ON THE CAUCHY PROBLEM FOR SCALAR CONSERVATION
LAWS IN THE CLASS OF BESICOVITCH ALMOST PERIODIC
FUNCTIONS*

E.YU. PANOVT

Abstract. We study the Cauchy problem for a multidimensional scalar conservation law with
merely continuous flux vector in the class of Besicovitch almost periodic functions. The existence
and uniqueness of entropy solutions are established. We propose also the necessary and sufficient
condition for the decay of almost periodic entropy solutions as time ¢ — +oo.

1. Introduction. In the half-space IT = Ry x R™, Ry = (0,+00), we consider
the Cauchy problem for a first order multidimensional conservation law

up + divgp(u) =0 (1.1)
with initial data
u(0,x) = up(x). (1.2)
The flux vector ¢(u) is supposed to be only continuous:

p(u) = (p1(u), ..., on(u)) € C(R,R").

Assume that ug(x) € L (R™). Then the notion of entropy solution of (1.1), (1.2) in
the sense of S.N. Kruzhkov [6] is well-defined.

DEFINITION 1.1. A bounded measurable function u = u(t,xz) € L (II) is called
an entropy solution (e.s. for short) of (1.1), (1.2) if for all k € R

|u — Kl + divg[sign(u — k) (p(u) = (k)] <0 (1.3)
in the sense of distributions on II (in D'(II));

oss liom u(t,") =up in Lj,.(R™).

Condition (1.3) means that for all non-negative test functions f = f(¢,x) € CL(II)

1=kl + signtu = 0)p(u) = 9(8) - V. flitds > 0

(here - denotes the inner product in R™).

It is known that e.s. is always exists (see [7, 14] ) but, in the case under consid-
eration when the flux functions are merely continuous, this e.s. may be nonunique
(see examples in [7, 8]). Nevertheless, if initial function is periodic (at least in n — 1
independent directions), the uniqueness holds: an e.s. of (1.1), (1.2) is unique and
space-periodic, see the proof in [12, 13, 14].
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It is also well-known (see for instance [14, Proposition 1]), that initial requirement
can be included in the single integral entropy inequality: for all nonnegative test
functions f = f(t,z) € C}(II), where II = [0, +00) x R", for all k € R

. luale) 70,2+ [ (bl oesignu— k) () = (1) -V fldede > 0. (1)

that is, u = u(t,x) is an e.s. of (1.1), (1.2) if and only if u satisfies relation (1.4).
We will essentially rely on the following mean L'-contraction property. Denote
by Cr the cube

and let

1/p
Np(u) = l}{miup (R”/C |u(x)|pdx) , p>1,
— 100 R

be the mean LP-norm of a function u(zx) € L (R"™).

PROPOSITION 1.2 (mean L'-contraction property). Let u(t,z),v(t,z) € L>(II)
be e.s. of (1.1), (1.2) with initial functions ug(x),vo(x), respectively. Then for almost
every (a.e.) t >0

Ni(u(t,) = v(t,-)) < Ni(uo — vo). (1.5)

Proof. Applying Kruzhkov doubling of variables method, we obtain the relation
(see [6, 14])

|u — v]; + divg[sign(u — v)(p(u) — ¢(v))] <0 in D'(II). (1.6)

Let p(s) € C§°(R) be a function such that suppp(s) < [0,1], p(s) > 0,
—+oo t vt

/ p(s)ds =1. We set for v € N 6,(s) = vp(vs), 8,(t) = / du(s)ds = / p(s)ds.
—o0 0 0

Obviously, the sequence §,(s) converges as ¥ — oo to the Dirac é-measure weakly
in D'(R) while the sequence 6, (t) pointwise converges to the Heaviside function. If
t1 > to > 0 then the function x, (t) = 0, (t —to) —0,(t—t1) € C§*(RT), 0 < x,.(¢t) < 1,
and the sequence x,(t) pointwise converges as ¥ — oo to the indicator function x(t)
of the interval (¢o,1]. We choose the function ¢g(y) € C§°(R™) with the properties:
0 <g(y) <1, g(y) =1 in the cube Cy, g(y) = 0 in the complement of the cube
Ck, k > 1 ( so that suppg(z) C Ct ). Applying relation (1.6) to the test function
f=R"x,(t)g(x/R), where R > 0, we arrive at

