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Abstract

This paper is concerned with the Riemann problem for the isentropic Chaplygin gas magnetogas-
dynamics equations and the formation of delta shocks and vacuum states as pressure and magnetic
field vanish. Firstly, the Riemann problem of the isentropic magnetogasdynamics equations for Chap-
lygin gas is solved analytically. Secondly, it is rigorously proved that, as both the pressure and the
magnetic field vanish, the Riemann solution containing two shock waves tends to a delta shock solution
to the transport equations, and the intermediate density between the two shocks tends to a weighted
d-measure which forms the delta shock; while the Riemann solution containing two rarefaction waves
tends to a two-contact-discontinuity solution to the transport equations, the termediate state between

the two contact discontinuities is a vacuum state.
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1. Introduction

In this paper, we are concerned with the system of conservation law governing the one-dimensional
unsteady simple flow of an isentropic, inviscid and perfectly conducting compressible fluid subjected to

a transverse magnetic field (see [10, 11]):

pe + (pu)z =0,

(1.1)
(pu)e + (p+ pu® + B*/2u). = 0,

where p > 0, u, p, B and p > 0 represent the density, velocity, pressure, transverse magnetic field and
magnetic permeability, respectively; p and B are known functions defined as
k1

p=- (1.2)
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and B = kop, where k1 and k2 are positive constants. The independent variables ¢t and x denote time
and space, respectively. The adiabatic exponent in (1.2) can be viewed as v = —1 by comparing with
the state equation p = k1p” with v > 1 for the polytropic gas. The gas (1.2) whose adiabatic constant
v = —1 is usually called as the Chaplygin gas.

For the isentropic Chaplygin gas Euler equations, Brenier [1] firstly studied the 1-D Riemann
problem and obtained solutions with concentration when initial data belong to a certain domain in
the phase plane. Furthermore, Guo, Sheng and Zhang [6] abandoned this constrain and constructively
obtained the global solutions to the 1-D Riemann problem, in which the d-shock developed. Moreover,
they also systematically studied the 2-D Riemann problem for isentropic Chaplygin gas equations. For
the 2-D case, we can also refer to [9] in which D. Serre studied the interaction of the pressure waves
for the 2-D isentropic irrotational Chaplygin gas and constructively proved the existence of transonic
solutions for two cases, saddle and vortex of 2-D Riemann problem. Recently, Sheng, Wang and Yin
[13] and Wang [15] studied the Riemann problem for the generalized Chaplygin gas and obtained the
solutions to the Riemann problem and the interactions of elementary waves. The Riemann solutions
to the transport equations in zero-pressure flow in gas dynamics were presented by Sheng and Zhang
in [14], in which delta shocks and vacuum states appeared.

In related researchs of the §-shock waves, one very important and interesting topic is to study the
phenomena of concentration and cavitation and the formation of §-shock waves and vacuum states in
solutions. In earlier paper [4], Chen and Liu [4] studied the formation of d-shocks and vacuum states of
the Riemann solutions to the isentropic Euler equations for polytropic gas as € — 0, in which they took
the equation of state as P = ep for p = p” /v (v > 1). Further, they also obtained the same results for the
Euler equations for nonisentropic fluids in [5]. The same problem for the the isentropic Euler equations
for isothermal case was studied by Li [7], in which he proved that when temperature drops to zero, the
solution containing two shock waves converges to the delta shock solution to the transport equations
and the solution containing two rarefaction waves converges to the solution involving vacuum to the
transport equations. Then, the results were extended to the relativistic Euler equations for polytropic
gas by Yin and Sheng [17] and for Chaplygin gas by Yin and Song [18], the isentropic Euler equations for
the generalized Chaplygin gas by Sheng, Wang and Yin [13] and for modified Chaplygin gas by Yang and
Wang [16], the perturbed Aw-Rascle model by Shen and Sun [12], the isentropic magnetogasdynamics
equations for polytropic gas by Shen [11], the generalized pressureless gas dynamics model with a scaled
pressure term by Mitrovic and Nedeljkov [8], etc.

