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Abstract

The paper studies an optimal decision problem for several groups of drivers on a network
of roads. Drivers have different origins and destinations, and different costs, related to
their departure and arrival time. On each road the flow is governed by a conservation law,
while intersections are modeled using buffers of limited capacity, so that queues can spill
backward along roads leading to a crowded intersection. Two main results are proved: (i)
the existence of a globally optimal solution, minimizing the sum of the costs to all drivers,
and (ii) the existence of a Nash equilibrium solution, where no driver can lower his own
cost by changing his departure time or the route taken to reach destination.

1 Introduction

Optimal traffic assignment and dynamic user equilibria on networks have been widely discussed
in the engineering literature [14, 15, 16, 17, 23]. For conservation law models of traffic flow on
a network of roads, these problems were recently studied in [4]. The basic setting comprises a
network with nodes Ay, ..., A,,, and connecting arcs 7;;. Drivers choose their time of departure
and route to destination in order to minimize the sum of a departure cost ¢(7¢) and an arrival
cost ¥ (7%). The problem is highly nontrivial because the arrival time 7% depends not only on
the departure time 7¢ but also on the overall traffic pattern.

As in [28, 29], along each arc we model the traffic flow in terms of the conservation law

pe+[pvij(p)le = 0. (1.1)

Here t is time and z € [0, L;;] is the space variable along the arc 7;;. The variable p = p(t, z)
describes the traffic density, i.e. the number of cars per unit length, while the map p — v;;(p)
is the speed of cars as function of the density, along the arc «;;. We assume that v;; is
a continuous, nonincreasing function of the density p. At each node of the network, the



conservation laws (1.1) must be supplemented by suitable boundary conditions, modeling
traffic flow at an intersection. In the earlier paper [4] a buffer of unlimited capacity was
assumed to be present at the beginning of each road. Arriving cars are placed in this buffer,
waiting for their turn to enter the new road. With this model, roads never become congested
and queues never propagate backwards.

Aim of the present paper is to prove the existence of global optima and Nash equilibria, for a
more realistic model where queues can propagate backwards along roads leading to a crowded
intersection. Starting with a definition of Riemann Solver, models describing traffic flow at an
intersection were recently developed in [10, 19, 20]. Unfortunately, in the specific context of
our optimization problems, they lead to ill posed Cauchy problems. The counterexamples in
[7] motivated the introduction of new intersection models [6], where each node of the network
contains a buffer of limited capacity. When the buffer is nearly full, cars can access the
intersection only at a very slow rate, and queues propagate backwards along incoming roads.
As proved in [6], for these models the Cauchy problem is well posed within the general class
of L initial data. The solution can be constructed as the unique fixed point of a contractive
transformation, defined in terms of a Lax-type variational formula. A key feature of these
models is that the travel time between any two nodes of the network depends continuously
on the data, w.r.t. the topology of weak convergence. These properties are precisely what is
needed, in order to apply the topological arguments in [4] and establish the existence of global
optima and equilibria.

Our optimal decision problems are formulated for n groups of drivers traveling on the network.
Different groups are distinguished by the locations of departure and arrival, and by their cost
functions. For k € {1,...,n}, let Gy be the total number of drivers in the k-th group. All
these drivers depart from a node Ay and arrive at a node Agy(y), but can choose different
paths to reach destination. Of course, we assume that there exists at least one path (i.e., a
concatenation of arcs)

r = .. 1.2

(ho T+ Tvnim) (1:2)
with i(0) = d(k) and i(N) = a(k), connecting the departure node Ay with the arrival node
Aqa(r)- We shall denote by

Vo= {Fhlb,...,PK}

the set of all paths which do not contain any closed loop. Since there are m nodes in the
network, and each chain can visit each of them at most once, the set V contains finitely many
elements. For a given k € {1,...,n}, let Vi CV be the set of all paths available to k-drivers,
connecting Ay with A,py. By ugp(-) we denote the departure rate of drivers of the k-th
group, traveling along the viable path I',. Hence

t
Ukp(t) = /_ Uk p(s) ds (1.3)

is the total number of drivers of the k-th group, traveling along the path I',,, who have started
their journey before time t.

Definition 1. Let the group of k-drivers have size G, > 0. We say that {ug,; k =
1,...,n, p €V} is an admissible family of departure rates if each uy, is a nonnegative



integrable function, and moreover

o
Z/ upp(t)dt = Gy for each k € {1,...,n}. (1.4)
peEVE © T ®
Here the admissibility condition (1.4) means that, sooner or later, every driver of the k-th
group will depart, choosing some path I', € Vj to reach his destination.

As in [2, 3, 5], we consider a set of departure costs ¢i(-) and arrival costs 1(+) for the various
drivers. A driver of the k-th group departing at time 7¢ and arriving at destination at time
7% has total cost

ok (%) + (7). (1.5)
In this framework, the concepts of globally optimal solution and of Nash equilibrium solution
considered in [2, 3] can be extended to traffic flow on a network of roads.

Definition 2. An admissible family {uy,} of departure rates is globally optimal if it
minimizes the sum of the total costs of all drivers.

Definition 3. An admissible family {uy,} of departure rates is a Nash equilibrium so-
lution if no driver of any group can lower his own total cost by changing departure time or
switching to a different path to reach destination.

From the above definition it follows that, in a Nash equilibrium, all drivers in a same group
must bear the same total cost (1.5).

In this paper we prove the existence of a globally optimal solution and of a Nash equilibrium
solution, extending the results in [4] to a model where queues can spill backward through
several nodes of the network. Our existence proofs, contained in Sections 4 and 5, are similar
to the ones given in [4] for buffers of infinite size. However, in order to apply these earlier
techniques to a model with finite buffers, a substantial amount of preliminary analysis is
needed.

The well posedness results proved in [6] refer to the initial-value problem. These results need
to be adapted to the boundary-value problem, where departure rates are assigned for all times
t € R. Moreover, one has to study how the travel time of each driver depends on all the
departure rates, w.r.t. the topology of weak convergence. In this paper, Section 2 recalls the
main definitions and modeling assumptions, while Section 3 establishes the key continuity
properties of our solutions.

In addition, the proof of the existence of a Nash equilibrium requires a uniform a priori bound
on the travel time of every driver. In a realistic situation, this is largely expected. In the
case of buffers of unlimited size considered in [4], such a bound is easy to prove. However, in
models where queues can spill backward, it is hard to pinpoint a condition which guarantees
that traffic will never get stuck, and all drivers arrive at destination in finite time. See [9] for
a discussion of this issue. In Section 6 of the present paper we prove a partial result in this
direction. Namely, if the network does not contain any closed cycle, then the traffic will never
get stuck.

For the basic modeling of traffic flow we refer to [1, 28, 29]. Traffic flow on networks has
been the topic of an extensive literature, see for example [10, 14, 15, 17, 18, 20, 21, 25] and



references therein. More detailed results on optima and equilibria for traffic flow on a single
road can be found in [2, 3, 5]. Various other optimization problems for network flows have
been considered in [8, 12, 22, 24, 26].

2 The traffic low model

2.1 Basic assumptions.

In our model, z € [0, L;;] is the space variable, describing a point along the arc ~;; joining the
node A; to the node A;. Here L;; measures the length of this arc. The basic assumptions on
the flux functions f;;(p) = pvij(p) and on the cost functions ¢y, 1y, are as follows.

£(P) = py(p)

free congested
0 max jam P
pij pij

Figure 1: The flux f;; as a function of the density p, along the arc ~;; from the node A; to A;.

(A1) For every arc v;;, the flux function p — fij(p) = puvij(p) is twice continuously dif-
ferentiable, strictly concave down, and non-negative on some interval [O,pgj‘-lm], with
i = fi; p-'- = 0. We shall denote by p.>%" € ,p-'A the unique value such that

(0 ]gjam 0. We shall d by pi;** ()f]amh 1 h th

fij(pii™) = fi7*" = max fi;(p). (2.1)

P07
(A2) For every k € {1,...,n} the cost functions ¢y, are continuously differentiable and
satisfy
() < 0,
lim (r(t) +vi(t)) = +o0. (2.2)
w;g(t) > 0, |t|]—00

Remark 1. For each flux f;;, consider the Legendre transform g;; of f;;

gij(v) = inf {uv — fm(u)} (2.3)

u€[07p’j5m]

Given a characteristic ¢ — z(t) with speed & = v, the Legendre transform g;; can be interpreted
as
gij(v) = — [flux of cars from left to right, across the characteristic]. (2.4)
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Figure 2: The flux function f;; and its Legendre transform g;; defined at (2.3). Notice that g;;(0) =

— i3, while g;(v) = 0 for v > f/,(0) and g;;(v) = p{;mv for v < {j(pif’”)

jam)’ /

For v e | f}; V> 1:(0)[, differentiating w.r.t. v, one obtains

) = et (©) = Frms

]

< 0, (2.5)

showing that g;; is strictly concave down on this open interval. As shown in Fig. 2, we also
have the implications

v < {j(ﬂqum) = 9ij(v) pr]qm%

(2.6)

v o> ZIJ(O) - gij(v) =0.