/°° R / lu(t, z) — v(t, x)|g(x/R)dx> (0, (t — to) — 6, (t —t1))dt +
0 R™
R /Hsignw —0)(p(u) = @(v) - Vyg(a/R)x, ()dtdz > 0. (1.7)

Define the set

F={t>0](tz) is a Lebesgue point of |u(t,z) — v(t,z)| for a.e. x € R" }.
2



It is clear that F' C Ry is a set of full Lebesgue measure and each ¢ € F' is a Lebesgue

point of the functions Ig(t) = R*"/ lu(t, z) — v(t,x)|g(x/R)dx for all R > 0 and
RTL

all g(y) € Cop(R). Now we suppose that tg,t; € F and pass in (1.7) to the limit as

v — 00. As a result, we obtain the inequality

Tnlts) < Tato) + B [ sign(u—o)(o(w) = ¢(0)) - Vyg(a/ Rx(t)drde.

From this inequality and the initial conditions it follows in the limit as F' 3 tg — 0
that forallt =t € F

Ig(t) < Ir(0) + R /(0 e sign(u — v)(p(u) — ¢(v)) - Vyg(z/R)didz, (1.8)

where Ir(0) = R™" |u(0,z) — v(0,z)|g(x/R)dx. Making the change y = z/R in

R
the last integral in (1.8), we obtain the estimate

R—n—l

[ signu—0)ew) - p(0) - V(o) R)drde| <
(0,t) xR™

R o) - o) [

. IVygl(y)dtdijmO (1.9)
) XR™

Here we denote by |v| the Euclidean norm of a finite-dimensional vector v. Further,
by the properties of ¢(y), for all ¢ > 0

R lu(t, x) — v(t, z)|dx < Ir(t) <

Cr
R‘”/ lu(t, z) — v(t, 2)|dz = k"(k:R)‘”/ lu(t, z) — v(t, z)|de,
Ckr Ckr
which implies that
Na(u(t, ) - o(t, ) < limsup In(t) < KNy (u(t,) —o(t,))  (110)

R—+00

With the help of relations (1.9), (1.10), we derive from (1.8) in the limit as R — 400
that Ny(u(t,-) —ov(t, ) < k"Ni(up —vo) for all t € F'. To complete the proof it only
remains to notice that k£ > 1 is arbitrary. O

REMARK 1.3. As was established in [15, Corollary 7.1], after possible correction
on a set of null Lebesque measure, any e.s. u(t, ) is continuous on [0,+00) as a map
t — u(t,) € Li, . (R™). Hence, we may suppose that every e.s. satisfies the property

loc

u(t,-) € C([0,400), L}, (R™)). Then the statement of Proposition 1.2 holds for all
t > 0. The continuity assumption also allows to replace the essential limit in the
initial requirement of Definition 1.1 by the usual limit.

Denote by L5°(R™) the kernel of the seminorm Ny, that is, L3 (R™) consists of
bounded measurable functions u = u(z) such that N;(u) = 0. From Proposition 1.2
it readily follows the weak uniqueness property.

COROLLARY 1.4. Ifu(t,x), v(t,x) are e.s. of problem (1.1), (1.2) with initial
data uo(z),vo(x), respectively, and vo —ug € LF (R™), then v(t, ) —u(t, ) € L§°(R™)
for a.e. t > 0.



We may consider problem (1.1), (1.2) as the Cauchy problem in the quotient space
L>®(R™) = L*(R™)/LF(R™). In view of Corollary 1.4, an e.s. u(t,-) € L2(R") is
unique.

The aim of the present paper is investigation of the well-posedness of problem
(1.1), (1.2) in the class of Besicovitch almost periodic functions. Recall, ( see [2, 17] )
that Besicovitch space is the closure of trigonometric polynomials, i.e., finite sums
S axe? M with i2 = —1, A € R", in the quotient space BP(R™) = BP(R™)/Bb(R"),
where

BP(R") = {u € L, (R") | Np(u) < +oo},  B{(R"™) = {u € Lj,(R") | Np(u) = 0}.
The space BP(R"™) is equipped with the norm |lull, = N,(u) (we identify classes in
the quotient space and their representatives). The space BP(R") is a Banach space,
it is isomorphic to the completeness of the space AP(R™) of Bohr almost periodic
functions with respect to the norm N,.

