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Abstract

We study generalized solutions of multidimensional transport equation
with bounded measurable solenoidal field of coefficients a(z). It is shown
that any generalized solution satisfies the renormalization property if and
only if the operator a - Vu, u € C}(R") in the Hilbert space L?(R") is
an essentially skew-adjoint operator, and this is equivalent to the unique-
ness of generalized solutions. We also establish existence of a contractive
semigroup, which provides generalized solutions, and give a criterion of its
uniqueness.

1 Introduction

We study the following evolutionary linear transport equation
ut+2ai(x)uzi =0, (1.1)
i=1

where u = u(t, x), (t,z) € Il = (0, +00) x R".

In the case when the field of coefficients a = (ai(z), ..., a,(z)) € C*(R",R")
the theory of solutions (both classical and generalized) to the Cauchy problem for
equation (1.1) is well-known and it is covered by the method of characteristics.
The case when the coefficients are generally discontinuous is more interesting and
more complicated. The well-posedness of Cauchy problem for such equations is
established under some additional restrictions on coefficients. Some results in this
direction could be found in papers [8, 2|. The equations like (1.1) with general
solenoidal vector of coefficients naturally arise in the study of some important
nonlinear conservation laws ( see for instance, [3] ). The solenoidality condition
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diva(z) = 0 (in distributional sense) allows to rewrite the equation in divergence
form
uy + divg(a(z)u) =0

and introduce generalized solutions (g.s.) of the corresponding Cauchy problem
with initial data

u(0,z) = up(x). (1.2)
The coefficients a;, i = 1,...,n are supposed to be bounded: a(x) € L*(R",R").
We denote IT = [0, +00) x R™.

Definition 1.1. A function u = u(t,z) € L}, .(II) is called a g.s. of the problem

loc

(1.1), (1.2) if for all f = f(t,z) € C5°(1I)

/H[uft +au - V, fldtdx + / uo(z) f(0, z)dz = 0. (1.3)

n

Here and below we use the notation - for the scalar multiplication on R™.

Taking in (1.3) test functions f € C§°(II), we derive that

u + divg(a(z)u) =0 (1.4)
in the sense of distributions on IT ('in D’'(II) ). Besides, (1.3) readily implies that
ess lim u(t,-) = up in D'(R"). (1.5)

Actually, (1.3) is equivalent to (1.4), (1.5). For the details see [10, Proposition
2].

For classical solutions u(t,z) € C*(II) of transport equations (1.1), it is clear
that compositions g(u) remain to be solutions for every g(u) € C*(R). This fact,
called the renormalization property, is readily follows from the chain rule. For
generalized solutions the renormalization property may fail ( cf. [1, 7] ). This
induce us to introduce the specific notion of a renormalized solution.

Definition 1.2. A function u = u(t,z) € L}, (II) is called a renormalized solution

of the problem (1.1), (1.2) if for any g(u) € C(R) such that g(ug(z)) € L}, (R™),

- loc

g(u(t,x)) € L, (IT) the function g(u(t,z)) is a g.s. of problem (1.1), (1.2) with

loc

initial data g(ug(x)).

We need the following simple a-priory estimate for nonnegative g.s. (below
we denote by |z| the Euclidean norm of a finite-dimensional vector z ).

Proposition 1.1. Let u = u(t,z) > 0 be a g.s. of the problem (1.1), (1.2) . Then
for a.e. t >0 for each R >0

/x|<R ulh 2)dz < / uo(w)dz, (1.6)

|z|<R+Nt

/ u(t, z)dx < / uo(z)dz, (1.7)
|| > R+Nt 2|>R

where N = ||a||oo-



Proof. Choose a function 3(s) € C§°(R) such that supp 5(s B(s) >0,
and/ﬁ Jds = 1 and set for v € N [3,(s) = vB(vs), 0,( / 5,, )ds. It

is clear that (3,(s) € C§°(R), suppf,(s) C [0,1/v], B,(s) > 0, /ﬁ,,(s) s =1

Therefore, the sequence (3, (s) converges to Dirac d-function in D'(R) as v — oo,
and the sequence 6,(t) is bounded ( 0 < 6,(t) < 1 ) and converges pointwise to
0, t<0, _ . ,

p(s) = 0 for s < —1, p(s) = 1 for s > 0. Set for t,, > 0, r > Nito, v € N
f=ftz)=plr—Nt—|z)0,(tg —t). Then f € C§°(II) and by identity (1.3)

the Heaviside function 0(t) =

0, (to) /R wo(2)p(r — |])da —/0 Oo/n w(t, 2)p(r — Nt — |2|)das, (to — £)dt
- /H[]\H—a(x) ~x/|z|]p'(r — Nt — |z|)u(t, )0, (tg — t)dtdz=0.(1.8)

Since |a(z) - z/|z|| < |a(xz)] < N and p/(s) > 0, the last integral in (1.8) is
nonnegative. Therefore, (1.8) implies the inequality

+oo
/0 /n u(t, z)p(r— Nt—|z|)dxd, (to—t)dt < 9,,(150)/ uo(x)p(r—|z|)dz. (1.9)

n

Let £ C Ry be the set of full measure consisting of values ¢ > 0 such that u(t, x) €
L} .(R™) and t is a Lebesgue point of functions F,(t) = / u(t, z)p(r—Nt—|z|)dx

loc

for all rational r. Since F}.(¢) depends continuously on the parameter r then ¢t € £
is a Lebesgue point of F,(t) for all real r. Let t, € £. Passing to the limit in (1.9)
as v — 00, we obtain that

Fi(t0) < F(0) = [ un(alp(r ~ lado

Thus Vt =ty € £, r > Nt

/n u(t,z)p(r — Nt — |z|)dz < /n uo(z)p(r — |z|)dx. (1.10)

Obviously, the set £ of full measure could be chosen common for a countable
family of functions p = p(s), approximating the Heaviside function. Taking
p = pi in (1.10) and passing to the limit as k& — oo, we conclude that Vt € &,

r > Nt
/ u(t, x)dz §/ uo(x)dx
|z|<r—Nt |z|<r

and to complete the proof of (1.6) it only remains to substitute r = R + Nt in
the obtained inequality.



Similarly, to establish (1.7) we choose the test function f = f(t,x) =
\(t, 2)0,(to — £) € C=(I), where x(t,) = (p(R — Nt — |a]) — p(r + Nt — [])),
R>r >0, R> Nty. By (1.3) we obtain

6, (o) / o)X (0, ) ~ /0 - / ult, )X (t, a)dd (1o — )t +

/u(t, z)[xe+a(x) - Vix]0,(to — t)dtde=0.  (1.11)

Since x; = —N((p/(R — Nt — |z|) + p'(r + Nt — |z])) < 0 while
la(x) - Vax| < |a(z)||[Vax| < N[p'(R— Nt — [z]) — p'(r + Nt — |z])| <
N(p'(R— Nt — |z|) +p/(r + Nt — |z])),

we see that the last integral in (1.11) is nonpositive and from (1.8) it follows that
+o0
/ / u(t,z)(p(R — Nt — |z|) — p(r + Nt — |z|))dzd,(tg — t))dt <
O n

Oulto) [ unle)(p(R = fal) = plr ~ [a)dz. (112)
Obviously, the set £ of common Lebesgue points of all functions of the kind
F(t) = / u(t,z)(p(R — Nt — |z|) — p(r + Nt — |z|))dz

has full Lebesgue measure. Assuming that t, € £ and passing to the limit as
v — 00, we arrive at the inequality

/n ulto, ) (p(R — Nto — |2]) — p(r + Nto — |a]))dz <

| wo@) (R~ Jal) = o0 = fa)d

Taking in this estimate p = pi(s), k € N (recall that this sequence converges to
the Heaviside function) and passing to the limit as k — oo, we obtain that for

all t € &
/ u(t, x)dz §/ up(x)dx.
r+Nit<|z|<R+Nt r<|z|<R

To complete the proof, we pass to the limit in this inequality as R — oo and
replace r by R. O]

Let us introduce the linear operator Ay = div(au) = a(z) - Vu(zr) in the
real Hilbert space L? = L?*(R"™). This operator is defined on a dense subspace
C}(R™) C L. For every u,v € C}(R")

(Au,v)y = /n(a(x) -Vu(z))v(z)dr = — /R" u(z)a(x) - Vo(x)de +
/n a(z) - V(u(z)v(z))dr = — /n u(z)a(x) - Vo(z)de = —(u, Av),,
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where we use the fact that diva = 0 in D'(R™). Here we denote by (f,g)2 the
scalar multiplication in L*: (f,9)2 = [g. f(2)g(z)dz.