2.2 Evolution of traffic density.

We now describe more in detail how the traffic flow on the entire network can be uniquely
determined, given the departure rates wuy .

We assume that the set N of all nodes of the network can be partitioned as
N = NgUN; UN,

where the three sets on the right hand side denote the departure nodes, the transit nodes and
the arrival nodes, respectively (Fig. 3).

I - Dynamics at departure nodes. Departure nodes have no incoming road and only one
outgoing road. As in [4], let u(t) be the rate of departures from a node A; € Ny, and let
p(t,z), € [0, L], be the density of traffic along this single outgoing road. We assume that p
satisfies the conservation law

Call ¢(t) the length of the queue at the entrance of the road, and let

58 = 1
p(t) xi}(gl-l- p(:U, t)
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Figure 3: In this network, A;, Ay are entrance nodes, As, ..., Ag are transit nodes, and Ag, A1g are

exit nodes. We denote by P;; the mid-point of the arc v;; from A; to A;.

be the boundary value for the density. Moreover, define

L i () <,
‘“)‘{f@m> it p(t) > p.

Notice that w(t) is the maximum flux of cars that can enter the road at time t.

The boundary value for the flux and the length of the queue are then governed by the equations

sy = { @D 2.7
i(t) = ult) —w(t) if q(t)>0. (2.8)

Here and throughout the sequel, an upper dot denotes a derivative w.r.t. time.

IT - Dynamics at arrival nodes. We assume that each arrival node A; € N, has one
incoming road, say +;j, and no outgoing road. Cars exit instantly upon reaching the node A;,
and no backward queue is ever formed along the road leading to A;. We can thus assume that
the density p;; satisfies

pij < Pijs fii(pij) >0,
for all t > 0, = € [0, L;;]. Since all characteristics have positive speed, the initial-boundary

value problem along the arc v;; is well posed without assigning any condition at the terminal
point x = L;;.

ITI - Dynamics at transit nodes. Following [6], we assume that at each intersection there
is a buffer of limited capacity. The incoming fluxes of cars toward the intersection are related
to the current degree of occupancy of the buffer. To fix the ideas, consider an intersection
with m incoming and n outgoing roads. To simplify the notation, we label with the index
i € 7 the incoming roads and j € O the outgoing roads. As in [6], the space variable is z < 0
along incoming roads and z > 0 along outgoing roads. For k € Z U O, we denote by pj the
density of cars on the k-th road. Moreover, for ¢ € Z and j € O, we denote by 6;; the fraction
of cars in road ¢ who wish to turn into road j. The above functions evolve according to the
conservation laws

(pr)t + fr(pr)e = 0, keZuO, (2.9)



and the linear transport equations
(0ij)¢ + vi(pi)(0ij)a = O, i€, jeO. (2.10)
The state of the buffer at the intersection is described by an n-vector
q = (gj)jeo-

Here g;(t) is the number of cars at the intersection waiting to enter road j € O, i.e., the length
of the queue in front of road j. Boundary values at the junction will be denoted by

( Hij(t) = limg,_,o— 9¢j(t,x), 1€Z, €0,
ﬁl(t) = hmx—)O— pl(t7 x)a (NS Ia
pi(t) = limg_o4 pj(t, ), jeo, (2.11)

filt) = fi(pi(t)) = limgo- fi(pi(t, ), icT,

L fi) = fi(pi(t) = limgsosr fi(p(t,2),  j€O.
Conservation of the total number of cars implies
g = > fibii—f for all j € O. (2.12)
i€l
Following [20], we say that a density p € [0, piam] along the k-th road is

max

- a free state if p € [0, pi'**],

max am]

- a congested state if p €]p]'", py

We also define
fi(pi) if p; is a free state,
wi = wi(pi) = i e,
firer if p; is a congested state,

the maximum possible flux at the end of an incoming road. Notice that this is the largest flux
fj(p) among all states p that can be connected to p; with a wave of negative speed.

Similarly, we define

1i(p5) if p; is a congested state,
wj = wj(pj) = jeo,
f?“m if p; is a free state,

the maximum possible flux at the beginning of an outgoing road. This is the largest flux f;(p)
among all states p that can be connected to p; with a wave of positive speed.

We consider two different sets of equations relating the incoming and outgoing fluxes f; and
fj, depending on the drivers’ choices 6;; and on the lengths g¢; of the queues in the buffer. As



proved in [6], both models lead to well posed Cauchy problems within the general class of L
data.

In the first model, the junction contains one single buffer of size M. Incoming cars are
admitted at a rate depending of the amount of free space left in the buffer, regardless of their
destination. Once they are within the intersection, cars flow out at the maximum rate allowed
by the outgoing road of their choice. As usual, if the queue size g; is nonzero, drivers respect
their place in the queue: first-in-first-out.

Single Buffer Junction (SBJ). Consider a constant M > 0, describing the mazimum
number of cars that can occupy the intersection at any given time, and constants ¢; > 0, i € Z,
accounting for priorities given to different incoming roads.

We then require that the incoming fluzes f; satisfy
fi = min {w, cl(M—qu) : ieT, (2.13)

while the outgoing fluzes f] satisfy

if ¢; > 0, then f; = wj,
) ) jeo. (2.14)
if ¢; =0, then f; = min {wj, D ier fl-Hij},

In our second model, there are n buffers, one for each outgoing road. Incoming drivers are
admitted at a rate depending on the length of the queue at the entrance of the road of their
choice. Once they are within the intersection, cars flow out at the maximum possible rate,
respecting their place in the queue: first-in-first-out.

Multiple Buffer Junction (MBJ) Consider constants M;, j € O, describing the size of
the buffer at the entrance of the j-th outgoing road, and constants ¢; > 0, i € I, accounting
for priorities given to different incoming roads.

We then require that the incoming fluzes f; satisfy

7 (M — g . .
f, = min {wi, C(éqj) ]6(’)}, ieT, (2.15)
ij

while the outgoing fluzes f; satisfy (2.14).
We now consider the Cauchy problem for the system of equations (2.9), (2.10), (2.12), assuming

that at each node the boundary conditions (2.13)-(2.14) or (2.15)-(2.14) are satisfied. We allow
the possibility that the conditions (SBJ) hold at some nodes, while (MBJ) hold at other



nodes. The initial data have the form

pr(0,2) = pg(x) keZUO,
0;5(0,2) = 65 () i€Z, jEO, (2.16)
g;(0) = ¢ jeo.

By an admissible solution of the above system we mean a family of functions (pg, 5, ¢;), with

Pk € [O’piam] ) 91']' € [0,1], Z Qij =1, (2.17)
jeo
Yjcot <M, in case of (SBJ),
g =0, (2.18)

gj < M; for every j € O, in case of (MBJ),

and with the following properties.

The functions py provide entropy-weak solutions to the conservation laws in (2.9).
The functions 6;; provide solutions to the linear transport equations in (2.10).

)
)
(iii) The functions ¢; are Lipschitz continuous and satisfy the ODEs (2.12).
) The initial values of py, 0;; and g; satisfy (2.16).

)

The boundary values pg(t), fi(t), 0;;(t) in (2.11) are well defined in the sense of traces,
and satisfy the boundary conditions (2.13)-(2.14) or (2.15)-(2.14) for a.e. t > 0.

IV - Dynamics on the entire network. The models studied in [6] dealt with one single
intersection. In that case, the drivers’ turning choices 6;; at (2.10) had to be assigned only on
incoming roads ¢ € Z. To model traffic flow on an entire network, we also need to keep track
of how many drivers choose the path I',, to reach destination. For this purpose, we denote by

Pitp = Hp * Pie (219)

the density of cars on road ;¢ that follow path I',,. Clearly 6, = 0 if the arc v;, is not part of
the path I'). Moreover, at every point (¢,x) we have

0,(t,z) € [0,1], > Ot z) = 1.
P
Notice that the coefficients 6, are passive scalars, transported along the flow. Along any arc

¢, they satisfy the linear transport equations

(0p)¢ + vie(pic) - (Bp)a = 0. (2.20)

Along the road ~;¢, the fraction 6;;(¢,z) of drivers traveling on road 7;, who will turn into
road y,; is recovered from the coefficients 0, by

O; = > 0p.