In this paper, we study the Riemann problem of the isentropic magnetogasdynamics equations for
Chaplygin gas and the formation of delta shocks and vacuum states as pressure and magnetic field
vanish. The organization of the paper is as follows. In Sections 2 and 3, the Riemann problems for
the isentropic Chaplygin gas magnetogasdynamics equations and the transport equations are analyzed
by characteristic analysis. In Sections 4 and 5, we investigate the formation of d-shocks and vacuum
states of the Riemann solutions to the isentropic magnetogasdynamics equations for Chaplygin gas as

pressure and magnetic field vanish.

2. Riemann problem for system (1.1)-(1.2)
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In this section, we discuss the Riemann solutions of (1.1) and (1.2) with initial data
(0 0)(@,0) = (ps,uz),  +o>0, (2.1)

where p4+ > 0 and u4 are arbitrary constants.

For smooth solution, system (1.1) is equivalent to

u
A P Pl o, (2.2)

S

U w?/p u
t T

where w = (¢2 4 b?)'/2 is the magneto-acoustic speed with ¢ = (p'(p))'/? as the local sound speed
and b = (B%(p)/up)*/? the Alfven speed. Here, prime denotes differentiation with respect to p. The

eigenvalues of system (1.1) and (1.2) are

k k2 k k2
At =u— %+Lp7 A2 =wu+ %-I-Lp.
P P2

Therefore, system (1.1) and (1.2) is strictly hyperbolic for p > 0.

The corresponding right eigenvectors are

ki | k3p.r ki | k3p.r
= (—p | +—=22), T=(py/5+—2)"
(=p 2 u) (p 2 u)

By simple calculation, we get
3k3p

2
2py/ b + 522

Therefore, both the characteristic fields are genuinely nonlinear.

Vi Tt = £0, i=1,2.

Since system (1.1), (1.2) and the Riemann data (2.1) are invariant under stretching of coordinates:

(z,t) = (az,at) (a is constant), we seek the self-similar solution

(pru)(@.1) = (p,u)(©), €= 7.

Then Riemann problem (1.1), (1.2) and (2.1) is reduced to the following boundary value problem of

ordinary differential equations:

—€pe + (pu)e = 0,

k 2 | (kap)? (2:3)
—&(pu)e + (— B+ pu® + T)g =0,
with (p,u)(00) = (pi, us).
For any smooth solution, system (2.3) can be written as
u—¢ p pe
i k2, =0 (2.4)
—Su+ 3 tu+ =25 —Ep+2pu Ug

It provides either general solutions (constant states)

(p,u)(€) = copgtant (> 0)



or singular solutions called the rarefaction waves R; and Rs which denote, respectively, 1-rarefaction

waves and 2-rarefaction waves,

Ry : Ky k25 (2.5)
p 2w
u—u-=—[" - ds, p<p_,
and
k2
E=do=u+ /5 + 25
Ry Ky k25 (2.6)
P s2 H
u—u-= [~ s ds, p>p—.
Ey kae
2 N
Differentiating the second equation of (2.5) with respect to p yields u, = —% < 0, and
subsequently,

4k | k3p
—5 + =
P 1

U =
op
Pl
2p? k1 k3p
V p? w

which mean that the 1-rarefaction wave curve R; is monotonic decreasing and convex in the (p, u) plane

>0,

(p > 0). Similarly, from the second equation of (2.6), we have u, > 0 and u,, < 0, which mean that
the 2-rarefaction wave curve Rz is monotonic increasing and concave in the (p,u) plane (p > 0). In

addition, it can be verified that lim+ u = 400 for the 1-rarefaction wave curve R, which implies that
p—0

R has the u-axis as its asymptotic line. It can also be proved that lim u = +oo for the 2-rarefaction
p——+o0

wave curve Ra.

