TRANSPORT-COLLAPSE SCHEME FOR HETEROGENEOUS
SCALAR CONSERVATION LAWS

DARKO MITROVIC AND ANDREJ NOVAK

ABSTRACT. We extend Brenier’s transport collapse scheme on heterogeneous
scalar conservation laws with initial and boundary data. It is based on averag-
ing out the solution to the corresponding kinetic equation, and it necessarily
converges toward the entropy admissible solution of the considered problem.
We also provide numerical examples.

1. INTRODUCTION

Let © ¢ R? be a bounded smooth domain. We consider the following Cauchy
problem

Opu + dive f(t,x,u) =0, (t,x) € RT x Q, (1)
uli=o = uo(x), (2)
u|R+><aﬂ = UB(t,X), (3)

where the function f = (fi,..., fs) € C?(R%™), R = Rt x R4, We addi-
tionally assume that for some constants a,b € R, it holds

ft,x,a) = f(t,x,b) =0 and a < ug,up <b.

Latter conditions provide the maximum principle for the entropy admissible solution
to (1), (2), (3) (see e.g. [15]).

A typical problem described by (1), (2), (3) arises e.g. in traffic flow models.
Namely, if we aim to describe a flow on a finite highway (required to model on and
off ramps) we need to use boundary conditions [18]. For instance, optimization of
travel time and cost between two points can be obtained by controlling incoming
and outgoing car densities [2].

Never the less, it is clear that the boundary conditions cannot be prescribed
unless characteristics corresponding to equation (1) leave the boundary (those are
characteristics originating from « = R on Figure 1). This means that one needs
to introduce a new concept defining what conditions should satisfy the unknown
function w in order to be a solution to (1), (2), (3). This was firstly done in [3] via
the following definition which we introduce in the form convenient for us (we also
include the notion of entropy solution for (1), (2)).

Definition 1. A bounded function w is called an entropy admissible solution to
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a) (1), (2) if for every convex function V € C?(R), every A € R and every
o € CHR*T x RY), it holds

// [V(u)@tgo—&—/u £t x,v) V'(v)dv - V<p+/u divy f(t,x,v)V" (v)dv | dxdt
R+ xR? ¢ ¢

(4)

+ V(up(x))e(0,x)dx < 0;
R4

b) (1), (2), (3) if for every convex function V € C?(R), every A € R and every
o € CHRT x Q), it holds

// [V(u)@tcp+/au At x,0) V' (v)dv - V<p+/ divy f (£, %, v) V" (v)dv @] dxdt

Rt xQ ¢
(5)

. /R ) /8 XC / %, 0) V! (0)dv) - vsdt + /Q V (uo(x))¢(0, x)dx < 0,

where v is the unit normal on 0.

Equivalent and more usual definition of admissible solution is given by the
Kruzhkov entropies V(u) = |u — Al, A € R, and it states that a bounded func-
tion w is called an entropy admissible solution to (1), (2), (3) if for every A € R it
holds

Olu — | + divk[sgn(u — A) (f (¢, x,u) — f(£, %, )] + sgn(u — A)dive f (£, x,A) <0
(6)
in the sense of distributions on D'(RT x ), and

i) it holds esslim;_o [q, |u(t,x) — uo(x)|dx = 0;
ii) for every A € R, it holds

(Sgn(u - >\) - SgH(UB - A)) <f(ta X, ’LL) - f(tv X, UB), ﬁ> Z 0
on 02, where 7 is normal on 0f).

The expressions in (i) and (ii) are well defined at least when the flux is genuinely
nonlinear since then, the strong traces of (sgn(u — \)(f(t,x,u) — f(t,x,A)),7) and
f(t,x,u), V) exist at 90 [1, 17]).

Work in the field of numerical methods for conservation laws is rather intensive.
Most of the papers deal with Cauchy problems for conservation laws (scalar conser-
vation laws or systems; see e.g. classical books [9, 13] and references therein). As
for (1), (2), (3) , there are much less results since the interest for this kind of prob-
lem has arisen relatively recently. We mention [5] where stability and convergence
results for monotone (first-order) numerical schemes approximating (homogeneous)
scalar conservation laws in several space dimensions were obtained. For results in
the case of systems, one can consult [16] where one can also find thorough overview
of state of the art for the problem.