Ye; €ELp

9



Indeed a driver currently on the arc ~,4, after reaching the intersection A, will turn into the
road y; iff this road is part of the path I', that he is using to reach destination.

Thanks to the finite propagation speed, all the equations can be solved iteratively in time.
Indeed, the positive quantity

Amm = 5 mln LU am
2 0 f0) = S0l
provides a lower bound on the time needed for characteristic to travel half way across any
arc 7;; of the network. Given the departure rates uy, p, if the densities p;; and the queues gy
are known at time 7, one can uniquely determine the solution also for t € [T, T + A,in], by
solving separately the Cauchy problem in a neighborhood of each node. More precisely, let
P;j = Li;j/2 be the mid-point along the arc v;; = [0, L;;]. Then for any given time 7 € R the
following holds.

(2.21)

1) Let Ay be a departure node, with outgoing arc 7y;. Let the departure rates uy,(t) be
given, for t € [1, 7+ Apin]. Moreover, let the traffic densities py; ), = 0, p¢; be given at time 7,
along the entire arc vy;. Then these initial and boundary data uniquely determine the traffic
density pgjp(t,x), for t € [7, 7+ Apin] and x € [0, Ly;/2].

2) Let Ay be an exit node, with incoming arc v;,. Let the traffic density p;s(7,-) be given at
time 7, along the entire arc ;0. Then these initial conditions uniquely determine the traffic
density pis(t,z), for t € [T, 7+ Apn] and x € [Lig/2, L.

3) Let A; be a transit node, with incoming arcs i, ¢ € Zy, and outgoing arcs v, j € Oy.
Let the traffic densities p;¢ (7, ) be given at time 7, along each of the the above arcs vi¢, v¢j,
together with the sizes of the queues ¢j, j € 0. Then, for t € |7, T + Ayip|, these initial
conditions uniquely determine the traffic densities p;(t,x) for i € Zy, x € [L;jy/2, Lj|, and
pej(t,x), for j € O, x € [0, Ly;/2].

To complete the inductive step, and determine the traffic densities py;, = 0, - pg; for all times,
we still need a formula to determine the fraction 6, of drivers following path I',, along the
outgoing roads j € Oy.

To fix the ideas, consider a node A, and let 7+, and 7.« be consecutive arcs in the path Iy,
(see Fig. 4, left). Let g;«(t) be the length of the queue at the entrance of road vj+. To keep
track of the composition of this queue, at each given time ¢ let £ € [0, gj+(t)] be a Lagrangian
variable labeling drivers in this queue. Moreover, call ©,, : [0, ¢;(t)] + [0, 1] the fraction
of these drivers that follow the path I', to reach their eventual destination (Fig. 4, right).
Recalling (2.11) the function O/, can be determined by solving the linear boundary value

problem B
fir (8)0i p (1)
O ,(t,0) = — , 2.22
’LGI@
0 = 0
5.0t + [ D filt)0i;(1) ) | ge®un(t:6) = (2.23)
€Ly

Indeed, on the right hand side of (2.22) the numerator is the rate at which p-drivers (i.e.,
those following I', to reach destination) join the queue g;«, while the denominator is the rate

10



at which drivers of all types join this same queue. Call £(t) the position of a particular driver
inside this queue, i.e. the number of cars behind him, in the queue. Clearly, £(tp) = 0 at
the first time ¢y when this driver joins the queue, while {(7) = g;=(7) at the time 7 when he
reaches the end of the queue. Since the map t — Oy, (t,£(t)) is constant, this yields (2.23).

On the outgoing road <+, the boundary value for 6, is now determined by

Op(t,04) = Opp(t,q=(1)). (2.24)

\/\
R

0 qj*(t) 13

Figure 4: Left: a node A, along the path I',. Right: the function { — ©y,(¢,€), determining the
distribution of p-drivers within the queue g;-.

2.3 The optimal decision problems.

Let G}, be the total number of drivers of the k-th group who travel along the path I',.
The admissibility condition implies G 1 + --- + G,y = Gi. We use the Lagrangian variable
B € [0,Gk,p) to label a particular driver in the subgroup Gy, of k-drivers traveling along the
path I'). The departure and arrival time of this driver will be denoted by T,‘ip(ﬁ) and T,?J)(B),

respectively. Let U, g;p ) = Uk p(t) denote the amount of drivers of the subgroup Gy, who
have departed before time ¢. Similarly, let U, ,‘j;””e(t) be the amount of Gy, ,-drivers who have
arrived at destination before time t. For a.e. 8 € [0, G ;,| we then have

(8) = inf{t; ety > 5}, (8) = inf{t; e (t) > 5}. (2.25)

With this notation, the definition of globally optimal and of Nash equilibrium solution can be
more precisely formulated.

Definition 2'. An admissible family of departure distributions {Uyp} is a globally optimal
solution if it provides a global minimum to the functional

Grp
S (a9 + Gt () 2.26)
k.p

Definition 3'. An admissible family of departure distributions {Uyp} is a Nash equilibrium
solution if there exist constants c1,...,cy such that:

(i) For almost every f € [0,G} ] one has
or(Thp(8)) + V(T (8) = ek (2.27)

11



(ii) For all T € R, there holds

ok(T) + r(TE (1)) > ek (2.28)

Here T,g;””“l(T) is the arrival time of a driver that starts at time T from the node Agqyy and
reaches the node Ay, traveling along the path T'p.

In other words, condition (i) states that all k-drivers bear the same cost ¢;. Condition (ii)
means that, regardless of the starting time 7, no k-driver can achieve a cost < c¢g.

3 Continuity properties of the flow

The well posedness results proved in [6] apply to the Cauchy problem, where initial data
are assigned on every road of the network at a given time ¢ = #3. On the other hand, to
study optimal traffic assignment and users equilibria, we need to consider boundary conditions
describing the departure rates uy,(t), for any ¢ €] — oo, + oo[. The results in [6] on the
well posedness of the Cauchy problem must therefore be adapted to this somewhat different
situation. In particular, we need to study the continuous dependence of solutions w.r.t. weak
convergence of the departure rates. Let (uj,) be an admissible family of departure rates. For
every arc v;j, contained in some path I'y, we consider the following functions:

Vij(t,x) = total amount of cars that have crossed the point z € [0, L;;] before time ¢.

Vijp(t,xz) = total amount of cars that have crossed the point z € [0, L;;] before time ¢ and
follow the path I',, to reach their destination.

Clearly, Vi;(t,x) = >_, Vijp(t,x). Given a sequence (uj ,)y>1 of departure rates, the corre-

sponding functions V;%, Vi  are defined in the same way. In addition, we introduce

Definition 4. A sequence u” = (u} p) of admissible departure rates is tight if, for every
e > 0, there exists T, such that the corresponding solutions satisfy

—T: o]
> < / uf ,(t) dt + /T E uf ,(t) dt> < e for allv>1. (3.29)

kp T

According to (3.29), for every v the total number of drivers departing before time —7 or after
T. is < €.

The next lemma shows that, if the total number of cars traveling on the network is sufficiently
small, all roads remain in a free state and no queue is formed at any intersection.

Lemma 3.1. There exists g > 0 small enough and a travel time AT such that the following
holds. Assume that the total amount of drivers departing before a given time T is

T
Z/ upp(t)dt < ep. (3.30)
k,p —©
Then

12



(i) Fort < T all queues at all intermediate nodes are empty.
(i4) Every driver departing at a time 7@ < T — AT reaches destination at time 79 < T.
(iit) Consider a second family of departure rates Ty, satisfying (3.30) together with

Up k() = upi(t) forall k,p and allt >T — AT. (3.31)

Then the corresponding densities and queues satisfy pi;(t,x) = pij(t,x), q;(t) = §;(t) for
alli,j, x € [0, Lyj], and t > T.