For a bounded discontinuity at & = o, the Rankine-Hugoniot conditions hold:

—olp] + [pu] =0, 2.7)
k1 2 | (k2p)?) _ '
—olpu] + [=3 + pu” + -] =0,
where [p] = p — p—, etc. Solving (2.7), we obtain two shock waves S1 and S
1 k k2(p+p_)
S T
St - (2.8)
k3(pt+p-)
w7 (B 25 o) oo
k k2(p+p_)
ren e (e ),
Sa - (2.9)
k3(pt+p-)
wm et [ (B 5 - ), p<

Differentiating the second equation of (2.8) with respect to p, for p > p— we have

3 2
2\/1 (Ll n M) p-p®  p—p 2o 2p°n

Up = —

pp— \ pPP— 2p

which mean that the 1-shock curve S; is monotonic decreasing in the (p,u) plane (p > 0). Similarly,
from the second equation of (2.9), for p < p— we have u, > 0, which mean that the 2-shock wave curve

S is monotonic increasing in the (p, ) plane (p > 0). In addition, it is easily derived from (2.9) that
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lim+ u = —oo for the 2-shock curve Sz, which implies that Sz has the u-axis as its asymptotic line. It
p—0

can also be derived from (2.8) that pEToou = —oo for the 1-shock curve Si.

In the phase plane (p > 0, u € R), through point (p—, u_), we draw the elementary wave curves Ry,
R>, S1 and Sa, respectively. Then the phase plane is divided into four regions I, II, III and IV (p_,u_)
(see Fig. 1).

By the analysis method in phase plane, for any given state (p4, u+ ), one can construct the Riemann
solutions as follows:

(1) (p+,u+) € I(p—,u-) : R+ Ra;

(2) (p4sut) € II(p—,u-) : R1 + Sa;
(3) (pysuy) € IIT(p—,u—) : S1 + Ro;
(4) (p4,us) €IV (p—,u-): S1+ 52

Fig. 1. Curves of elementary waves.

Thus we have proved the following result

Theorem 1. For Riemann problem (1.1), (1.2) and (2.1), there exists a unique entropy solution, which

consists of shock waves, rarefaction waves, and constant states.

3. Riemann problem for the transport equations

The Riemann solutions to the transport equations in zero-pressure flow were presented by Sheng

and Zhang in [14]. The Riemann problem to the transport equations are
+ U)x = 07
pi + (pu) 3.1)
(pu)e + (pu®)e =0

with initial data
(b, 0)(@,0) = (piyus),  +2>0. (3.2)



The system has a double eigenvalue

>
Il
S

and only one right eigenvector

7 = (r,0)".

By a direct calculation,
VA7 =0.

Thus (3.1) is nonstrictly hyperbolic and A is linearly degenerate.
As usual, we seek the self-similar solution

T

(. )(.0) = (p,u)©), €= 1.

Then Riemann problem (3.1) and (3.2) is reduced to the following boundary value problem of ordinary

differential equations:

) (3.3)
—&(pu)e + (pu”)e = 0,
with (p, u)(£00) = (p+, u+).
For any smooth solution, system (3.3) can be written as
w—
< 0 P <o (3.4)
0 plu—29) ug
It provides either the general solution (constant state)
(p, u)(€) = constant (p # 0)
or the singular solution
=0,
P (3.5)
u=§,
which is called the vacuum state (see [14]), where u(§) is an arbitrary smooth function.
For a bounded discontinuity at £ = o, the Rankine-Hugoniot condition holds:
—olp] + [pu] =0,
[p] + [pu] (3.6)
—apu] + [pu®] = 0,
where [¢] = g+ — g— denotes the jump of ¢ across the discontinuity. By solving (3.6), we obtain
JiE=o=u (=) =up(=As), (3.7)

which is a contact discontinuity. It is a slip line and just the characteristic of solutions on both its sides
in (z,t)-plane.
The Riemann problem (3.1) and (3.2) can be solved by contact discontinuities, vacuum or delta

shock wave connecting two constant states (u, vig.



For the case u— < u4, there is no characteristic passing through the region u_t < x < u4t and the

vacuum appears in this region. The solution can be expressed as

(p—yu-), —co<z<u_,
(p,w)(€) =< (0,6), u_ < €<ug, (3.8)

(p+,u4), uy <& < +oo.

For the case u— = w4, it is easy to see that the constant states (p+,u+) can be connected by a

contact discontinuity.

t A

18

= U4

~l8
|
F

2

(p,u_) Va (P4, u+)

o

Fig. 2. Characteristics overlap domain.