The aim of the present paper is to extend the transport-collapse scheme [4] for
the initial and initial-boundary value problem for heterogeneous scalar conservation
laws. Originally, the transport collapse scheme was introduced as a mean for solving
the Cauchy problem (1), (2) in the case when the flux is independent of (¢,x) €
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R* xR?. Although [14] appeared ten years after [4], the transport-collapse scheme
is actually based on the kinetic formulation [14] in the frame of which, using the
Kruzhkov entropy conditions [11], one reduces the nonlinear equation (1) on the
linear (so called kinetic) equation (see Theorem 2 below). However, derivative of
a measure figures in the equation (see the right-hand side of (7)) and it has one
more variable (so called kinetic or velocity variable). Due to the former reason, the
kinetic equation is not convenient for numerical implementation. Never the less, if
we neglect the derivative of the measure, and then average out the solution to the
obtained linear equation with respect to the kinetic variable, we can obtain entropy
solution to the considered problem. Details are provided in the next sections.

In conclusion, the power of the method to be presented is in its ability to trans-
form nonlinear problem into linear. Linear scalar conservation laws are easy to
solve numerically since there are a lot of robust numerical schemes available. The
cost of that ”transformation” in practical computing is adding one more dimension
(see (7)).

The paper is organized as follows. In Section 2, we shall prove convergence of
the transport-collapse scheme for initial value problems corresponding to (1). In
Section 3, we shall introduce a transport-collapse type operator for (1), (2), (3),
and the proof of its convergence toward the entropy solution.

2. INITIAL VALUE PROBLEM

In order to extend the transport-collapse in heterogeneous situation, we need
appropriate kinetic formulation. It is given in [7] through the following theorem.

Theorem 2. [7] The function u € C([0,00); L*(R%)) N LS ((0,00); L>°(RY)) is the
entropy admissible solution to (1), (2) if and only if there erists a non-negative

Radon measure m(t,x,\) such that m((0,T) x R¥*!) < oo for all T > 0 and such
1, 0<A<u

that the function x(A,u) = ¢ —1, u < X <0, represents the distributional solution
0, else
to
Ix + diven [F(tx,\)x] = dam(t,x, ), (t,x) € RT x RY, (7)
X(Aau(tzovxn :XO‘:'UO(X))’ (8)

d
where F' = (fy,— > Oz, fj)-
j=1

Let us state properties of the function .

Proposition 3. [4, page 1018] It holds
a) VYu,v € LY(R?) such that u >v = x(\u) > x(\,v);
b) Vu € LY(R%), Vg € L>=(R? x R), it holds
S x(\ w)g(x, NdxdX = [ ([ g(x, \)dA) dx;
In particular, if g = G and G(a) = 0, then [[ x(X\ u)g(x, \)dxd\ =
J G(x,u)dx
¢) TV(u) = [TV (x(A,-))dA.
The idea of the transport collapse scheme for the initial value problem (1), (2)
is to solve problem (7), (8) when we omit the right-hand side in (7):

Beh + divae A [F(t, %, VB = 0, hleo = x(A, uo(x)). (9)
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The solution of this equation is obtained via the method of characteristics. They
are given by

X = f,'\, X|t:0 = Xo,

: d 10
A=— Z [“)xjfj(t,x, )\), >‘|t:0 = )\0. ( )
j=1
For later purpose, we rewrite this system in the integral form
x =x0+ [; fAlt',x N\dt
t & ’ ’ (11)
A :)\Offo Z@zjfj(t,x,)\)dt.
j=1
The solution to (9) has the form
h(t7xa A) = X(/\()(t,x, A),Uo(XO(t,X,A))). (12)
To avoid proliferation of symbols, denote
[f(x+ Ax) = f(x)]
vxf oo = Sup . 13
IVaflle = sup HEEEE (13)

We have the following properties of the characteristics.

