need to impose ap-
propriate conditions at the origin. We would like to note here that the formula for
u(zx,t) above was derived as the vanishing viscosity limit of the velocity component
(see Theorem 4.3).
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Getting back to our original problem under discussion, we note that for initial
data ug(x), in the space of bounded variation, the vanishing viscosity limit of the
velocity component w remains in the space of bounded variation, see [9]. The
density p is generally a measure. A local study of the Cauchy problem for (7.1) and
propagation of delta wave front was carried out by Albeverio and Shelkovich [1] in
the frame work of the weak asymptotic method.

For the radial case we give here a global construction of (u, p). We also do not
require entropy condition on the initial data for u, as the equation is reduced to
one dimensional Burgers equation and hence we use the well-known one dimensional
theory. As a first step of construction of (u, p), we derive the equation for the radial

case. From Theorem 2.2 it follows that ¢ and p = ("~ p satisfy the equations
a: +9gr =0, pt+ (pg)r =0, (7.7)
with initial conditions
q(z,0) = qo(r), p(z,0)=po(r), r=]zl, (7.8)
and boundary condition for ¢ and integral condition on p:
Q(Oa t) =d4B (t)7 Wn—1 / p(r7 t)dT =PB (t) (79)
0

which is to be understood in a weak sense [2]. Weak formulation for the boundary
condition for g is

either ¢(0+,t) = ¢p(t)

7.10
or ¢(0+,t) <0 and ¢2(0+,8) < qh(t)° (7.10)

and for p is
if q(0+,t) > 0 then wn,l/ p(r, t)dr = pp(t). (7.11)
0

To describe the solution, we follow [7, 10, 11]. We introduce a class of paths in
the quarter plane D = {(z,s) : z > 0,s > 0}. For each fixed (r,r9,t),7 > 0,79 >
0,t > 0, C(r,ro,t) denotes the following class of paths . Each path is connected
from the point (r¢,0) to (r,t) and is of the form z = §(s), where 8 is a piecewise
linear function of maximum three lines. On C(r,rg,t), we define a functional

_ ! 2 L dp(s)”
JB) =3 /{ RCCCREES /{ sy e i (7.12)

We call §y the straight line path connecting (r¢,0) and (r,¢) which does not
touch the space boundary z = 0, namely {(0,¢),¢ > 0}. Then let

2

r—r

A(r,ro,t) = J(Bo) = %~
Any 8 € C*(r,ro,t) = C(r,19,t) — Po is made up of three pieces, namely lines
connecting (rg,0) to (0,t1) in the interior and (0,¢1) to (0,¢2) on the boundary and
(0,%2) to (r,t) in the interior. For such curves, it can be easily seen from (7.12) that

(7.13)

t 2 2 2
_ __ ["s()") o r
J(B) = J(r,ro,t,t1,t2) = /tl 5 ds+2t1+2(t—t2)' (7.14)

For curves 8 € C*(r,19,t) made up of two straight lines with one piece lying on the
boundary r = 0, we can write down a similar expression as in the earlier case.
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It was proved in [11] that there exists * € C*(r,rg,t) and corresponding
t1(r,ro,t), ta(r,r0,t) so that
B(r,ro,t) = min{J(B) : B € C*(r,ro,t)}

= min{J(r, To,t,tl,tg) 105t <ta < t} (715)

= ‘](Ta To, t7 tl(Ta To, t)? tQ(ry To, t))
is Lipschitz continuous. Further

m(r,ro,t) = min{J(8) : 8 € C(r,ro,t)}

. (7.16)
= min{A(r,ro,t), B(r,10,t)}

and
Q(r,t) = min{m(r,ro,t) +/ qo(s)ds, 0 <rg < oo} (7.17)
0

are Lipschitz continuous function in their variables. Further, minimum in (7.17)
is attained at some value of rg > 0, which depends on (r,t); we call it ro(r,t). If
A(ryro(r,t),t) < B(r,ro(r,t),t),
_ t 2 O(Tvt)
Q(r,t) = (r=ror,t)” —|—/ qo(s)ds (7.18)
and if A(r,ro(r,t),t) > B(r,ro(r,t),t),

ro(r,t)
Q(z,t) = J(r,ro(r,t), t, t1(r,ro(r, 1), 1), to(r, 7o (7, 1), 1)) +/O qo(s)ds. (7.19)

Here and henceforth ro(r,¢) is a minimizer in (7.18) and in the case of (7.19),
to(r,t) = ta(r,ro(r,t),t) and t1(r,t) = t1(r,ro(r,t),t). With these notations, we
have the following result.