It is known [2] that for each u € BP(R™) there exist the mean value

][n u(x)dx = lim u(x)dx

R—+o00 Cr

and the Bohr-Fourier coefficients
_ —2TiA-x n
ay —][ u(x)e dx, AeR™

The set
Sp(u) ={ A€R" |ax#0}

is called the spectrum of an almost periodic function w. It is known [2] that the
spectrum Sp(u) is at most countable. Denote by M (u) the smallest additive subgroup
of R™ containing Sp(u) (notice that M (u) is countable whenever it is different from
the zero subgroup).

Our first result is the following

THEOREM 1.5. Let ug(x) € BY(R™) N L>®(R™) be a bounded Besicovitch almost
periodic function, and u(t,z) be an e.s. of problem (1.1), (1.2). Then, after possible
correction on a set of t of null measure, u(t,-) € C([0,+o00), BL(R™)) N L>°(II) and
for allt >0 M(u(t,-)) C M(ug).

The next our result concerns the decay property of e.s. as the time ¢t — +oo.

THEOREM 1.6. Assume that

V& € My = M(up), & # 0 the functions u — £ - p(u)

are not affine on non-empty intervals (1.11)

(the linear non-degeneracy condition). Then

lim lu(t,z) — Cldxe =0, where C = uo(z)dx. (1.12)
t——+o0 Rn Rn

Moreover, condition (1.11) is exact: if it fails, then there exists an initial function
up € BYR™) N LZ(R™) such that Sp(ug) C My and the e.s. of (1.1), (1.2) does not
satisfy the decay property (1.12).



Notice that for periodic initial data ug(z) with the lattice of periods L C R™ the
group My coincides with the dual lattice L’ ={ £ e R" | -2 € Z Vx € L }, and the
result of Theorem 1.6 reduces to the decay property for periodic e.s. from [16]: the
linear non-degeneracy condition

VEe L', £#0 the function u — & - p(u)

is not affine on non-empty intervals (1.13)

is necessary and sufficient for the decay of every space-periodic (with the lattice of
periods L) e.s. u(t,x):

lim lu(t,z) = Cldx =0, C = uo(x)dz. (1.14)
t—+4+00 J1n Tn
Here T" = R"™/L is a torus ( which can be identified with the fundamental paral-
lelepiped

P:{x:ZaieHaie[OJ), i=1,...,n},
i=1

where e;, i =1,...,n is a basis in L ), dz is the normalized Lebesgue measure on T".
Notice that for a periodic function w(z) € L(T")

][n w(z)dz = Ila/Pw(f)dx = /Tn w(z)dz,

where | P| denote the Lebesgue measure of P. If the lattice of periods is not fixed and
may depend on a solution, the decay property holds under the stronger assumption

V¢ e R", ¢ # 0, the function v — & - ¢(u)

is not affine on non-empty intervals. (1.15)

This result generalizes the decay property established by G.-Q. Chen and H. Frid [3]
under the conditions ¢(u) € C?(R,R") and

V(1,&) e R"™ (1,6) #0, meas{u R |7+ ¢ (u)-£=0}=0 (1.16)

(by meas A we denote the Lebesgue measure of a measurable set A). Obviously,
condition (1.15) is strictly weaker than (1.16) even in the case of smooth flux ¢(u).
For completeness sake we confirm it by the following simple example.

Let n = 1, A C [0,1] be a closed nowhere dense set with positive Lebesgue
measure (a so-called fat Cantor set). There exists a smooth function p(u) € C*(R)
such that A = ¢~1(0) and ¢(u) is not affine on non-empty intervals. For instance, we
may define p(u) = e~ 90— on each component interval (a,b) of the complement
R\ A (in the cases when a = —oo or when b = 400 we set ¢(u) = e_ﬁ, o(u) =
e_miiu), respectively), and set p(u) = 0 for u € A. Obviously, the function p(u)
satisfies condition (1.15) (notice that A does not contain any interval) but, since
AcC{ueR| ¢ (u) =0}, condition (1.16) fails.