Proof. 1. Consider the quantities

1
pf = = minpn® 6 = minfl(p") > 0.
2 i Y ij Y
Notice that, if the density satisfies p(t,2) < p? then on any road 7ij, the characteristic speed
is

file) = (0% = &,

We claim that, given p’ > 0, there exists g > 0 such that the following holds. If at any
entrance node Ay the total amount of drivers is < ey, on the first arc [0, ng] the density
satisfies

pei(t,x) < o for all t and all = € [Lg;/2, Ly;). (3.32)
Indeed, set

5min = —-min —=_ < Amin-
2 fz’lj(o)

For any (to, o) € R x [Lgj/2, Lyj], two cases are considered:

CASE 1: There exists yo € [0, Ly;[ such that

—z
Vij(to,z0) = Vii(to — Omin, Y0) — Smin 'gzj(y05 ' 0) ;
and
Yo — Zo
féj(pfj(t(]ax(])) = 5 . .
min
In this case we have
Vii(to, zo) — Vi (to — Omins Yo) €0
e (féj(ﬁ’eg‘(to,ﬂfo))) = - 5 . Z — 5
min min
Choosing g¢ > 0 sufficiently small, this yields (3.32).
CASE 2: There exists 7 € ]tg — Omin, to[ such that
xo — Lyj
Vij(to,zo) = Vii(7, Lej) — (to —T%%(ﬁ)

Assume that Ay, is the exit node of road 7;. From [6], we have

Vis(r, L) > Omin-min {£57, e;(M = 37 laxlusirosuuiol) | i case of (SBI),
keOy,
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and

M, — o
Vei (7, Lej) > Omin - min { Tax k= gk llLeo o~

to] .
L P ke O f (MBJ).
g ¢ O ke g} in case of ( )

On the other hand, we also have that Vj;(7, L) < o and qi(7) < Keg for all 7. Thus, it
yields a contradiction if g > 0 is small enough.

Then by induction, if p” is chosen sufficiently small and (3.32) holds for every entrance arc,
then no queue is ever formed and the maximum density is p;;(t, z) < P one every other arc
of the network. In particular, this achieves the proof of (i).

2. From step 1, for 0 < g9 < 1 small enough, one can see that on any arc v;; the flow is always
free at any time ¢ < T, i.e. p;;(t,x) < pi;**. This yields the uniform bound

vij(pij(t, 7)) > vmin = inf v(p;;*) > 0 forallt <T.
ij

On the other hand, the waiting time in the queue at any entrance node Ay of each driver who

departs before time T is less than mmifo T < minijl s Define

AT = ! + 2ij Li
minij Z‘r;lax Umin .

Then the total traveling time of any driver who departs before time T'— AT is less than AT.
This yields (ii).

3. Notice that
vij(p) > fi;(p).

By (ii) and the non-crossing of backward characteristics, the value of p;;(T, x) for x € [0, L;;|
depends only on the value of {uy,} in [T'— AT, T]. Thus, from (3.31), one has that

pij(T,x) = pi(T,z), z € [0, L[

Recalling that for ¢ €] — oo, T there is no queue at any transit node, we obtain (iii). Ul

In the following, given a node Ay, the incoming arcs will be denoted by ~;,, with i € Z,, while
outgoing arcs are v, j € Op. At the node Ay, we denote by g,;(t) the length of the queue of
cars waiting to enter the outgoing road 7,;. Relying on the analysis in [6], we now prove

Lemma 3.2. Consider a tight sequence of admissible departure rates u¥ = (uz’p) which satisfy
the uniform bounds
0 < up,t) < M forall teR. (3.33)

for some constants My and all k,p,v. Then, by possibly taking a subsequence, as v — o0 one
has the weak convergence
g, = U, (3.34)

for some admissible family (uzp) of departure rates. In addition, one has

14



(i) For any T >0, as v — oo one has the convergence

Vit ) = Vi(t @), (3.35)
Vil]ip(t’ :L‘) - Vi;,p(tv $), (3.36)
qr;(t) = qz;(t), (3.37)

uniformly for all x € [0, L;;] and t €] — 00, T|. In turn, for every t one has
pri(t,) = pi(t.-) in LY([0, Lij)). (3.38)

(ii) If all drivers reach their destination before some fized time T* > T, then there exists a

constant Umin > 0 such that all velocities vy; on all roads satisfy the uniform lower bound
’U;‘/j(t)w) > Umin (339)

forallt,z,v.

> O
o
o

\ PN .A
. 5 . —\:O/ N
./ A, 2 / AN—1

A

0

Figure 5:

Proof. Because of the tightness assumption, a standard compactness argument yields the
existence of a subsequence converging to an admissible family of departure rates (u;p). For
clarity of exposition, we first prove (i)-(ii) assuming that all ujy (¢) vanish for ¢ < —T'. At the
end, we describe the modifications needed to cover the general case.

1. We start by proving (i), assuming that no driver departs before time —7'. For ¢t < —T all
functions p7;, V¥, q7; are thus identically zero and the result is trivially true. Recalling (2.21),
consider the times

™ = —T +nAnin-

By induction, assume that the convergence in (3.35)-(3.38) holds on every arc v;; and every
t<T,.

2. For each departure node A, € Ny, consider the initial-boundary value problem with
initial data given at t = 7, and boundary data at = 0 given for ¢ € [7,,, T,4+1]. By finite
propagation speed these data uniquely determine the solution on the domain t €]7,, 7,+1] and
x € [0, Lg;/2]. Call ugy, the rate of departures from node Ay of drivers who follow the path
I'). The total number of departures up to time ¢ is computed by

—0o0

t
Uit) = 3 Un(t), U(®) = [ usy(rydr.
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For every v > 1, the Lax type formula derived in [6] yields

y=> t— 7y

i {0re) - =900 ()}

We recall that gy; is the Legendre transform of the flux function f;, as in (2.3). The assump-
tions (3.33)-(3.34) imply the uniform convergence U} — U}, while the inductive assumption
yields the uniform convergence

(3.40)

Vei (o, ) — Vi (7n, 2) x € [0, Lgj).
By (3.40) this yields the convergence
‘/E?(tax) - ‘/Z;'(tvx)a (t>$) € [Tna Tn+1] X [O>L€j/2]' (341)

In turn, since
(Vij)e = — iy Vij)e = — iy,
(3.41) implies the weak convergence

Pej(Tns) = Pij(Tn, ) on [0, Le;/2] (3.42)

for t € |1y, Tht+1]. We now observe that, by Oleinik’s estimates, the functions pzj(Tn, -) have
uniformly bounded variation on any subinterval of the form [e, Ly;/2], with € > 0. Therefore,
the weak convergence (3.42) implies the strong convergence

HPZ’(Tm‘) _pszLl([O,ng/Q]) — 0. (3.43)

It remains to prove the uniform convergence in (3.36), for each path I'y. For this purpose,
given t € [, Th41] and « € [0, Ly;/2], consider the departure time of the driver who reaches
point z on the road 7, at time ¢, namely

™(t,x) = inf{s<t; Uy(s) = Vﬁ(t,x)},
™(t,x) = inf{s<t; Uj(s) = V}’;(t,:c)} .
By the uniform convergence Vj; — Vj, and Uy — Uy it follows
liyrgi;gf (t,x) > T(t,x). (3.44)

Therefore

T*(t,x) TV (t,z)
lil/rgg.}f Z/Oo up,(s)ds < liyrgggf Z/Oo uy ,(8)ds
P P

T*(t,x)
— liminf V(ha) = Vilta) < 3 / i ()ds.

vV—00
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Recalling that uy, — uj ,, we have lim, fj:it’x) p(8)ds = I’ Oc()t <) ug ,(s)ds. Therefore,
‘ T+ (t,x) } vV(t,x) T (t,x) B
Vhﬁn;() Z/oo up ,(s)ds = ulggo Z/ ug (8 = Z/Oo up,(s)ds.
P P

For every p this implies

TV (t,x) (t,x)
lim ij(t xz) = lim uZp(s)ds = / uzp(s)ds = X/Z;m(t,a:),

V—00 V—00 oo

proving the convergence (3.36). Since all functions Vi p are uniformly Lipschitz continuous,
the convergence holds uniformly on bounded sets.

3. A similar argument is valid for a terminal arc ,¢, ending at some arrival node A;. Indeed,
consider the Cauchy problem with initial data given at t = 7, for € [0, L;y]. By the Lax
formula,

Vie(t,#) = min {Vje(Tn,y) —(t—7n) " gje (f__y> } , (3.45)

y> Tn

these data uniquely determine the solution on the domain ¢ € [1,,, T11] and @ € [L;p/2, Lj].
The inductive assumption yields the uniform convergence

Vj%(Tm‘T) — Vé(Tny )7 T e [07 Lid- (346)
Using (3.46) in (3.45) we obtain in turn the uniform convergence

V;Z(t,l’) - VZ(t '7:) (t’x) € [TanTH-l] X [Lif/zv Lif]’

the Weak convergence p%,(t,") — pj,(t,-) on [Li/2, Ly, and finally the strong convergence
107;(t; ) = Pp; (¢, )L 0,L,, /21) — 0, for every ¢ € [r, Tnia].