The obtained identity means that Ag is skew-symmetric operator. Therefore,
it admits the closure, which we define by A. A is a closed skew-symmetric oper-
ator: —A C A*. It is easy to see that the conjugate operator is defined as follows
v = A*u if and only if u,v € L? and —div(au) = v in D'(R").

Our main results are the following criteria.

Theorem 1.1. (i) The necessary and sufficient condition for any g.s. u(t,r) €
L2 (T1) to be a renormalized solution of (1.1), (1.2) (with uy € L2 (R")) is that

loc loc
the operator A is skew-adjoint; (ii) The same condition is necessary and sufficient

for the uniqueness of any g.s. u(t,z) € L2 (I).

loc

In Theorem 6.1 below we also give a necessary and sufficient condition of
uniqueness of contraction semigroups on L?*(R™), which provide g.s.

2 The case of smooth coefficients

In the case when the coefficients a;(z) € C*(R™) N L*(R"), i = 1,...,n, are
smooth the existence and uniqueness of g.s. is well known. In this case a g.s. of
the problem (1.1), (1.2) can be found by the method of characteristics, see [10,
Proposition 3] for details. The characteristics of equation (1.1) are integral curves
(t,z(t)) of the system of ordinary differential equations

i = a(x), (2.1)

and they are defined for all t € R since the right-hand side of (2.1) is bounded. For
(to, zo) € II we denote by x(t;to, xo) the solution of (2.1) such that z(ty) = zo, we
also denote y(tg, zo) = x(0;tg, zo) ( i.e., the source of characteristic x(t; g, xo) ).
Then any g.s. wu(t,z) of the problem (1.1), (1.2) should be constant on char-
acteristics (possibly after correction on a set of null Lebesgue measure), which
implies that u(t,z) = uo(y(t, x)). We observe that the map (¢,z) — (t,y(t,z)) is
a diffeomorphism on II, which implies that u(¢,z) is measurable and the corre-
spondence uy — u keeps the relation of equality almost everythere. Besides, in
view of the solenoidality assumption for each ¢ € R the map = — y(¢, x) conserves
the Lebesgue measure. This readily implies that for all £ € R

/n ult, z)dz = /uo(x)dx (2.2)

whenever these integrals exist. The above observations allow to obtain the fol-
lowing properties of g.s.

Proposition 2.1. Assume that u(t,z) = uo(y(t, x)) be the unique g.s. of problem
(1.1), (1.2) (defined for all real times t). Then
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(1) For every continuous function g(u) such that g(ug) € L}, .(R™) the compo-
sition g(u(t,x)) is a g.s. of (1.1), (1.2) with initial function g(uo(z)) (renormal-
ization property);

(i) If ug < vo almost everywhere (a.e.) on R"™, and u = u(t,z), v = v(t,x)
are g.e.s. of (1.1), (1.2) with initial functions ug, vy, respectively, then u(t,x) <
v(t,z) a.e. on R™ (monotonicity);

(iii) Let Tyu = u(y(t,x)). Then Tisu = Ty(Tsu) (group property);

() If up(x) € LP(R™), where 1 < p < oo, then u(t,-) € LP(R™) for allt € R
and |ju(t, )|, = ||woll,- Moreover, if p < 0o, then

o) =t )y < ) = _int - (2lhwo — vl + NC()[h]) =, 0, (23

where the constant C(v), given below in (2.5), depends only on v. In particular,
the map t — Tyug = u(t,-) € LP(R™) is uniformly continuous on R.

(
Proof. Properties (i), (ii) readily follows from the representations u = uy(y(t, z)),
v = vo(y(t,x)). To prove (iii), notice that y(t + s,x) = z(0;t + s,x) =
z(0;s,z(s;t + s,x)) = xz(0;s,2(0;t,2)) = y(s,y(t,z)), where we used that
x(t + hyto + h,xo) = x(t;to, v9) Vh € R because characteristic system (2.1) is
autonomous. This readily implies the group property

Tiysu(r) = uly(t +s,2)) = uly(s, y(t,2))) = (Tu)(y(t, v)) = Ti(Tsu)(2).

If ug € L*°(R"), the representation u(t,x) = wug(y(t,z)) yields u(t,:) €
L>®(R™), Ju(t, )|leo = lltolleo- If p < oo, then by assertion (i) with g(u) = |ulP
and identity (2.2) we find

lu(t, z)[Pdx = |up(x)|Pdx ¥t € R,
R™ Rr

that is, u(t, ) € LP(R™), |lu(t, )|, = [Juol|,- Finally, let ug € LP(R"), v = u(t,-) =
Tiug. Then by group property (iii) we find

[ut+h,-) =ult, )l = [IT(Thuo —wo)llp = 1 Thuo = uolly = lluo(y(h, x)) —uo(@) |-
We observe that y(h,z) — x = x(0) — x(h), where x(t) = x(t; h,x), and since

2(t) = a(x(t)), then
/ dt’ ’/ la(x(t))|dt
N = ||a||oo- If v(z) € C}(R™), then

1/p
i = oll = ot = ol = ([ Jotyth o) — u(o)pa

1/p
< |Voll ( / |y(h,x)—:p|pdx) -
A,uAl
[V0loo (M(A,) +m(AP)YPN|A|, (2.4)

|y(h’x) - .CL“’ =

< N|h|,




where A,, A" are subsets of R™, determined by the relations v(z) # 0, v(y(h, z)) #
0, respectively, and by m(A) we denote the Lebesgue measure of a measur-

able set A. Since the map y(h,-) keeps the Lebesgue measure, m(A") =
m(y(h,-)7(A,)) = m(A,) and, in view of (2.4),

I Tho = vll, < NC(v)[h],

where

C(v) = C(v)[[Volloo(2m(A,) (2.5)

(notice that, in view of assumption v € C§(R™), the set A, is bounded and,
therefore, m(A,) < o). Therefore, for all v € C}(R™)

1Thto — wolly < [Thto — Trvlly + [ Tvw — oll, + Il — woll, =
1T = vl + 2o — vlly < 2o — vll, + NC()[A,

and (2.3) follows. Let us show that w,(h) — 0 as h — 0. For arbitrary ¢ > 0 we
can find v € CJ(R") such that |Jug — v||, < &/2. Then

wp(h) < 2|lug — vll, + NC(v)[h] < &+ NC(v)[h].

Hence,
limsupw,(h) <e
h—0

and since € > 0 is arbitrary, we derive that }Lirr(l) wp(h) = 0. This completes the
proof. [

As follows from assertions (iii), (iv) of Proposition 2.1, the linear operators
Tiug = u(t,-) = up(y(t,z)) generate the Cy-group of linear isomorphisms on
LP(R™). In the particular case p = 2 the operators T;, ¢ € R is a group of

T(t)u —u

unitary operators in the Hilbert space L*(R"). Let Bu = Pn% % be the

infinitesimal generator of this group. This operator is defined in the domain

Tt)u —u
t

that D(B) is a dense subspace and B is a closed, possibly unbounded, operator.
Since T'(t) is an unitary group, then by Stone’s theorem B is a skew-adjoint
operator. If u(t, z) = Tyu(z), then u; = —divau in D'(R"*1). Hence, it is natural
to expect that B = —A, where the operator A was defined above, in the end of
Introduction.

D(B) consisting on such u € L*(R") that yr% exists in L?. Tt is known

Theorem 2.1. The operator B coincides with —A. In particular, the operator
A = —B is skew-adjoint.