Proposition 4. The characteristics xo = Xo(t,x, ) and A\g = Ao(t,X,A) satisfy
the following continuity properties:

|Rx| := |xo(t, x + Ax, \) — xo(t, %, \)] (14)
t
<l8x] (14 [ mpx [T il )
0
[RA| := [Xo(t, x + Ax, N) — Xo(E,x, A)] (15)

t
< 1] [ g |9 v (-, ) .
0

where the norms are given by (13).

Proof: From (11), we have

¢
x = Xo(t,x,\) + / A, x,N)dt’
0

t
x + Ax = xo(t,x + Ax, \) +/ A, x+ Ax, \)dt'.
0

By subtracting those equations, we obtain

|xo(t, x + Ax, \) — x0(t, %, \)| (16)
t
<t [ e o+ Ax, ) = (k)
0
t
< A A% [ max [V (€ V)t
0

This proves (14).
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Inequality (15) is proved analogously. It holds

A= Xo(t,x+ Ax,\) — /Zamjfjt x + Ax, \)dt

A= Xo(t,x,\) — /Za i %, N)dt

and it is enough to subtract the last two equalities, and to follow the procedure
from (16). a

Let us now define the transport-collapse operator T

Definition 5. The transport collapse operator T(t) is defined for every u € L'(R%)
by
T(#)u(x) = / YOt 3, N, (o (£ %, A)))dA. (17)

It satisfies the following properties which are the same as the ones from [4,
Proposition 1].

Proposition 6. [t holds for every u,v € L*(R%)
a) u<w a e. implies T(t)u < T(t)v a.e;
b) [T(t)u(x)dx = [u(x)dx;

c) the opemtor T(t) is non-expansive
IT#)u —T#)v| v (rey < llu—vl[z1we),

and, in particular, || T(t)ull L1 ray < Jull o (ga)s
d) TV(T(t)u) < (1 + C1t) TV (u) + tCsy, where TV is the total variation and
C1 and Cy are appropriate constants depending on the C?-bounds of the

fluz f;
e) |T(t)u—ullp1mraey < C2TV (u)t +tCy for the constants Cy and Cy from the

previous item;

Proof: Item a) directly follows from the definition of the transport collapse op-
erator T'(¢).

As for the item b), denote by Z = (x,\) characteristics from (10). Notice that,
since div(x x)F = 0, it holds

8Z(t7 X0, )‘0)

(%0, \o) =1. (18)

‘ det
Therefore, according to Proposition 3,

/T(t)u(x)dx = /Rd+1 X(No(t,x, A), u(xo(t, x, \))dxdA

XO(t7Xa)‘):y / aZ( ) Oa)\O /
= = : det Z2 020y — dy.
(e 2Y) = [ xtnutyp] e 2502020 dyan — [ utyyay
Item c) now follows from a) and b) according to the Crandall-Tartar lemma
about non-expansive order preserving mappings [6, Proposition 3.1].
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Let us now prove item d). We have

/ IT(Hu(x + Ax) — T(t)(x)|dx

Rd

:/|/X(/\O(t,x—|—Ax, ), a0 (£ 5445, A))) = x (o (%0 (£ %, A), 1(x0 (£, %, A)))dA|dx
R R

< / N (Ao(t, x+Ax, \), u(xo(t, x+Ax, A)))—x(Ao(x0(t, x, ), u(x0(t,x, A)))|dxd

Rd+1

We next write xo(t,x + Ax, \) = Xo(t,x,\) + Rx(t,x,A) and Ao(t,x + Ax, \) =
Ao(t, %, A) + Ra(t,x,A), where Ry and R are estimated in (14), and introduce the
change of variables xo(¢,x,A\) =y, Ao(t,x,A) =71 (keep in mind (18)). We obtain

/Rd IT(t)u(x + Ax) — T(t)u(x)|dx

< /RM X1+ Rox, u(y + Rx)) — x(n, u(y))|dydn

< /RM X1+ Rox, u(y + Rax)) — x (0, uly + Rx))ldydn
+ /RM IX(n,u(y + Rx)) — x(n, uly))|dydn

