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ABSTRACT. —The aim of this paper is to obtain new fine properties of entropy solutions
of nonlinear scalar conservation laws. For this purpose, we study some “fractional BV spaces”
denoted BV?®, for 0 < s < 1, introduced by Love and Young in 1937. The BV*(R) spaces are
very closed to the critical Sobolev space W1/ *(R). We investigate these spaces in relation with
one-dimensional scalar conservation laws. BV® spaces allow to work with less regular functions
than BV functions and appear to be more natural in this context. We obtain a stability result
for entropy solutions with BV#® initial data. Furthermore, for the first time we get the maximal
W*P smoothing effect conjectured by P.-L. Lions, B. Perthame and E. Tadmor for all nonlinear
degenerate convex fluxes.
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1 Introduction

The space of functions with bounded variation BV plays a key role for scalar conservations
laws. In particular, Oleinik [21] and Lax [17] obtained a BV smoothing effect for uniformly
convex fluxes: f” > § > 0.

Fractional BV spaces, denoted here BV* 0 < s < 1, were defined for all s €]0,1[ in
(21,22, 23]. For s = 1, BV is the space BV of functions with bounded variation and the
space BV'/? is known since 1924 ([29]).

Notice that BV* is not an interpolated space between L' and BV. Indeed the inter-
polation between L' and BV simply yields W*! [25]. Since L™ and BV are well fitted
with scalar conservation laws, Tartar proposed in [27] the interpolated space: (L*, BV)s,.
This interpolated space seems closed to the BV*® space, see Section 2 below.

The spaces BV?® share some properties with BV and allow to work with less regular
functions. For the one-dimensional scalar conservation laws, initial data in BV® yield
weak entropy solutions which are still in BV*. Furthermore, for a degenerate nonlinear
convex flux with only L*° data, we obtain a natural smoothing effect in BV?*. Such
a smoothing effect is well known in the framework of Sobolev spaces ([19]). The best
parameter s quantifying the smoothing effect is not known in the multidimensional case.
It is improved in [26] and bounded in [11, 16]. For the one dimensional case, the best
smoothing effect in W*! conjectured in [19] was first proved in [15]. We will improve this
result in WP with p = 1/s.

It is also well known that the solutions are not BV in the case of a degenerate nonlinear
flux, but they keep some properties of BV functions ([10]). BV*® spaces appear to be
natural in this context:

e we find the maximal W*P? smoothing effect for a nonlinear degenerate convex flux in
one dimension, In this context, BV?® is naturally related to a new one sided Holder
condition,

e BV?® spaces share some properties with BV and highlight the BV like structure of
entropy solutions ([10]),

e BV total variation is not increasing for all entropy solutions and all fluxes.

In Section 2, we introduce the BV*® spaces and give some usefull properties. We
also investigate for the first time the relations with others classical functional spaces. In
Sections 3 and 4, we give some applications to scalar conservation laws: a stability result,
the best smoothing effect in the case of L™ data with a degenerate convex flux and new
results about the asymptotic behavior of entropy solutions for large time.



2 BV’ spaces

The function space BV is known in the literature as the space of functions with bounded
p-variation. It was introduced in 1924 by Wiener ([29]) for s = 1/2. BV*® has since
been studied in great details in the lecture notes [5]. For our purpose, we introduce the
notations BV?, instead of BV, with p = 1/s, to emphasize the link between BV*® and
Sobolev spaces W*®P. Indeed s can been seen as a fractional derivative exponent.

A main purpose of this section is to compare BV* and Sobolev spaces. To be self-
contained, we first present some useful properties to compute BV*® norm.

Furthermore, in [27, 28], Tartar proposed the interpolated space (BV?, BV1), with
the notation BV? = L. Indeed, it was shown in [2] that (BV?, BV1), is continuously
imbedded in BV*. Up to our knowledge, the equality between BV* and the correspondent
Tartar’s interpolated space is unknown.

2.1 Definition

Let I be a non empty interval of R and s €]0,1]. We begin by defining the space BV*(I)
which appears to be a generalization of BV (I), space of functions with a bounded variation
on I.

In the sequel, we note S(I) the set of the subdivisions of I, that is the set of finite subsets
o={xg, 21, ,x,} CIwithzg <z <+ <xp.

Definition 2.1 Let be 0 = {x¢,x1, -+ ,x,} € S(I) and let u be a real function on I. The
s-total variation of u with respect to o is

TVou{o} = ZIU(%)—U(%—DII/S (1)

and the s-total variation of u(.) on I is defined by
TVu{l} = sup TV*u{o}, (2)
ceS(I)

where the supremum is taken over all the subdivisions o of I.
The set BV5(I) is the set of functions u : I — R such that TV*u{l} < +oc0. We define
the BV?® semi-norm by:

ulpvsry = (TV*u{l})". (3)
We will make use of the following elementary properties:

Proposition 2.1 Let I be a non empty interval of R and let u be a real function on I.
1. For any subinterval J C I, TVu{J} < TV*u{l}.
2. For any (a,b,c) € I¥ with a < b < c,

TV:u{]a, b} + TV u{]b, c[} < TV*u{la,cl}.



