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Abstract

The paper develops a model of traffic flow near an intersection, where drivers seeking to
enter a congested road wait in a buffer of limited capacity. Initial data comprise the vehicle
density on each road, together with the percentage of drivers approaching the intersection
who wish to turn into each of the outgoing roads.

If the queue sizes within the buffer are known, then the initial-boundary value problems
become decoupled and can be independently solved along each incoming road. Three
variational problems are introduced, related to different kind of boundary conditions. From
the value functions, one recovers the traffic density along each incoming or outgoing road
by a Lax type formula.

Conversely, if these value functions are known, then the queue sizes can be determined
by balancing the boundary fluxes of all incoming and outgoing roads. In this way one
obtains a contractive transformation, whose fixed point yields the unique solution of the
Cauchy problem for traffic flow in an neighborhood of the intersection.

The present model accounts for backward propagation of queues along roads leading
to a crowded intersection, it achieves well-posedness for general L data, and continuity
w.r.t. weak convergence.

1 Introduction

Optimal traffic assignment and dynamic user equilibria on networks have been widely discussed
in the engineering literature [10, 11]. For conservation law models of traffic flow on a network
of roads, these problems were recently studied in [5]. The basic setting comprises a network
with nodes Ay, ..., A, and connecting arcs 7;;. Drivers choose their time of departure and
route to destination in order to minimize the sum of a departure cost ¢(7¢) and an arrival
cost ¥ (7). The problem is highly nontrivial because the arrival time 7% depends not only on
the departure time 7¢ but also on the overall traffic pattern.

On the k-th road of the network, the vehicle density p = pi(t, x) is governed by the conservation
law

pe+[pvr(p)l: = 0. (1.1)



As in the classical papers [20, 21], we assume that the vehicle speed vy, is a function depending
only on the density p. These scalar conservation laws must be supplemented by suitable
initial conditions and by boundary conditions at road intersections. In [5], the existence
of globally optimal traffic assignments, and of Nash equilibrium solutions, was proved for a
general network of roads. However, the proof relied on a highly simplified intersection model.
Namely, it was assumed that drivers who wish to enter a congested road are placed in a buffer
of unlimited capacity, waiting their turn in line. In particular, the model could not account
for the backward propagation of queues along roads leading to a crowded intersection.

Aim of the present paper is to develop a new class of models describing traffic flow at inter-
sections, with more realistic features, including the backward propagation of queues. These
models lead to Cauchy problems which are well posed within the class of bounded measurable
data. As shown in the forthcoming paper [6], they are well suited for the analysis of global
optimization and Nash equilibrium problems.

Due to finite propagation speed, to solve the Cauchy problem for traffic flow on an entire
network it suffices to construct a local solution in a neighborhood of an intersection. To fix
the ideas, consider a junction with m incoming roads, labelled by i € Z = {1,...,m}, and n
outgoing roads, labelled by j € O = {m+1,...,m+n}. Denote by p;(t,z), © < 0 the density
of cars on incoming roads, and by p;(t,z), x > 0, the density of cars on outgoing roads. At
each time ¢, the boundary conditions will impose suitable restrictions on the m + n boundary
values
pi(t,O—), 1e€Z, pj(t,0+), j €.

In a realistic model, these boundary conditions should depend on

(i) Drivers’ turning choices. For every i € Z, j € O, these are modeled by assigning the
fraction 0;; of drivers arriving from the i-th road who wish to turn into the j-th road.

(ii) Relative priority given to incoming roads. For example, if the intersection is
regulated by a crosslight, this is modeled by assigning the fraction of time 7; when cars
arriving from the i-th road get a green light.

Here 11, ...,nm can be taken to be positive constants, with ) .7, = 1. On the other hand,
toward the analysis of optimization problems, the coefficients 6;; cannot be taken as constant
but must be determined as part of the solution itself. We illustrate this important point with
the aid of Figure 1. Consider two groups of commuters: the first ones drive west-east from
road 1 to road 4, while the others drive north-south from road 2 to road 5. All drivers share
road 3 as common part of their journey. At the intersection B, the percentage of drivers that
turns into road 4 or 5 is not constant, but depends on how many drivers of the two groups
are present at the intersection at any given time.

More generally, call 6;;(t, z) € [0, 1] the fraction of drivers along the i-th incoming road that
wish to turn into the j-th outgoing road. These functions 6;; satisfy the obvious relations

n
Zeij’ = 1, izl,...,m.
j=1

Calling p; the vehicle density along the i-th road, we have the additional conservation laws

(pifij)e + (Pi%(ﬂi)@j)m = 0, icl, jeO. (1.2)
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Figure 1: At the intersection B, at any time ¢ the fraction of cars turning left or right is not given a
priori but must be computed as part of the solution itself.

By (1.1), these yield the m x n linear transport equations

Gij,t + Ui(pi) 91']'71 =0 1€Z, j€O. (13)

We remark that, to be useful in the analysis of global optimization and Nash equilibrium
problems, a model of traffic flow at intersections in terms of the variables py, 6;; should have
two crucial properties:

(I) Well posedness for L>* data.

(IT) Continuity w.r.t. weak convergence.

When the flow near an intersection is described in terms of Riemann Solver [8, 13, 14], the
counterexamples in [7] show that the total variation of the variables py,6;; can become un-
bounded in finite time, leading to multiple solutions with the same initial data. In addition,
even for a simple junction with one incoming and two outgoing roads, Example 5 in [7] shows
that the time that drivers need to reach destination does not depend continuously on the
variables 6;;, in the topology of weak convergence.

In order to achieve the key properties (I) - (II), at each road intersection our model includes
a buffer of limited capacity, as proposed in [12, 15, 16]. We let ¢;(t) be the length of the queue
in front of the outgoing road j € O. The rate at which cars enter the intersection is governed
by the lengths of these queues. Drivers who are already within the intersection move on to the
outgoing roads of their choice, at the maximum rate allowed by the traffic density on these
roads.

The main contributions of our analysis can be summarized as follows:
(i) If the queue lengths ¢;(-) in front of all outgoing roads are known, then the initial-

boundary value problems become decoupled. Indeed, they can be independently solved
on each incoming road ¢ € I and, at a second stage, on each outgoing road j € O.



Three different optimization problems are introduced, related to different kind of bound-
ary conditions. From the value functions Vj(t,x), k = 1,...,m + n, one recovers the
traffic densities py(t, ) = Vj . (t, z) along each road. These densities are explicitly com-
puted by a Lax type formula.

(ii) If the value functions Vj, are known, the lengths g;(-) of the queues can be determined by
balancing the boundary fluxes of all incoming and outgoing roads. As shown in Fig. 2,
in this way we obtain a contractive transformation ¢ — A(q) on a space of Lipschitz
continuous functions. The fixed point of this transformation yields the unique solution
of the Cauchy problem for traffic flow, in an neighborhood of the intersection.

(iii) Our model of traffic flow at intersections thus achieves well-posedness for general L
data, and continuity w.r.t. weak convergence. Because of these properties, it is ideally
suited to study optimization and Nash equilibrium problems, as shown in the forthcom-

ing paper [6].
g
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Figure 2: Sketch of the model. Given the length of the queues in front of each outgoing road, by
the Lax formula one determines the traffic density pi = Vi ., separately on each incoming and each
outgoing road. In turn, taking the boundary values of the functions Vj at = 0 one recovers the length
of each queue. Ultimately, the solution is achieved as the fixed point of a contractive transformation.

Some relations with earlier work are worth mentioning. Motivated by [2], a natural extension
of the Lax formula [18] to the initial-boundary value problem for a scalar conservation law
was given in [19]. The boundary conditions are here formulated by assigning values ug(t)
for the conserved quantity, while a variational inequality determines whether these boundary
values can be pointwise attained or not. In the present paper, on the other hand, we formulate
the boundary conditions by assigning an upper bound on the flux through the boundary, at
each time t. In general, this bound depends on the solution itself, through the measurable
coefficients 6;;.

A variational approach to the Cauchy problem near a junction of roads was recently introduced
in [17]. This is formulated as one single optimization problem, simultaneously for all roads



joining at the intersection, and leads to an interesting generalization of the Lax formula on
networks. However, the construction is valid only for particular choices of the coefficients 0;;,
constant in time.

The remainder of this paper is organized as follows. Section 2 introduces some notation and
formulates the main assumptions on the flux functions fi and on the flow at the intersection,
modeled in terms of one or more buffers. In Section 3 we give a definition of admissible solution
to the Cauchy problem near a junction, by means of of a generalized Lax formula. Section 4
contains the main result, showing that the Cauchy problem has a globally defined solution,
obtained as the unique fixed point of a contractive transformation. In Section 5 we prove that
this solution depends continuously on the initial data, in the topology of weak convergence.
As remarked earlier, this property is essential toward the analysis of optimization problems.

We observe that, in standard textbooks, one first defines an admissible solution to a conser-
vation law by imposing suitable entropy conditions. At a later stage, one checks that the
function provided by the Lax formula [9, 18, 22] is indeed an entropy admissible solution. In
the present paper we follow a converse approach. Namely, we first give a definition of admis-
sible solution in terms of the Lax formula. Afterwards, we prove that this solution is unique
and satisfies the Kruzhkov entropy conditions in the interior of the domain, together with the
appropriate initial and boundary conditions required by the model (SBJ) or (MBJ).

The second part of this program is achieved in the remaining Sections 6 to 8. Given the initial
data and the lengths ¢;(-) of the queues at the intersection, three optimization problems are
introduced. These correspond to (i) incoming roads for the model (SBJ), (ii) incoming roads
for the model (MBJ), and (iii) outgoing roads. In all three cases, we prove that the optimal
solutions exist. The value functions Vj, are computed by the Lax-type formulas (3.18), (3.28),
and (3.22), respectively. From the properties of the value functions Vi, we eventually deduce
that the derivatives p;, = V}, , provide entropy weak solutions, satisfying the appropriate initial
and boundary conditions.

Two lemmas, on the uniqueness of solutions to ODEs with measurable right hand side, are
collected in the Appendix.