To prove the convergence (3.36) for every p, we argue as follows. Fix any (¢,z) € [1,, Thy1] X
[Lje/2, Lje) and define

T(t,x) = inf{s <t; (s, 0+) = V(L z)},
T™(t,x) = inf{s <t; Vii(s,0+) = V(t, z)}.

Observe that 7(t,z) < 7,. Since Jg(t z) — Vi(t,z) and Vji(-,0+) — V(-,0+) uniformly
for t < 7,, the inequality (3.44) again holds. Therefore,

h,ﬂlof.}f Z iop(TH(t, 1), 04) < hymloréf Z iop(TV (8, ), 04)

= hyrggéf Z p(tr) = hmmf Vi(t,z) = Vj(t,x) Z

On the other hand, by the inductive assumption, we also have

hyrggéf ;2 p( ( Z Jf p Z Jﬁ p
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Therefore, for all p it holds
lim ‘/j’z,p(t7 1‘) = jzp(tv [E) :

V—00

4. Next, consider a transit node Ay. By the inductive assumption, at time 7,, we have the
strong convergence

10560y ) = P (Tns L o,ni) — O i€y,
(3.47)
HPZj(Tn, ) = ij(Tﬂv ')HLI([O,L@-}) — 0 J €Oy,
together with the convergence of the queue sizes
QZj (Tn) — QZ]' (Tn) ) (3'48)
and, for every p, the uniform convergence
Vit p(tnyx) = Vi (o, @) on [0, L] i€y,
(3.49)
Viip(Tns) = Vi (o, @) on [0, L] jeO,.
By (3.49) we also have the weak convergence
Pit(Tny ) - 05 (Tny ) = Pie(Tns ) - 055(Tnsc)  on [0, Lig] i €Ty, (3.50)

Notice, however, that here the strong convergence in L' may not hold, because the coefficients
6;; satisfy a linear transport equation and can have unbounded variation. For all ¢ € [r,, Ty41],
according to Theorem 2 in [6] one has the weak convergence

pi(t, ) — pi(t,-) on [Lig/2, L] i€y,

(3.51)
pzj(ta ) - pzj(ta ) on [07 ij/z] .7 € Of 5
together with the uniform convergence of the queue sizes
q;(t) — qp;(t). (3.52)
For any i € Z; and (t,2) € [T, Tnt1] X [Lie/2, L], let
™(t,x) = inf{s<t; Vj(s,04) =Vt z)}.
With the same argument in step 3, one can show that
Vli_)rgo (Tt 2),04) = Vli_{glo (70 (1), 04) = Z V*(r*(t,x),0+) .
P P P

Thus, for all p and ¢ € Zy, it holds

li_}m Viep(tiz) = Vi, (t, ) for all (t,z) € [Tn, Tnt1] X [Lie/2, L.

2
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To complete this step, we need to show that, for every j € Oy and every p one has

lim Vi, (t,z) = Vj,(t ) for all (t,x) € [T, Tns1] % [0, Lg; /2] . (3.53)

V—r00

Indeed, for any (t,z) € [T, Tn1] X [0,, Lg;/2]] and i € Zy, let

T(t,x) = inf{ T<t; Vilr,Py) = ng(t,az)},

one has
S, 3 Vi) ) = i 3 Vil () Pa) = 30 V000 P

p

This implies (3.53).

5. The proof of the convergence (3.35) is now achieved by induction on n. Since all functions
Vi; are uniformly Lipschitz continuous w.r.t. both t,z, it is clear that the convergence is
uniform for ¢,z in bounded sets.

In turn, this implies the weak convergence

pij(t,) — pi(t,-) (3.54)

for every time ¢. Since the flux function f;; is strictly concave, by Oleinik’s estimate the
restriction of p;(¢,-) to each compact subinterval of |0, L;;[ has uniformly bounded variation.
Therefore, the weak convergence (3.54) implies the strong convergence (3.38).

6. In this step we remove the assumption that uzp(t) =0 for all k,p and t < —T'. For this
purpose, for each integer N > 1 consider the truncated functions

kp 0 if t<—N.
Let VVN, V;k N ete... be the corresponding functions, obtained by replacing uy, , with uzg

Recalhng Lemma 3.1, consider any ¢ €]0, 0] and consider any two integers N, N’ such that
T.+ AT < N < N'. By Lemma 3.1, for every t > T. we have

N N’
plzjj (t,l’) - p;/j (t,.’E)

for every road 7;;. Hence, the position of any driver departing after time 7. will be exactly

the same in the two solutions with departure rates u,’;g and uZ’g,. This implies

N N N N’
Vi (o) = Vi (o) < e, Vit x) = Vi (o) < e,

for all 4, j, p, t, z, provided that T. < N < N’. Since € > 0 was arbitrary, letting N — oo we
obtain the convergence in (3.35)-(3.36).

7. Toward a proof of (ii), consider any transit node A, € N;. By assumption, for ¢t < —T all
roads and all buffers ¢; are empty. For ¢t € [-T,T*], the queues ¢y ; may be strictly positive.
However, the buffers never become completely full.
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More precisely, assume first that the flow at the node Ay is governed by (SBJ), where M is
the size of the single buffer. Then, by Remark 1 in [6], there exists a constant C' > 0 such
that, for all v,j € Oy and t € [-T,T*] one has

M= gt =C. (3.55)

J€O;

Next, assume that the flow at the node Ay is governed by (MBJ), with buffers of sizes M,
j € Op. Again by Remark 1 in [6], there exists a constant C' > 0 such that, for all v,j € Oy
and t € [-T,T*] one has

M;—qjt) > C. (3.56)

8. On an exit arc ;¢ the flow is always free, i.e. pji(t,z) < . This yields the uniform
bound vje > vje(p}**) > 0.

Next, consider any arc 7, ending at the transit node A,. Fix any x= €10, L[, t € [-T,T"].
Two cases can be considered.

CASE 1: (t,x) is a free state, i.e. py(t,x)) € [0, p[;**]. Then we trivially have v;p > v (pl;**) >
0.

CASE 2: (t,z) is a congested state, hence the characteristic through (¢, ) has negative speed
flo(pie(t,x)) < 0. In this case, this characteristic originates at some point (7, L; (), for some
T <t <T* By (3.55) or (3.56), the flux fip(7) = fie(7, Ligy—) exiting from road ~;, is strictly
positive. Indeed, for a single buffer we have

fulr) = ci(M— qu(T)) > ¢ C,
JEO,

while in the case of multiple buffer we have

3 .M —g4(1))
. _ > .
fie(T) Jmegt » ¢ C

Since both the density and the flux are constant along characteristics, this implies
fulpie(t,x)) = ful(r) > C.
Observing that vie(p) = fie(p)/p, we obtain the uniform lower bound
c;C

vie(pie(t,z)) > o 0.
Pie

O

Assuming that the vehicle speed v;;(p) remains uniformly positive on every road, the following
lemma shows that the arrival time of any car depends Holder continuously on the departure
time.
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Lemma 3.3. Let all departure rates uy p(t) be uniformly bounded as in (3.33), and assume
that the speed v(p) remains uniformly positive, on all roads. Then, for every viable path T,
there exist constants K, « such that the following holds. For any two cars departing at times
T < 7T and traveling along ', the arrival times T*(1) < T*(T) satisfy

T(7) - T%r) < K(7 — 7)™ (3.57)

Proof. 1. Consider two drivers, joining the queue at the entrance of a given road ~ at times
Thueue < fqueue. Call Tyepart < fdemrt the times where they clear the queue and start traveling
along . Since the total flux of cars joining the queue is uniformly bounded, and the rate at
which cars flow out of the queue is uniformly positive, the difference between the departure
times can be bounded as

Tdepart - Tdepart S Cl : (Tqueue - Tqueue) ’ (358)
for some uniform constant C".

Next, consider two drivers traveling along the road -y, departing at times Tgepart < Tdepart-
Call Tyrrive < fawwe the times when they arrive at the end of road +. To estimate the
difference between these arrival times, let L be the length of the road and call p(t),p(t) € [0, L]
respectively the positions of the two cars at time ¢t. Observe that p,p satisfy the ODE with
discontinuous right hand side

p(t) = v(p(t,p(t))> te [Tdepart ) Tarrive] . (359)

By assumption, v is bounded and uniformly positive. Hence the distance between the two
drivers at the time when the second one departs is bounded by

Uma:r . (

p(fdepart) - ﬁ(fdepart) = p(fdepart) < Tdepart - Tdepa,rt) .