Remark 2.1 In the following section it is shown that if w € BV® then this function have
a finite limit on the right and on the left everywhere (Theorem 2.7), thus u is measurable
and the preceding definition can be extended to the class of measurable functions defined
almost everywhere by setting:

TViu{l} = inf TV:{I}.

Remark 2.2 For s = 1, we recover the classical space BV (I,R) = BV(I).

2.2 How to choose a convenient subdivision ?

In the sequel, we will have to compute explicitly the s-total variation of some functions,
especially piecewise constant functions. To this purpose we must know how to get the
supremum in (2). The following examples and lemmas show that this calculation can not
be done like that of the total variation in BV. For more properties we refer the reader to
the book [7].

Example 2.1 (an increasing function)
Let be I =0,1], u(x) =x on I.

1
Then TV*u([0,1]) = 1 but with the subdivision o, = {O, —,

n
s<1, lim TV*u{o,} =0.

n—-+0o00

, 1} we have for all

So the classical result in BV for smooth function:

if ue C'([0,1],R) then TV*u{[0,1]} = 1_1£1 TV u{o,}

is never true for all s < 1 and for non-constant function since the limit is always 0. More
generally, refining a subdivision is not always a good way to compute the BV* variation.

The following example shows two functions with the same BV total variation but
never the same BV?® total variation for all s < 1.

Example 2.2 (a non monotonic function)
Let a,b be some positive numbers, let u and v be two functions defined by

U=a ]I[O,l[ + ((I + b) ]I[17+OO[, V=a ]I[O,l[ + (a - b) ]I[l’Jroo[,

where we denote 1 the indicator function of a set I, then TV u{R} > TV v{R} for all
s < 1.

This simple phenomenon is related to the monotonicity of u instead of v. We define
two subdivisions 0y = {—1, 0, 1} and 09 = {—1, 1}. We get easily:

TVSu{R} = TV u{os} = (a+b)* > a'/* + b'/* = TV*u{o},

TV {R} = TV*v{o1} = a'/* + b'/* > |a — b]'/* = TV v{0,},

while TVu{R} = TVu{R} = a+ b= TVu{o1} = TVv{o1}. This is an easy consequence
of the following lemma, consequence of the strict convexity of the function = — z!/%:
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Lemma 2.1 For all a, b in R and all s €]0, 1] we have:
‘G— b‘l/s < al/s +b1/s < (a_'_b)l/s'
More generally, if (a;)1<i<n s a finite sequence of positive real numbers:
1/s
> ate (¥ a)
1<i<n 1<i<n

To formalize this, we propose the following definition:

Definition 2.2 Let 0 = {xg < 21 < -+ < x,} be a subdivision of an interval I. The
extremal points of o with respect to a functionu : I — R are xg, x, and, for1 <i<n-—1,
the points x; such that max(u(z;_1),w(zi1)) < u(z;) or u(z;) < min(u(x;_1), u(xi1)).
We note ou] the subdivision of I associated to these extremal points.

A subdivision is said to be extremal with respect to u if olu] = o.

With this definition, we have the following properties

Proposition 2.2 (BV*® variation with extremal subdivisions)

1. For any subdivision o, the s-total variation of a function u is less or equal to the
s-total variation on the extremal subdivision olu):

TViu{c} < TViu{o[ul}, Vo. (4)

2. Denote by Ext(I,u) the set of the subdivisions of an interval I, extremal with respect
to a function u : I — R. We have

TViu{l} = sup TV°u{c}. (5)

ceExt(I,u)

3. If u is a monotonic function on the interval I then

1/s
TVu{l} = (supu - ir}f u) and |ulgys(ry = TVu{l}.
I

Proof:

1. Let 0 = {xp < 21 < --+ < z,,} be a subdivision of I and o[u] = {yo,--- ,yn} the
subdivision of I associated to the extremal points with respect to u. We introduce
the function ¢ : {0,--- ,N} — {0,--- ,n}, strictly increasing, such that ¢(0) =
0, ¢(N) = n and y; = x4(;). Setting u; = u(x;) we have:

n N
TVSU{O'}:Z |'U,Z'—’U/i,1 ’1/822 Z |'LLZ'—’UHL',1 ’1/5 .
=1

J=1 ¢(-1)<i<é(j)
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The sequence (u;) is monotonic on [ys(;—1), Ys(j)] thus, by Lemma 2.1

Yo lui—ui [P gy — usgon [0
P(i—1)<i<¢(4)
N
Finally, TV:u{o} < Z | wp(y — ug(i-1y |"= TV u{o(u]}.
j=1

2. It is a direct consequence of the first item of Proposition 2.2.

3. The extremal subdivision for a monotonic function have only two points:
0 = {min o, maxo} and the result follows.

O

We have seen in Example 2.1 that we can have 7 C o but TVsu{r} > TV*u{c}: take
7 = {0,1} and o = 0, with n > 1. The following example shows that this problem can
also occur for extremal subdivisions.