Proof. First, we remark that —Ay C B. Indeed, if u(z) € C}(R") = D(Ay), then
u(t,z) = Tyu(z) € CH(R™!) is a classic solution of (1.1). Therefore,

lim Tu() — u() =u(0,2) = —a(z) - Vu(z) = —Agu(x).

t—0 t



Obviously, this limit is uniform with respect to x € R", which implies that

Ty —
lim AL —Apu in L2
t—0 t

Hence, u € D(B) and Bu = —Apu. Since B is closed, then also —A C B (recall
that A is the closure of operator Ay ). In particular, B = —B* C A*. We will show
that actually B = A*. Let u € D(A*). Then f = u+ A*u € L% Since B is skew-
adjoint, the operator F + B is invertible and (E + B)~! is a bounded operator on
L? Letv=(E+B)™'f € D(B). Thenv+Bv=v+A* = f = u+ A*u, and the
function w = u—w satisfies the relation w—divaw = 0 in D'(R™). As follows from
DiPerna-Lions renormalization lemma [8, Lemma I1.1], 2w? = 2wdivaw = divaw?
in D'(R™). Applying this relation to the test function p(ex), where p(y) € C3(R"),
p(y) >0, p(0) =1, and € > 0, we arrive at the equality

2/n w?p(ex)dr = —¢ /n w?a(z) - Vyp(ez)da.

Passing in this equality to the limit as ¢ — 0, we deduce that ||w|2 = 0. Hence,
u=wv € D(B). We have proven that D(A*) = D(B). This means that B = A*.
This, in turn, implies B = —B* = —A™ = — A. The proof is complete. ]

3 Main result: the necessity

Now we consider the case of general solenoidal field of coefficients a = a(x) €
L>*(R™,R™). Let

n

w(©) =v" ][ B(v&)

i=1
be a sequence of averaging kernels (approximate unity), where £ € R", v € N, and
the function 3(s) was defined above in the proof of Proposition 1.1. Introduce
sequences of averaged coefficients, setting for z € R"

ou(@) = (@le). . @) = ax (o) = [ ale =~ u(€)de

By the known property of averaging functions, a, € C*(R",R™) N L>*(R", R"),
lay|lo < |la]|oo = N, and diva,(z) = (diva) * v,(z) = 0. As was demonstrated
in the previous section, there exists a unique g.s. u = w,(t,z) of the Cauchy
problem for the regularized equation

ur + a,(x) - Vyou = up + div(a,u) =0 (3.1)

with initial condition (1.2), which may be considered for all time t € R. By
the renormalization property (i) for any r > 0 the function (|u,(t,z)] —r)* =
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max(|u,(t,z)| —r,0) is a g.s. of (3.1), (1.2) with initial function (|ug(z)| —r)".
By Proposition 1.1 we have the estimate:

u(t, )| —r)Tdr < uo(x)| —r)Tde — 0.
/|$|<R<\ (t,2) — ) </ (luola)] — )

|z|<R+Nt r—+oo
By Danford-Pettis criterion, this estimate implies weak compactness of the se-
quence u,(t,x) in L}, (II). Therefore, there exists a subsequence uy, = u,, (t,z),

loc =
k € N, with v, — 0o as k — oo such that wuy, U= u(t, z) weakly in Lj (II).

Since the sequence ai(z) = a,, (z) — a(z) as k — oo strongly in L}, .(R",R™) and

this sequence is uniformly bounded, then wy(t, z)ay(x) - u(t, z)a(z) weakly in
L} (II,R™). This allows to pass to the limit as k¥ — oo in relation (1.3) corre-
sponding to problem (3.1), (1.2):

/[ukft + ugay, - V. fldtdx +/ uo(2) f(0,z)dx =0 Vf = f(t,z) € Cy(I)
I

n

and obtain that

n

/[uft+ua~fo]dtdaz+/ uo(z)f(0,2)dxr =0 Vf = f(t,x) € Cy(Il).
1

By Definition 1.1, this means that u is a g.s. of original problem (1.1), (1.2).
We established the existence of a g.s. to (1.1), (1.2) for arbitrary initial function
up € L} (R™) (in the case ug € L®(R") this follows from [10, Theorem 1] ).
Concerning the uniqueness, generally it fails, see examples in [4, 7, 10]. It is
clear, that the uniqueness follows from the renormalization property. Indeed, let
u(t,r) € LL (IT) be a g.s. of (1.1), (1.2) with zero initial data. Then |u(t, )| be
a nonnegative g.s. of the same problem. By Proposition 1.1 we see that for a.e.
t>0
/ lu(t, x)|dx < / |up(z)|de =0 VR >0,
|z|<R

|z|<R+Nt

which implies that v = 0 a.e. on II. By the linearity the uniqueness follows.
Suppose that the following requirement is fulfilled.

(R) Any g.s. u(t,z) of (1.1), (1.2) such that ug,u(t, ) € L?, ||u(t,-)||2 < const,
satisfies the renormalization property.

As we will demonstrate below in this case g.s. of (1.1), (1.2) form the Cp-
semigroup T; = e~ governed by a skew-adjoint generator A = —A*. First, we
prove that trajectories Tyug of such semigroups are necessary g.s. of (1.1), (1.2).
More precisely, the following criterion holds.

Lemma 3.1. Let B be an infinitesimal generator of Co-semigroup Ty in L. Then
the function u(t,x) = Tyup(x) is a g.s. of problem (1.1), (1.2) for every uy € L?
if and only if B C A*.



Proof. First, we assume that B C A* and uy € D(B). Then u(t,-) = Tiup(x)
is a C'-function with values in L?: @ = BTyug = Bu(t,-). This implies that for
arbitrary g = g(z) € Cj(R"™)

d
dt
where Ag = divag = a - Vg, that is,

(u(ta ')79)2 - (Bu(t7 '),9)2 = (A*u(t’ ')79)2 = (u<t7 ')7*’49)27

% e u(t, z)g(z)dr — /n u(t,)a(z) - Vyg(x)dz = 0.

Multiplying this relation by a function h(t) € C}([0,+00)) and integrating over
t, we obtain with the help of integration by part formula that

/n uo(z) f(0, x)dx + /Hu[ft +a -V, fldtde =0, (3.2)

where f = g(x)h(t). Since the linear span of such functions f is dense in CZ(II),
we see that (3.2) holds for every f = f(t,z) € CL(II). Hence, u(t, ) is a g.s. of
(1.1), (1.2). If ug(z) € L? is an arbitrary function, then we can find a sequence
ugr € D(B) converging to uy as k — oo in L? ( notice that by the Hille-Yosida
theorem D(B) is dense in L? ). Then ug(t,z) = Tyuor(x) are g.s. of (1.1), (1.2)
with initial data ug,, kK € N, and

ur(t, ) — u(t, )|l < | T¢|||uor — uoll2 20

uniformly in ¢ on any segment [0, 7). In particular uy — u as k — oo in L (IT).

Passing to the limit as k& — oo in the relation
n 11
we arrive at the identity (3.2). Therefore, u(t,z) is a g.s. of (1.1), (1.2), as was
to be proved.
Conversely, assume that all the functions u(t, ) = Tyug, ug € L?, are g.s. of

(1.1), (1.2). If ug € D(B), then u(t, ) = Tuy € C*([0,+0), L?), and /(0) =
Buyg. This implies that for each function g(z) € C}(R") the scalar function

I(t) = /n u(t, x)g(z)dz = (u(t,"), 9)2 € C([0,+00)), I'(0) = (g, Buo)2. (3.3)
On the other hand for all h(t) € C;([0, +00))
+o0
/0 I(t)h' (t)dt = /Hu(t,x)g(x)h’(t)dtdx =
—h(0) /n up(z)g(x)dr — /Hu(t,x)a(x) -Vg(z)h(t)dzdt,
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by virtue of (1.3) with f = h(t)g(x). Taking in this relation h(t) = 6, (to —t) and
passing to the limit as ¥ — co we obtain the equality

I(t) — 1(0) = /O 0 / uft, w)alr) - Vo(r)drdt = /0 "(Ag, ult, ))adt,

which implies the relation I'(0) = (Ag, ug)2. In view of (3.3) we find (Ag,ug)s =
(g, Bug)s for all g € C3(R™). Therefore, ug € D(A*) and A*uy = Bug. Hence
B C A*. The proof is complete. [

Now we are ready to prove the following statement analogous to Theorem 2.1
( that is, the necessity statement in Theorem 1.1 ).

Theorem 3.1. Suppose that assumption (R) is satisfied. Then the operator A
( recall that it is the closure of operator divau, u € C3(R™) ) is skew-adjoint.