2 General setting

Consider a family of n + m roads, joining at a node. Indices i € {1,...,m} = Z denote
incoming roads, while indices i € {m+1,...,m+n} = O denote outgoing roads. On the k-th
road, the density of cars pg(t, ) is described by the scalar conservation law

Here t > 0, while €] — 00, 0] for incoming roads and z € [0, oo[ for outgoing roads. The flux
function is fx(p) = puvk(p), where vi(p) is the speed of cars on the k-th road. We assume that
this speed depends only on the density p. Moreover, we assume

vp(p) <0, fr € C?, r(p) <0, fe(0) = fr(pl™™) = 0, (2.2)

where piam is the maximum possible density of cars on the k-th road. This corresponds to
bumper-to-bumper packing, so that the speed of cars is zero. For a given road k € {1,...,m~+



n}, we denote by

[ = max fi(s)
S
the maximum flux and
PP = argmax fi(s) (2.3)
S

the traffic density corresponding to this maximum flux (see Fig. 3).
max

£(p) = py(p)

free congested

0 max jam P
pk pk

Figure 3: The flux f as a function of the density p, along the k-th road.

Moreover, we say that

p is a free state if  p € [0, pzwﬂv[‘7
am] .

p is a congested state if  p € |p"**, p;

~ol

£y,
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Figure 4: The case of an incoming road i € Z. Given a left state pg;, we seek the family of all right
states pr which can be connected to py; by a wave having negative speed. Center: pg; is a congested
state, Right: pg; is a free state.

Given initial data on each road
pr(0,2) = pg(:v) k=1,...,m+n, (2.4)

in order to determine a unique solution to the Cauchy problem we must supplement the
conservation laws (2.1) with a suitable set of boundary conditions. These provide additional
constraints on the limiting values of the vehicle densities

pr(t) = Iin%pk(t?a:) k=1,....m+n (2.5)
Tr—r

near the intersection. In a realistic model, these boundary conditions should depend on:
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Figure 5: The case of an outgoing road j € O. Given a right state pg j, we seek the family of all left
states p; which can be connected to pp ; by a wave having positive speed. Center: pg ; is a free state,
Right: pg ; is a congested state.

(i) Relative priority given to incoming roads. For example, if the intersection is
regulated by a crosslight, the flow will depend on the fraction n; €]0,1[ of time when
cars arriving from the i-th road get a green light.

(ii) Drivers’ choices. For every i € Z, j € O, these are modeled by assigning the fraction
0i; € [0,1] of drivers arriving from the i-th road who choose to turn into the j-th road.
Obvious modeling considerations imply

0;; €10,1], Z 0;;j = 1 foreachieZ. (2.6)
jeo

In general, the coefficients 8;; = 0;;(t, ) need not be constant. Throughout the following,
we assume that drivers on the i-th road know in advance their itinerary and do not change
their mind. This yields the conservation law

(0ijpi)e + 1035 fi(pi)la = 0.
We can thus regard each 60;; as a passive scalar, transported along the flux:

(0:i5)¢ + vi(pi)(ij)z = 0. (2.7)

In view of several counterexamples [7], it appears that there is no hope to develop an existence-
uniqueness theory for conservation laws on networks based on the Garavello-Piccoli approach,
relying on Riemann Solvers. We propose here an alternative approach, modifying the inter-
section model used in [5]. According to this earlier model, if the flux of cars that want to
enter road j is larger than f7™* (the maximum flux allowed on that road), cars are placed in a
queue, first-in-first-out. It is assumed that the queue can become arbitrarily large, occupying
a buffer of unlimited capacity. As a consequence, there is no backward propagation of queues
along the incoming roads.

Here we consider a more realistic model, similar to [12, 15, 16], where at each intersection
there is a buffer of limited capacity. The incoming fluxes of cars toward the intersection are
constrained by the current degree of occupancy of the buffer. More precisely, consider an
intersection with m incoming and n outgoing roads. The state of the buffer at the intersection
is described by an n-vector

q = (‘Jj)jeo .



Here ¢;(t) is the number of cars at the intersection waiting to enter road j € O (in other
words, the length of the queue in front of road j). Boundary values at the junction will be
denoted by

( Qij(t) = limg,_o— Gij(t,a:), 1€Z, €0,

ﬁl(t) = limg,_,o_ pi(t, :13), 1 €T,
0j (t) = limgy_o4 Pj (t,z), jeao, (2.8)
ﬁ(t) = fz(ﬁz(t)) = limg 0 fi(pi<t7 .%')), iel,

fit) = fi(p;(t)) = limgsoy fi(pi(t,2)),  j€O.
Conservation of the total number of cars implies

4 = Zﬁ@j — fj for all j € O, (2.9)

€L

at a.e. time ¢ > 0. Here and in the sequel, the upper dot denotes a derivative w.r.t. time.
Following [14], we also define

fi(pi) if p; is a free state,
w; = wz(ﬁz) = 1€X, (2.10)
firer if p; is a congested state,
the maximum possible flux at the end of an incoming road. Notice that this is the largest flux
fj(p) among all states p that can be connected to p; with a wave of negative speed (Fig. 4).

Similarly, we define

fi(pj) if p; is a congested state,
wj = wip)) = jeo, (1)
I if p; is a free state,

the maximum possible flux at the beginning of an outgoing road. This is the largest flux f;(p)
among all states p that can be connected to p; with a wave of positive speed (Fig. 5).

We are now ready to introduce two different sets of equations relating the incoming and
outgoing fluxes f; and f;, depending on the drivers’ choices ;; and on the lengths ¢; of the
queues in the buffer. We will prove later that both models lead to well posed Cauchy problems.

In the first model, the junction contains one single buffer of size M. Incoming cars are
admitted at a rate depending of the amount of free space left in the buffer, regardless of their
destination. Once they are within the intersection, cars flow out at the maximum rate allowed
by the outgoing road of their choice.

Single Buffer Junction (SBJ). Consider a constant M > 0, describing the maximum
number of cars that can occupy the intersection at any given time, and constants ¢; >0, i € Z,
accounting for priorities given to different incoming roads.

We then require that the incoming fluzes f; satisfy

F = min {uw;, cl(M—qu) , ieT. (2.12)
jeo



In addition, the outgoing fluzes f] should satisfy

if ¢; > 0, then f; = wj,
_ B jeo. (2.13)
if ¢; =0, then f; = min {wj, Yoier fzﬂij},

In our second model, there are n buffers, one for each outgoing road. Incoming drivers are
admitted at a rate depending on the length of the queue at the entrance of the road of their
choice.

Multiple Buffer Junction (MBJ) Consider constants M;, j € O, describing the size of
the buffer at the entrance of the j-th outgoing road, and constants ¢; > 0, i € I, accounting
for priorities given to different incoming roads.

We then require that the incoming fluzes f; satisfy

_ (M — q;
fi = min {w C(éqﬂ), je(’)}, icT. (2.14)
ij

As before, the outgoing fluves f;, should satisfy (2.13).

Remark 1. The difference M; — g; in (2.14) describes how much space is left in the buffer at
the entrance of the j-th road. When this space shrinks, cars are admitted to the intersection
at a slower rate. This difference can decrease exponentially in time, but never becomes zero.
Indeed, by (2.9) and (2.14),

LM - i0) = —l0) > - (Z) (M; = 45(1)). (2.15)

1€L

The choice M; = +o0o0 would correspond to a buffer of unlimited capacity, and leads to the
same model considered in [5].

By the same argument, the difference M — > jeo ¢ in (2.12) can decrease exponentially but
is never zero.

3 The Cauchy problem

In this section we study the Cauchy problem for the system of equations

(pr)t + fr(pp)z = 0, keZuO, (3.1)
(0i5)¢ +vi(pi)(0i5)z = O, i€, jeO, (3.2)

supplemented by the ODEs

i = S Jiby—J; for all j € O, (3:3)
€L



and by the boundary conditions (2.12)-(2.13) or (2.14)-(2.13). We consider initial data of the
form

pe(0,2) = pY(x) keZIUuO,
0:;j(0.x) = 65(x) i€I, jeO, (3.4)
g(0) = q7 jeo.

By an admissible solution of the above system we mean a family of functions (py, 0i5, ¢;), with

pr € (0,007, 05 € [0,1], Zeij =1, (3.5)
jeo
Yjcol <M, in case of (SBJ),
q; =0, (3.6)

q; < M; for every j € O, in case of (MBJ),
and with the following properties.

P1) The functions py provide entropy-weak solutions to the conservation laws in (3.1).

P2) The functions 6;; provide solutions to the linear transport equations in (3.2).

=

P4) The initial values of py, 6;; and g; satisfy (3.4).

(
(
(
(
(

)
)
3) The functions ¢; are Lipschitz continuous and satisfy the ODEs (3.3).
)
)

P5) The boundary values p(t), fi(t), 6:;(t) in (2.8) are well defined in the sense of traces,

and satisfy the boundary conditions (2.12)-(2.13) or (2.14)-(2.13) for a.e. t > 0.

It will be convenient to reformulate the above conditions in terms of the Lax formula, using a
set of integrated variables V} such that

Vk‘,:t(tv J,‘) = pk(tvx)' (37)

For each k € ZU O, consider the concave function (see Fig. 6)

gr(v) =  inf ] {uv — fr(u)}. (3.8)

jam

UE[O, P

Notice that gi is the Legendre transform of the flux function fj. Indeed

gr(v) = u*(v)v = fr(u"(v)), (3.9)
where the map v — u*(v) is implicitly defined by
@) = v, (3.10)
In particular,
g.(v) = u = (u) = v. (3.11)

10



Remark 2. Consider a characteristic ¢t — x(t) for the conservation law (3.1), with speed
& =wv. By (3.9)-(3.10), the Legendre transform can be interpreted as

gr(v) = — [flux of cars from left to right, across the characteristic]. (3.12)
For v € ]f’(p{cam), f1(0)[, differentiating w.r.t. v, one obtains

0 1
/" / *
9 () = —-gp(u*(v)) = ——5 < 0, (3.13)
ov Y (u*(v))
showing that gj is strictly concave down on this open interval. As shown in Fig. 6, we also
have the implications

v < fpl™) = g(v) = p}"" v,
(3.14)
v o> f,’g(()) = g(v) =0

I K P 0 ,
fphmy fo
vu _ pmax
max
f 1 //
f(u)
0 u;(V) p]am u

Figure 6: The flux function f and its Legendre transform g defined at (3.8).