Example 2.3 (A piecewise monotonic function) Let I = [0,3], let w be the conti-
nuous piecewise linear function defined by: w(0) =0, w(l) = a, w(2) =a —¢, w(3) = b,
with 0 < e <a <b, let 7 ={0,3} and o0 ={0,1,2,3}. 7 and o are extremal subdivisions,
we have T C o but TV*u{r} > TV*u{c} for all s <1 and 0 < & small enough.

Indeed we have
TViu{r} = b"* > a'/* + (b — a)V* = TV*u{o}

and
TV:u{c} = al/* + Vs 4 (b—a+ 5)1/5 = g(e).

We have also g(0) = a'/* + (b — a)'/* < TV*u{r} = b"/* by Lemma 2.1 and g is a
continuous function, thus the inequality holds for 0 < e small enough.

Example 2.3 shows that the T'V* variation of a function is not necessarily computed using
all extremal points of this function.

Conversely, the following proposition is useful to compute BV*® variation of oscillating
functions with diminishing amplitudes.

Proposition 2.3 ( BV® variation of alternating diminishing oscillations)

Let I = Uk>0 Ix, Iy = [T, xpi1], T < Tpp1 and u be a monotonic function on each
I, with successive different monotonicity: (u(z) — u(y))(u(z) — u(t)) < 0 for all z <
T <y < Tpy1 < 2 <t < xpso. The oscillation of uw on the compact interval I, is

ap = Supx,ye[xk,xk+ﬂ |U(ZL‘) - U(y)|
If the oscillation (ay)y is monotonic then

VIl = > a)f (6)
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Notice that if the sequence of successive amplitudes is not monotonic then (6) can be
wrong. The result is still valid with a finite union of ;. For the infinite case, the non
increasing oscillations is the interesting case. In this case, the proposition states:

uw € BV*(I) if and only if (a,) € IP(N) with s p = 1.

Proof: to prove that TV u{l} = ), aj we restrict ourselves to the case of a piecewise
constant function. The general case follows.
Let Ay = ap—ai+- -+ (—1)Nay and u(z) = Ay on Iy. The inequality TV:u{I} > >, a;
is clear by taking the subdivision ox = {zg,z1,---}. Let ¢ = {yo,v1,- -} be any other
extremal subdivision. We can assume that there is at most one y; in each I, since the
contribution is zero for two extremal points in the same interval.

Let us define k(j) by the condition x; € Ij(;). We have to prove that

S fulyge) = ulyp)P < 3 fulai) = ulai)

We have [u(yj+1) — uw(y;)| < |u(zrg)+1) — ul(zrg))| since (Ay) is the partial sum of an
alternating series. This is enough to conclude the proof. 0

Let us study a more complex example where the sequence of the increasing jumps
belongs to I' and the sequence of the decreacreasing jumps belongs to [2. Does the
function belong to BV'/2? The result is more surprising.

Example 2.4 Let (a,), be a positive sequence which belongs to I*(N) such that b, = \/a,,
does not belong to I1(N). We set with 1 is the indicator function of a set I ,:

z(r) = E Zn W10 (7),  Zong1 = 220 + Gny Zong2 = Z2ng1 — bny 20 = 0.
n

z does not belong to any BV*(R) for all s.

Proof 1: notice that > a, < oo and > b? < oo since b? = a,, € ['.

Zopso = (ag+- - +a,)—(bo+- - -+by) yields lirll 2oy, = —00 and also lir+n 2, = —00. This
n—-+0o0 n—-+00
implies lir+n z(x) = —oo: z is not bounded and thus in none BV*® thanks to Proposition
T—r+00
2.4 below. O

Proof 2: notice that a, = o(b,) and for n large enough TV u{|2n + 1,2n + 3[} ~ (b, +
an)l/ % in a similar way as in Example 2.3. For any k£ > 0, in a same way, we have
TVu{]2n + 1,2n + 2k + 1[} ~ (by + - -+ + byyx)/*, but > b, = +o00 so the BV total
variation blows up. O

Proof 3: there is another way to interpret Example 2.4. Functions L*> with total increa-
sing variation bounded are BV. By construction, the total increasing variation TV, z =
> . @y is bounded, but z is not BV since the total decreasing variation is not bounded:
TV_z=> b, =400. So, z is not in L* and also in none BV?®. O

The problem is more complicated if we assume that (a,,), does not belongs to I . The
previous argument in BV is not known in BV® for s < 1. For instance, if (a,), does not
belong to ' but belongs to {2, is z in BV/4 ?