Theorem 7.1. With ro(r,t), A(r,ro(r,t),t), B(r,ro(r,t),t),t1(r,t),t2(r,t) as de-
fined above, define

o [ A ro(r,t),t) < B(r,ro(rt), ),
wet) =7 {t_t(t) if Alrro(r0).8) > Blroro(nt),1), 2
and
Plr. 1) = {— S Po(2)dz, ;fA(r,ro(r,t),t) < B(r,ro(r, 1), 1), 721)
wn—1pB(t2(z, 1)), if A(r,ro(r,t),t) > B(r,ro(r,t),t).
and set
plx,t) = W (7.22)

Then the distribution (u(x,t), p(x,t)) given by (7.20)-(7.22) satisfies (7.1) in the
region of smoothness and the Rankine-Hugoniot conditions (3.5), along a disconti-
nuity surface. Further it satisfies the initial conditions (7.2), mass conditions (7.3)
and normal velocity at the origin (7.4) in the weak sense (7.10)-(7.11).

Proof. Explicit formula for the entropy weak solution ¢ satisfying (7.8)-(7.10) is
given in [7, 10]. This formula involves only a finite dimensional minimization,
namely (7.15)-(7.17) in three variables (¢1,t2,y). The formula takes the form

- %(T’t), if A(r,ro(r,t),t) < B(r,ro(r,t),t),
q(r,t) =

if A(r,ro(r,t),t) > B(r,ro(r,t),t). (7.23)

_r
t—ty(z,t)°
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To get the component p we consider the problem for

P(r,t) = — /OO p(s,t)ds (7.24)

so that
p(r,t) = 0r(P(r,1)). (7.25)
It is easy to see from (7.7), (7.8) and (7.11) that P must satisfy
P +qP, =0,

with initial condition -
P(r,0) = —/ po(s)ds

and boundary condition

1
if q(0+,t) >0, then P(r,t)dr = — pB(t).
w

n—1
An explicit formula for the solution of this problem is given in [10] and has the
form (7.21). The formula (7.20)-(7.22) is then obtained from the transformation
(2.1) and (7.23)-(7.25).

Now we show that (u,p) given by (7.20)-(7.22) is a solution of (7.1) in the
region of smoothness. This fact follows easily as (q,p) satisfies the system (7.7)
and the weak form of initial and boundary conditions (7.8)-(7.11) (see [10]). Also
it was shown in [10], that (g, p) is a weak solution of (7.7) and that the surface of
discontinuity of (u, p) and (g, p) are same. In order to show that (u, p) satisfies the
Rankine-Hugoniot conditions, we use the corresponding conditions for the system
(7.7) from Theorem 6.2.

Consider a solution (g(r,t),p(r,t)) of the system (7.7) with a discontinuity on
the surface S(r,t) = 0, with S(r,t) = r — s(t). In a neighbourhood of this surface,
we assume (g, p) has the form

Q(T’ t) = C](SL‘, t)a p(T, t) = ﬁ(n t) + e(t)(sr:s(t)~ (7-26)

where @, p are smooth except on the surface r = s(t), and e(t) differentiable function
of ¢t. The Rankine-Hugoniot condition for (g, p) takes the form

ds(t) gy +q- de ds
= = =) - )= 2
W et S () - ) (7.27)
We show that the distributions (7.20)-(7.22) satisfy the Rankine-Hugoniot condi-
tions (5.6). As u = Tq, r("=1p = p, the coefficient of the measure § in the density

p, € and that in p are related by

r(nle = e, (7.28)
Since S(z,t) = S(r,t) = r — s(t), with r = |z|, we have
ds x
Sy =——, V,5=-.
¢ dt’ v r

The first equation of (5.6) becomes

ds q++q- x x ds g+ +q-
S V.S, = —— i =0, 7.29
¢+ s VoS, dt+ 2 ror dt+ 2 ( )
where we used the first equation of (7.27). To verify the second equation in (3.5),
we compute each terms in radial components.
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ge Qe _9e 0 S,9¢ dé

S i e g R 7.30
5t ot Car o S0 (7.30)
Also we know from [1],

Vr,.(éus) = —2KGé, (7.31)
where K is the mean curvature of the surface of discontinuity, K = —%V.I/, v==
and G = _%:' An easy computation gives

1« 9y, In 122 n—1
K [, —_ e — — -t = — . . 2
21,:1813 2r+2;7“3 2r (7.32)
Using (7.32) in (7.31), we get
. _n—1 S . n—1dr,
Vr,.(éus) = . ( S—T)e =% (7.33)
Finally,

. z 1 ¢+ )z o =

(Ipu] = [plus))-VaS|r, = (—pomgy -~ [pa] =~y Pl ) S0
r T r 2 r r (7.34)

S, ds '

= m([PQ] - [P]a)'
Since S, = 1, we get from (7.30),(7.33) and (7.34),

é . _de  n—1ldr, S, dr
5t + Vr, (éus) — ([pu] — [plus).ViS|r, = a + @t m([ﬁ ] — [P]E)
1 d(r(n=Ye dr
S L
1 . de dr
= r(n—l) [% - [p ] - [p]a] = 07

where in the last equality we used the second equation of (7.27). This completes
the proof of the theorem. O
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