In connection with the boundary conditions (SBJ), for i € Z we also consider the functions

hi(q) = min < £, ¢ - (M — qu> . (3.15)
jeo

For the junction conditions (MBJ) with multiple buffers, these will be replaced by

M: — q;
hz(qae) = min {fzmlcmv 62%7 ]GO} (316)
ij

Assume now that the initial data pg, 0% , qjO are given, satisfying the same pointwise esti-
mates as in (3.5)-(3.6). To obtain a solution to the Cauchy problem (3.1)-(3.4), satisfying
all conditions (i)-(v), we consider a family of Lipschitz continuous functions ¢; = ¢;(t) and

Vi = Vi(t, x) having the properties (I)—(III) below.

11



Figure 7: The trajectories leading to the maximum value in (3.18). For each time ¢ > 0 there exists a
unique point zf(¢) < 0 with the following property. For terminal points Z < x*(t), optimal trajectories
are affine, while for terminal points = > x#(¢) optimal trajectories are piecewise affine, also taking the
value = 0 on some time interval.

(I) ForieZand x <0, define

Vo) = /m ps (y) dy. (3.17)

—00

In the case of boundary conditions (SBJ), recalling (3.15) we require (see Fig. 7)

Vi(t,z) = max {1338‘ [Vio(y)Hgi(x;yﬂ ’

T

o 2% g [0 4 (F) - [ tatonas o na(2)]

(3.18)
Here one can think of V;(¢,z) as the total amount of cars which at time ¢ are still inside the
half line | — oo, z]. The total amount of cars which have exited from road i during the time

interval [0, t] is thus measured by
V2 (0) = Vi(t,0).

To determine how many of these cars wanted to enter road j € O, we proceed as follows. Let
&i(t) be implicitly defined by

0
&) = max el =oc0ls [ 2wy = VIO -HwO}. (19

In other words, &(t) is the initial position of that particular car on road ¢ which reaches the
intersection at time ¢. The total number of cars that have reached the intersection before time
t and wish to turn into road j is thus

0
BO) =+ [ ofwogway. (3.20)

12



(II) For j € O and = > 0, defining

we require

Vit ) = max{max [vjo(y)ﬂgj(xt_y” . max [_Fj(7)+(t—7)gj(tf7)”,

y>0

where Fj was defined at (3.20).

We observe that

VP () = Vi(t, )

is the number of cars that have crossed the point x during the time interval [0, ¢]. In particular,
—V;(t,0) is the number of cars that have entered road j (possibly after waiting in a queue)
during the time interval [0,¢]. By (3.20), conservation of the total number of cars implies:

(IIT) At time t, the length of the queue at the entrance of road j is computed by

q;(t) = Fj(t) +V;(t,0). (3.23)

When dealing with the boundary conditions (MBJ), the formula (3.18) must be modified as
follows. For i € Z, j € O, and 8 > 0, we define the point z;(/3) implicitly by setting

n(®) = s {yel—oe0; [ @ = 8}, (320

Observe that the function 5 +— z;(3) is decreasing, hence it is differentiable almost everywhere

in its domain. Given the initial data 03, we define the measurable function

0i5(8) = 03(xi(B)).
Finally, given y < 0 and 0 < 7’ < 7, we define
Gi(r, 7' y) = B(7), (3.25)

where s — (s) denotes the solution to the Cauchy problem
d
%ﬂ(s) = - hl (Q(S), QZJ(ﬁ(S))) s € [Tlv T] ) (326)

B = VW +79(=F). (3.27)

T
Lemma Al in the Appendix shows that 3(-) is well defined, because this Cauchy problem with
measurable coefficients admits a unique solution.

13



In the case (MBJ) of a junction with multiple buffers, the formula (3.18) is replaced by

Vi(t,z) = max {max [‘/;Q(y)—i—tgi(xt_yﬂ :

y<0

(3.28)

. ,- —_ . x
= [GZ(T,ﬂy)Jr(t T)gz<t_7_):| }

We shall rely on the Lax formulas (3.18), (3.22), and (3.28) to identify a class of admissible
solutions to the traffic flow problem, nicely depending on the initial data.

Definition 1. We say that the functions pi, = pi(t,x) and q; = ¢;(t) (with k € ZUO, j€ O)
provide an admissible solution to the Cauchy problem (3.1)-(5.4) with junction conditions
(SBJ) if there exist Lipschitz continuous functions Vi, = Vi(t, x) such that (3.7) holds, together
with the following conditions:

(i) Fori €I, the functions V; satisfy (3.18).
(i) For j € O, the functions V; satisfy (3.22).
(111) For j € O, the functions q; satisfy (3.23).

In case of the junction conditions (MBJ) , instead of (3.18) the functions V; are required to
satisfy (3.28).

To justify the above definition, in Sections 6-8 we will show that, if the functions V3 and
q; satisfy the above conditions (i)—(iii), then the derivatives p, = V} , provide a solution to
our traffic flow problem near the intersection, satisfying all the properties (P1)—(P5). As a
motivation, one should keep in mind that, for i € Z, the values p;(t, x) are implicitly determined
by the identities

T

Fpte) = =2 or [lplta) =

These are valid, respectively, if the maximum in (3.18) is achieved by a function whose graph
is a single line connecting (0,y) with (¢,z), or a polygonal where the last segment connects
(7,0) with (¢,x) (see Fig. 7). Similar representations hold in case of (3.22) and (3.28).

t—71°

4 Well posedness of the Cauchy problem

This section contains our main result, proving the global well-posedness of the Cauchy problem
for traffic flow near an intersection.

Theorem 1. Let the flux functions fi satisfy (2.2) and consider initial data as in (3.4),
satisfying (3.5)-(3.6). Then, in both cases (SBJ) and (MBJ) the Cauchy problem (5.1)-
(3.4) has a unique admissible solution in the sense of Definition 1, globally defined for all
t>0.

14



Proof. 1. We claim that, on a sufficiently small time interval [0,7], the solution of the
system of equations (3.17)—(3.23) can be obtained as the unique fixed point of a contractive
transformation.

The proof will first be given for the single buffer junction (SBJ). Let t — ¢;(t), j € O, be
Lipschitz continuous functions with Lipschitz constant

m+n
Ly = Y, (4.1)
k=1
and satisfying
Z gi(t) < M for all ¢ > 0. (4.2)
jeO
Consider the following sequence of maps:
qa=(g)jco = Viliez = (Fj)jeo = (Vj)jeo — (Aj(a))jeo- (4.3)

Here the functions V; are defined by (3.18), the functions Fj are defined by (3.19)-(3.20), while
the functions Vj; are defined by (3.22). Finally, motivated by (3.23), we set

Aj(a)(t) = Fj(t) + Vj(t,0). (4.4)

2. To prove that the map A is contractive, consider two Lipschitz continuous functions, say
q = (gj)jeo and q = (Gj)jco. Assume
6 = sup g;(t) — g;(1)]- (4.5)
jEO, tel0,T]

By (3.18), since the functions h; are Lipschitz continuous with Lipschitz constant C7 =
max;cz ¢;, one has

sup \Vi(t,z) — Vi(t,z)| < Cr-nT$. (4.6)
i€Z, t€[0,T], 2<0

In particular, B
sup  |Vi(t,0) = Vi(t,0)] < Cz-nT9. (4.7)
1€Z, t€[0,T)
Recalling (3.19) and (3.20), for all j € O and ¢ € [0,T] we now have
[F5(t) = Fj(1)] < > |Vilt,0) = Vi(t,0)] < Cg-mnT5. (4.8)
i€

Next, by (3.22) it follows

sup |Vi(t,0) — V;(t,0)] < sup  |Fj(t) — ﬁ](t)| < Cz-mnT56. (4.9)
JEZ, t€]0,T),2>0 j€0,te(0,T)]

Finally, by (4.4) it follows

A (@)(t) = A (@) )] < [V(t,0) = Vi(t,0)| + |F(t) — Fj(t)] < 207 -mnT6.  (4.10)
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By choosing T = (4C7 - mn)fl, we thus have

sup |A;(q)(t) — A;(q) ()]
t€[0,T]

IN
DN |

sup  g;(t) — q;(#)], (4.11)
JEO, t€[0,T]

showing that A is a strict contraction.
3. We now check that each map ¢t — A;(q)(t) is Lipschitz continuous. Toward this goal,

consider any i € Z, x < 0, and 0 < t; < to. If Vi(t1,2) = V;O(y) + t1 9i(%?) for some y <0,
then the concavity of g; implies

r — r —
Vilt,r) > V) + oo (7) 2 VW +hia(TT) 2 Vil w) + (12— 0)gi(0).

Hence
0 S V%(tl,:L‘)—V;(tQ,JT) S (tg—tl)fimaa;. (4.12)

Similarly, if

7_/

Vi) = Vo) + 7o) = [ ) ds + (6 =)o)

for some 0 < 7/ < 7 < t; and some y < 0, then

Vi(ta, ) > Vio(yH'T/gi(%gJ) —/T,Thi(Q(S))d5+(t2—T)gi(t2i7_>.

The concavity of g; implies

(t2—7)gi(

X

) > (tl_T)gi(t °

)+ (2= 1)gi(0).

t2—7‘

Therefore, (4.12) again holds. Letting  — 0 and recalling that h;(q) € [0, f]"**], we conclude
that the map ¢ — V;(¢,0) is Lipschitz continuous with constant f/"**. Of course, this accounts
for the fact that the flux of cars exiting from road i at time ¢ is —V;+(¢,0) € [0, f/%*].

For j € O, an entirely similar argument shows that the function V; in (3.22) satisfies
0 § V}‘(tl,l‘) —‘/}(tQ,ZL‘) § (tQ—tl)f]max. (4.13)

for all 0 < t; < tp. Letting 2 — 0 we conclude that the map ¢t — Vj(¢,0) is Lipschitz
continuous with constant fi"**. This accounts for the fact that the flux of cars entering road
j at any time ¢ is —V;(¢,0) € [0, f]*7].