7



2.3 Some properties of BV* spaces
We begin with some properties of BV*(I) which arises directly from the definition:

Proposition 2.4 Let I be an interval of R. The following inclusions hold:

1. for all s €]0,1], BV*(I) C L*>(I),

2. if 0 <s <t <1 and]I is not reduced to one point then BV*(I) G BV*(I).
Proof:

1. Let a € I. For any € I one has |u(z) — u(a)] < |u|pysy thus |ullpeq)y <
|u(a)| + |u|pys(r) then the first inclusion holds.

2. We can assume [ =]0, 1] without loss of generality. The null function of course
belongs to all spaces BV*. Assume u # 0 and u in BV*(I) for some ¢ €]0,1] and

let s be such that 0 < s < t. First, u € L>®([) and v = ﬁ € BV'. Now
Ulloo

|v]|oe = 1/2 thus for any variation Av of v we have |Av| < 1 and |Av|'/* < |Av|Y/?
then the second inclusion follows.

In order to prove that BV*(I) # BV*(I), let us consider the function
+o0o
u(x) = Zan]ln(:v)
n=1

. .. . -1 1 - (_1)])

where 1, is the indicator function of I,, =|(n +1)"',n"'] and a,, = E .
p

p=1

1
On one hand, choosing the subdivision o, = {—; 1 < p < n} (extremal with respect
p

1
to u) we get TV*'u{]0,1[} > Z —and u ¢ BV*(]0,1[). On the other hand, using the
p

p=1
same family of subdivisions ,,, n > 1 and Proposition 2.3 we get, for 0 < s =t —¢,
= 1
TVsu{]0,1[} = Z —— < o0 thus v € BV*(]0, 1]). O
n=1 nt—e

Proposition 2.5 Ifu € BV*(I) then u is a requlated function.

This result is already in [5, 23]. We give a proof for the convenience of the reader.
Proof: let be (a, b) € I? with a < b, let ¢ > 0 and ¢ € S(]a, b]) be such that

TV:u{c} > TV:u{]a,b[} —e.
There exists a > 0 such that 0 € S(Ja + h,b|) for any h < « and we have (Proposition
2.1):
TV u{la,a + h[} + TV u{]la + h,b[} < TV*u{]a,bl},
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thus h < « implies TV*u{]a,a + h[} < € ie. }lLin%)TVsu{]a,a + h[} = 0. The oscillation
—

of u(.) on Ja,a + h[ also tends to 0 as h — 0 and this is enough to get a right limit for u
at point a. For the existence of a left limit and the cases of a = inf I and = sup I, the
proof is very similar. O

Recall that for « > 0 and p > 1 a function u belongs to the space Lip(a, LP(R)) if
there exists some constant ¢ > 0 such that ||u(- + h) — ul|zr < c|h|* for all h € R ([12]).
Notice that Lip(a, LP) is also the Nikolskii space N*P? and the Besov space By, ([25]).
Lip(a, L') is widely used in [3] as a generalized BV space but without the trace properties
(see the proof of the next propostion). The space BV (R) is nothing but Lip(1, L'(R)),
thus when u € BV(R) we have

TV (u) = sup — /|u:v+h —u(z)|dx.

h>0

Dealing with the space BV*(R), we have a different result:

Proposition 2.6 For any 0 < s < 1, BV*(R) ¢ Lip(s, L'*(R)). More precisely, for
u e BV*(R):

1
sup —/ lu(x + h) — u(x)|Y*dx < TVu{R} (7)
h>0 h R

and this inequality generally cannot be replaced by an equality.

Proof: for u € BV*(R) and h > 0 we have:

kh-+h
Z/ lu(z 4 h) — u(x)|Y* dx
kez v kh

/]R lu(z 4 h) — u(x)|Y* do

— Z/ u((k + Dh+y) — ulkh +y)['/* dy

kEZ

_ /Zm ((k+ Dh+y) — u(kh+y)|"* dy

0 ez

IN

/ TV*u{R} dy — h TV*u{R}.

Inequality (7) and the inclusion BV*(R) C Lip(s, L*/*(R))) follow.
In order to prove that Inequality (7) may be strict, we consider the function u(z) =
2l 1) and we set, for p > 1 and h > 0:

L(h) = % /R lulz + ) — ()P de.