Since the time difference Torrive — Tdepart is a priori bounded, by Theorem 2.2 in [11] the
distance between the two drivers at time ¢t = T;,0e When the first one arrives can be estimated
as

p(Tarm've) - ﬁ(Tarm've) < C- (p(fdepa’rt) - ﬁ(fdepart)) ) (360)

for some constants C,a > 0. Since the second driver travels with uniformly positive speed
V > Umin > 0, his arrival time will satisfy

T p(Tarrive) - ﬁ(TaTTz’ve)

Tarrive - Tarr'ive § o
min
(3.61)
C ~ L @ C ~ &
< . (p(Tdepart) - p(Tdepart)> < : (Umax . (Tdepart - Tdepart)) .
Umin Umin

2. After a relabeling, it is not restrictive to assume that I is the concatenation of N — 1 arcs,
joining the nodes Ay, Ao, ..., Ay. Namely,

r — <712, ’VN_l,N)' (3.62)

Consider a driver starting his journey at A; at time 7. For £k =1,2,..., N, define:
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T, qlueue = 7 = time when the car joins the queue at the entrance of the first arc Yy

k—1 _ mk g . C e .
Tyrive = Tgueue = time when the car arrives at the node Ag, joining the queue to enter Ve ka1’
k . . . .
T depart = time when the queue at node Ay is cleared, and the car starts moving along Ve ka1’
TN ... = T%(T) = time when the car arrives at the final node Ay.
Define the corresponding times ffr;}v = T fueue, Tl’fem”, for a driver starting at time 7.

By (3.58), for every k there exists a constant C}, such that

Tgepart - Tj:epart < Cllc ’ (Tk - Tk ) : (363)

queue queue

By (3.61), for every k there exist constants Cf, aj such that

Tk - Tk < Ck (Tc’lgepart - T;epart)ak‘ (364)

arrive arrive
Since the composition of Hélder continuous maps is Holder continuous, by induction on k& =
1,..., N we obtain (3.57). 0
The next lemma states the uniform convergence of the travel times along any path I'.

Lemma 3.4. Consider a sequence of departure rates u” = (uj, p) satisfying the uniform bounds
(8.33). Assume that, as v — o0, one has the weak convergence up, — u’,;p for all k,p. In
addition, assume that the car speed remains uniformly positive, on all roads, say vy; (p(t,z)) >
Umin > 0.

Let T' be any viable path, and call 7V(t), 7*(t) the corresponding arrival times of a driver who
departs at time t and travels along I'. One then has the convergence

lim 77(t) = 77(t), (3.65)

v—00
uniformly for t in bounded sets.

Proof. 1. By taking a subsequence, we can assume:

(i) The uniform convergence of the queue sizes at each node A,
QZ]'@ — qu (t) J€ 0. (3.66)
(ii) The uniform convergence of the functions V;;, namely

Vi(t,x) — Vit x) x € [0, Lyj]. (3.67)

(iii) The L' convergence of the densities on each arc ;;:

ph(t,) = pf(t,-) in L'([0, Lij)). (3.68)
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2. After a relabeling, we can assume that ' has the form (3.62). For each k =1,...,N — 1,
consider a driver arriving at the node Ay, at time ¢. Denote by T, CZI; wri(t) = t the time when
this driver starts moving on the following road i i1, possibly after spending some time in
the queue. Notice that these functions T(;/e’;jart are uniformly Lipschitz continuous, for ¢ in
bounded sets. By (i)-(ii), as ¥ — oo we have the convergence

v,k *,k
Tdepart (t) - Tdepart (t) ’ (369)

uniformly for ¢ in bounded sets.

3. Next, consider a driver starting to move along the road 741 at time t. Denote by
Ta”;ﬁw .(t) > t the time when this driver reaches the end of this road. By (iii), using Theorem 2.2
in [11], we obtain the pointwise convergence

k k

T:rrive(t) - T:rrive(t) : (370)
Since all functions T:;,ﬁw . are uniformly Hoélder continuous, the convergence is uniform for ¢
in bounded sets.

4. We now observe that, with the previous notation, the arrival time of a driver starting at
time t and traveling along the path I" in (3.62) can be written as the composition
N N K k 1
T (t) = Tzlz/rrive °© Tc;/epart -0 Tayrrive © Tc;/epa’rt -0 Taurrive(t)'

The convergence 7%(t) — 77*(t) thus follows from (3.69)-(3.70), by an inductive argument.
O

4 Globally optimal solutions

In this section we establish the existence of a globally optimal solution. The proof follows the
direct method of the Calculus of Variations, constructing a minimizing sequence of solutions
and showing that a subsequence converges to the optimal one.

Theorem 4.1. (existence of a globally optimal solution). Let the fluz functions f;;
and the cost functions o,y satisfy the assumptions (A1)-(A2). Then, for any n-tuple
(G1,...,Gp) of positive numbers, there exists an admissible family of departure rates uy,
which yield a globally optimal solution of the traffic flow problem. These rates are uniformly
bounded.

Proof. 1. By possibly adding a constant, because of (A2) it is not restrictive to assume that
0K (t) + Yr(t) > 0 for every time ¢. Calling mg the infimum of the total costs in (2.26), taken
among all admissible departure rates {uy,}, this implies mg > 0.

We first claim that mo < +o00. Indeed, let G = ), Gj be the total number of drivers, and
choose an integer N large enough so that G/N < gyp. We can then partition the set of all
drivers into N subgroups, each with size < g9. We let all drivers of the first group start at time
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to = 0. By Lemma 3.1, these drivers will all arrive at destination within time t; = AT. We
then let all drivers of the second group depart at time ¢;. In turn, they will all arrive within
time to = 2 AT. Continuing by induction, we let the drivers of the N-th group depart at time
tn—1 = (N —1)-AT. By Lemma 3.1, all of these drivers will arrive within time ¢ty = N - AT.
The total cost of this strategy is bounded by

. < . .
- mpx s 00+ s ) < Gmpx (0 + VAT < o

Recalling Definitions 1 and 4, consider a minimizing sequence of departure rates uy ,, and let

t
U () = / W (1) dt

—00

Gy, = / uf () dt.

—0o0

By choosing a subsequence, we can assume

vV—00

lim G}, = Gy, with > Grp = Gk (4.1)
p

2. Fix € > 0. By (A2), there is T > 0 such that for all £ € {1,2,...,n} it holds

mg+ 1
S

or(t) + Yi(t) > for all t €] — oo, —T:[ U |7, 00]. (4.2)

For g € [0, G;p], let

B 7y (B) and B 7(6)
describe the departure and arrival time of the S-driver, in the subgroup Gy, . From (A2), we
have

k(T (8)) + er(Tin (B)) = erl(rin (B) + r(ri (8))
Thus,

UL T
/0 k(T (8)) + or(r (8)) dB

Uk,p(iTa) v v m +].
> / (T (8)) + r(rV(8)) dB > U, (~Tv) - T2

€

Since the total cost approaches the infimum myg, there exists Ny > 0 sufficiently large such
that for all v > Ny

—T.
Uy, (~T.) = / wl () dt < e. (4.3)

On the other hand, from (A2), we also have

or(T (8)) + en(Ti () = @r(Til (8)) + en(ri (8)) -

Set
Teew = sup {t € Ry 700 (UY,(1) < T-}. (4.4)
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Thus,

Gz’p
/ k(Y (B)) + i (re2 (B)) dB

Uy ,(Teav)

G’Z,p av o , , mo + 1
> /UV . )@k(Tk,’p (5))"‘90]@(7']6:1) (8)) d3 > (GY, — U} (Teva)) - .
k,p\tet?

Since the total cost approaches the infimum myg, there exists Ny > 0 sufficiently large such
that for all v > Ny
Zm - U]Zp(Tgv,a) < ¢. (45)

3. We claim that it is not restrictive to assume

max

UZ,p(t) < H;E}X i for a.e. t. (4.6)

Indeed, if one of these departure rates does not satisfy (4.6), then a queue is formed at some
entrance node. But this is certainly not optimal. We can construct a second departure rate
ﬂzp where each driver departs at exactly the same time where he would have cleared the queue
in the original configuration. The departure time of each driver is later, while the arrival time
is exactly the same. Hence the family {@} ,} yields a total cost which is no greater than {uy ,}.

4. Choosing a subsequence, we can assume the weak convergence uj, » — Ukp- This implies
the uniform convergence Uy, — Ugp. From (4.3) and (4.5), the limit family of departure rates
{ugp} is admissible.