Using (3.20), (3.19), and then (4.12), for any 0 < ¢; < to we now obtain

|[Fj(ta) = Fi(t)] < D [Vilta,0) = Vi(t1,0)] < Y (b2 —ta) ™" (4.14)
1€l €T

Together with (4.13), this implies that the function
t = Aj(Q)(t) = Vj(t,0) + F(t)

is Lipschitz continuous with Lipschitz constant f"* + 3, 7 fi"*® < Lg, as defined at (4.1).

)
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4. Consider the set S C C(]0,7]; IR™) of all Lipschitz continuous maps q, with Lipschitz
constant L,, and such that ¢;(0) = qjO for all j € O. Given the initial data Vi<>, Vjo, and qj<»>,
by the previous arguments the map q — A(q) is a strict contraction of S into itself. Therefore
it has a unique fixed point. By definition, this provides the unique admissible solution to our
Cauchy problem on the time interval [0, 7.

5. We now describe the modifications needed in the case of a multiple buffer junction (MBJ).

The Lipschitz continuity of the maps t — A;(q)(t) is proved as in step 3, with the same
Lipschitz constant Ly in (4.1).

Given initial data p?, 93, and qj.> such that q]<-> < M; for all j € O, we again claim that the
system of equations (3.17)—(3.23) admits a unique solution, on a suitably small interval [0, T].
Indeed, consider two maps q(-) and q(-), both satisfying the initial conditions ¢;(0) = q§>,
j € O, and both with Lipschitz constant L.

Introduce the constants

1 M
M® = min (M —¢® T o= -2

min (M —q;) >0, Lo
Notice that

gi(t) < Fi(t) < qf +1- Y P,

€T
and the same is true for ¢;. Therefore,
1
min {Mj—q]'(t), Mj—(jj(t)} > §M<> for all ¢t € [O,Tl]

By Lemma A2 in the Appendix, there exists 0 < T' < T} such that, for all 0 < 7/ <7 < T,
one has

|G’i(7—,77—; y) - Gi(TlaT; y)’ S TLCl’T/ - 7—‘ 0 S nClT5>
for some constant C;. Here ¢ is the distance defined at (4.5). Recalling (3.28) we thus obtain

Vi(t,z) — Vi(t,z)] < nCPTs

for some constant Cf and all © € Z, t € [0,T], and < 0. This inequality replaces (4.6).
The remainder of the proof, showing that for 7' > 0 the transformation q — A(q) is a strict
contraction in C([0,T]; IR™), is the same as in step 4.

6. To complete the proof, we now show that the above construction can be iterated on a

sequence of time intervals [0,T1], [T1, T3], ..., with
lim 7, = +o0. (4.15)
V— 00

In case of a single buffer junction (SBJ), the definition (3.15) yields the a priori bound on
the growth of the queue

%(M—Z%(t)) < Z%(M—qu(t)).

jeo 1€ jeo
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In turn, this implies

<M—qu(t)> > exp{—t-zci}-(M—qu) (4.16)

jeo el j€eo

According to the analysis in step 2, the contraction property (4.11) can be achieved by choosing
the length of these time intervals to be T, — T,,_1 = (4C7-mn)~!. Of course, this yields (4.15).

In case of a multiple buffer junction (MBJ), the definition (3.16) yields the a priori bound

L= am) < Y-S a0).
jeO

i€l jeo

In turn, this implies
M; —q;(t) > wp{—PE:q}-M@—g%. (4.17)

According to the analysis in steps 3 and 5, the contraction property (4.11) can be achieved
by choosing these time intervals [T}, 7, _1] sufficiently small. By Lemma A2 in the Appendix,
the size T, — T,,_1 needs to satisfy a constraint depending only on the Lipschitz constant L,
of the functions q and on the lower bound on M; — ¢;(t). By (4.17) these quantities remain
uniformly positive on any bounded time interval [0, T|. Hence, as long as T,, < T, the lengths
T, — T,,—1 of these intervals can be taken uniformly positive. This yields (4.15). Ul

5 Continuity w.r.t. weak convergence

In this section we prove that the solution constructed in Theorem 1 depends continuously on
the initial data, in the topology of weak convergence.

Theorem 2. Consider a sequence of initial data (py, éfj, cj}’)l,zl in (3.4) such that, as v — oo,
one has
@ = ¢  jeo, (5.1)

together with the weak convergence

POy — pl07

i 1€l, je€QO,

(5.2)
P py jeo.

Calling py, = Vi and q; the corresponding solutions, for everyt > 0 one has the convergence

1

q;-’(t) — q;(t) uniformly for t on bounded sets, and the strong convergence in Ly,

Pt = pi(t) keTUO. (5.3)

Here py, = Vi, and q; are the components of the unique solution corresponding to initial data
(pg, 93, q]<>) The result holds both in the case (SBJ) of a single buffer and in the case (MBJ)
of multiple buffers.
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Proof. 1. We first prove theorem in the case (SBJ) of a junction with a single buffer. For
every v > 1, let V¥ ,Vj”,q}’ be the components of the solution constructed in Theorem 1,

replacing the initial data (pg, 93, qjo) with (pf, é;’J, (j;’)
For any i € Z, t €]0, T, and = < 0, by (3.17) and (3.18) we have the bound
VY (tx) = Vilt,2)] < VY = VOl goseoy + nCT - 167 = @® Loy (5:4)

On the other hand, let F}' be defined as in (3.20). By (3.20) and (3.19) it follows

0 ~
Fw =Kol < X[ o (W0~ o )W) dy

i€l 1€L
o . o o Gi(t)
< S| (Wi - st wesw)an + 3| [ s
ieT |/&() et |/E®)

&i(t)
[ sway| < 1720 - Vi o) +

Therefore

[F () — F()] < Y {lW(t, 0) = Vi(t,0)] + [V = V% loe oo
€T

_l’_

0 ~
/@(t) (ﬁ%’ )0 (y) — p? (y)@%@)) dy

}. 59

Vi (t,z) = Vj(t,z)| < s?&]|Fj”(T)—Fj(r)|. (5.6)
7€|0,

Moreover, for every j € O, t > 0, and x > 0, by (3.22) one has

Combining (5.5) with (5.6) we obtain

g7 (t) — q;(t)] < 2+ sup Z{|Véy(t70)—vi(t70)|+||‘ZV—V¢<>’L°°(]—OO,O])

T€[0,t] ieT
(5.7)
’ ) & &
[ () - s W) dy ¢
&i(t)
This proves the convergence of the queue sizes ¢j — ¢;.
2. Using (5.4) and (5.7), we obtain
Z V¥ = VOl (o.11x] 000 < (20°mCzT +m) - Z IV = Voo (—o00)
€T i€
0
samert{ s | [ 5050~ 0O | + IV - Vil oo |-
relo] ' Je2 (r) P
(5.8)

19



Therefore, by choosing T' = (4n2mCI)71 we obtain

D IV = Villweo (o) —c00y < @mA1) > V¥ = Vi¥llpeog—co0))
i€L 1€

0
+ sup / )0 ) - p2 0w dy|. (5.9)
T7€[0,T] &(7)

This implies
lim [V = Ville(o,r)x)-o00) = O.
1€l
From the uniform convergence of the Lipschitz functions V¥ — V; in C([0,T]x]0, o0]), it now
follows the weak convergence p¥(t,-) — pi(t,-), for every i € Z, t € [0,T]. In a similar way,
recalling (5.5) and (5.6), we obtain the convergence V'(t,-) — Vj(t,-) in C([0,00]), for every
t€[0,T] and j € O. Again, this implies the weak convergence p(t,-) — p;(t,-).

By Oleinik’s estimates, the solutions pj satisfy uniform BV bounds, on any compact domain
D bounded away from the x-axis and from the t-axis. Hence the weak convergence implies

strong convergence in Llloc.

3. As in step 6 of the proof of Theorem 1, we can repeat these same estimates on a sequence
of time intervals [0, T3], [T1, T3], etc.... By induction, the convergence still holds for every
t> 0.

4. In the case of a multiple buffer junction (MBJ), the proof is entirely similar. It suffices
to show that (5.4) holds with another constant Cz. Indeed, from lemma A2 and (3.22), we
obtain that

V¥ (t,@) = Vi(t,2)] < [V = VOllLoe o)) +1CoeP T - [[a” = a®||Lee o1y

for a suitable constant Cj. L]

6 Variational formulation of (SBJ)

In this and in the following two sections we introduce three optimization problems. In each
case, we show that the optimal solution is piecewise affine, and the value function Vj, admits
the explicit representation (3.18), (3.22), or (3.28), respectively. In turn, this variational
representation allows us to prove that the derivative py, = V}, , yields an entropy weak solution
to the conservation law (1.1), satisfying the appropriate initial and boundary conditions.

The junction conditions (SBJ) lead to:

Optimization Problem 1. For any i € Z, given the function V;O in (3.17) and the length
of the queues g;, j € O, consider the following variational problem.

(2

maximize:  Ji(z()) = VO(a(0)) + /0 Li(a(t), &(8)) dt . (6.10)
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Recalling (3.8) and (3.15), the payoff function is here defined as

9i(%(t)) if 2(t) <0,
Li(z(t), 2(t)) = (6.11)
—hi(a(t)) if x(t)=0.

The maximum is sought among all absolutely continuous functions z : [0, ] — IR such that

z(t) = z, z(t) <0 for all ¢t € [0,1]. (6.12)

The following lemma shows that, for any optimal solution z(+), the set of times where z(t) = 0
must be an interval.

Lemma 1. Consider an absolutely continuous map x : [0,t] — ] — 00,0] satisfying (6.12).
Define the times

a = min{t € [0,7]; =(t) =0}, b = max{te[0,7]; x(t)=0} (6.13)
and the function .
s0 = {0 Faei oy

Then, a¥ satisfies (6.12) and achieves a larger payoff, namely

Jiw() < Ji(at(). (6.15)

Proof. 1. Consider any subinterval [a/,b'] C [a,b] such that z(a’) = 2(b') = 0 and z(t) < 0
for all ¢ €]a’,'[. Define the function 2°(-) by setting

SO PO 19

We claim that

Vi(x(O))—i—/O Li(z(t),&(t))dt < Vi(xb(O))—i—/O Li(z*(t),3°(t)) dt . (6.17)

Indeed, recalling the definition of L; at (6.11), the above inequality is equivalent to

b v
// gi((t))dt < / —hi(q(t))dt. (6.18)

’

To prove (6.18), observe that by (3.15)
—hi(a(t)) = = f"* = 4i(0)

(see Fig. 6). Applying Jensen’s inequality to the concave function g; we thus obtain

v v v
/ hi(a(t)dt > / g:(0)dt > / gi(a(t)) d (6.19)

/ a/ a/
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2. Let [a],,b], v > 1 be the family of all subintervals of [a, b] with z(a],) = (b)) =0, x(t) > 0
for t €]al,,b,[. For each N > 1, call
N - 0 if ©e U]uvzl[a;n bly] )
=) = { x(t) otherwise . (6.20)

By the previous step, the sequence of payoffs J; (mN ()) is monotone increasing. Since VN — zf
as N — oo, we have

J(@b() = lim Ji@@V()) = Ji(z().