On one hand TV*u{R} = 2. On the other hand:



if h > 1, then

1-h 0 1 9
h]p(h):/ |x+h|pdx+/ de—i—/ Pdr = ——,
- 1-h 0 p+1

thus I,(h) < (1) = —— < 2
us Ip(h) < I,(1) Pt )
if 0 < h <1, then

0 1-h 1
hI,(h) = / |x—|—h|pdw+/ h”d:v+/ 2P dx
h 0 1-h
p+1 — — h)pt+1
UGS ST R Sl et
p+1 p+1

Y

and in particular I;(h) = 2 — h. For p > 1 I,(0%) = 1, thus sup I,(h) = 1 or there exists
h>0
ho > 0 such that sup I,(h) = I,(ho). Now, I,(hg) is non increasing with respect to p
h>0
because |u(x + h) — u(z)| < 1 thus I,(ho) < I1(ho) < 2. Finally we get:

1
sup / [u(z + h) — u(@)|*dz = sup I5(h) < 2 =TV u{R}.
r>0 1 JR h>0

We now prove that Lip(s, LP(]0,1[)) # BV*(]0,1]). For instance the function z=*
1

belongs to Lip(s, LP(]0, 1])) for 0 < a < — with s = — —a. But this function is unbounded
p

p
and admits no trace at x = 0, so this function does not belong to BV*(]0,1[). Let us
show that u(z) = 2% belongs to Lip(s, LP(]0,1[)), forall 0 < h < 1 :

1-h ) 1-h 1 1 p
h™* u(x +h —uxpd:t:h“p—/ — ——— dx
| e+ =) N T
/1h he ho Pdr /~l/h1 1 1 pd
pr— _——— _— —_— y
0 ¢ (z+h) | h 0 y* (y+1)
+oo 1 1 p
< / — = dy.
o 1y (y+1)e
The last integral is clearly convergent. 0

Corollary 2.1 For any 0 < s <1 and any interval I C R (with I # () we have
BV*(I) C Lip(s, L**(I)).

Moreover, with I, = {x € I, such that x + h € I}, we have:

1
sup — [ |u(z + h) —u(z)|*dx < TV*u{I},
n>0 N Jg,

and this inequality generally cannot be replaced by an equality.
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Proof: this result follows immediately from Proposition 2.6 thanks to the following
lemma. ([l

Lemma 2.2 Let [ C R be an interval. We set a =inf [ and b =supl. Foru : I - R
we note u : R — R the extension of u such that:

- ifa €I then u(x) = u(a) for x < a,

- ifa ¢ I and a # —oo then u(x) = u(a™) for x < a,

- if b e I then u(z) = u(b) for x > b,

- ifb¢ I and b # +oo then u(z) = u(b™) for x > a,

then

1 1
sup o / lu(z + h) — u(x)|*dz < sup E/ li(x + h) — a(x)|Y*dx
|h|<dist(z,0I) I h#0 R

and TV*u{R} = TV u{l}.

Proof: the first inequality is obvious. Next, on one hand we have trivially TVsu{I} <
TVsu{R}. On the other hand, in order to get the converse inequality it suffices to consider
the case I =] — 00,b]. Let 7 € S(R) be such that o7 NI # () and 7N I° # @. If
o={xy<--- <uxz,} then we get ecasily:

TViu{r} = TVu{oU{zp1}}
TV:u{oc U{b}}
= TVu{oU{b}} < TV*u{l},

thus TV*a{R} < TV*u{I}. O

Some results of the next proposition can be found in [5, 23].
Proposition 2.7 Space BV*(I) is endowed with the following properties:
1. BV*(I) N LY*(I) with the norm ||ulls = |Jull z1/s + [u|pvs(r) is a Banach space,
2. the embedding BV*(I) N LY*(I) — L}, .(I) is compact.
Proof:
1. the proof is classic ([23]).

2. Case I = R: It suffices to prove that BV*(R) N L'/*(R) is compactly imbedded in

L*(R) because L)”°(R) < LL (R). This is a direct consequence of the Riesz-

Fréchet-Kolmogorov Theorem since (u,) is bounded in BV*® and we have from
Proposition 2.6:

/ lun (2 + B) — un(z)|V2dz < B TV u{R} < C|h. (8)
R
The proof is similar in the general case (see for example [23]).
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O

To end this section, we give two approximation results which will be usefull in the
context of scalar conservation laws (see Section 3 below).