< [Raloe TV () + [Raxlloo /R TV (x(1, u(-)))dn = 4R loe + [RacllocTV (u),

since the characteristics are of Cl-class, TV (x) = 4, and since (3), item c) holds.
Having in mind Proposition 4, we conclude the proof of d). We remark that

Cy = 4Ht1aAX IVuf(t, s M) ]loo, Ca2= max IVxdive f(E, -, A) |l oo-
It remains to prove item e). Using (11), as in to the proof of item d), we have

IT(t)u = ull 1 ra)y < / IX(Ao (%, A), u(zo(t, %, A))) — x(A, u(x))|dxdA

Rd+1
= / IX(A+ R, u(x 4+ Ry)) — x(\, u(x))|dAdx
Rd+1
< Cl tTV(U) + Cg t,

which immediately gives e). a

We also need the following result.

Proposition 7. For any smooth positive test function o, and Lipschitz function
V:R — R, we have

/ (V(T()u) — V() (x)p(x)dx < /0 / By (¥, x, u(x))Vpdxdt (19)

t u
+/ // dive f(t,x, )V (N)dAdt' + o(t), t—0
0 a
where By (t,x,u) = [ fi(t,%, )V’ (A)dA
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Proof: Remark first that for any fixed (¢,x), from the definition of the function
X, it follows for any C'-function G

2p
[ & O altx N ula(tx V)X = 3 (DG ) ~ G(0). (20

k=0
where the increasing sequence (wg), &k = 0,...,2p, belongs to the set {\ € [a,] :
Ao(t,x, A) = u(xo(t,x,A))} (since the entropy solution to (1), (2) takes values in
the interval (a,b)). Remark that the set has odd cardinality since the multivalued
solution is obtained by continuous transformation from the graph of initial value
[4, page 1016]. Moreover, due to the mean value theorem, the following relation

holds for any convex function V' (see e.g. [8, p. 40]):

VO (=Dkwr) < > (-1)FV (wp). (21)
k=0 k=0

From (20) and (21), it follows

2p

V(T (t)u(x)) = V(/ X(Ao(t,x, A), u(t, xo(t,x, A)))dA) = V(Z(fl)kwk)
. k=0
< SO (—1)HV (@) /v XOo(t, %, A), u(xo(t %, A)))dA + V(0),
k=0
We have from here
[ @ @uo) - Viue) eixx (22)
/ / XOholt %, X), u(x0(t, %, A))) — V() x(A, u(x))) o (x)dxdA
- / / V(o (t 3%, A)x (Mol 3, A), u(xo(t, 3, ) (0(x) — @ (xo(t, x, A)))dxdA  (23)
/ / V' (a3 M) X (ot 3, A), u(xo(t, x, A)))p(3) dxd (24)

/ V' (Xo)x(No(t, x, N), u(xo(t, %, \))) p(x0(t, %, \))dxd\

// ))cp(x)dxd)\). (25)

The two terms from (25) cancel according to (18). Let us consider the term from
(23). Using the Taylor formula

/ V/()‘O(taxa )‘))X(AO(taxv )\),U(Xo(t,X,/\)))(@(X()(t,X,A)) - (p(X))dXd)\ (26)
= // V' (Xo(t, %, X)) x(Mo(t, x, A), u(xo(t, %, M) (%0(t, %, A) — x) - Vip(x0(t, x, A))dxd

[ [ VOt x MOt 20, w13, 00) D20(5) G ) = )P

From (11), we conclude by expanding the function f3(#',x,A) into the Taylor ex-
pansion around Xg:
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t t
xo(t,x,\) — x :/ A, x, Ndt’ :/ At xo(t,x, \), N)dt' (27)

+ (x0(t %, \) —x/vfo dt—/f,\t xo(t,%, \), Nt + O(£2),

since clearly xo(t,x,\) — x = fo fL(,x, A)dt’ = O(t). Inserting this into (26) and
applying the change of variables from (18), we conclude using item b) from (3):