Proof. Let A, be the closure of operator div(a,u), where a,(x) = axv,(x), v € N,
is the above defined sequence of averaged coefficients. If ug(x) € L*(R") and u, =
u,(t, z) is a unique g.s. of the approximate problem (3.1), (1.2), then (u,)?is a g.s.
of (3.1), (1.2) with initial data (ug)* € L'(R™) in view of Proposition 2.1(i). We
know that there exists a subsequence (not relabeled) such that u, — u, (u,)* — v
as v — oo weakly in Li (II), where u,v are g.s. of original problem (1.1), (1.2)
with initial data ug, (ug)?, respectively. Observe that since a g.s. of problem
(1.1), (1.2) is unique, then the above limit relations remain valid for the original
sequences, without extraction of subsequences. By the renormalization property
we have v = u?, which implies the strong convergence u,, = uin L} (11). Indeed,

in view of Proposition 2.1(iv) fOT |u, (t, ) |2dtdx = T'||ugl|s, therefore the sequence
u, is bounded in L2 (IT). This readily implies that this sequence converges to u

weakly in L? (IT). Hence, for each nonnegative p(t,x) € Cy(II)

loc

/(uy — u)?pdtdr = /((u,,)2 — u?)pdtdr — 2 / (u, — w)updtdz — 0.
i il

—
I V—00

Thus, u, — u in L} (II). Extracting a subsequence (not relabeled) we can

assume that for almost all ¢ > 0 u,(t,-) — u(t,) as v — oo in L (R"). By
estimate (1.7) we can find sufficiently large R > NT such that for a.e. t € (0,7)

loc

u, (t, z))de < uo(x))?dx 4,
LR( ta)fde< [ (ula)Pde <</

|z|>R—Nt

/x|>R(u<t7x))2dx < / (uo(2))2dz < /4,

|x|>R—Nt
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where ¢ is an arbitrary positive number. This implies that
/ (uy (£, 7) — u(t, 2))2dz < / (uy (£, 7) — u(t, ))2dz +
n |z|<R
/ (u, (t, ) — u(t,x))?dr < / (u, (t, 7) — u(t, ))*dr +
|z|>R

|z|<R

2/|x|>R(ul,(t,x)) dx—|—2/ (u(t,z))*de <

|z|>R

/| (t8) (e )

Since u,(t,-) — wu(t,-) in L2 _(R™), we obtain the relation

loc
v—00

lim sup/ (u, (t, ) — u(t,x))?dr < e

V—00

for all € > 0. Therefore,

lim (u, (t,2) — u(t,x))*dx = 0,
v—00 [pn
that is, u,(¢,-) — u(t,-) as v — oo in L? for a.e. t > 0.
Let us show that actually this convergence is uniform with respect to ¢t on any

segment [0,7]. For that we use estimate (2.3) with p = 2. By this estimate for
all v e N

lluy, (t+ Ry ) —u,(t, )]l <ws(h) = inf (2|lug —v||2+ NC()|h]). (3.4

vECE(R™)

Since the above estimate is uniform in v and w,(t,-) — wu(f,-) in L? for a.e.

V—00

t > 0, we conclude that this convergence holds for all ¢ > 0 and it is unform on
any segment [0, 7. From (3.4) it follows in the limit as v — oo that

Thus, the operators Tyug = u(t, -) form a Cy-semigroup of linear operators on L2,
and the sequence of the unitary groups T} ug = u,(t, ) converges to T; uniformly
on any segment [0,7]. It is clear that ||Tiuglla = lim ||7}Vugll2 = ||uo|l2. Observe

that by the same reasons as above we can establish that for each 7 > 0 the
sequence U, (t,-) = T} _ug converges uniformly on [0, 7] to a g.s. @(t, z) of problem
(1.1), (1.2) with some initial function ag(x). By the construction Tty = a(7,-) =
up. We see that the operator T} is invertible, @9 = (T,) 'uy. Hence T; are
unitary operators and they form the unitary group 7'(¢) (for negative ¢t we set
T(t) = (T(—t))"t = (T(—t))*). By Stone’ theorem the infinitesimal generator B
of this group is a skew-adjoint operator on L?. By the Trotter-Kato theorem, the

12



convergence 17 — T, of semigroups, which we have established above, implies
the convergence of the resolvents (E + A,)'u — (F — B) 'u in L? as v — oc.
Recall that A, is the closure of operator div(a,u), u € C}(R"). By Theorem 2.1
this operator is skew-adjoint and —A, is the generator of semigroup (group) 7.
Denote v, = (E + A,)"'u, v = (F — B)"'u. Then v, — v as v — oo in L?
and v, + A,v, = v — Bv = u. Therefore, A v, — —Bv as v — oo in L%. Since
A, = —(A,)*, we claim that in D'(R") A,v, = div(a,(x)v,(z)) Bl —Bv. Passing
to the limit as v — 0o, we obtain Bv = —div(av), that is, v € D(A*), Bv = A*v.
Hence, B C A* and A = A™ C B* = —B, so that B is a skew-adjoint extension
of the skew-symmetric operator —A. If B # —A then this extension cannot be
unique (because the deficiency indices of the symmetric operator —i A are identical
and nonzero). If B is another skew-adjoint extension of —A then B = —B* C A*.
The operator B generates the unitary group 7; = e?* different of T} (since B+B ).
Therefore, we can find ug € L? such that @(t, z) = T'(t)ug(x) # u(t,z) = Tyuo(z).
However, in view of Lemma 3.1 both functions @(t, z), u(t,x) are g.s. of the same
Cauchy problem (1.1), (1.2). By the uniqueness we see that @ = u. The obtained
contradiction shows that B = —A. Hence, the operator A = —B is skew-adjoint,
as was to be proved. O

4 The group solutions

We are going to establish the inverse statement to Theorem 3.1 claiming that if
the operator A is skew-adjoint, then any g.s. u(t,z) € L? (II) of problem (1.1),
(1.2) satisfies the renormalization property.

Observe that in this case 7, = e~4! is an unitary Cy-group on L? governed
by the skew-adjoint operator —A. We call a function u(t,z) = Tiug(x) a group
solution of problem (1.1), (1.2). By Lemma 3.1 the group solution is a g.s. of
(1.1), (1.2). First, we establish that the approximate sequence u, = T} uo(x)
converges strongly as v — 0o to the group solution.

Proposition 4.1. Let T = e~ ' be the group with generator —A, ( being the
closure of operator —div(a,u) ), so that T/uq = wu,(t,z) is the unique g.s. of
approzimate problem (3.1), (1.2). Then u,(t,-) — u(t,-) = Tyug as v — oo in L*
uniformly on any segment [t| < T.

Proof. Assume that f € L* h # 0. We set v, = (E + hA,)"'f € D(A,),
veN v=(E+hA)'f e D(A). Then v, + hA,v, = f, v+ hAv = f. Since
A, =—(A,)*, A= —A* these equalities mean that

v, (x) + hdiv(a,(z)v,(x)) = v(z) + hdiv(a(z)v(z)) = f(z) in D'(R"). (4.1)
Since A,, A are skew-symmetric,

ol = (f,v0)2 + h(Avvs, v)2 = (f,w0)2, lvllz =
<f7 U>2 + h(AU7 U)? = <f7 U)2' (42)
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From (4.2) it follows that ||v,|l2 < ||f]|]2 for all v € N. Therefore, possibly after
extraction of a subsequence (not relabeled), we can assume that v, — wasv — oo
weakly in L? w = w(z) € L?. Passing to the limit as v — oo in (4.1) and taking

into account that the sequence a,(r) — a(x)in L}, (R™) and uniformly bounded,
vV—00

we find w(z) + hdiv(a(z)w(x)) = f(z) in D'(R™), which means w + hAw = f.
Hence v—w+hA(v—w) = 0 and we conclude that w = v because the operator £+
hA is invertible. Thus, v, — v as v — oo weakly in L?. Then (f,v,)2 — (f,v)2

and from (4.2) it follows that ||v,|la — ||v|l2. It is well-known that this implies

the strong convergence v, — v in L?. Notice that the limit function v does not

V—00

depend on the choice of weakly convergent subsequence. Therefore, the original
sequence converges to the same limit strongly in L?. We have established the
strong convergence of resolvents (E + hA,)™! — (E + hA)~!. By the Trotter—
Kato theorem the sequence of groups 7} converges to the group 7} in the sense
indicated in the formulation of our theorem. The proof is complete. ]

Corollary 4.1. Let ug € L*(R™). Then u(t,z) = Tyup(z) is a renormalized
solution of (1.1), (1.2).