N—o0

O

Proposition 1. Let a continuous function t — q(t) = (g;(t))jeo be given, together with
initial data p? (z), 98(:15) for x < 0, satisfying the conditions (3.5)-(3.6). Fori € I, define VZ-<>

)

as in (3.17) and consider the variational problem (6.10)-(6.12). Then the following holds.

(i) For every given t > 0 and T < 0, an optimal solution x*(-) exists. This solution is
piecewise affine and satisfies #*(t) € [f/(p1"™), f1(0)] for a.e. t € [0,1].

(i) The mazimum attainable value V;(t,T) is given by the formula (3.18).

(111) The corresponding density p;(t,x) = V; »(t,x) is well defined a.e., and provides an en-
tropy weak solution to the conservation law

pt + fi(p)z = 0, (6.21)

with initial data as in (3.4) and boundary fluzes (2.12).

More precisely, the last statement will be proved by showing that the following conditions
hold.

(i) On the open set
Q={(t,x); t>0, z <0} (6.22)

the function p; = V; , provides an entropy weak solution to (6.21).

(ii) For a.e. t > 0 the limits

pi(t) = lm p;(t, x), Vit) = lim Vi(t, z), (6.23)

z—0— r—0—

are well defined and satisfy

Lpit) = min Swi(t), e (M= a(0) o (6.24)

jeo

Here
fi(pi(t)) if p;(t) is a free state,
wi(t) = (6.25)
fmer if p;(t) is a congested state.
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(iii) For every test function ¢ € C°(IR?), one has

oo 0 0 0 .
/ / {00 pi + b2 f(pi) } ddt + / ¢(0, ) VZ?C(??) dx — / ¢(t,0) Vig(t)dt = 0.
v - ' (6.26)

Proof. 1. The existence of an optimal solution will be proved by the direct method of
the Calculus of Variations. Let (z,)n,>1 be a maximizing sequence of absolutely continuous
functions satisfying the admissibility conditions (6.12). This means

lim {Vio(xn(o))+/OtLi(xn(t),:tn(t))dt} = B, (6.27)

n—oo

where B is the supremum among all payoffs achieved by admissible functions x(+). In this first
step we prove some a priori estimates. Two cases will be considered.

CASE 1: There exists Ny > 0 such that
xnp(t) < 0, for all t € [0,¢], n > Np.

In this case, for all n > Ny we have

V9 (2,(0)) + /t Li(@n(t), &0 (1) dt = VO (2,(0)) + /t gi(&n(t))dt, forall n > Ny. (6.28)
0 0

Applying Jensen’s inequality to the concave function g;, we obtain
d . _ T — x,(0
/ gildn(t))dt < F- g(t”())
0
Hence, using (6.27) and (6.28) we conclude

. T — x,(0
lim {Vi@(xn(o)) Y- gl-(W)} — B. (6.29)
n—00 t
The following argument shows that, without loss of generality, we can assume
i — 2 (0 ‘
xfTL() e [fi(p"™), f;(0)] for every n > 1. (6.30)

o If 2,(0) <z, =z —t- f/(0), recalling that V1<;>c = p¥ >0, by (3.14) one obtains

VO a0) +i-0: (=2 D) = Vo) < V2(am) = VO + g (T,

7 K

o If2,(0) > 2,7 =7 —1- fl(p)*™), recalling that V¥ = p¢ < p/*™, by (3.14) one obtains

Vi (2a(0)) + £ -gz-(x_f"(m)
< |:V;<>({L‘;t)+,0£am(xn(0)_x+)] _|_t_.pgam x—f_n(o)
= Vo) + ol @ —y) = V() +E gz(m_t-x+>



By possibly replacing x,,(0) with z;, or x;}, we can thus assume that (6.30) holds. Since the
sequence (x,(0)),>1 is bounded, we can now extract a subsequence {n;} and a point y such

that limg_,o0 p, (0) = y. This implies

Therefore, the affine function o
2(t) = gj+t-x;y (6.31)

is an optimal solution of the variational problem (6.10)—(6.11). In particular, the representa-
tion formula (3.18) is valid.

CASE 2: For infinitely many n, the set of times {¢ € [0,%]; ,(t) =0} is nonempty.

Because of Lemma 1, we can assume that, for each n, the set of times where x,(t) = 0 is a
closed interval, say

{t€[0,8]; zn(t)=0} = [an,bn).

Using Jensen’s inequality, we thus obtain

t an bn t
/0 Lin(t), du(t) df = /O gi(n(8)) dt — / haa(t)) dt + /bngmn(t))dt

—x,(0) bn _ T
< . 0 _ . _ cgif =
< aneai(Z20) < [T a0 ()
(6.32)
The following argument shows that, without loss of generality, we can assume
zn,(0) > —ap f1(0), t_—xb > f{(pg“m), for every n > 1. (6.33)

o If 2,(0) < x;, = —ay, f/(0), recalling that Vf; > 0, by (3.14) one obtains

—2,(0 ~ B o
VO a0 + e 0:(“2D) VOG0 < VO@) = VO +an-gu( 1),
an .
o If b, > b, =1— ——2.—, we consider two cases.
fi(pz‘ )

Case 1. If V], > ay, recalling that h;(q(t)) > 0, by (3.14) one obtains

[t ¢ -voa(55) < @)

Case 2. If V], < a,, repeating the previous argument with a,, in place of b, we obtain

_an

[t @ va(55) < 0 an (),
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In this case, calling R the right hand side of (6.32), we have the bound

—wn(0>)+(5_an>-gi( L) < tg(x_fn(o))

t—ap

R < an'Qi(

n

By earlier analysis, we already know that the bound (6.30) holds.

2. By the previous step, there exists a maximizing sequence of functions x,(-), whose deriva-

tives satisfy A
Ealt) € ™), F0))  forae. te [0, (6.34)
and satisfying one of the following properties.
(i) Either z,, is affine. In this case, for some y,, < 0 we have
T n (6.35)

Tp(t) = yn+t-

(ii) Or else z, is piecewise affine. In this case, for some y, <0 and 0 < a,, < b, < t we have

yn—t-y—n if te€]0,a,],
Gn
() = 0 it t € [an, bal, (6.36)
_ z .
x+(tff)-f - it te by, 1.

Thanks to the uniform bounds (6.34) we can extract a uniformly convergent subsequence, say,
T, (t) = x*(t) for all t € [0,¢]. By (6.35)-(6.36), this function z* will have one of the following

properties.

(i) Either 2*(-) is affine. In this case, for some § = limy_, o yn, < 0 we have

2*(t) = g+t~x;y. (6.37)

(ii) Or else x*(+) is piecewise affine. In this case, assuming
bp, — b as k — oo,

ynk%ga ank_>a7
we have B
( i ]
y—t-= if te]l0,d],
a
z*(t) = 0 if te€la,b], (6.38)
_ x .
x—i—(t—f)-z_b- if tebt.
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By the strong convergence &, — ©*, it follows

VO (2" (0)) + / tLi(x*(t),m'*(t))dt ~ B, (6.39)
0

Therefore z* is an optimal solution of (6.10)—(6.12). This achieves the proof of statement (i).
Statement (ii) is an immediate consequence of (6.37)-(6.38).

3. We now work toward a proof of (iii). We observe that the value function (¢, z) — V;(t, )
in (3.18) is Lipschitz continuous. Indeed, this follows easily from the Lipschitz continuity of
the function Vio, the bound h;(q) € [0, f/"**], together with the fact that the maximum in
(3.18) is attained when the quantities

T—y —y x
t T’ t—1’

are all contained inside the interval [f/ (pf “my, f10)].

Fix any time 7 > 0 and define
Vi(z) = Vi(r, x).

Moreover, consider the open domain

o = {ta); t>m e <)M}

By the dynamic programming principle and by finite propagation speed, restricted to 2™ the
value function Vj; is given by

Vi(t,7) = max {VT(@“(T)H/ gild(s))ds;  w(t) =z, i(s) € [fi(p]""), f{(O)]}

(6.40)
This is a classical problem in optimal control. In this case, it is well known [1, 9] that V;
provides a viscosity solution to the Hamilton-Jacobi equation

Vie+ fi(Viz) = 0 (6.41)

restricted to Q7. Moreover, the derivative p;(t,x) = V;,(t,z) exists a.e. and provides an
entropy weak solution to the conservation law (6.21).

We now observe that, as 7 varies, the union of the sets Q7 covers Q = {(¢t,z); t >0, = < 0}.
Therefore, p; =V, is an entropy solution of (6.21) on the entire open domain 2.

Consider any test function ¢ € C2°(IR?). Since V; is Lipschitz and satisfies (6.41) pointwise
a.e., integrating twice by parts we obtain

fe’e) 0
0 = /0 /_ {0V + 0 (Vi) dat
[e’e) 0
- /0 / {(btvi,r + ¢xf(vz,x)} dxdt (6.42)

O [ee]
)V (@) do — Vi )
*/OO‘W WVi(z)d /0 (t,0) Vi o(t) dt
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This yields (6.26).
Remark 3. (i) If the optimal trajectory is given by (6.37), then the function

v = V@) +1g (x;y)

provides a lower bound on the value function V;(¢, z). In particular, g/ (?) is a subdifferential

for the map = — V;(¢,z) at the point Z. By Lipschitz continuity, V; , exists for a.e. Z and we
have

pe) = Vialto) = o (7). (6.43)

By (3.11), this implies

FpiE7) = = = g, (6.44)

showing that optimal trajectories are characteristic curves of the conservation law.