/ V' (X0)x (A, u(x))(o(x0(t, x, X)) — p(x))dxdA (28)

t
:/ By (t',x,u(x))Vedxdt + O(t%).
0

To deal with the remaining term from (24), we shall expand the function V' into
the Taylor series around A\g. We have

/ / (V/(A) = V(o)) (ot x, ), uxo (£, %, A))) 9(x)dxdA (20)
// V" (Mo (t, %, N)) (A = Xo((£, %, ) x (Mo (t, x, X), u(x0(t, %, N))) o(x)dxdA

+ O ||)‘ AO((t X, )‘))”Ll(supp(tp)x(a b)))
Applying the procedure as in (27), we reach to the estimate
Nolt %, ) — / Zf] (%0, %, ), )t + O(12). (30)

If we notice that ||A — Ao ((t, x, )‘))”Ll
conclude

(supp() x (a,p)) = O %), from (29) and (30), we

//(V’()\) —V'(X0))x(No(t, %, A), u(xo(t,x,N))) o(x0(t,x, \))dxdA (31)
¢ w d
- _/0 / / D St xo(t%, N), Nt p(x)dx + O(t?)

Combining (22), (28), and (31), we conclude the theorem. a

A consequence of Proposition 6 and Proposition 7 is the following theorem:
Theorem 8. Denote
t t
Su(tyu= (1 = )T (=)"u + oT(=)" "y, (32)
n n

where

, keN, aclol). (33)

For each initial value ug € L*(R?) such that a < ug < b, the unique entropy
solution of (1), (2) at time t is given by the formula

u(t,”) = L' — lim S, (t)u.
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Proof: First, fix an arbitrary ¢ > 0. Consider the sequence of functions w,(t,-) =
Sp(t)u. We aim to prove that the sequence (u,(t,-)) is strongly precompact in
L'(R%). To this end, we shall use the Kolmogorov criterion stating that a functional
sequence bounded in L'(R?) is strongly precompact in L'(R9) if it is uniformly
L'(R?) continuous. In other words, we need to prove that

a) [Jun(t,)llz1(ray < C for every n € N and some constant C;
b) for any relatively compact K CC R¢, any € > 0, there exists Az > 0 such
that [u, (t,x + Ax) — un(t,X)[| L1 (re) < €.
Item a) follows from Proposition 6, item c).
As for the item b), we shall use property d) from Proposition 6. Taking into
account definition of the total variation and form of the sequence (u,(t,-)), simple
calculations show that (with the notations from Proposition 6)

ity + A%) = tn(t, )l ey < 28 (1+t01) CQtZ( tcl)

< eAx,

for an appropriate constant C. This clearly implies L!-equicontinuity of the se-
quence (u,(t,-)). This means that for every fixed ¢ > 0, we can choose a strongly
converging subsequence (not relabeled) (u,(t,-)) of the sequence (uy,(t,-)). By
taking a dense countable subset E C R™, we can choose the same converging
subsequence (uy,(t,-)) for every t € E.

Now, by the continuity property given in item e) from Proposition 6, we conclude
that the subsequence (u,(t,-)) strongly converges in C([0,T]; L*(R?) for every T €
R+ toward a function u € C([0,T]; L' (R4).

Now, we need to check that u satisfies the entropy admissibility conditions. First,
notice that for every ¢, as n — oo, it holds that &« — 0. Thus, it is enough to notice
that the main part of the transport-collapse operator given by T(%)ku — u as
n — oo along the previously chosen subsequence and to consider

Ly X = J+1 lju X)dx
| @)~ viw)ea Z/ u) = V(T Pu)p(x)d

n

(19) k=
S
j jt/n

L r(G+Dt/n t .
/ / By(t' 3, T( ) u(x)) Vipds' + O(t/n).
0

Now, we simply let n — oo and keep in mind arbitrariness of ¢ to infer that the

function w satisfies the entropy admissibility conditions from Definition 1, a).
Remark also that this implies convergence of the entire sequence given by (32)

due to uniqueness of entropy solutions to (1), (2). a

3. BOUNDARY VALUE PROBLEM

First, notice that the kinetic formulation from Theorem 2 still holds in the inte-
rior of Rt x €. This means that in order to adapt the transport collapse scheme
for the problem (1), (2), (3) we can apply the same method as in the previous sec-
tion. We cannot use the method of characteristics directly since the characteristics
entering the boundary determine the value at the boundary. However, since we are
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re-iterating the procedure after a short period of time (see (32) and (38)), we can
adjust the (small part of) initial data so that the method of characteristics is well
defined. We provide the details below.