REMARK 1.7. In the case when the flux vector p(u) satisfies the Lipschitz con-
dition on any segment in R, any e.s. u(t,x) of (1.1), (1.2) exhibits the property of
finite speed of propagation, which implies in particular that for all p,q € R™ andt > 0

/ lu(t,z + p) — u(t,z + q)|dx < / lup(z + p) — uo(x + q)|dx, (1.17)
Cr

CRr+rt
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where R > 0, and L is the Lipschitz constant of o(u) on the segment [—M, M],
M = [|u|oo-

Suppose that the initial data ug(x) is a Stepanov almost periodic function (see
the definition in [2]). It readily follows from (1.17) that u(t,-) is a Stepanov almost
periodic function as well for allt > 0. The decay property (1.12) for such solutions was
established in [{] under non-degeneracy condition (1.16) (with smooth flux) and rather
restrictive assumptions on the dependence of the length l(g) of inclusion intervals for
e-almost periods of ug on the parameter e.

Notice also that Stepanov almost periodic functions are strictly embedded in
BYR™).

In the present paper we remove all these unnecessary assumptions and proof the
decay property under exact condition (1.11) for general equation (1.1) with merely
continuous flux and with arbitrary Besicovitch almost periodic initial data.

2. Initial data with finite spectrum. Reduction to the periodic case.

In this section we study the case when ug(z) = Z axe?™ ' is a trigonometric poly-

AEA
nomial. Here A C R”™ is a finite set and it is assumed that ay # 0 for A € A, i.e.,

A = Sp(up). We assume that ug(x) is a real function, this means that —A = A and

a_) = ay (as usual, Z denotes the complex conjugate to z € C). The minimal additive

subgroup My = M (ug) containing A is a finite generated torsion free abelian group

and therefore it is a free abelian group of finite rank (see [9]). Thus, there exists a

basis A\; € My, j =1,...,m. Every element A € M, can be uniquely represented as
m

A= Ak) = ij)\j, k= (ki,...,kn) € Z™. In particular, vectors \;, j = 1,...,m
j=1

are linearly independent over the field of rational numbers Q. We introduce the finite
set J={keZ™| Ak) € A} Then we can represent the initial function as follows

keJ
From this representation we find that ug(x) = vo(y(x)), where
wly) = 3 agees
keJ
is a periodic function in R™ with the standard lattice of periods Z™, and y(x) is a

linear map from R™ into R™ defined as y; = \j - & = Zx\jkmk, Ak, k=1,...,n,

k=1
being coordinates of the vector A;, j =1,...,m. We consider the conservation law
v +divyg(v) =0, v=o(ty), t >0, yeR™, (2.1)

with the flux functions
pi(0) =D Aper(v) €CR), j=1,...,m.
k=1

There exists a unique e.s. v(t,y) € L= (R xR™) of the Cauchy problem for (2.1) with
initial data vg(y), and this e.s. is y-periodic: v(t,y+e) = v(t,y) a.e. in Ry xR™ for all
e € Z™. Moreover, in view of [15, Corollary 7.1] v(t,-) € C([0, +o0), L*(T™)), where

6



T™ = R™/Z™ is an m~dimensional torus ( it may be identified with the fundamental
cube [0,1)™ in R™ ).

THEOREM 2.1. For a.e. z € R™ the function u(t,x) = v(t,z + y(x)) is an e.s. of
(1.1), (1.2) with initial function vo(z + y(z)).

Proof. Firstly notice that the function v(¢,y) is an e.s. of the Cauchy problem
for equation (2.1) considered in the half-space t > 0, (y,x) € R™*" with initial data
vo(y) (we just attach the additional variables ). We make the non-degenerate linear
change of variables (z,2) — (y,z), with y = z + y(x). After this change the function
u(t, z,x) = v(t, z + y(z)) satisfies for each k € R the relation

|u = ke + dive [sign(u — k)(p(u) — (k)] =

=1 j=1
o — Kl + > [sign(v — k) (@i(v) — @i(k))]y, Ajt =
j=11=1

o=kl + > lsign(v — B)(@;(u) — &, (), <O in D/(Ry x R™H),

=1
It is clear that this function satisfies also the initial condition

tlir& u(t, z,x) = up(z, ) = vo(z +y(x)) in L}, (R™T™).