(ii) If the optimal trajectory is given by (6.38), then the function
—y b _ T
oo Vo +an( ) - [ miands+ -0 0 (75)
provides a lower bound on the value function V;(¢, z). In particular, g/ (%) is a subdifferential

for the map x — V;(¢,z) at the point Z. By Lipschitz continuity, V; , exists for a.e.  and we
have

T = - _ x
pi(t,7) = Via(t,2) = g (f—b) : (6.45)
By (3.11), this implies )
- z
filpi(t, 7)) = T (6.46)
showing again that optimal trajectories are characteristic curves for the conservation law.
(tX)

i

X

Figure 8: If two optimal trajectories (black and blue) cross each other, then by the strict concavity of
the Legendre transform g;, the dashed red trajectories would yield strictly larger payoffs, leading to a
contradiction.

27



4. Tt remains to prove that the boundary conditions (6.24) are satisfied. Toward this goal, we
recall that optimal trajectories for (6.10)—(6.12) coincide with characteristics of the conserva-
tion law (6.21). By the strict concavity of the Legendre transform g; in (3.8), (3.13), these
lines never cross each other(see Fig. 8). Therefore, as shown in Fig. 7, there exists a Lipschitz
continuous function ¢ — xf(¢) such that

o if T < mﬁ(t_), then the optimal trajectory has the form (6.37), for some § < 0,
e if 2f(f) < & < 0, then the optimal trajectory has the form (6.38), for some 0 < 7/ < 7 < t
and § < 0.
Two cases will be considered.

CASE 1: :L'ti(t) = 0. In this case, for each x < 0 there exists a point y®* < 0 such that

Vitta) = 20+ e (5.

Since the map x — y* is nondecreasing, there exists the limit y* — y" as  — 0—. By
continuity,

Vi(t,0) = V2(") +ta <_y0) .

t
Therefore 0
filpi(t,2)) = :E_ty — _ZJ > 0. (6.47)
The limit
pi(t) = lim pi(t,x)
z—0—

is thus well defined. By (6.47), since the characteristic speed is nonnegative, it is clear that
pi(t) < pi**®. Hence the maximum outgoing flux in (6.24) is is w;(t) = fi(pi(t)).

To complete the proof, it remains to show that
i) < ha) = min [ 77 e (M=) | (6.48)
jeo
If (6.48) fails, by the continuity of the maps g; there exists éy > 0 and 9 > 0 small such that
fi(pi(t)) > hi(q(7)) + do for all 7€ [t—eo,t].

We claim that in this case the trajectory

<1— i >y° if s<t—e,
): t—e¢

0 if s>t—c¢,

(6.49)

x*(s

achieves a strictly larger payoff for e €]0, ¢g| sufficiently small. Indeed, this payoff is computed
by

0 _,0

_/tt hi(a(r))dr + (t —€) - g <t—y > > e f(®) + (E—e) - g <ty>+50a (6.50)

e —c —€
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On the other hand, from (6.47), one has that

Thus, by (3.9)—(3.11), it holds
filpi(t)) = 9:(%y0> : —Tyo - gz‘(%yo> :

Therefore,

(6.51)

0 1 0 0 0
€Y / Yy Yy [ Y
— . (- +(1—-s) —L )as—qg (=L
t [/0 gz<s t—e¢ ( S) t > 5 gz( t )}

_ 2. yg - lgf[les
- 22(t —e)

Combine the above inequality and (6.50), we finally obtain that

t 0 0 !
_ , e (2N (Y eyl e
/ts hl(q(T))dT+(t € gi (t—a) t gz< t > . {50 e 2t2—(t—€) >0

for € €]0, £¢] sufficiently small. By contradiction, this proves (2.12).

CASE 2: z%(t) < 0. In this case we can find § > 0 such that, for every terminal point
(t,Z) € [t —6,t] x [-0,0], the optimal trajectory has the form (6.38). For s € [t — 0, ¢+ ¢], this
implies
S
Vi(s) =Vi(s,0) = Vi(t—4,0) / hi(q(s)) ds.
t—0
If hi(a(s)) = f™**, the inequality (6.48) is trivial.

If hi(q(s)) < f™**, the necessary conditions for optimality of a trajectory of type (6.38) yield

0 = % [/: ~hi(a(®)) dt + (¢ - T)gi<ff7>]

T
- '(p)]—l-t_Tp.
This implies f;(p) = hi(q(7)). In other words, the density p along the characteristic reach-

ing the point (f Z) yields precisely the flux h;(q(7)). Letting (¢,Z) — (¢,0), we obtain
Ji(pi(t, 7)) — hi(q(t)). In this case, (6.48) is satisfied as an equality. 0
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7 Variational formulation of (MBJ)

Next, we perform a similar analysis in connection with the multi-buffer junction conditions
(MBJ). These lead to:

Optimization Problem 2. For any i € I, given the function Vi<> in (3.17) and the length of
the queues ¢;, j € O such that

gi(t) < Mj, forallt >0,

consider the following variational problem.

maximize:  Ji(z() = vl.<>(x(0))+/0 Liw(), (1)) dt (7.1)

over the set of all absolutely continuous functions such that
z(t) = 7, z(t) <0 forallte[0,1], (7.2)

and such that the set {¢t € [0,#]; x(¢t) = 0} is the union of at most finitely many intervals.
In order to define the payoff function, recalling (3.26) we introduce the Lipschitz continuous
function t — [(t), defined as

. gi(i:(t)) if x(t) <0, B
Bt) = with  3(0) = V;(2(0)). (7.3)
—hi(a(t),8(5(t))) if (t)=0,

Instead of (6.11), we consider the payoff function

Li(a(t), &(t) = | (7.4)

The following lemma, similar to Lemma 1, shows that the requirement about the set of zeroes
of the function z(-) is not really a restriction. Indeed, the maximum is always achieved when
this set is either empty or one single interval.

Lemma 2. Consider an absolutely continuous map x : [0,t] —] — 00,0] satisfying (7.2).
Define the times a,b as in (6.13) and the function z*(-) as in (6.14). Then, in connection
with the integrand function L; in (7.4)-(7.3), the inequality (6.15) remains valid.

Proof. Consider any subinterval [a/,0'] C [a(z), b(z)] such that z(a’) = (V') = 0 and x(t) < 0
for all ¢t €]a’,b'[, and define 2°(-) as in (6.16).

The lemma will be proved by showing that (6.17) still holds. Let 8 and 8 be the solutions of
(7.3) associated with x and z” respectively. Clearly, 3(t) = °(t) for all t € [0,a']. Moreover,
using Jensen’s inequality and recalling that —h;(q(t), 6;5) > —f"** = ¢:(0), we obtain

v v v
/ G (t)dt < / ai(0)dt < / hala(t), 0(8° (1)) .

/ a/ a/
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Thus,

b/

8) = @)+ [

(I/

g(@()dt < B(d) + / —hi(a(t), 058 ()) dt = B W)

Next, choose the times

b’:b0§a1<b1§a2<b2§"'Sbn—1<an:ﬂ
so that
z(t) =0 if te [be1,af,
z(t) <0 if ¢ €lag,byf.

Note that this is possible because of the structural assumption we are making on z(-). By a
comparison argument for solutions to the ODE (7.3) describing (+), we obtain the implications

Bbi—1) < B(be—1) = Blag) < B(ar),
Blag) < B(ar)) = Blb) < B(by),

for every £ > 1. By induction, this implies 3(t) < °(t) for all t € [¥/,#]. Hence (6.17) holds.
UJ

Proposition 2. Let a continuous function t — q(t) = (¢;(t))jeo be given, together with
initial data p?(a;), 98(3:) for x < 0, satisfying the conditions (3.5)-(3.6). Define Vi<> as in
(8.17) and consider the variational problem (7.1)—(7.2). Then the following holds.

(i) For every given t > 0 and & < 0, an optimal solution x*(-) exists. This solution is
piecewise affine and satisfies &*(t) € [f/(p1*™), f/(0)] for a.e. t € [0,].

(ii) The mazimum attainable value V;(t,T) is given by the formula (3.28).

(111) The corresponding density p;(t,z) = V; .(t,z) is defined a.e., and provides a solution to
the conservation law (2.1) with initial data as in (3.4) and boundary conditions (2.14).

Proof. 1. Given any t > 0 and Z < 0, call B the supremum among all payoffs in (7.1), and
let (x)n>1 be a minimizing sequence. We thus assume that each x,, satisfies (7.2) and

lim V(2 (0)) + /0 Li(zn(t),in(t))dt = B.

n—0o0

As in the proof of Proposition 1, without loss of generality we can assume that each x,(+) is
piecewise affine, having the form (6.35) or (6.36). Indeed, two cases must be considered.

CASE 1: There exists Ny > 0 such that for every n > Ny
xn(t) < 0, forallte ][0,

This is the same as CASE 1 in the proof of Proposition 1. By the same arguments, we conclude
that there exists a point § < 0 such that the affine function (6.31) yields the maximum payoff.
In particular, the representation formula (3.28) holds.
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CASE 2: For infinitely many n, the set of times {¢ € [0,%]; ,(¢f) =0} is nonempty.

Because of Lemma 2, we can assume that, for each n, the set of times where x,(t) = 0 is a
closed interval, say

{t€[0,1]; zn(t)=0} = [an,bn].
Applying Jensen inequality to g;, we obtain

; a b _ T
[} B zawyar < [ gGanas [ e, 0@ @b -0 (7).
)

where 3,(-) is the solution of (7.3) with 8, (a,) = Vi(z,(0)) + /an g(Tn(t))dt.
0

Moreover, let 3, be the solution of the second equation in (7.3) in [an, b,] with B,(a,) =
Vi(xn(0)) + an gl<L;(0)) One can see that £,(a,) < Bn(ay). Thus, B, (by) < Bu(by), ie.,

a

an 2%
Vi(2n(0)) + /0 oin(t))dt + / —hi(a(t), 6,;(Ba(t))) dt

—2,,(0)

n

bn
< Vian(0) + o () [ hitatt) 055, 0) e

Combining with (7.5), we obtain that
' —n(0)

n

/OtLi(xn(t),:i:n(t))dt < an-gi< )+/b *hi(q(t)aeij(gn(t)))dt+(£*bn)'gi< : )
6

t—by
(7.6)

Thus, we can assume that @, () = %H(O) for all t €]0, ay,]|.