Let us also remark that a kinetic formulation which includes boundary conditions
is derived in [10] but we were not able to use it here.

Accordingly, in order to generalize the transport collapse scheme to the mixed
problem corresponding to (1), let us consider for a short period of time the kinetic
formulation to (1) augmented with the initial and boundary conditions as follows.

Oihe + divy A [F(t, %, \)he] =0, (34)
heli=o = Xx(\ u5(x)),  helr+xa0 = x(A, up(t,x)). (35)

Above, the approximation uj satisfy the compatibility conditions with up in the
following sense. We are keeping fixed up and we adapt up so that it coincides
with up at the edges of 9Q x R*. More precisely, denote by 9. common part
of  and the e-neighborhood of 9). Assume that the characteristics issuing from
(0,z9) € {t = 0} x 90, hits the boundary at (¢, yo). Then, we replace the value
ug(xp) of the initial function ug by up(to,yo) (see Figure 1).

Notice that from (10), it follows that tg € (0,Ce) for any z¢ € €2, where C =
maxy x x |[F(t,%x,A)|. In the sequel, we shall assume that C' =1

Under such assumptions, for a short period of time, we can solve (34), (35) using
the method of characteristics where the characteristics will emanate not only from
t = 0, but also from the boundaries. Remark that if a characteristic originates
from {t = 0}, we simply use the system of characteristics (10). If a characteristic
originates from the boundary, we then write:

t=1, t(0) =+t

X = fﬁ\a X|t=to = X

. d

A== 0., fi(t,x,N), A=, = Ao
i=1

h:s = Oa he‘t:O = X(/\auB(t07XO))

where (t,X) is the point from the boundary.

Now, the solution has the same form as for the initial value problem. The value of
the unknown function h. at a point (¢,x, \) is obtained by drawing a characteristic
through it. By going back along the characteristic, we shall either hit the boundary
or the line ¢ = 0. Thus, the boundary value or the initial value will determine the
value of h. at (t,x,A).

To be more precise, denote by W C RS x Q, x R, set of all points through
which characteristics issuing from the boundary pass, and by W € R} x Q, x Ry
set of all points through which characteristics issuing from the initial plane ¢ = 0
pass. We can rewrite the solution in the form

he(t,%x,A) = x(No(t, %, A), ug(Xo(t, X, A))kw, + up(xo(t, X, A))kwpg), (37)

(36)

at least in the set [0, &) x .. Now, we can generalize the transport collapse scheme
to the initial boundary problem for heterogeneous scalar conservation laws.

Theorem 9. Denote
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=1L =R
T
{

% \
toy., A

%

X

Zo =0

FIGURE 1. The characteristics are denoted by dotted lines. We
choose the correction uf of ug so that u§(xo) = up(to, L).

T, (t)(ug,up)(x) = /hl/n(t,x, A)dA.
The entropy admissible solution to the initial boundary value problem (1), (2),
(3) is given by the formula
t
u(t,) = L' — lim Tn(ﬁ)”(ué/",uB). (38)

n—oo

Remark 10. Notice that after t = 1/n we stop the time and then re-iterate the

procedure. This means that the sequence of functions (u,) = (Tn(%)”(ué/n,u]g))
is well defined.

Proof: The form of the transport-collapse operator (38) is almost the same as
from (17). Therefore, the proof that the TV bound of the sequence (u,,) is finite is
the same. We provide the details below.

TV (T, (0) (o, um)) = TV byt 3, )N

D v / Do, A), 1™ (x0 (£, %, Ay + s (%0t %, A)) sy )dA]

Prop.6
< (1 + Cit) max{TV (uo), TV (up)} + tCs.