For the case u— > u, the characteristic lines originating from the origin will overlap in a domain
Q, as shown in Fig. 2. So, singularity must happen in 2. It is easy to know that the singularity is
impossible to be a jump with finite amplitude because the Rankine-Hugoniot condition is not satisfied
on the bounded jump. In other words, there is no solution which is piecewise smooth and bounded.
Motivated by [14], we seek solutions with delta distribution at the jump.

To do so, a two-dimensional weighted delta function w(s)dr supported on a smooth curve L =
{(t(s),z(s)) : a < s < b} is defined by

b
<U)(S)5L,<P>:/ w(s)p(t(s), z(s))ds (3.9)

for any ¢ € C§°(R X R4).

Let us consider a solution of (3.1) and (3.2) of the form

(p=,u-), z < ot,
(p,u)(z,t) = (w(t)d(x — ot),0), z=oat, (3.10)
(p+,u+), fl?>0't,

where ¢ is a constant, w(t) € C'[0,400), and §(-) is the standard Dirac measure. x(t), w(t) and o

are the location, weight and velocity of the delta %hock, respectively. Then the following generalized



Rankine-Hugoniot conditions hold:

dz(t) _

dt g
d

5 = ol = [pu), (3:11)
d(w(

A = opu] — [pu],
where [p] = p+ — p—, with initial data
(2,w)(0) = (0,0). (3.12)
In addition, to guarantee uniqueness, the delta shock wave should satisfy the entropy condition:
U <o < U-.

Solving the system of simple ordinary differential equations (3.11) with initial data (3.12), we have,

when p_ = py,
1
2(t) = 5 (u- +up)t, w(t) = (p-u- — prus)t,
1
0= 5(u-+uy);
when p— # py,
' VP-u— + /p+u+
) == b v = Vepr(u- —ust
o= VPU- FVPrus
Vo-+ /Pt

4. Formation of d-shocks

In this section, we study the formation of d-shock waves in the Riemann solutions of system (1.1)
and (1.2) in the case (p+,u+) € IV(p—,u—) with u— > u4 as both the pressure and the magnetic field

vanish.

4.1. Limit behavior of Riemann solutions as ki, ks — 0

When (p4+,uy) € IV(p—,u_), for each pair of fixed k1 > 0 and k2 > 0, suppose that (p.,u.) is the
intermediate state connected with (p—,u—_) by a 1-shock S; with speed 1 and (p+,u+) by a 2-shock
So with speed o2. Then it follows

k3 (pstp-)
01=u—P*\/p*lp_ (pf;_'i‘ 292#P )7
Sy : T (4.1)
PxTP—
Ue = u_ — \/p; (pfp[ + 2 )(p* —p=)s P> ps
k2(py+ps)
02 = Usx +p+\/p+1p* (pﬁ* + 2= P;r“ 2 )7
Sy : S (4.2)
3 (pytpx
Uy = Us + \/p:p* (pf—lp + %)(m = ps)y Pt < Pae