Thus, u(t,z,z) is an e.s. of the modified problem (1.1), (1.2) in the extended space
R, x R™™  Define the set E C R™ consisting of z € R™ such that (¢, z,2) is a
Lebesgue point of u(t, z, x) for almost all (¢, ) € II. Then the set E has full Lebesgue
measure in R™. We demonstrate that for fixed zg € E the function u(t, zg,z) is
an e.s. of (1.1), (1.2) with initial function ug(z0,z). For that, we have to verify
integral relation (1.4). Let us take test function f(t,x) € C}(I), f(t,z) > 0, and
set fu(t,z,x2) = f(t,x)g,(z — z0), where the sequence g,(y) = H;n:l d,(yi), v € N, is
an approximate unit in R™ ( so that it weakly converges as v — oo to the Dirac 4-
function in D’(R™) ), the functions ¢, (s) were defined in the proof of Proposition 1.2
above. Obviously, f = f,(t,z,2) € C3([0,+00) x R™") f,(t,z,x) > 0. Taking
f = fu(t,z,2) in relation (1.4) for the e.s. u(t, z,x), we obtain that for each & € R

/(/ IUo(z,ar)—klf(Ow)dx) gy(z—zO)dz+/m(/H[|u(t,z,x)—km(t,x)
+sign(u(t, z, x) = k) (p(u(t, z,2)) —p(k)) - Vi f (¢, x)]dtdx) gu(z—20)dz > 0.(2.2)

It can be easily verified that zg € F is a Lebesgue point of the functions

()= | funlzin) < KO 0)dz, 1) = [ [Jutt,zz) = Kfiltn) +
R Il
sign(u(t, z,x) — k) (p(u(t, z,2)) — p(k)) - Vi f(t, z)]dtd.
Therefore, it follows from (2.2) in the limit as v — oo that Iy(z0) + I(20) > 0, i.e.,
/ |uo(z0,2) — k| f(0, z)dx + / [lu(t, zo, ) — k| f(t,x) +
n II

sign(u(t, zo,x) — k)(p(ult, z0,z)) — @(k)) - Vo f(t, z)|dtdz > 0
7



for each k € R and all nonnegative test functions f(¢,z) € C§(II). Hence, the function
u = u(t, zo, x) satisfies (1.4) with ug = wo(z0,2) and therefore it is an e.s. of (1.1),
(1.2) with initial function ug = vo(zo + y(x)) for all zy from the set E of full measure.
The proof is complete. O

The additive group R™ acts on the torus T™ = R™ /Z™ by the shift transforma-
tions Syz = z + y(x). Notice that by linearity of y(z), Sz, 42, = Sz, Sz,, S0 that Sy,
r € R™ is an m-parametric group of measure preserving transformations of T™. We
demonstrate that this action is ergodic. Let A C T™ be a measurable invariant set,
and x4(y) = Z aze®™*¥ be the Fourier series for the indicator function x4 (y) of

kezm

the set A. Since this function is invariant, then x4(z) = xa(z + y(x)) for all x € R™,
and

ap = / xa(z)e 2Ry = / xalz +y(@))e T F2dy =

/ YA (y)6727ri17c-(y7y(:z))dy _ e27ri7@~y(z) / YA (y)ef27ri7c~ydy 27r7,k y(z) (2 3)

Assume that az # 0. Then it follows from (2.3) that ¢2™*¥(®) = 1 for all z € R™,

which readily implies the relation Zkz Aj = 0, where k;, j = 1,...,m, are the
j=1

coordinates of k. Since the vectors Aj, j =1,...,m, form a basis in My, we derive
that all k; = 0, that is, k = 0. Thus, only one Fourier coefficient ay may be different
from zero. This yields xa(y) = ¢ = const. It is clear that ¢ = 0 or ¢ = 1, which
means that m(A) = 0 or m(A) = 1, where m = dy is the Lebesgue measure on the
torus T™. Thus, the action S,y = y + y(x) of the group R™ on the torus T™ is
ergodic. By the variant of Birkhoff individual ergodic theorem [5, Chapter VIII] for
each w(y) € L'(T™) for almost all z € T™ there exists the mean value

][ w(z +y(z))dr = / w(y)dy. (2.4)

Moreover, if w(y) € C(T™), then (2.4) holds for all z € T™ (this follows from uniform
continuity of w(z + y(z)) with respect to z) and w?(x) = w(z+y(x)) are Bohr almost
periodic functions for all z € T™.
Property (2.4) allows to establish the following important statement.
PROPOSITION 2.2. Let p > 1, v(y) € LP(T™), and aj = / v(y)e 2Ry,