Proof. Let g(u) be a bounded continuous function, w,(¢t,z) = T/ug(x), v € N
be g.s. of approximate problem (3.1), (1.2). By Proposition 2.1(i) u,(t,z) is a
renormalized solution of (3.1), (1.2). Therefore, g(u,(t,x)) is a g.s. of (3.1), (1.2)
with initial data g(ug()), that is, V.f = f(t,z) € C}(II)

[ stune) .00+ [ glunfta)lhie.) +a,(0) - Vos ¢ 0)drde = 0. (43

II

By Proposition 4.1 the sequence g(u,(t,z)) — g(u(t,z)) as v — oo in L (IT),
which allows to pass to the limit as ¥ — oo in (4.3) and obtain the relation:

Vf = f(t,x) € Cy(IT)

| stunla)f0.2)de + [ glult.o))hit.) + ola) - Vst 0)dido =0, (40

II

showing that g(u) is a g.s. of (1.1), (1.2). Consider now the general case
gw) € CB), gluglz)) € LL(RY). glult.z) € LL(M). Let gu(u) —
max(—k, min(g(u),k)), & € N, be cut-off functions. Then gi(u) € C(R),
gk ()] < ks gi(u) — g(u) Vu € R, [gi(u)| = min(|g(u)], k) < |g(u)[. The latter

implies the estimates |gi(uo(x))| < |g(uo(x))|, |gr(u(t,x))| < |g(u(t,z))|. As we
already proved, gi(u(t,z) are g.s. of (1.1), (1.2) with initial functions gy (uo(z)).
Therefore, identity (4.4) holds with g = gx. Passing to the limit in this relation
as k — oo, with the help of Lebesgue dominated convergence theorem, we arrive
at the same identity (4.4) with the limit function g. We conclude that g(u) is a
g.s. of (1.1), (1.2) with initial data g(up). Thus, u is a renormalized solution of
(1.1), (1.2). O
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Corollary 4.2. . Assume that the operator A is skew-adjoint. Then for every
up(z) € LE (R™) there exists a renormalized solution u(t,xr) € L2 (II) of the

loc loc

problem (1.1), (1.2).

Proof. Let u, = u,(t,x) € C(R, L*(R™)) be a group solution of (1.1), (1.2) with
initial function ug, = ug(2)0(r — |z|) € L*(R™) (recall that 6(s) is the Heaviside
function). By Corollary 4.1 u,(t,z) is a renormalized solution of (1.1), (1.2) for
each r € N. Since the difference u; — u, is a group solution and, therefore, also a
renormalized solution of problem (1.1), (1.2) with initial data uy — uq,, [, € N,
then |u; —u,| is a nonnegative g.s. of this problem with initial function |ug — uoy|.
By Proposition 1.1, we find that for all ¢t > 0

/ |ul(t7$) - ur(t,x)|dx < / |U0l(£L') - Uor(l‘)|dl' = 07 Vi > T,
|z|<r—Nt lz|<r

and w;(t,z) = u,(t,z) almost everywhere in the cone C, = { (t,z) € II | |z| <
r— Nt }. This implies that the sequence u, converges as  — oo to a function u =
u(t,z), where u = u,(t,z) whenever (t,z) € C, for some r € N. It is clear that
u(t,x) € L2 (I1). Let us demonstrate that u is the desired renormalized solution.
Let a function g(u) € C(R) be such that g(ug(z)) € L} (R™), g(u(t,x)) € L} .(I1),
and f = f(t,r) € CL(II). Then one can choose a sufficiently large r € N such
that supp f C C,.. Since u = u, in C, while u, is a renormalized solution, we

conclude that

/n g(up(2)) f(0,x)dx + / g(u(t, ) fi + a(x) - V. fldtdx =

IT

/n g(uo(x)) (0, z)dx + / g(ur(t,x))[ft + a(z) - V. fldtdx = 0.

II

Hence, u is a renormalized solution of (1.1), (1.2). O

Theorem 4.1. Assume that A is a skew-adjoint operator, and div(a(x)u(z)) =0
in D'(R"), where u(x) € L (R™). Then div(a(z)g(u(z))) = 0 in D'(R") for any

loc

g(u) € C(R) such that g(u(z)) € L} (R™).

loc
Proof. Let p(y) € C3(R™) be a function equaled 1 in the unit ball |y|* < 1. We
set u,(z) = u(x)p(z/r) € L*(R™). By our assumption the operator A is skew-
adjoint and, in view of equality A = —(A)*, this operator may be considered in
distributional sense. Obviously, for all » > 0

Aug(s,7) = vy (2) = u(w) Aple/r) = ~u(x)a(x) - (V,p)(x/r) in D(R").

Since v,(x) € L*([R"), then u,(z) € D(A). Now let U,(t,7) = e~ *u,(z) be the
group solution of (1.1), (1.2) with initial data u,(z). As we demonstrated above,
u,(z) € D(A). Therefore, U,(t,-) € C*(R, L*(R")), and

d
V, = EUT(LL’ N = —e M Ay, = —e M,
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We see that V,.(¢, ) is a renormalized solution to the Cauchy problem (1.1), (1.2)
with initial data —v,(x). By Corollary 4.1 |V,.(¢,2)| is a g.s. of this problem with
initial function |v,(x)|. Let T, R > 0, r > R+ NT. Then by Proposition 1.1 for

all t € [0, T]
/ Vit 2)|de < / o (2)|daz = 0
|z|<R |z|<r

(since (Vyp)(z/r) =0 for |z| < 7).

We find that V, = 40U, = 0 in the cylinder Crr = { (t,2) | |z| < R, t €
(0,7) }. This implies that U, = w, = u in this cylinder. Now, let g(u) be a
bounded continuous function. By Corollary 4.1 the function ¢g(U,) is a g.s. of
(1.1), (1.2). Therefore this function satisfies (1.1) in D'(Cr ). Since g(U,) = g(u)
in Crr, we obtain that div,(ag(u)) = 0 in D'(Vg), where Vi denotes the open
ball |x| < R. In view of arbitrariness of R we conclude that div,(ag(u)) = 0
in D'(R"). In the general case when g(u) € C(R), g(u(t,z)) € L, .(R™), we
construct the sequence of cut-off functions gi(u) = max(—k, min(g(u), k)). Then
div,(agr(u)) = 0 in D'(R™) for all k£ € N. Since gi(u(x)) — g(u(z)) as k — oo in
Li . (R™) (cf. the proof of Corollary 4.1), we can pass to the limit as & — oo in

loc

the relation div,(agx(u)) = 0 and conclude that div,(ag(u)) =0 in D/(R"). O

5 Main result: the sufficiency

We are going to establish the much stronger result than the statement of Corol-
lary 4.1, claiming that any generalized solution w(t,z) of (1.1), (1.2) is a renor-
malized solution, that is, the sufficiency statement of our main Theorem 1.1.

We define the operator Ay = 2 + Ay acting on C3(R™+!), so that Agu(s,z) =
% +a(x)Vyu(s, z). Let A be a closure of Ay in L2(R"1). We will prove that
A is a skew-adjoint operator whenever A is a skew-adjoint operator on L3(R™).
First, we observe that, at least formally, operator —A should coincide with the
infinitesimal generator of the unitary group Gu(s,-) = Tyu(s —t,-), u(s,x) €
L*(R™*1). By Stone’s theorem Gy = e~ P! where B is a skew-adjoint operator on
L?(R™1). The following statement justifies this formal observation.

Lemma 5.1. The equality A = B holds. In particular, the operator A is skew-
adjoint.