The following argument shows that, without loss of generality, we can also assume

2n(0) > —an f{(0), > f(pl"™), for every n > 1. (7.7)

t—by

o If ,(0) <z, = —ay, f/(0), one has
—n(0)

an

‘/;0($n(0))+an'gi( ) = V2 (2a(0) < V¥(a) = V;Q(x;)Jra"'gi(_ax;)'

n

As in the above argument, let B, be the solution of the second equation in (7.3) in
[an, by] With 5, (ay) < VZ.O(JJT_L). We have

VO (2 (0)) + /O Lilan(t), &n(t)) db < Bulba) + (= ba) - 01 (7= )

e the proof of the second inequality in (7.7) is similar to the proof of the second inequality

in (6.33).

2. By the previous step, there exists a maximizing sequence of piecewise affine functions z,(-),
whose derivatives satisfy

in(t) € [f1(01"™), £1(0)] for a.e. t € 0,1, (7.8)

and satisfying (6.35) or (6.36). By taking a subsequence, we can assume the uniform conver-
gence x,(-) = x*(+) on [0,?]. The function x* satisfies (6.37) or (6.38).
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o If z* satisfies (6.37), then by the convergence y,, — y and the strong convergence &,, — &*
in L', it follows

vz.<>(a:*(0))+/ Li(z*(t),&*(t)) dt = B,
0

o If z* satisfies (6.38), then by the convergence y, — 9, a, — a, b, — b, and the strong
convergence &, — &*, it follows and

lim By(a,) = B (a).

N —00

From Lemma A1, we have

lim B, (bn,) = B*(b).

N —>00

This implies

B0+ -b)gi(7) = Jm Bu(bu)+ (b)) gi(—5) = B

t n—o00

Statement (ii) is an immediate consequence of (6.37)-(6.38).

3. As in the proof of Proposition 1, we conclude that the value function V; is a viscosity
solution of the Hamilton-Jacobi equation (6.41) on the open set Q = {(¢,z); T > 0,z < 0}.
Hence p; = Vj, is an entropy weak solution to the conservation law (6.21) on Q, with the
prescribed initial data (3.4).

To prove that the boundary conditions (2.14) are also satisfied, we proceed as follows. Let
t + 2%(t) be a Lipschitz continuous function such that

e if Z < z!(f), then the optimal trajectory has the form (6.37), for some 7 < 0,

e if 2%(f) < # < 0, then the optimal trajectory has the form (6.38), for some 0 < 7/ < 7 <t

and y < 0.

Two cases will be considered.

CASE 1: zf(t) = 0. This case is treated as in the proof of Proposition 1, with one modification.
To prove that the inequality

F(i0) < hi(a(t),0(0) = min { mar. Me‘(‘j)“) jeo} (7.9)

is a.e. satisfied, let ¢ be a Lebesgue point for the maps ¢ — h;(q(t),8(t)) and t — p;(t). Assume
that, on the contrary,

fi(pi(t)) > hi(a(t),0(t)) + 20 (7.10)

for some constant dg > 0.

Since ¢ is a Lebesgue point of the map t — h;(q(t),0(t)), there exists 9 > 0 such that

/tt |hi(q(t),0(t)) — hi(a(7),0(7))| dr < dpe, for all € €]0,g].

—&
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Recalling (7.10), we obtain that

t
—/ hi(a(r),6(r))dr > — & fi(pi(t) + Soe, for all & €]0, o]
t—e

As in the proof of Proposition 1, for € € [0,¢¢] sufficiently small the modified function z*
defined at (6.49) yields a strictly larger payoff. Indeed, this follows from

0

- [ a0+ =20 (7)) > - ) + -2 (7L) + e

—e t—e —€

and (6.51). By contradiction, this proves (2.14).

CASE 2: 2%(t) > 0. By continuity, there exists § > 0 such that zf(s) > 0 for s € [t — 6, t + J].
Since optimal trajectories do not cross, this implies that the optimal trajectory z*(-) through
the terminal point (¢, 0) satisfies *(s) = 0 for s € [t —§,t]. By the definition (7.4), this implies

Vit(s,0) = —hi(q(s),8(5(s)) for a.e. set—o,t].

Since —V; +(s,0) = fi(pi(s)) measures the outgoing flux through the boundary, this shows that
in this case the relation (7.9) is satisfied as an equality. O

8 Variational formulation for the flow on outgoing roads

In this section we introduce one more optimization problem, whose solution describes the
traffic density along each outgoing road. In the case where Vj<> = 0, a very similar variational
problem was considered in [4].

Optimization Problem 3. For any j € O and any terminal point (¢,Z) with ¢ > 0, z > 0,
given the functions Vj<> and F; in (3.20), consider the problem of maximizing the functional

t t
Ta() = max {‘fﬁ(z(o» oo, (—Fm + [ i) dt) } .
(8.11)
The maximum is sought among all absolutely continuous functions z : [0, ] — IR such that

z(t) = z, z(t) >0 forall ¢t € ]0,1]. (8.12)

Notice that, if 2(¢) > 0 for all ¢t € [0, ], then J(x(-)) is defined by the first term within brackets
in (8.11). However, if 2(7) = 0 for some 0 < 7 < ¢, then the maximum can be attained by the
second term.

Proposition 3. For j € O, let a continuous function t — F;(t) > 0 be given, together with
initial data pjo(x) € [O,pg-am], for x > 0. Define Vj<> as in (3.21) and consider the above
variational problem (8.11)-(8.12). Then the following holds.

i) For every givent > 0 and T > 0, an optimal solution x*(-) exists. 1s solution is affine,
) F wen t > 0 and 0 I solut * Th [
with constant derivative satisfying &*(t) € [fi(p}™™"), f;(0)].
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(ii) The mazimum attainable value V;(t,T) is given by the formula (3.22).

(tit) The corresponding density p;(t,x) = Vj,(t,x) is defined a.e., and provides a solution to
the conservation law
pt+ fi(p)a = 0 (8.13)

with initial data as in (3.4) and boundary conditions (2.13).

Proof. 1. Given ¢ > 0 and Z > 0, let B be the supremum of all possible payoffs in (8.11).
Consider a maximizing sequence (2 ),>1, such that

J(xn) — B.
Two cases must be considered.

CASE 1: For infinitely many indices n, one has
t
J(xy) = Vj<>(xn(0)) +/ 9j(Zn(t))dt.
0
In this case, since the function g; is concave down, we obtain
t _ oz
/ gilin(®)dt < T-g; (%),
-

We can thus replace x, with the affine function

T — x,(0
L () 40 20l
without lowering the payoff.
CASE 2: For infinitely many indices n, one has
t
Hen) = = Fim)+ [ gi6a0)at

for some 7, € [0,?] with z,(7,) = 0. In this case the concavity of g; implies

[ s < @m0 (7).

We can thus replace x,, with a piecewise affine function Z,, such that

Folt) = =

without lowering the payoff.

As in the proof of Proposition 1, one can show that the derivatives &, can be taken uniformly
bounded. More precisely,

ia(t) € [f1(01"™), f}(0)].
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Indeed, in CASE 1 this can be proved as in Proposition 1.

Let us now consider CASE 2. Observe first that &, (¢t) > 0 > f]’.(pgam) for a.e. t € [0,%]. To
show that &, (t) < f}(0), assume that, on the contrary,

z

> f1(0).

t—T1,

This implies g;( f_i;n) = 0 and thus the payoff is J(z,) = —F(m,) < 0. We consider two
subcases:

o If z >t f(0) then J(x,) < J(x,}) = 0 where z;} is the linear function defined as
x}t(t) = tz/t. The conclusion thus follows from the analysis of CASE 1.

o If z < - fi(0), we then set 7.} =1 — ff.i(o) and define the function
J

L=mi if tel[rf1,
O S
0 it tel0,7,F].
Observing that g}([j ;f) = 0 and 7,7 < 7, since Fj is nondecreasing function, we
conclude
J(@y) = —F(r,)) 2 —F(m) = J(zn).

We can thus replace x,, by z;" without decreasing the payoff.

To complete the proof of (i) and (ii), in CASE 1 we choose a subsequence such that z,(0) — g
and obtain an affine function L
"r p—
() = gt Y (8.14)
which achieves the maximum payoff. In CASE 2, choosing a subsequence such that 7, — 7,

we obtain a piecewise affine function such that

t—
) = — 7 (8.15)
t—1T7
achieving the maximum payoff. This proves the existence of an optimal solution, together
with the representation formula (3.22) for the value function.

2. The Lipschitz continuity of the value function Vj(¢,z) is an immediate consequence of the
Lipschitz continuity of the boundary data Vj<> and Fj.

Next, for a given 7 > 0, consider the open domain
Q" = {(tx); t>7, x> f(O)(t—1)}

and define V1(z) = Vj(7,x). By the dynamic programming principle and by finite propaga-
tion speed, restricted to 2" the value function Vj is given by

V;i(t,z) = max {VT(JJ(T))—F/ gj(x(s))ds; x(t)==z, #(s)e [f]'(péam), f]'(())]}
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Hence V; provides a viscosity solution to the Hamilton-Jacobi equation

restricted to €27. Moreover, the derivative p;(t,z) = Vj.(t,z) exists a.e. and provides an
entropy weak solution to the conservation law (8.13).

We now observe that, as 7 varies, the union of the sets Q7 covers Q = {(¢t,z); ¢t > 0, = > 0}.
Therefore, p; = Vj, is an entropy solution of (8.13) on the entire open domain Q. Moreover,
the initial data V;(0,z) = V¥ (z) are clearly satisfied.

3. To show that the boundary conditions (2.13) are also satisfied, as in the previous proofs
we consider a Lipschitz continuous function ¢ — z#(t) such that

e if Z > (), then the optimal trajectory has the form (8.14), for some 7 > 0,

e if 0 < 7 < (), then the optimal trajectory has the form (8.15), for some 0 < 7 < .

Figure 9: Various cases considered in the proof of Proposition 3. Here ¢t — () is the Lipschitz curve
separating characteristics which originate from the z-axis and from the t-axis.