Proposition 2.8 Let I be an interval of R and let u be a function in BV*(I). There exists
a sequence (up,)n>o of step functions such that u, — w in L}, and TVu,{I} < TVu{l}.

loc

Proof: we treat the case I = R for the sake of simplicity. Let A > 0, we set u" =
1 [tbh
Z u’; Iyph, (pt1)8) With uz = E/ u(x) dr: we have u" — u in L}

loc
p ph

For all p € N there exists z, y* €]ph, (p + 1)h[ such that u(z}) < u < u(y}). Let
us consider a maximal finite sequence p;, p; + 1, , p;yr1 corresponding to a monotonic
sequence (ul .-+ ul h

wr ) we set x; = T, if the sequence is increasing, r; = yl’}i else.
The maximality of the sequence of indexes ensures the consistency of this definition.

as h — 0.

Pi? ? UDit1

Let o be a subdivision {z; < z;41 < --- < 2;44}. By Lemma 2.1 we have clearly
TVu{R} > TVulo] > TVu"[c] and thus TVu{R} > TVu"{R}. Proposition 2.8 follows
immediately. U

Proposition 2.9 Let (u,),>0 be a sequence of BV*(R) functions such that u, — u a.e.,
then TV:*u{R} < liminf 7V*u,{R}.

Proof: let 0 = {xg < 1 < --- < x,} be a subdivision of R. We have
p

TV uy,|o] = Z |t () — U (2-1)|Y* — TV*ulo] as n — oo and TV?uy,[0] < TV u,{R}.

i=1

Thus TV*ulo| < liminf TV*u,{R} and the result follows. O

2.4 Relations between BV* and W*1/s

Fractional Sobolev spaces are used in [19] to study the smoothing effect for nonlinear
conservation laws. An aim of this paper is to show that BV® space are more appropriate
to study the smoothing effect for nonlinear conservation laws.

Let us first compare BV*® and W*P?. Roughly speaking BV® ~ W=!/s but BV*® #
W15 More precisely WP, when sp = 1 is the borderline Sobolev space in dimension
one. Indeed the embedding in the space of continuous function just fails:

=

o p>1 — WsP(-1,1) C C°[-1,1]),

0 =

e p<: = HeW"(—1,1) where H is the Heaviside step function,

e For p = %, H ¢ W=/5(—1,1), but some more complicated discontinuous functions
are in W*/(—1,1) such that Inln |z| which is not bounded and sinInIn || which
is bounded but discontinuous ([1]).
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For the classical BV space endowed with the norm: ||u||gy = |[ul/z: + TV« we have:

WH(R) S BV(R) S (W™ (R).

s<1

Proposition 2.10 (BV*® and W*?)
Let I C R be a nontrivial bounded interval, then

1. We=(I) c BV*(I),
2. BV*(I) C (\W""*(),
t<s

8. BV3(I) # W*Y* more precisley we have BV*(I) & WY BV*(I) 2 W1/s.

4. BV?® is never a Sobolev space for all 0 < s < 1. Moreover, the s-total variation is
not a Sobolev semi-norm.

Proof:
1. Let w € W**(I). There exists C' > 0 such that |u(x) —u(y)| < Clz — yl°,

TViu{o} =3 [u(z;) — ulzi)[V* < CV*Y " fay — iy | < CVoJa, — o
=1 =1
and v € BV?

loc*

2. An usual semi-norm on fractional Sobolev space is:

Ju(z) —u(y)l” u(z + h) — u(x)”
|U|WSP(R)—/R . |x— e dx dy —// B[ dz dh. 9)

Now, assume u € BV*(I). We note p = 1/s. We bound |u|? the intrinsic semi-norm
of WoP(I) by:
P u(x 4 h) — u(x)|P
up = / / e

< [ [ s n-vor) g

l
dh
< TV®u —— < 400
_t |hfPe

thanks to Poposition 2.6 and because po =p(s —¢) =1 — pe < L.
3. More precisely there is no inclusions between BV*® and W*1/s.

a) W#/* is not a subspace of BV*: the Heaviside function is in BV* but not in
W#1/5: use the integral criterium (9).

13



(b) BV*isnot a subspace of W*/%: we have just to consider the following example
(cf [4)):
In|In|z|| € W** but In|ln|z|| ¢ BV* (it is not bounded).

4. BV? has the same trace properties as BV. It is a subspace of the regulated functions
R. W?P is not a subspace of R except for op > 1 when it is imbedded in C°. But
the Heaviside function belongs to BV®. Thus BV® is never a Sobolev space.
Indeed, the s-total variation is invariant under dilations. Indeed, for any A # 0, the
function uy defined by wuy(x) = u(Az) satisfies TV*uy{R} = TV*u{R}. Thus for
compactly spported functions the s-total variation is independent of the support.
In particular, the s-total variation is not related to a Sobolev semi-norm except for
WP with sp = 1. Again the Heaviside function does not belong to W*/* and then
the s-total variation is never a Sobolev semi-norm.