Proof. We denote by X the space L*(R") and by X, the space D(A) equipped
with the graph norm ||z ||+ || Az||2. Since the operator A is closed, X is a Banach
space. Let F be a subspace of L*(R"™!) = L*R, X) consisting of functions
u(s,-) € L*(R, Xo), such that Lu(s, ) € L*(R, X). We show that ' C D(B) N
D(A) and Bu = Au on F. Thus, assume that u(s,z) € F. Then,

G — u u(s —t,-) —ul(s,-) N Tiu(s, ) — u(s,-)

—T
{ ’ t t
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Since

11_{% = —EU(S, )7
T D) — )
fi T ) ) i ()
we find that there exists
. Gu—u  d R
—Bu = 11_{% = —Eu( ) — Au(s,-) in L*(R, X),

that is, u € D(—B) = D(B) and

Bu = %u(s, )+ Au(s, ). (5.1)

Let us show that the same holds for the operator A. Assume firstly that
N
x) = Zozj(s)vj(x), a;(s) € C3(R), v; € Xo, j=1,...,N. (5.2)
=1

If v;(x) € C§(R™), then u(s, z) € CHR™!) = D(Ap) and then
Au(s,z) = Agu(s, z) = gu(s,x) +a(z) - Vyu(s,x) = diu(s, )+ Au(s, ).
s s

In the case of arbitrary v; € Xy we can find sequences v, € C}(R"), r € N,
converging to v; as r — oo in X, (because A is the closure of Ay). Then the
sequences

N
x) = Zaj(s)vjr(:c — u(s,x), Au, = Za s)vj,(z
= 7—00

N N

d
Z a;(s)Avj.(z) e Z )+ Z a;(s)Avj(x) = == u(s,-) + Au(s, )
j=1 j=1

in L?>(R,X). Since the operator A is closed, we conclude that u(s,z) €
~ ~ d

D(A) and Au(s,:) = d—u( ) + Au(s,-). Now we consider the general
s

case u(s,r) € F. Then, as is easy to verify, there exists a sequence
U (s, ), m € N, of functions having form (5.2) such that w,(s,:) — wu(s,-)

d d
: d—um(s,~) — —u(s,+) in L*(R,X). Then uy(s,-) — ul(s,),
s

m—oo ds m—o00
N d N
Aup(s,r) — —u(s,) + Au(s,-) in L*(R, X), which implies that u € D(A),

m—oo dS

Au(s,-) = Lu(s,-) + Au(s, ) again due to the closedness of A.

in L2(R, Xo)
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In view of (5.1) we conclude that ' ¢ D(B) N D(A), and B = A on F. By
the known representation of the resolvent (E + B)™!, we find

+oo
uls,) = (B4 B) (s, = [ ¢ 'Gupde =
—+00 s ’
/ e_tth(s—t,-)dt:/ e T,y f(t,-)dt
0

—00

Notice that Xy is an invariant space for a group T; and since ||Tiullz = |Ju|lz,
|ATullo = || T Aull2 = [|Aul|2, then || Tiu||x, = ||u||x,. Therefore, taking f(s,z) €
L2(R, X,), we find

s

U() = luts Mo < [ e ITf et =

(e 9]

| el mdt = 6 o)
where F'(t) = [|f(t,)|lx,, 7(t) = 0(t)e™" (recall that 6(t) is the Heaviside func-
tion). It is clear that ||y||; = 1 and by the known property of convolutions
[Ull2 < [[Fll2, that is, u(s,-) € LA(R, Xo), [lu(s, )r2@xo < I )le2@xo)-
Further, there exists the derivative

d d S S
gu(s, )= %/ eI, f(t,)dt = f(s,-) —/ T, f(t,-)dt —

—00 —0o0

/ AT, L (t )t = f(s,-) — uls, ) — Aus,-) € LA(R, X).
We see that u(s,-) € F. Assume that u(s,-) € D(B). Then, there exists a unique
f(s,-) € L*(R, X) such that u(s,-) = (F + B)~'f(s,-). Evidently, L*(R, Xj) is
dense in L?(R, X), which implies existence of a sequence fi(s,-) € L*(R, X,),
k € N, such that f, — f as k — oo in L*(R, X). We define the corresponding
sequence uy = ux(s, ) = (E+B)~ Lf.. Then uy — u, Au, = Buy, — Buas k — oo
in L?(R, X). Since A is a closed operator, we derive that u € D(A) and Au = Bu.
Hence, B C A. Conversely, Ay C B (since, evidently, D(Ay) € F), which implies
A C B as the closure of Ay. We conclude that A = B, as required. O

Now, we are ready to prove the renormalization property.

Theorem 5.1. Assume_that operator A is skew-adjoint and ug € L (R™). Then
any g.s. u(t,z) € L2 (I1) of the problem (1.1), (1.2) is a renormalized solution
of this problem and, therefore, is unique.

Proof. We may extend u(t,x) to a g.s. of (1.1), (1.2) on the whole space R"*!
setting u(—t,z) = v(t,x), where v(t,z) € L2 (II) is a renormalized solution
of the problem v; — div(a(xz)v) = 0, v(0,2) = ug(x). Since the operator —A
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is skew-adjoint, this renormalized solution exists due to Corollary 4.2. Then
u; + div(a(z)u) = 0 in D'(R™™). By Lemma 5.1 the operator £ + div(au) is
skew-adjoint on L*(R™"1). Then, by Theorem 4.1 g(u); + div(a(z)g(u)) = 0
in D'(R™™) whenever g(u) € LZOC(R"“). This easily implies that u(t,z) is a
renormalized solution of (1.1), (1.2). O

Remark 5.1. In the case of more general transport equation

ur +a(t,z) - Vou = up + divg(a(t, z)u) = 0 (5.3)
with a(t,z) = (a1(t,x), ..., a,(t,x)) € L>®(I[,R"), div,a(t, z) = 0, we may extend
the field a(t,z) on the whole space (t,x) € R"™! setting a(t,r) = —a(—t,z)

for t < 0. It is clear that the vector field a(t,z) = 2 + a(t,z) is bounded
and solenoidal on R"™*! and for any g.s. u(t,z) € L} (II) of (5.3) the function
a(t,r) = u(|t],z) is a g.s. of (5.3) in the whole space R"".

For equation (5.3) the following analogue of Theorem 2.1 holds.

Theorem 5.2. Any g.s. of the Cauchy problem (5.3), (1.2) is a renormalized
solution if and only if the operator Agyu = a(t,z) - Vu = %u + a(t,x) - V,u,
u=u(t,z) € CH(R™), is essentially skew-adjoint.

Proof. Let us consider the extended transport equation
v+ a(s,x) Vv =v+vs+a(s,z) - Voo =0, (5.4)

where v = v(t, s,x), t > 0, (s,2) € R*"!. After the change u(t, s, r) = v(t+s,t,x)
we obtain the equation
u +a(t,z) - Vyu =0

which coincides with (5.3). Therefore, any g.s. of (5.3) ( which necessarily admits
some initial data (1.2) ) satisfies the renormalization property if and only if this
is true for g.s. of equation (5.4). By Theorem 5.3, the latter is equivalent to the
essential skew-adjointness of the operator a(t, z) - Vu. The proof is complete. [

6 Contraction semigroup, which provides g.s.
and a criterion of the uniqueness

In this section we study the general case when the skew-symmetric operator A
is not necessarily skew-adjoint. We proof that in this case there always exists
a linear Cy-semigroup 7 such that u(t,z) = Tiug is a g.s. of (1.1), (1.2), and
| Tiuglla < ||luoll2 for all ug € L? (ie., T, are contractions in L?). Let A be a
maximal skew-symmetric extension of A. Then A ¢ A ¢ —A* € —A*. Denote
by dy = dy(A) = codimIm(E+A), d_ = d_(A) = codim Im(E—A) the deficiency
indexes of A (generally, these are cardinal numbers). Since A is a maximal skew-
symmetric operator, either dy = 0 or d_ = 0. Let us define B = —Aifd, =0,
B=A"ifd_ =0 (observe that in the case d; = d_ = 0 the operator A s
skew-adjoint and —A = A* ).
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Theorem 6.1. The operator B generates the semigroup of contractions Tyu = P

on L? such that u(t,z) = Tyug is a g.s. of (1.1), (1.2) for every initial data
ug € L?. Moreover, in the case dy = 0 the operators T, are isometric, that is
[Tl = llull2 Vu € L*.