Repeating the procedure from the proof of Theorem 8, we conclude that the se-

quence (u,) = (T (L) (ug,up)) satisfies

TV (u,) < et Ax < Oy Ax

for some constants C3 and Cj.

Thus, we conclude that the total variation of the sequence (u,, ) remains uniformly
bounded from where, according to the Kolmogorov criterion, it follows that the
sequence (uy,) is strongly precompact in L}, (RT x Q) toward a function u. The
limit of the sequence satisfies the entropy admissibility conditions from Definition

1 which makes it a unique entropy solution to (1)-(3).
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r=1L T

x(t, L 3\) _____________ z(t,R,\) i

FIGURE 2. The characteristics are denoted by dotted lines. They
transform  the  interval  (L,R) into  the interval
(@(t, L, ), 2(t, R, A)).

The proof of the latter fact is similar to the proof of Proposition 7 and Theorem
8. From there, we see that it is enough to prove that

/ (V(T(t)u) — V(u)) (x)p(x)dx < / / By (t', x, u(x)) Vipdxdt’ (39)
/// divae (£, %, AV (\)dAdE + // FLCE LAV (V)X O\, i) o(L)dA
+//0 At RN AEV (N x( N, ulp) p(R)AA + o(t), t— 0.

The only difference between the proof of Proposition 7 and the situation that
we have here is in the term (25) (see relation (22) in Proposition 7). Namely, after
applying the change of variables (18) the domain of integration is changed for the
first term from (25) and therefore, the two terms from (25) will not subtract (see
Figure 2). In order to explain technical details more concisely, we shall assume that
x € R (i.e. that we are in the one-dimensional situation) and that the boundary
function up is continuously differentiable. This means that we have the following
boundary conditions for some real numbers L < R

ula=r = up(t), ule=r = uj(2).

Remark that the change of variables (18) maps the interval (L, R) into the inter-
val (x(t, L, \),x(t, R, \)), (t,\) € RT x R. We have after the change of variables
(18) (in the first integral below):

R
/L /R V' O0)x (o (36, A, 1(x0 (£ 3, 1)) (0 (£, %, A) )dxcdA (40)

7 [ vono e
/ / :Z:) )X, u(x)) p(x)dxdA — /L " /R VOO 1(x)) () dxedA
:/</x(t,L,A)+/R(tRA)>AV/(A)X(AaU(X))w(X)ddi.

Since the boundary data are continuously differentiable and compatible with the
initial data,
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L (6, R\
</x(t,“) " /R ) /R VIA)X (A, u(x)) ¢ (x)dxdA

:/uwum—mw@nuwﬂm@@mx
+/(Rf:c(t, RNV (V) iy (8) o(R)dA + to(1), ¢ — 0.

Finally, taking into account (11):
t
(6 LA) — [ — / A LN = 0),
0

t
x(t, R,\) — R = / A RN = O(t),
0

we conclude from here and (40):

R
/L /R V7 O)x Qo (36, M), (30 (£ 3, A))) (30 (£, %, A) )dxcdA
R
—/ /V’()\)X()\,u(x))go(x)dxd)\
L R
=/Aﬁmawwwmnx@wmww

+//ﬁ@&»wwmmm%@mmmumn+mo
0

Combining this with (22), we conclude that (39) holds. This concludes the theorem.
a

Corresponding numerical examples are given below. It is one-dimensional scalar
conservation law defined on [0,0.5] x [—1,1] with the flux f(z,u) = H.(z)(1 —
w)(u+ 1)+ 4H.(—x)(1 — u)(u + 1), where H. is a standard regularization of the
Heaviside function with ¢ = 107%. In the first simulation boundary conditions are
U|z=—1 = 0, u|z=1 = 1 and the initial condition is u|;=¢ = H.(z). In the second
simulation boundary conditions are u|,——1 = 1, u|,—1 = 0 and the initial condition
is ult=o = H.(—x).
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FIGURE 3. Cauchy problem (left) and boundary problem (right)
with the initial condition ug(z) = He(z).
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FIGURE 4. Cauchy problem (left) and boundary problem (right)
with the initial condition ug(z) = H.(—z).
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