O

3 BV’ stability for scalar conservation laws

Theorem 3.1 Let ug € BV*(R), f € C*(R,R) and u be the unique entropy solution on
]O, +OO[t><Rx Of

Owu+ 0, f(u) =0, u(0,2) = ug(x), (10)

then
Vi >0 TVul(t,.)(R) < TVuu(.)(R). (11)

This theorem means that the s-total variation is not increasing with respect to time.

Proof: in a first step we show that this property is achieved for an approximate solution
obtained with the Front Tracking Algorithm ([3, 9]), thus we assume that the initial

condition is piecewise constant and writes u(0,z) = u%(z) = Zug]l]ambn](x). The key

point is that the solution of the Riemann problem at each point 01? discontinuity, consisting
in a composite wave, is piecewise constant and monotonic. Actually, in the framework of
the Front Tracking Algorithm, we also assume that the flux function f is piecewise affine,
thus we have to deal with K contact discontinuities for each Riemann Problem, where
1 4+ K is the number of intervals where f is affine. In a second step we show that we can
pass to the limit in this approximation process in order to get (11).

First step - We denote by t] the time of the first interaction and, following [3], we can
suppose that there exists an only interaction. For ¢t < 7, we denote

K
u(t, ) =Y (Unlﬁan(t),bn@)] +> Unymﬂlan,mu»an,mﬂ(t)]) )

n m=1

where b, < ap1 < -+ < apr+1 < Gny1 (zone corresponding to the wave fan denoted
F,: see Fig. 1), with the monotony condition:
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Let 0 = {xg,---,x,} and TV3u(t, ){o} = > | u(t,x;) — u(t, ;1) |/*. Let & be
the subdivision obtained by removing the points z; located in a fan zone: & = o\
U[bn(t), an41(t)]. We are going to show that it is possible to add to ¢ a finite set P of

n

points located in U]an(t), b, (t)[ in such a way that TVsu(t,.){6d U P} > TV>u(t,.){o}.

This being carried out, we get TV*u(t,.){oc} < TVsu(t,.){6d U P} < TV5uy and thus
(11) holds for the ezact solution of Problem (10) associated to the approzimate initial
condition and the approximate (piecewise affine) fluz.

In the bounded interval [min o, max o] there is a finite number of fan zones and we
have just to consider the case of a single wave fan Fj, and the associated monotony zone
M, =]a,(t), by41(t)[ in which we assume (for instance) that u(t,-) is increasing.

If o N M, = () then we have nothing to do, else we set i(n) = max{0 <i < p; z; < b,(t)}
(if exists) and j(n) = min{0 < i < p; x; > a,+1(t)} (if exists).

o If i(n) exists and u(x;n)) > u, then we add to & any point y;m) €]an(t), b, (t)],

i
o if j(n) exists and xj() < Up41 then we add to ¢ any point
Yjm) €lan+1(t), bny1(t)], else we have nothing to do.

Let P be the set of the added points according to the preceding procedure. Thanks to
Lemma 2.1, we get immediately TVsu(t, .){c*} > TV*u(t,.){o} where o* =5 U P.
When the first interaction occurs (¢ = t7), it appears a new monotony zone where the
solution varies between two successive values taken by u(t,-) for ¢ in some interval [tf —
e, t7[, thus the total variation does not increase.This concludes the first step.

Second step - Let (uf}),>0 be a sequence of step functions in BV*® such that uy — ug
in L} . and a.e., with TV*u? < TV*uq : this is ensured by Proposition 2.8.
Let (f")n>0 be a sequence of piecewise affine functions such that f* — f uniformly on
every compact set.
Let u™ be the solution of Problem (10) associated to the initial condition u{ and the flux
fm. For all t > 0, (u™(t,-))n>0 is bounded in L>* N BV*® thus it converges, extracting a
subsequence if necessary, in L}, and a.e.
Similarly to the case of BV data ([3]), we can establish that the sequence (u"),>¢ is

bounded in Lip*([0, +o0ls, Lllo/cs(]R R)): this is enough to get the convergence a.e. in
[0, +00[; xR of some subsequence (still noted (u")) towards a function u, entropy solution
of the initial problem. Lastly Proposition 2.9 ensures that for all ¢ > 0 and n € N,

TVul(t, ) < TVSu"(t,-) < TV*ug, thus Theorem 3.1 holds. O

Remark 3.1 For the linear case: f(u) = ax, Tartar’s interpolated spaces ([27]) seem
also well fitted. More precisely, if ug belongs to L™ (respectively BV ), then u(t,.) stays in
L (respectively BV ). Thus by a linear interpolation argument, if ug belongs to (L>°, BV )4
then u(t,.) belongs in the same space for allt > 0. Unfortunately, for the nonlinear scalar
conservation law, this linear argument is not justified.
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Figure 1: a zoom around a wave fan. The x symbols correspond to a subdivision in the neigh-
borhood of a wave fan: we have here P = {y;n)}-

4 Smoothing effect for nonlinear degenerate convex
fluxes

First we define the degeneracy of a nonlinear flux. Then we obtain a smoothing effect in
the spirit of P.-D. Lax [17] and O. Oleinik [24]. Finally, we study the asymptotic behavior
of entropy solutions as [20]. There is two main tools: the Lax-Oleinik formula and the
BV* spaces. We refer the reader to [17] for these results in the case of uniformly convex
flux and also to [13] for detailed proofs.