Proof. 1f d, = 0 then Im(E+ A) = L? and the operator B = — A is m-dissipative.
By the Lumer-Phillips theorem it generates the semigroup of contractions on L?.
Moreover, in this case B is skew-symmetric and the operators T, = e?! are iso-
metric. In the remaining case when d_ = 0 the operator A is m-dissipative. Then
(see [5]) the operator B = A* is also m-dissipative and generates the semigroup
of contractions. Since —A C A* C A*, then B C A* and by virtue of Lemma 3.1

we conclude that the functions u(t, z) = Tyug(z) are g.s. of (1.1), (1.2). O

The following statement gives the criterion of uniqueness of a contraction
semigroups constructed in Theorem 6.1.

Theorem 6.2. A contraction semigroups Ty, which provides g.s. Tyug, is unique
if and only if A is a mazimal skew-symmetric operator.

Proof. 1f the skew-symmetric operator A is not maximal (that is, d,(A),d_(A) >
0), then there exist different maximal skew-symmetric extensions Ay, Ay, such
that dy(A;) = d(Ay), d_(A,) = d_(A,). Then m-dissipative operators By, B,
corresponding to A;, A, are different. By the Hille-Yosida theorem they generates
different semigroups. Therefore, the uniqueness assumption implies that A is a
maximal skew-symmetric operator. Conversely, suppose that the operator A is
maximal and 7} is a contraction semigroup in L?, which provides g.s. of problem
(1.1), (1.2). Then, by the Lumer-Phillips theorem, the infinitesimal generator C' of
this semigroup is m-dissipative (maximal dissipative) and by Lemma 3.1 C' C A*.
Since also —A C A*, we see that Cz = —Ax Vo € D(C) N D(A). This allows to
define the linear operator C' on D(C) = D(C) 4+ D(A), setting Cw = Cu — Av if
w=u+wv,u € D(C),ve DA). f w=u;+v; =us+ v, where us,us € D(C),
vy, vy € D(A), then uy —uy = vo—vy € D(C)ND(A) and C(ug—ug) = —A(vg—1y),
which implies the equality Cu; — Av; = C'ug — Awvg, showing that the value Cw
does not depend on a representation w = u +wv, u € D(C), v € D(A). Thus, the
operator C is well-defined and by the construction C' ¢ C, —A c C. If w = u+w,
where u € D(C), v € D(A), then

(Cw,w)y = (Cu— Av,u +v)y = (Cu,u)y — (Av,v)s + (v, Cu)y — (Av,u)s
= (Cu,u)y — (Av,v)9 + (v, A%u)y — (Av,u)s = (Cu,u)q, (6.1)

where we use that C' C A* and the relations (Av,u)s = (v, A*u)s2, (Av,v) =0
(we recall that A is skew-symmetric). Since the operator C' is dissipative, then
(Cu,u)y < 0 (see [5] ) and it follows from (6.1) that (Cw,w)y < 0 for all w €
D(C). This means that C is a dissipative operator. But C C C while C is
a maximal dissipative operator. Therefore, C' = C and in particular D(C) =
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D(C)+ D(A) = D(C). Hence, D(A) C D(C) and —A C C C A*. We recall that
A is a maximal skew-symmetric operator, so that either d (A) =0 or d_(A) = 0.
In the first case Im(F + A) = L?) that is, —A is m-dissipative operator. From
the relation —A C C' it now follows that C' = —A = B. In the second case
Im(E — A) = L? and A is an m-dissipative operator. By the known property
(see [5]) A* is an m-dissipative operator as well. Since operator C' is also m-
dissipative, it follows from the relation C' C A* that C' = A* = B. In both cases
C coincides with the operator B from Theorem 6.1. This, in turn, implies the
uniqueness of the semigroup 7;. [

Now we are ready to prove part (ii) of main Theorem 1.1 claiming that the
uniqueness of any g.s. holds if and only if the operator A is skew-adjoint that, in
turn, is equivalent to the renormalization property. It is clear that the renormal-
ization property for every g.s. implies the uniqueness. The inverse statement is
a consequence of the following theorem.

Theorem 6.3. Assume that any g.s. of problem (1.1), (1.2) with uy € L? is
unique in the class of g.s. with bounded ||u(t,-)||a. Then these g.s. satisfy the
renormalization property and, therefore, the operator A is skew-adjoint.

Proof. 1t is clear that the uniqueness assumption implies the uniqueness of a
contraction semigroups T;, which provides g.s. By Theorem 6.2 the operator A
is maximal skew-symmetric, that is, one of its deficiency indexes d, or d_ is
zero. In view of Theorem 6.1 in the case d, = 0 the semigroup 7; consists of
isometric embeddings. Therefore, the g.s. u = u(t,x) = Tiuo(x) satisfies the
property: ||u(t,)|l2 = ||uoll2. Let @ = a(t, z) be a weak limit of a subsequence of
g.s. ug(t, ) to the approximate problem (3.1), (1.2). Since ||ug(¢,-)|2 = ||uol|2s
then

luell iy = VT luolla = el 2o, (6.2)

where Iy = (0,7) x R™. Since u, % are g.s. of the same problem (1.1), (1.2),
then by the uniqueness assumption ©v = u. Hence up — u as k — oo weakly in
L?*(IIy) while in view of (6.2) ||ullr2(1y) = ||ukllr2a1, for all & € N. By the known
property of weak convergence we conclude that u, — u as k — oo strongly in
L3(Il7) for all T > 0. As in the proof of Corollary 4.1, this implies that u is a
renormalized solution of (1.1), (1.2). Thus, requirement (R) is fulfilled and by
Theorem 3.1 the operator A is skew-adjoint.

Now we consider the case when d_ = 0. In this case the operator — A generates
the semigroup S; of isometries in L?. We choose T' > 0 and set

w = u(l, z) = (T —t,x), 0<t<T,
—UBTIE At - T, a), t>T,

where v(t,z) = Spo(z) and @ = u(t,z) is a g.s. of (1.1), (1.2) with initial data
vo € L?. Tt is easy to verify that u(t,z) is a g.s. of problem (1.1), (1.2) with
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the initial function ug = (7T, -). By the uniqueness of this g.s. u = @, where, as
above, & = u(t, z) is a weak limit of the sequence uy (¢, x) of g.s. to approximate
problem (3.1), (1.2). We see that

1@l 2ty = llull2qizy = 10llz2ry) = VT lluollz = luxllz2qgy Yk € N.

As was shown in the first part of our proof, this implies the strong convergence
U, = U in L?*(TI7) and, therefore, the renormalization property. By the latter
oo

we find that v(¢,z) is a renormalized solution of the Cauchy problem for the
equation v, — divav = 0 with initial data vy (we also take into account that
T > 0 is arbitrary). Thus, requirement (R) for this equation is satisfied and by
Theorem 3.1 we conclude that the operator —A is skew-adjoint. This, in turn,
implies that A is a skew-adjoint operator. By Theorem 5.1 we see that any g.s.
of (1.1), (1.2) is a renormalized solution of this problem as well. The proof is
complete. O

7 Generalized characteristics

We assume that the operator A is skew-adjoint. By Theorem 5.1 for every ugy(z) €
L> = L*(R"™) there exists a unique g.s. u(t,z) € L*(II) of the problem (1.1),
(1.2), and this g.s. is a renormalized solution as well. It is clear that ||ul/s <
M = Jjug||s (this can be derived from the renormalization property. Indeed,
v=(Jul — M) iaags. of (1.1), (1.2) with initial data (Jug] — M )" = 0, which
implies that v = 0, i.e., |[u| < M ). As readily follows from the definition of
g.s. and the renormalization property, the functions ¢t — p(u(t,-)) are weakly
continuous on some set of full measure for every p(u) € C(R), which implies
that the map ¢ — w(t,-) is strongly continuous in Lj (R"). In particular, after
possible correction of u on the set of null measure, we may and will assume that
the functions wu(t, ) € L* are well-defined for all ¢ > 0 and depend continuously
on t (in the space L} (R™) ). Let uy = uy(t,x), ug = us(t,x) be g.s. of problem
(1.1), (1.2) with initial functions ug; = ug1(x), wes = ugz(x), respectively. Then,
by the renormalization property wjus = [(u; + ug)? — u3 — u3]/2 is a g.s. of
(1.1), (1.2) with the initial data ugius = [(uo1 + u02)? — ud; — ud,)/2. Hence,
the map Ti(ug) = u(t,-) is a homomorphism of the algebra L>°: T}(uv) = TyuTv
for all u,v € L*(R™). Obviously, the semigroup 7; can be extended to the
group T; of isomorphisms of L>°. These isomorphisms generate the corresponding

homeomorphisms y; : S — § of the spectrum S of C*-algebra L*°, so that
u(t, )(X) = @y (X)) forall X €S, (7.1)

where u € C(S) denotes the Gelfand transform of u € L*: u(X) = (X, u)
(recall that S consists on multiplicative functionals X : L> — C ). Denote by
zy © S — S the inverse homeomorphism x; = y; . Then (7.1) can be written as

—

u(t, ) (zy(Xo)) = up(Xo) VXo €S,
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—

that is, u(t, -) remains constant on the curve X (t) = z4(Xy), t € R. It is natural
to call this curve the generalized characteristic of equation (1.1). In other words,
X(t) can be considered as a generalized solution to characteristic system (2.1)
(extended to S) with initial data X (0) = Xj.