The addition of (4.1) and (4.2) gives

1 1 1 1 k3 (pz — p2
C—ugp = _\/kl(_)+2(;7p)
p— P p—  Px 2p

1 1. k(- pd
_\/ +uy Px > pi. (4.3)
P+ P 2p
For any given p+ > 0, if N llicm N M e max(p , P+),+00), then by taking the limit ki,k2 — 0 in
1,82
(4.3), we have u— — uy = 0, which contradicts with u— > u. Therefore, . lim NI +00. Letting
1,k2—
k1,k2 — 0 in (4.3), we obtain the following result.
Lemma 1. )
_ 2pp—py(u— —uq)
lim k32 .= 4.4
k1,k2—0 20- (VP=+/p+)? 4
Lemma 2.
P-Uu— + 4/
lim w= lim o1= lim ogp= YPZ VoY _ (4.5)
k1,ko—0 k1,ko—0 k1,ko—0 VP— Tt /P+
oot
lim p«dz = (olp] — [pu])t = /p—p+(u— — us)t = w(?). (4.6)
k1,ko—0 o1t
Proof. Letting k1,k2 — 0 in (4.1) and noting Lemma 4.1, we have
. . 1, k% (p2 —p2)
lim wus =wu—- — lim _ - — -
k1,ka—0 k1,ka—0 P 21
/ popi(u-—us)® VPt +Prur (47)
(VP=+/p+)? NV
From the first equation of (4.1) by Lemma 4.1, we obtain
. . k1 kzp*( + )
lim o1 =u_ — lim -t
k1,ko—0 k1,ka—0 \ p° 2,u
—u — pr(u— —uy)?  VP-u- VUt o (4.8)
(VP=+ /p+)? V= + P+
From (4.2) and (4.7), we can easily get
k3073 (5o + 5-)
lim o2 = lim wu,+ lim \/k; + 2 e T el o. (4.9)
k1,ko—0 kq,ko—0 ki,ka—0 \| p% 21

Thus it can be seen from (4.8) and (4.9) that when k1, k2 — 0, the two shocks S1 and S> will coincide
whose velocities are identical with that of the delta shock wave of the transport equations with the
same Riemann initial data (p+,u+).

Using the Rankine-Hugoniot conditions (2.7) for S; and Sz, we have

01(psx — p—) = psus — p—u—,
1ps —p-)=p p (4.10)

02(p4 — i) = prug — Pills.

Then from (4.8) and (4.9) it follows that

lim (o1 —02)ps = lim (pyus — p-u_ +o1p— — o2p1) = [pu] — o[p). (4.11)
k1,ko—0 k1,ko—0 9



This implies that

lim / " ez = (olp] — [pul)t = BT (u — i)t = w(t). (4.12)

k1,ko—0 o1t

The proof is completed.

Remark 1. From the above results, it can be seen that the limit of the Riemann solution of system
(1.1) and (1.2) as ki1,k2 — 0 in the case (p4,us) € IV(p—,u_) is just the delta shock solution of
(3.1)-(3.2) when u— > u4.

4.2. $-shocks and concentration

Now, we give the following results which give a very nice depiction of the limit in the case (p4+,uy) €

IV(p—,u—).

Theorem 2. Let u— > uq and (p4,uy) € IV(p—,u—). For any fixed ki, k2 > 0, assuming that (p,u)
is a solution containing two shocks S; and Sz of (1.1)-(1.2) with Riemann initial data (2.1), constructed
in Section 2, it is obtained that as ki1,k2 — 0, (p,u) converges in the sense of distributions, and the

limit functions p and pu are the sums of a step function and a é-measure with weights

(olp] = [pu))t and (o[pu] — [pu’))t,
respectively, which form a delta shock wave solution of (3.1) with the same Riemann initial data
(P, u).
Proof. Let & = z/t. Then for any fixed k1 > 0 and k2 > 0, the Riemann solution to the isentropic

magnetogasdynamics equations for Chaplygin gas (1.1)-(1.2) can be written as

(p*7u*)7 f < 01,
(p,u)(E) =< (pe,us), o1 <E<o2, (4.13)

(p+7u+)7 £>027

which satisfies the following weak formulations:

+o0 too
| e wemovion+ [ "m0 (414
and
+o00 +oo 2 2 +o0
| cuemouev©i- [ (- BUO v [ aeuenoi o (1)

for any test function ¢ € C§°(—00, +00).
The first integral on the left-hand side of (4.15) can be decomposed into

{/ / /+<>°} € —u(©)p(§)u(§)y’ (§)de. (4.16)



The sum of the first and the last terms in (4.16) is

—+oo

/ 1 (& — u(©)p(&)ul&)y' (€)d¢ +/ (& — u(€)p(&)u(&)¥' (€)dE

o2

= pou_ (o) — piP (or) — pu_ / (€)de

“+oo
—piuroa(02) + pyud (o) — prus p(€)de. (4.17)

o2

Taking the limit k1, k2 — 0 in (4.17) leads to

kl}iﬁio( / / +oo) € — u(©) plE)u(©) ' (€)de

oo

= ([pu’] — olpul)¥ (o) — / (pouo)(§ — o) - p(&§)d, (4.18)

where (pouo)(§) = p—u— + [pu]H(€) and H is the Heaviside function.