To complete the proof, we show that the family of departure rates {uy,} is optimal. From
(4.3), (4.5) one has that

Tg:}l;(ﬁ)’ Tl?,g(ﬁ) S [_Tz-:,Tz-:] for all B = [5’ ka _ 5] ,

for a constant 7. > 0. Moreover, the map 5 — T;: ’;(ﬁ) is nondecreasing. By Helly’s compact-
ness theorem, we can assume that

Tl?,;/(ﬁ) — T/g,p(ﬁ) for a.c. B € [e,Grp — €.
On the other hand, by Lemma (3.2), for ¢ > 0 sufficiently small, we have that V/’ (¢,z) —
VZ; P (t, ) uniformly for all z € [0, L;;] and t €] — oo, T.[. Thus, by using again Helly’s theorem
we obtain

T]?:;Z;(B) — T]?’p(ﬁ) for a.e. B € [e,Gryp — €.

Therefore,
G p—¢ Grp—t .
> / o1l (B) + (T8 () A = Tim / (i (B)+np (i () 4B
k, € K, €
D o p d
<t 3 [ O + sl 605 = mo.
k,p
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Since € > 0 was arbitrary, this implies
Gi,p J
S [ ooty 80+ vralrty (845 < o,
kp V0

completing the proof. UJ

5 Nash equilibria

In this section we prove the existence of a Nash equilibrium solution for traffic flow on a
network. Toward this goal, in addition to (A1)-(A2), we need an additional assumption ruling
out the possibility that drivers remain stuck in traffic for an arbitrarily large time.

(A3) Given the n-tuple (Gi,...,G,), there exists a sufficiently large constant K such that,
for every admissible family of departure rates {uy,} satisfying (1.4), the time spent on the
road by every driver is < K.

Theorem 5.1. (existence of a Nash equilibrium). Let the flux functions f;; and the cost
functions i, ¥y satisfy the assumptions (A1)-(A2). Fiz any n-tuple (Gy,...,Gy) and assume
that (A3) holds. Then

(i) There exists at least one admissible family of departure rates {u};,p} which yields a Nash
equilibrium solution.

(ii) In every Nash equilibrium solution, all departure rates are uniformly bounded and have
compact support.

Proof. Thanks to the continuity results proved in the previous sections, the proof can rely
on the same ideas used in [4].

1. There exists a time interval Iy = [Ty, Tp] so large that, in any Nash equilibrium, no driver
will depart or arrive at a time ¢ ¢ Iy. Indeed, assume that a k-driver departs at time ¢ = 0.
Let 71 be an upper bound on the time he needs to reach destination, under the worst possible
traffic conditions. Then the total cost to this driver will be not larger than ¢ (0) + g (T1).
By the assumptions (2.2) on the cost functions, there exists Tp large enough so that

or(=To) > ¢i(0) + Y (T1), Yi(To) > k(0) + ¢r(T1). (5.1)

Hence it is never convenient to depart at a time ¢ ¢ [Ty, Tp]. This proves (ii).

2. Let fiae = max;; f7%" be an upper bound for the fluxes over all arcs, and define
/ / / . . . 12
= max max t i, — Inmin  min t).
Pmax 1<k<n tely “pk( )’ ) wmzn 1<k<n tclo ¢k( )

The same argument used in the proof of Theorem 2 in [4] shows that, in a Nash equilibrium,
all departure rates uy, must satisfy the priori bound

, .
upp(t) < Kk = M for a.e. t. (5.2)

min

26



3. Let x be as in (5.2) and let G = >"}_, G, be total number of drivers. Choosing the time

T T0+%, (5.3)

we consider the family of admissible departure rates

U = {(ukap)lﬁk’ﬁn»lﬁpSN ) Uk,p - R — [034’{] ) Uk7p(t) =0 for ¢ ¢ [_T7 T] )

Z /uk,p(t) dt = Gy forevery k € {1,2,...,71}},

PEVy
(5.4)
which is a closed convex subset of L'(R; R"*N),

For each fixed v > 1, we consider a finite dimensional subset U, C U consisting of all u = (uy, ;)
which are piecewise constant on time intervals of length T'/v, i.e.,

U, = {u=(ury) €U

every function uy, is constant on each subinterval Ij = ]tlg_l, tZ]},
(5.5)
where
t?iéT, —v</{i<vy.

4. Given u = (ug,p) € U, let 74(t) be the arrival time of a driver starting at time ¢ and traveling
along the path I';. Clearly, this arrival time depends on the overall traffic conditions, hence
on all functions uy,. If this driver belongs to the j-th family, his total cost is

(1) = ;1) + j(ry(t)).

We now observe that, for each v > 1, the domain U, is a finite dimensional, compact, convex
subset of L2([~T,T]; R™¥). Moreover, by Lemma 3.4 the map u + @,(Cu;() are continuous
from U, into L2. Hence, by the theory of variational inequalities [27], there exists a function

u” = (u¥,) € Uy which satisfies

T —U
3 / 8- (vy00) 7, (0) dt > 0 for all v € U (5.6)
Ja U

5. We now let v — oco. By the previous steps, there exists a sequence of piecewise constant
functions @” = (uy ) € U, such that (5.6) holds for every v > 1. Since all functions uj , are
uniformly bounded and supported inside the interval I = [T, T, by taking a subsequence we
can assume the weak convergence

(Ufp) — (urp) (5.7)
for some function u* = (u?;,p) € U. From Lemma 3.4 and Lemma 3.3, by Ascoli’s compactness
theorem we can assume that

Trep(t) = T p(t) for all k, p, uniformly for ¢t € [T, T, (5.8)
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By the continuity of ¢(-) and (-), we also get

(I)l(j;)(') — (I)gf;)(') for all k, p uniformly for t € [-T,T].

We claim that the departure rates uz’p yield a Nash equilibrium solution. More precisely:

(NE) Given any k € {1,2,....,n},p € Vi, any t; € Supp(uzp), to € R and any path I'; with
the same initial and final nodes as I';, one has

o) (1) < B (1), (5.9)

Indeed, (5.9) implies that no k-driver can lower his own cost by switching to the time to or
choosing the alternative path I'; to reach destination. We recall that ¢ is in the support of a
function f € L! if and only if ft+5 f(s)|ds # 0 for every £ > 0.

4K poo +

v v v

Ij* I I; t

Figure 6: Proving that the limit departure rates {uj ,} provide a Nash equilibrium. If (NE) fails,
different cases are considered. In Case 1 (top left) the average of the cost @y, p on the interval I} i

higher than on the interval I/. To obtain a contradiction with (5.6) we simply move some of the mass
from I} to I}. In Case 2a (top right) one cannot increase the value of uy , on the interval I} because
of the conbtramt u < 4x. However, some mass can be moved from I} to the previous interval IV ;. In
Case 2b (bottom) there are several adjacent intervals where uy , = 4x. In this case, if I}, is the ﬁrst
interval to the left of I} where uy , < 4k, we argue that (i) ¢. > —T, and (ii) the average of the cost
Py p on I}, is strictly less than on I7/. In this last case, to obtaln a contradiction with (5.6) we move

some mass from I Y to I v

6. If (5.9) fails, then by continuity there exists 6 > 0 such that

o) () > @ )(¥) + 26 whenever [t — t;] < 25, [t —ts] < 25. (5.10)

28



By uniform convergence, for all v large enough we have
o) (t) > o (t) + 6 whenever |t — t1| < 26, [t/ —to < 26. (5.11)

Observe that it is not restrictive to assume that to € [—Tp,Tp]. Indeed, if (5.9) fails for some
to ¢ [—Tb, Tp], then (5.1) implies

e (1) > @) (t2) > )" )(0),

and we can simply replace to with zero.

The weak convergence (5.7), together with the assumption on the support of the function u}';’p,
now implies

t1+6 t14+46
im [ a,()dt = / ul, () dt > 0.
t

V—00 t1—6 1—6

Therefore, for every v sufficiently large we can find two intervals

IZV = ]Z-V_l,t?] C [t1—5, tl—l—(S], I}’ = ]?_1,1‘52{] C [t2—6, t2—|—5] (5.12)

with ¢ > ¢ and @y () > 0 for ¢t € I}.

7. We now derive a contradiction, showing that, for v sufficiently large, the departure rates
ty ,, do not satisfy the variational inequality (5.6). Two possibilities can arise

CASE 1: uf,; < 4. In this case we define a new set of departure rates v° = (vj ) € Uy, by
setting
vpp(t) = up (t) —¢ it tel,

v (1) = uy  (t) +¢ it tel,

and setting vj, ,.(t) = uj, .(¢) in all other cases. Notice that, if € = min{uj ,;, 4k —uy , ;} then
these new departure rates are still admissible. By (5.11) and (5.12), this construction yields

T L -
3 / TCIDSfT)(t).(v,‘im(t)—a%’r(t)) it = ¢ / o™ (t) dt — /l B dt < —225, (5.13)
h,or © i

1%
I;

providing a contradiction with (5.6).