For a fixed t > 0, two cases will be considered.

CASE 1. If 2%(¢) = 0, then

Vo) = Vot (72)

for some y > 0 (see Fig. 9, left). This implies that the vector
-y ) -y -y
(0:V;, 0:V5) = (gj (7)) + 39 (F) - o) <t>> (8.18)
lies in the subdifferential of V' at the point (¢,0).

By Legendre duality (3.11), one has

He ==L = g(F) = (8.19)

Choosing p so that (8.19) holds, we thus have
-y Y -y —Y Y
() +50(F) = [ () s+ 5o = —s0)
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By Lipschitz continuity, the partial derivative Vj(t,0) is well defined and must coincide with
the first component of the vector in (8.18) for a.e. time ¢. Since p = p(¢, ) has locally bounded
variation restricted to the set {(¢t,z); t >0, x > 2*(t)}, for a.e. ¢ such that z*(¢) = 0 one has

Vie(t,0) = = fi(t) = = fi(p;(1)), pi(t) = lim p;(t,x).

Observing that p;(t) > p'*®, by (2.11) we have f;(p;(t)) = w;(p;(t)). Therefore, in this case
we only need to show that, if ¢;(¢) = 0, then
fi(t) = min {w] (p;(t Z fi()0;( } (8.20)
iel

Let t be a time where the maps 7 — V;(7,0) and 7 +— Fj(7) are both differentiable, and

assume that ¢;(t) = 0. Then V;(¢,0) = — F}(t). Therefore,
. . ‘/](t_{_hvo)_‘/](tvo) . . ‘/}(t+ha0)+FJ(t) _
0 = hl—l>%1+ N = Vu(t,0) = hliggr h + w;(p;(t))-

Observing that Vj(t + h,0) > —F}(t + h), we obtain

. Vit +h,0) + Fy(t) .

0 = Jlim - T wy(p5()
. —Fj(t+h)+ Fj(t) _ _

> i~ i) = - FIO) + i)

This implies
wi(7(0) < FiD). (8.21)

On the other hand, from (3.17), (3.19) and (3.20), for a.e. ¢t > 0,
= _Zéz PZ fz ) 90 fz Z%tto Zfz ‘9<> éz
€T 1€l i€l

For every i, j, the linear transport equation (3.2) and the boundary conditions in (3.4) yield
the identity

0ii(t) = 05(&(1),

= > filt)o;(t)

i€T
Together with (8.21), this implies w;(p;(t)) < > ;o7 fi(t)85;(t), proving (8.20).

for a.e. t > 0. Therefore

CASE 2. If 2f(t) > 0 then for every 2 €]0,z%(t)[ the optimal solution starting from (Z,z)
connects to a point (7, 0) for some 7, € [0,¢[. That means

Vitta) = = Fi(m) +(t-7)-g;(;—— ). (8.22)

t— Tx

Moreover, for a.e. = € [0, zf(t)],

piltr) = gi(;=—) and Glota) = (o) —a(os)

t— Ty t— T,

For x € [0,2%(t)], the map = +— 7, is nonincreasing. The limit 79 = lim,_,o; 7, is thus well
defined. Two sub-cases will be considered.
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(a)

If gj(t) > 0, then 79 < t (see Fig. 9, center). Indeed, assume by a contradiction that

lim, 04 7 = t. We then have lim,_,o4 Fj(7,) = Fj(t) and
. x . x
Ji (=)o) = Jlm o) o (=) - 9i)

< lim P2 = 0.
- xliglJr pj o 0

Recalling (8.22), we thus obtain

. x
Vi(t.0) = lim —Fi(r) (=) () =~ Fi(0),

and hence ¢;(t) = Vj(t,0) + F;(t) = 0. This yields a contradiction.

In the case where ¢;(t) > 0 we thus have
pi(t) = lim p;(t,x) = g;(0) and f;(t) = f;(p;(t)) = —g;(0) = f"™.
Therefore, f;(t) = w;j(t) and (2.13) holds.

If gj(t) = O then Vj(¢,0) = —Fj(t). Assume that the Lipschitz continuous functions
T — Fj(1) and 7 — Vj(7,0) are both differentiable at t. Two possibilities must be
considered.

If 0 =t (as in Fig. 9, right), then from (8.22) we obtain

M ( ) ( ) M
/ 1) = r — .
F}( ) = hm - hm g]<

) = B = w). (823

t— T,

If 79 < t (Fig. 9, center), then as in the previous case one has

fi() = lim filpi(t@) = —g;(0) = fi"*". (8.24)
Moreover,
Vi(1,0) = — Fj(10)+ (1 —10)9;(0) for all 7 € [, ],
hence
Vje(t,0) = g;(0). (8.25)

Recalling that V;(7,0) > —Fj(7) for every 7, while V;(¢,0) = —Fj(t), by (8.24) and
(8.25) we obtain

Fi(t) = = Vju(t,0) = —g;(0) = f™ = fi(t) = w;(t). (8.26)
On the other hand, for a.e. ¢ > 0 one has
Fit) = > filt)0(1). (8.27)
i€l

Together, (8.26)-(8.27) yield (2.13), for a.e. t > 0.
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9 Appendix

In Section 4, the function 3(-) was defined in (3.26) as the solution to a Cauchy problem for
an ODE with discontinuous right hand side. Since the existence and uniqueness of such a
solution does not follow from standard ODE theory, we supply here a proof. We recall that
q;(t) is the length of queue on road j at time t, while q = (g;);co-

Lemma Al. Let 0 = (6;5)icz jeo be measurable functions satisfying (2.6), and let t — q;(t) >
0 be Lipschitz continuous functions such that

= inf  (M;—q:(t) > 0. 9.28
mo jEO}EG[O,T}( i —q;(1) (9.28)

Consider the ODE
L8s) =~ hilals).65(8(s)) for ae. sefrT], (9.29)

where h; is the function defined at (3.16). Then the following holds.

(i) Given any By € IR, (9.29) admits a unique solution [3(-) with B(1) = Bo. Moreover,
1B(t) = B(s)| < fi™ - |t — s for all s,t € [, T]. (9.30)

(i3) Let B1(+) and Ba(-) be the solutions of (9.29) with B1(1) = B1 and Bao(T) = B, respectively.
Then,
|Ba(t) — Ba(t)] < C|Ba—Bu| forallt € [r,T), (9.31)

where the constant C depends only on 7, T, mg and the Lipschitz constant of q.

Proof. 1. To prove (i), observe that h; is strictly positive. If § is a solution of (9.29) then the
map ¢ — [(t) is strictly decreasing. Hence, the inverse function 3+ S(f) provides a solution
to the Cauchy problem

d
@S(ﬁ) = Gi(S,0), S(Bo) = 7, (9.32)

where

1
- hi(a(S),6(8))

We claim that (9.32) has a unique, strictly decreasing solution. Indeed, this follows from
Carathéodory’s theorem, because G; is Lipschitz continuous w.r.t. S and measurable w.r.t 3.
Finally, from (3.16) it follows

|hi(als), 05 (B(s)))| < fi for all s € [7, T,

Gi(S,B) = (9.33)

which yields (9.30).

2. To prove (ii), consider the inverse functions S = Land Sy = By L Then S; and S, are
solutions of (9.32) with S1(31) = Sa2(B2) = 7. Observing that (9.28) yields a lower bound on
the flux h;, it follows

151(B2) — S1(B1)| < Cy-[B1— Bal,
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where C1 > 0 depends on the lower bound mg in (9.28). Using Gronwall’s inequality one
obtains

|S1(B2(t)) — Sa(B2(t))| < Co(7,T)-|B2— B1| forallte[r,T].
Observing that So(B2(t)) = S1(51(t)) = t, we obtain

51(B2(t)) = S1(Br(W)] < Co(r,T) - |B2 = Bu| forallt € [, T].

The proof of (9.31) is now achieved by observing that

1S1(Ba(t)) — S1(Br ()] > ﬂnlax-\m)—m(m for all € [1, ).

O

The next lemma provides the continuous dependence of the solution of (9.29) on the function
q = (gj)je0-

Lemma A2. Let § = (0;5)icz,jco be measurable functions satisfying (2.6), and let q = (g;),

a = (gj) be Lipschitz continuous functions, with Lipschitz constant Ly, and such that
min {qi(t), qj(t)} > 0, min{Mj —qi(t), M; —qj(t)} > mo, (9.34)

for some mg > 0 and all t € [1,T], j € O. Let B, B be the corresponding solutions of (9.29)
with the same initial data

B(r) = B(r) = bBo.
Then,
18 = Bllvoe(rrpy < Coe® T NT —7) - la = allLes (7)) (9.35)

for some constant Cy > 0 depending only on mg, L.

Proof. Let S and S be the solutions of (9.32) with respect to q and q. By (9.34) and (3.16),
we have

hi(q,0) — hi(q,0)] < C1-]q—ql,

where C'; > 0 depends only on the lower bound mg. This implies

d = 1 1 Cr -, 5

58O =50 < |~ sy < e 166D - as®)
< - [lae) s + a(s) - aes)]
= S 1509 - S + 1% -l

for all 8 € [By, min{B(T), B(T)}]. Therefore, by Gronwall’s inequality,

58) - 5(8)] < w Bo)-e B " d — dllpe ),
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for all 3 € [By, min{B(T), 3(T)}]. Moreover, recalling (9.30) that
1B(s) = Bol = |B(s) = B(T)| < fi** - [T — 7| forall s € [r,T],
we obtain
1S(B(s)) = S(B(s))] < Co(T =7)eT 7@ - allpe(ray forall s e [r,T],  (9.36)

O CiLg [ } Since S(B(s)) = S(B(s)) = s, by (9.36) one obtains

my my

with Cy = max {
S(B(s)) = S(B(s))| < Co(T =)™ T 7@~ allpe(prry forall s € [,7].
On the other hand, (9.30) implies

L g _g. (0.37)

1S(8") = S(B) = 7"

Combining (9.36) and (9.37), we conclude
B(s) = B(s)| < S Co(T = 7)™ T 7@ — allye(rryy  for all s € [7,7].

This yields (9.35), with the constant Cp = Cy - (1 + f/%*). O
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