For the second term in (4.16), integrating by parts again, we obtain

/ (€ = u(©)pl)ule) (€)de = / (€ = w)peat (€)de

— e (1(02) — B(01)) + petts (0216(02) — 5180(01)) — prtis / e

= —wpu(02 — 01) (10(02) - 1/1(01)1“ _ o2p(02) — o1ip(o1) - — / W(E df) (4.19)

02 — 01 02 — 01

Taking the limit k1,k2 — 0 in (4.19), noting (4.11) and the fact that both ¢ € C§°(—o0,+00) and

lim u.= lim o1 = lim o2 =0, we deduce that
k1,ko—0 k1,ko—0 k1,ko—0

m [ (€ = u(§)p()u(§)¥' (§)dE = o([pu] — olp]) (0¥’ (o) — o)’ (0) — (o) +1(0)) = 0. (4.20)

k1,ko—0 o1

Similarly, the first integral on the left-hand side of (4.15) can be decomposed into three parts as

{ / / / m} - kl W}w’@)dé, (4.21)
which equals to

/_oo (5 - S5 )wote s / (3 - 22 v + / :m (B - B8 ) g

(k1 k3p* k1 k3p2 k1 k%ﬁi
= (55 = 52 Julon) + SHWlo2) — (o) — 52 (o) — von) = (5 = 2 Julen). (4.22)
Taking the limit k1, k2 — 0 in (4.22), by Lemmas 4.1-4.2, we have
. TRk KN, -
ka0 /700 (@ a T)¢ ()ae =0. (4.23)
Summarizing (4.18), (4.20) and (4.23) leads to
+oo
i / ((P)(€) — (poto) (€ — ) $(€)dE = (lpu] — [pu2])(0), (4.24)
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which is true for any ¢ € C§°(—00, +0).
As done previously, we can obtain the limit for the first integral on the left-hand side of (4.14) as

+00 o +oo
Jim [ 6~ u@)p© @ = (ol — olpuo) - / REGLS / prp(€)de
+oo
— (ol = oldhoto) ~ [ mle - vt (4.25)
where po(§) = p— + [p]H(§). Then returning to the formulation (4.14), we have
+oo
kﬁggm[w(MO-#M&—UDw@MKZwM%ﬂmmeL (4.26)

which is true for any 1 € C§°(—o00, +00).
Finally, we study the limits of p and pu as ki1, k2 — 0, by tracing the time-dependence of weights
of the §-measure. Let ¢(z,t) € C5°((—o0, +00) X [0,400)), then we have

oo ptoo +oo +oo
lim / p(z/t)p(x, t)dedt = lim t(/ p(&)o(&t, t)d§> dt. (4.27)

k1,k2—0 k1,ko—0

Regarding t as a parameter and applying (4.26), one can easily see that

+oo +oo
lim / p@maw%:/‘;mewmww&+ww—mwwww

k1,ka2—0

1

+o00
=3 /m /’0(% - 0) oz, t)dx + (olp] — [pul)(ot, 1), (4.28)

Substituting (4.28) into (4.27) and noting po<% — 0') = po(z — ot), we have

k1,k2—0

+oo +oo +oo +oo
lim / p(z/t)p(x, t)dzdt = / / po(z — ot)p(x, t)dzdt
0 —oo 0 —oo

“+oo
+ / t(alp] — [pu])d(at, t)dt. (4.29)

By definition (3.9), the last term on the right-hand side of (4.29) equals to (w1 (t)ds, ¢(:,-)), where
() = (olp] - [pu)t.

With the same reason as before, we arrive at

lim /0 o /_ o p(z/tu(z/t)d(z, t)dedt = /0 o /_ j(pouo)(m—at)qs(x,t)dxdt

k1,ka—0 I
+oo
—|—/ t(o[pu] — [pu’])d(ot, t)dt. (4.30)
0
The last term on the right-hand side of (4.30) equals to (w2(t)ds, #(-,-)), where

ws(t) = (olpul — [pu? ).