Tm

k € Z™ be the Fourier coefficients of v(y). Then for a.e. z € T™ the function u(z) =
v(z +y(x)) € BP(R™). Moreover, Sp(u) C My, and the Fourier-Bohr coefficients of
the function u(x) are

ax = age®™ 7 X = A(k). (2.5)

Proof. There exists a sequence v, = Z ar,;e%ﬁ“'y of trigonometric polynomials,
kel,

where I, C Z" being finite sets, such that v, — v in LP(T™) as r — oo (for instance

we may choose the Fejér approximations). According to (2.4), we may find a set

8



E C T™ of full Lebesgue measure such that for each z € E and all r € N
(Np(u = up))? = ][ [v(z +y(2) — v (z +y(2))Pde =
[ 1w -uwray — o (26)

T —00

Here u,(z) = v.(z + y(x Z a,. 627”k 22 AR T where Mk Zk iAj € My
kel,

for k = (k1,...,km) € Z™. We see that u,(z) is a trigonometric polynomlal and

S’p( ) C My for all r € N. In view of (2.6) we see that u(z) € BP(R™) and

T
Sp(u) C My. Moreover, in view of (2.6) again, the Fourier-Bohr coefficients
ay = lim a,;e2™%% = aze®™ %2 X = A(k),
T—00

and (2.5) follows. The proof is complete. O

Now we are ready to prove our Theorems 1.5, 1.6 in the case when ug(x) has a
finite spectrum. Recall that Mj is the minimal additive subgroup of R™ containing
Sp(up).

THEOREM 2.3. Suppose that u(t,x) be an e.s. of (1.1), (1.2) with initial function
ug(x) being a trigonometric polynomial. Then u(t,z) € C([0, +00), BL(R™)) N L>(1I)
and Sp(u(t,-)) C My for all t > 0. Moreover, if for all £ € My the functions u —
& - @(u) are not affine on non-empty intervals, then the decay property (1.12) holds.

Proof. As above, we introduce the periodic function vg(y) on R™, where m is the
rank of My, and an e.s. v(t,y) € C([0,4+00), LY(T™)) N L (R, x R™) of the Cauchy
problem for (2.1) with initial data vo(y). By Theorem 2.1 there exists a set E; C R™
of full Lebesgue measure such that for all z € F; the function v* (¢, z) = v(t, z + y(x))
is an e.s. of (1.1), (1.2) with initial function uf(x) = vo(z + y(z)). Here the linear
map y(x) was defined before the formulation of Theorem 2.1 above. Let

ve(t,y) = /m v(t, 2)P,(y — 2)dz

be the Fejér approximations of v(t,y), where

2 er

o)=Y H( ks |) ik = "”H :1;2 £

kezZ™ |k|oo<rJ=1 =

are the Fejér kernels. Then
vlty) = Y agt)e™ Y
k€Z™ ,|k|oo<r

are trigonometric polynomials with respect to the variables y, and v,.(¢,-) — v(¢,-) as
r — oo in LY(T™) for all t > 0. In view of Proposition 2.2, for all ¢ > 0 there exists a
set E(t) C R™ of full Lebesgue measure consisting of z € R™ such that relation (2.6)
holds with u = u*(t,x) = v(t, z + y(x)), u, = uZ = v,.(t,z + y(x)), and p = 1:

N () = uit)) = otz 4 y(@) = v b2+ yl))dn =
[ bt —uewldy — 0. @0

9



It is clear that the set G of pairs (¢, z) € [0,4+00) x R™, which satisty for all r € N
the equality

1otz yla) = oz + @)lds =

A}im N7 lv(t, z + y(x)) — v.(t, 2 + y(x))|de =
—00 Cn

[ ote.s) = o, (29

is measurable. We use here the fact that, due to the relation

N n
(N—i—l) N~ /CN w(z)de < R™" /CR w(x)dx <
N+1

—_— (N—|—1)*"/ w(x)de, VNeN, NXR<N+1,
N CN+1

1

which holds for every nonnegative function w(x) € Lj,.