CASE 2: uy ,; = 4r. If this equality holds, consider the index

<k

5= max {i<j; wup,.; < 4k}.

Notice that t7. > —T. Indeed, by construction to > —Tp. If t7. < —T, by (5.3) this would
imply
up (1) = 4k for all ¢ € [t7. 7] 2 [T, —Tp],
/ag,q(t) dt > 4k(tY — %) > 4w(T —Tp) > G,

reaching a contradiction. We consider two subcases.
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)

CASE 2a: j* = j — 1. In this case, since it is not restrictive to assume % < I

we have

IV = [t 5,17 4] C[ta— 4, t2+d]. We can thus derive a contradiction as in CASE 1, simply

=2 75—1
replacing 7 by j — 1.

CASE 2b: j* < j — 2. Observe that, for all 51 < so,

T (52) = o (51) > / (6 de.

fmax

In particular, for any s; € Ij”* and s € IJV we have

1

Thg(52) = i g(51) > fmax/ ay (&) de > Ak [tj—1 —tj=] >

fmax

This yields the estimate

U (Thg(52) = Yk (T g(51)) = Yruin(Tig(52) = THg(51)) = Vpin - —o7—
On the other hand, we have
or(s2) = r(s1) > = Proaa(s2 — 51) -
Recalling the definition of the constant x in (5.2), from (5.16)-(5.17) we obtain

v v 4r)! 1
(I)%’q(32> - (I)%,q(sl) > < Sf min ()Omab”t) (82 - 81) = ggp'/max ' (82 - 81)
max

for all s1 € Ij”* and s9 € IJV.
We now choose the departure rates v* = (vj ,) € U, by setting

vz’/p(t) = uzq(t) —€ if tely,
Vg () = ug (t) +e if telj,

and setting vy . (t) = uy, .(t) in all other cases. Notice that, if ¢ = min{uy  ;, 4r —

then these new departure rates are still admissible.

Using (5.18) with s1 = ¢, sp =t + 1] — 7. we compute

Once again we reached a contradiction with (5.6), completing the proof.

30

1 4rk(sy — 1)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

uZ,(IJ*}

(5.20)



6 Stuck traffic

In this section we discuss the key assumption (A3) used in Theorem 5.1. Namely, regardless of
the departure rates {uyp}, the travel time of every driver should remain uniformly bounded.

We begin with an example showing that, in some cases, (A3) can fail. A similar situation was
considered in [9] in connection with a traffic circle.

Example 1. Consider a network with 9 arcs, as in Fig. 7, left. Assume there are three groups
of drivers:

e (1, departing at node 1, arriving at node 7,
e (o, departing at node 2, arriving at node 8,

e (s, departing at node 3, arriving at node 9.

Assume that, at each of the transit nodes 4,5,6, the two incoming arcs are given equal priority.
In other words, if both incoming roads are congested, then cars are admitted to the intersection
at equal rate from the two roads.

Assume that the maximum flux on every road is f™* = 1, and assume that for ¢t > 0, cars
depart from nodes 1, 2,3 at unit rate. Call A the triangle of roads joining the intermediate
nodes 4,5,6. At each time t > 0, at each intermediate node the rate at which cars enter A is
at least twice as the rate at which cars exit from A. We thus conclude that

For each t > 0, the total number of drivers that have reached their destination within
time t is smaller than the number of drivers that at time t are still located within the
triangle of roads A, including the buffers at the nodes 4,5, 6.

Since the total amount of cars that can be contained in the triangle of roads A and in the
buffers at the nodes 4,5,6, is finite, this implies that only a fixed number of drivers will reach
their destination in finite time, while all the others will be stuck in traffic forever.

@\ /@ © /@
@
® <@ ©® =0 @—>o—»c¢>—»o/

N L7
N VA D

@ ®

Figure 7: Left: a network where the traffic can become completely stuck. For some departure rates,
part of the drivers never reach their destination. Right: a network that does not contain cycles. In
this case, for any departure rates, all drivers will eventually reach their destinations.

In the following, by a cycle we mean a path such as (1.2) with i(0) = ¢(IV), so that the initial
and terminal nodes coincide.
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Lemma 6.1. If the network of roads does mot contain any cycle, then for every n-tuple
(G1,...,Gy) the assumption (A3) is satisfied.

Proof. 1. Call G = G; + --- + G, the total number of drivers. Let A = {v,; « € I} be
the set of all the arcs in the network. We say that 7, precedes ~g, and write v, < 7, if there
exist a chain of arcs I" where 7, is the first arc and ~3 is the last one. In other words, v, < 3
if it is possible to drive first along 7, and then along 3.

If the network has no cycles, the ordering “<” is strict. We can thus partition the set A of all
arcs into disjoint classes, say

A= A U---UA,,

in such a way that

implies that vz does not precede 7.

2. To prove an upper bound on the travel time, it suffices to prove a uniformly positive
lower bound on the speed v, on all roads. This will be achieved by backward induction on
t=mm—1,...,2,1.

Exit arcs v, € A, are never congested. Hence on these arcs the speed is v > v, (p2'**) > 0.

By induction, assume that for h € {k,k + 1,...,m} the speed of cars over every arc v, € A,
satisfies a uniform lower bound: '
v > v > 0. (6.1)

In particular, this implies that, if the road v, is in a congested state, then the flux f, is
bounded below. Namely, there exists a constant Fy > 0 such that

p>pa " = fa = pualp) = Fi (6.2)
for all roads 7, € Ax U Agr1 U---UA,,

Consider an arc v3 € Ai_1. To fix the ideas, let 7z = ;¢ be an arc reaching the node Ay.
Then for each j € Oy, the outgoing arc v,; lies in Ay U Apyq U--- U A,y By the inductive
assumption, on all these outgoing arcs the speed v;; remains uniformly positive, as in (6.1).

3. We now derive an upper bound on the length of the queue g; at the entrance of v,;. Two
cases must be considered.

(i) Assume that the node Ay is governed by (SBJ), where M is the size of the single buffer.
Then, by (2.13) the flux of cars at the end of road ~;, is

falt) < e (M= gi(t)), forallieT.

J€O0,

If at least one of the queues is nonempty, i.e. if jeo, (t) > 0, then (2.12) implies

% Y qit) = D Ffult) =D fyt) < (ch) : (M— > Qj(t)> — F.

VIS(@) i€ZLy j€0y €Ly J€O,
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Indeed, if some g; > 0, then the corresponding outgoing road 4 is in a congested state.
Hence the outgoing flux is fy;(t) > Fj. In turn, this implies

L (w-at) 2 5 (Se) (- X at).

€Ly J€O

Therefore, for every time t we have the uniform lower bound

F
jEO, i€Ly

(ii) Next, assume that the node Ay is governed by (MBJ), with buffers of sizes M, j € Oy.
Then, by (2.15),

fie@)0i(t) < i (Mj—q;(t)), i€y jeOy.

Recalling (2.12), we thus obtain that for all j € Oy,

G = D Ful®y(0) — Tyt) < (D ei) - (M= as0) — Fi.

i€l 1€y
Hence,
d
= (M- a) = - (Y a)- (- g0).
€Ly
For every time t this yields the uniform lower bound
Fy,
M —qi(t) > =—— > 0. (6.4)

ZiEZg Ci

4. From (6.3)-(6.4), a lower bound on the speed v;; on the incoming road ~;; € Ag_1 is
obtained as follows. At a point (¢,x) where the road is not congested we have the trivial
bound

vie(p(t,z)) > vie(pi™) > 0.

Next, consider a point (t,Z) where the road is congested, i.e. p(t,z) > pl}**. Then the
characteristic t — x(t) through this point has negative speed. Let 7 < ¢ be the time when
this characteristic reaches the end of the arc v;¢, so that (1) = L. Since the flux is constant
along characteristics, we have

fiulp(t,z)) = p(t,T)vie(p(t, ) = fulr) > ci-ZF”‘
hez, €h

This provides a uniform lower bound on vy (p(t, Z)). Since 7 was an arbitrary arc in the set
Aj_1, the induction step is complete.

> 0.

5. By backwards induction on ¢ = m,m — 1,...,2,1, the above arguments show that the
speed of cars remains uniformly positive at all times on all roads. In addition, if a queue is
present, the flux at the entrance of each road remains strictly positive. This yields a uniform
a priori bound on the time that every driver needs to reach destination. UJ
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