The proof is completed.

5. Formation of vacuum sta}ges



In this section, we study the formation of vacuum states in the Riemann solutions of system (1.1)
and (1.2) in the case (py,u4) € I(p—,u—) with u_ < uq and p+ > 0 as both the pressure and
the magnetic field vanish. In this case, we know that the Riemann solution consists of a backward
rarefaction wave Ri, a forward rarefaction wave Ry and an intermediate state (p«,u) besides two

constant states (p+,ux+), which are as follows

E=d=u— IL1+@
P )
R1 : k—%Jrkgg (5.1)
U= u_ pp_ =—ds, p.<p<p-
and
2
E=do=ut/ b+ 522
Ry : h+k25 (5'2)
u=ugt [7 S ds, pe < p<ps
From (5.1) and (5.2), we can derive
Ut — U— / ds +/ ds, ps« < ps. (5.3)

For any given p+ > 0,if lim p, = K € (0,min(p—, p+)], then by

k1,ka—0

r./A+ B
/\/7 ++\/>ln(\/72+\/z>+\/21np
P
B B
ﬂ/@—ﬂln(ﬁ f) VAnp., A>0, (5.4)
0</ ds</
2 2 2 2 2
_\/k;+k2p—_\/k29—ln \/k1+k29—+\/kzﬁ— _\/I%Tmp*
P 1 n
> 2
k'QP— (\/ﬁ \/k29—> \/ p —Inp_ — 0, as ki,k2 — 0. (5.5)

Therefore, by the squeeze theorem in multivariable calculus, we arrive at

p— ’/% 4 % B
e ——tds =, (5.6)

it follows that

lim
k1k2=0 [
Similarly, we can obtain that
2
oy /% + kis
lim / —— ds =0. (5.7)
k1 ka—0 [ s

Combining (5.3), (5.6) and (5.7), we have u— — u4 = 0, which contradicts with u— < uy. Therefore,

. l}lcm p« = 0, which implies that a vacuum occurs. From (5.1), one can see that
1,k2—0
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k2s
2 2 p— /) EL 4 2%
U_ — %‘F@S)\l:u—— %‘f’@‘f'/ st
Vo Iz Vo Iz , s
k1 kgp,
/ 2 =\t
<u- — %+%p+/ %d& ps < p<p- (5.8)
P

It can be derived from (5.4) that

kgp_

k1
k3 myet
k%_kip_i_/ #ds
P j ) 5
k2 k2p— k2p_ k2p— k2p_ k2p_
=u_ — k;+2p+\/k;+2p\/2pln \/k;+ 2P +\/2p \/2p Inp
P I P I ju P I p p
k2p— k k2p— k2p_ k2p_
L N N S 1 +\/ 2P +\/ 2P 1np_ (5.9)
p P> p j p

The uniform boundedness of p(§) with respect to k1, k2 in this case leads to
kgp,

k1
/ k2 et k3
lim (u — k—; 4 2P +/ V2 2 )= lim (- — k—; + 2P o (5.10)
k1,k2—0 P 1 o S k1,k2—0 P 1

Then, by the squeeze theorem in multivariable calculus, we have lim Ay = u_. Similarly, we can

k1,ko—0
obtain that

li = li = fi _ . 11
Jim do=up and | lim u(§) =€ for €€ (u-us) (5.11)

Then from above we have proved the following results.

Theorem 3. In the case (p+,uy) € I(p—,u—) with u— < u4, as ki,k2 — 0, the vacuum state
occurs and two rarefaction waves Ry and Rs become two contact discontinuities u = u— and v = u,

respectively, connecting the constant states (p+,u+) with the vacuum (p = 0).

Theorem 4. In the case (p+,u+) € I(p—,u—) with u— < uy, as ki, k2 — 0, the limit of the Riemann
solution of (1.1) and (1.2) with initial data (2.1) is just the Riemann solution of the transport equations
(3.1) for zero pressure flow with the same initial data, which contains two contact discontinuities

& = x/t = ux and a vacuum state besides two constant states.
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