Let us describe the spectrum S. The below characterization of S is rather
well-known but we cannot find the appropriate references and, therefore, give
the description of S in details. First of all, we introduce the notion of essential
ultrafilter.

We call sets A, B C R" equivalent: A ~ B if u(A A B) =0, where A A B =
(A\ B)U(B\ A) is the symmetric difference and p is the outer Lebesgue measure.
Let § be a filter in R™. This filter is called essential if from the conditions A € §
and B ~ A it follows that B € §. It is clear that an essential filter cannot include
sets of null measure, since such sets are equivalent to (). Using Zorn’s lemma,
one can prove that any essential filter is contained in a maximal essential filter.
Maximal essential filters are called essential ultrafilters.

Lemma 7.1. Let 8 be an essential ultrafilter. Then for each A C R™ either
A€l orR"\ A€l

Proof. Assuming that A ¢ 4, we introduce
§={BCR"|BUAecuU}.

Obviously, § is an essential filter, R” \ A € §, and 4 < §F. Since the filter i is
maximal, we obtain that 4 = §. Hence, R" \ A € . The proof is complete. [

The property indicated in Lemma 7.1 is the characteristic property of ultra-
filters, see for example, [6]. Therefore, we obtain the following statement.

Corollary 7.1. Any essential ultrafilter is an ultrafilter, i.e. a maximal element
in a set of all filters.

Lemma 7.2. Let 4 be an essential ultrafilter, and f(x) be a bounded function in
R™. Then there exists liirln f(z). If a function g(x) = f(x) almost everywhere on

R"™, then there exists liirln g(x) = liirln f().

Proof. By Corollary 7.1 ilis an ultrafilter. By the known properties of ultrafilters,
the image f.4l is an ultrafilter on the compact [—M, M|, where M = sup |f(x)|,
and this ultrafilter converges to some point y € [—M, M]. Therefore, liLr[n f(z) =
lim f,4 = y. Further, suppose that a function g = f a.e. on R”. Then the set £ =
{r € R" | g(z) # f(x) } has null Lebesgue measure. Let V' be a neighborhood of
y. Then ¢g=1(V) D f~1(V)\ E. By the convergence of the ultrafilter f,i the set
f7H(V) € 4. Since U is an essential ultrafilter while f~*(V)\ E ~ f~1(V), then
Y V) \ E € 4. This set is contained in g~!(V'), and we claim that ¢g~(V) € 4.
Since V' is an arbitrary neighborhood of y, we conclude that liirln g(x) =y. The

proof is complete. O
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By the statement of Lemma 7.2, the functional f — liLrln f(&) is well-defined

on L*>(R™) and it is a linear multiplicative functional on L>°(R™). In other words,
this functional belongs to the spectrum S of algebra L>(R"). Let us demonstrate
that, conversely, any linear multiplicative functional on L*°(R") coincides with
the limit along some essential ultrafilter.

Theorem 7.1. For each X € S there exists an essential ultrafilter L such that

(X, f) =lim f(z) Ve LX(R"). (7.2)

Proof. We denote by xp = xg(z) the indicator function of measurable set B C
R™, and define

§={ACR"|(X,x5) =1 for some measurable B C A }.

It is directly verified that § is an essential filter. Let us show that for every
f(z) € L*(R™) there exists lién f(z). Let A= (X, f), e >0,

V=V.={zeR"[[f(x) Al <},

V =R"\ V. It is clear that V is a measurable set. We are going to prove that
(X, xv) = 1. We define the function

_[Y(f@=N , zeV,
g(m)_{ 0 , zeV.

Since |f(r) — A| > € on the set V, then g(z) € L*(R") and, evidently,
g(z)(f(x) — A) = x3. Therefore,

(X, xv) = (X, 9)((X, f) = A) = 0.

This implies that

<X7XV> = <X71 _XV> =1- <X7XV> = 17

as was to be proved. Hence, V = V. € § for all ¢ > 0, which means that
lién f(x) = A= (X, f). Notice that the latter relation holds for every f € L>*(R™).

Let U be an essential ultrafilter such that § C Y. Then relation (7.2) is fulfilled.
O

Notice that the essential ultrafilter indicated in Theorem 7.1 is not unique,
but it belongs to a unique equivalence class corresponding to the relation

o~ il & limf=lim fVf € L¥(R") (7.3)
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on the set of essential ultrafilters.

By Theorem 7.1 any generalized characteristic X (t) = x(Xo) can be described
as a curve $(¢) on a set of essential ultrafilters

We call an ultrafilter ${ bounded if it contains a bounded set. It is clear
that a bounded ultrafilter 4 contains some compact set K. Then U|x = { B €
| B C K }is an ultrafilter on the compact K and, therefore, it converges to
some element y € K. Then y = lim4. We have established that any bounded
ultrafilter on R™ converges. Notice that, conversely, if an ultrafilter Y4 converges,

= lim 4, then i contains all neighborhoods of y and, therefore, is bounded.

By Theorem 7.1 any generalized characteristic X (t) = x,(Xo) can be described
as a curve (t), t € R on a set of essential ultrafilters, which is uniquely defined
up to the equivalence (7.3). We complete this section by the following result.

Theorem 7.2. Let (t), t € R, be a generalized characteristic. Assume that the
essential ultrafilter U(ty) is bounded for some ty € R. Then U(t) is bounded for all
t € R, and the curve z(t) = limU(t), t € R, is Lipschitz: |z(t)—x(to)| < N|t—to].

Proof. Since the ultrafilter U(t) is bounded, there exists the limit x(t;) =
lim $(¢y). Therefore, for every € > 0 the ball

Vo={zeR"||z—x()] <e} € Ut).

Denote by wug(z) the indicator function of this ball and let u(t,z) € L>®(R™)
be the unique g.s. of equation (1.1) satisfying the Cauchy condition u(ty,z) =
up(z). As readily follows from the statements of Proposition 1.1, u(¢,x) = 0 for
|z — x(ty)| > e + N|t — to|. By the definition of generalized characteristics

u(t,x) = Bg)l u(t,-) = Llll(gl) up = 1. (7.4)
Let us show that the ball

Veener = L 2 €R™ | |z — 2(ty)| < e+ Nt —to| } € U(t).

Otherwise, its complement V., nji—s € U(t). Since u(t, ) = 0 on this set, we
claim that ld(rr)lu(t,) = 0. This contradicts (7.4), therefore, we conclude that
t

Vi Nji—to] € (). Hence, the ultrafilter £(t) is bounded and x(t) = lim {(¢) lays
in the closure of V.4 i, This implies that |z(t) — x(ty)| < e+ N|t —to|. Since
e > 0 is arbitrary, we conclude that |z(t) — z(to)| < Nt — to]. O

Remark that the curves x = z(t) = lim#(¢), ¢ € R can be treated as the
projection of a generalized characteristic 4(¢) on the “physical” space R". In
some sense xz(t) can be interpreted as a solution of characteristic system (2.1).
As opposed to classic solutions, z(t) is not uniquely determined by (g, z(to)),
actually it is determined by a point (¢, U(to)).
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