(R™), existence of the mean

value ][ w(z)dx is equivalent to existence of the limit

lim N7" w(x)dx :][ w(x)dx.
N —oc0 CN n

Since all sections
Gi={zeR™|(t,2) € G} =E(t)

of the set G has full measure, it has full Lebesgue measure as well, by Fubini’s theorem.
By Fubini’s theorem again, there exists a set Fy C R™ of full measure such that the
sections

F(z)=G*={t>0]|(t,2) G}

are sets of full Lebesgue measure in [0, +00) for each z € Es.
Now we choose a sequence z; € FE; N Es converging to zero as [ — oo. By
Proposition 1.2 for a.e. t >0

L@ (t,2) — u(t,2) < (4 (@) — uo(@) < 3 laglle®™®= —1] — 0. (29)
keJ e

Here J C Z™ is a finite set ( the spectrum of vg(y) ). Notice that the e.s. u*(¢,-) are
not generally continuous in L}, .(R™) with respect to time ¢. Hence, the relation (2.9)
may fails for a set of ¢ of null measure. We define by Fy; C [0, 400) the set of ¢, which
satisfy (2.9). Let Fy = F(z;) C [0,400) be the sets of full measures, consisting of
t > 0 such that equality (2.8) holds with z = z; for all r € N. Observe that in view of
the relation v,.(t, -) it v(t,y) in LY(T™), it follows from (2.8) that u* (t,-) € BY(R")

for t € Fy. We set ' = ﬂ(Fll N Fy). Then F C [0,400) is a set of full measure,
leN

and for each t € F w*(t,z) € BY(R") for all | € N, and I; (u* (t,x) — u(t,x)) — 0 as

[ — oo. This implies that the limit function u(t,-) belongs to the Besicovitch space
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BY(R™). Let us demonstrate continuity of the map t — wu(t,-) € BY(R"). Suppose
that ¢, € F. Obviously, for each r € N

m

F ootz @) — vtz + ylaido = [ ot - oty

This relation in the limit as r — oo implies, with the help of (2.8), that for all [ € N
Ni(fu™ (t, ) = w (¢, -)]) :][ o(t', 21+ y(2)) — v(t, 2+ y(x))|dz =
Rn

[ 1ot g) ot ldy. - (210

Passing to the limit in (2.10) as z = z; — 0 and taking into account (2.9), we arrive
at the relation

Nt ) = u(t. ) = [ ol.9) = oty =, 0

This relation show that the map ¢ — wu(t,-) is uniformly continuous in B!(R") on a
F N [0,T] for arbitrary T > 0. Therefore, it can be uniquely extended as a continuous
map t — u(t,-) € BL(R™) on the whole half-line [0, +c0). We see that, after possible
correction of u(t,-) on a set of null measure, this map is continuous in B! (R™). Notice
also that u(0,2) = ug(z) ( this readily follows from the fact that 0 € F ). Since
u(t, ) is bounded, we conclude that u(t,z) € C([0, +00), B} (R™)) N L>(II). The first
statement is proved.

To prove the decay property, we notice that for every k = (k1,...,km) €Z™

m

Fpn) = 30" kiden(u) = AR) - o(u),

j=1k=1

where \(k) = ij)\j € My. It now follows from our assumption (1.11) that the
j=1

functions u — k - ¢(u) are not affine on non-empty intervals. This means that non-

degeneracy condition (1.13) is satisfied (with L = L' = Z™). As follows from the

result of [16], the periodic e.s. v(t,y) satisfies the decay relation:

lim |v(t,y) — C|dy = 0, where (2.11)

t—+o00 Tm

C= vo(y)dy = ][n uo(z)dz.

Tm

Now we choose a vanishing sequence z; € F1 N E3 and the set F C [0,+00) of full
measure as in the first part of our proof. By (2.4) with w(y) = |v,.(¢,y) — C| € C(T™)

F luptt) = Cldo = f Jontt,z+ yl@)) = Chde = [ Jontt) - Cldy.

m

Passing in this relation to the limit as » — oo and after as [ — oo and taking into
account relations (2.7), (2.9), we obtain that for all ¢t € F

][ lu(t,z) — Cldz = / [o(t, y) — C|dy.
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Since both parts of this equality are continuous with respect to ¢ € [0, +00), it remains
valid for all ¢ > 0 In view of (2.11), this implies the desired decay property (1.12):

lim |u(t, z) — C|dxz = 0.
t——4o0 R

The proof is complete. O

3. The general -case. Proof of Theorems 1.5, 1.6. Assume that
up € BY(R™) N L>(R") is an arbitrary bounded Besicovitch almost periodic function,
and u(t,z) € L>°(II) is an e.s. of (1.1), (1.2).

Denote by M (ug) the minimal additive subgroup of R™ containing Sp(up). Let ug;
be the sequence of Bochner-Fejér trigonometric polynomials for ug. Then ug — ug
as | — oo in BY(R™), and Sp(ug;) is finite and contained in M (ug). We denote by
w(t,r) an e.s. of problem (1.1), (1.2) with initial function ug(z). By Proposition 1.2,
there exists a set F' C Ry of full Lebesgue measure such that for all ¢t € F

Nl(ul(t,~) —u(t,~)) S Nl(U()l _uo)l:)ooo. (31)
Since the function wug;(x) has finite spectrum, then by Theorem 2.3 we see that
w(t,x) € C([0,+00), BL(R™)) and Sp(u,(t,-)) C M(ug) for all I € N. In view of uni-
form limit relation (3.1) we conclude, in the limit as { — oo, that u(t,-) is uniformly
continuous map on F'N[0,7] into B} (R™) for every T > 0, and Sp(u(t,-) C M(ug) for
all t € F. This allows to extend u(t, ) as a function C([0, +00), B1(R™)) on the whole
half-line [0, +00). By continuity, we conclude that Sp(u(t,-)) C M(ug) for ¢ > 0. The
proof of Theorem 1.5 is complete.

Denote by M; the minimal additive subgroup of R™ contained Sp(ug;). Then
M; C M(ug) Assume that the linear non-degeneracy condition is satisfied. Then for
each | € N and for all £ € M, £ # 0, the function v — & - p(u) is not affine on
non-empty intervals. By Theorem 2.3 again

lim |u(t, ) — Cildz =0, (3.2)
t—-+o0 Rn
where
C :][ uol(x)dxl—> C= ug(x)dz. (3.3)
n — 00 R

In view of (3.1), (3.3), it readily follows from (3.2) in the limit as [ — oo that

lim |u(t, z) — C|dz = 0,
t——4o0 R

and the decay property holds.

Conversely, assume that non-degeneracy condition (1.11) fails. Then there exists
a nonzero vector & € My such that the function & - p(u) = Tu + ¢ on some segment
[a,b], where T, ¢ € R. Then, as is easy to verify, the function

a+b+b—a

2 2
is an e.s. of (1.1), (1.2) with the periodic initial data u(0,z) = %t 4+ 24 sin(2n (¢ - 2))
such that Sp(ug) = {—¢,&} C My. Obviously, the e.s. u(t,x) does not satisfy the
decay property.

u(t,x) = sin(27(§ - x — 7t))
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REMARK 3.1. The results of this paper can be easily extended to the case of
unbounded almost periodic solutions u(t,z) € C([0,+00), BL(R™)). Indeed, if uo(z) €
B1(R™) then there exists a sequence w(xz) € BY(R™) N L®(R") ( for instance, the
sequence of Bochner-Fejér approxzimations for ug ) such that u(z) — u(x) asl — oo
and that Sp(u;) C M(ug). By Proposition 1.2 for allt >0, k,l € N

Ny (ug(t, ) —w(t, ) < Ny(ugp — wp) L 0.

J—o0

This implies that wi(t,z), | € N, is a Cauchy sequence in C([0,+00), BL(R™)). Since
this space is complete, we claim that u;(t,x) converges asl — oo to a function u(t,x)
in C([0,+00), BY(R™)). Obviously, this limit function does not depend on the choice
of a sequence wy(z) € BY(R™) N L®(R"). It is natural to call the function u(t,z) €
C([0,+00), BL(R™)) a renormalized solution to problem (1.1), (1.2), cf. the notion
of renormalized solution u(t,x) € C([0,+00), L'(R™)) defined in [1], see also further
results in [10, 11]. It readily follows from the decay property for bounded e.s. w; in
the limit as u; — u that any renormalized solution also satisfies the decay property
(1.12) under non-degeneracy condition (1.11).
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