4.1 Degenerate nonlinear flux

Definition 4.1 (degeneracy of a nonlinear convex flux)
Let f belong to C'(I,R) where I is an interval of R. We say that the degeneracy of f on
I is at least p if the continuous derivative a(u) = f'(u) satisfies:

o g lalw) = a(v)

IxI |u—olP (12)

We call the lowest real number p, if it exists, the degeneracy measurement of uniform
convexity on I. If there is no p such that (12) is satisfied, we set p = +00.

Let f € C*(I). We say that a real number y € I is a degeneracy point of f in I if
f"(y) =0 (i.e. y is a critical point of a).

If f € C?(I) we can see easily that p > 1.
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Remark 4.1 Condition (12) implies the strict monotonicity of a(.) and then the strict
convexity or concavity of the flux, but it is more general than the uniform convex case
studied by P.-D. Lax in [17]. Indeed, (12) allows f" to vanish as one can see below with
the power law flux function.

We give some examples to illuminate this notion.

Example 4.1 Uniformly convex function: inf f” > 0.
The degeneracy is p = 1.

This is the basic example studied by P.-D. Lax [17] with I = R.

Example 4.2 Linear flux. The degeneracy is p = +o0.

1+
Example 4.3 Power convex functions f(u) = |1u]+ , a> 0.
«
Let I = [0,1], then y = 0 is a degeneracy point and the degeneracy of f in I is p =

max(1, a).

This example is the basic example to obtain all the finite degeneracy p > 1.

Proof: the computation of p is straightforward. The case a < 1 is left to the reader.
The case o = 1 corresponds to the Burgers flux, the simplest example of an uniformly
strictly convex flux. Let us study the more interesting case o > 1. It is clear that p > «,
else the fraction of Inequality (12) vanishes for v = 0 and u — 0. It suffices to study the

case p = «a. Let R(u,v) = % for u # v. It suffices to study the case u < v by
u— e
) — @
symmetry: with v =u+h, h >0, R(u,u+ h) = % =oé(y) = (y+1)* —y*,
where y = % € [0, +o0o[. Then ir>1£ d(y) = 2'7* > 0 which is enough to conclude. O
y>

Example 4.4 Smooth degenerate convex flux.
Let K be a compact interval, f € C°(K,R) and let a = f’ be an increasing function. We
define classically the valuation of " by:
) d*a
valla](u) = min< k > 1, ﬂ(u) #£0p €{1,2,...} U{+o0}
u

then the degeneracy of f on K is p = max vallal.

We say that the flux is nonlinear if p is finite.

This general example has been studied recently for the multidimensional case in [1, 10].
These examples allow to compute the parameter of degeneracy of any smooth flux given
in the paper of P.-L. Lions, B. Perthame and E. Tadmor [19].

Proof: In the one dimensional case, the computation is easier. We give a simple proof
for a nonlinear flux, i.e. the valuation is finite for each point of K. Let R(u,v) =

17



la(u) — a(v)]
u—ofp
diagonal {u = v}, it suffices to study R on the diagonal. Let k be valla](u), R(u,u) =

0 of k>p,
[aP(u)| if k=p,
+oo  if k<p.
So the lowest p in the neighborhood of w is p = wval[a|(u). Notice that the valuation is
upper semi-continuous. So the maximum of the valuation on the compact K exists and
it is the lowest p satisfying Definition 4.1 . O

for u # v. Since R is a continuous function on u # v, positive outside the

4.2 Smoothing effect

We generalize the Oleinik one sided Lipschitz condition [24] to define an entropy solution
on the scalar conservation law (10) and we prove that the Lax-Oleinik formula yields such
condition for degenerate convex flux.

Definition 4.2 (One sided Hélder condition)
Let f be a degenerate convexr flux. Let p > 1 be a degeneracy parameter of f on an interval

I, and 0 < s = — < 1. Let be u a weak solution of (10). Assume that u belongs to I.

p
This solution s called an entropy solution if for some positive constant c, for all t > 0
and for almost all (z,y) such that x < y we have
o s
ult.y) ~ultr) < VD (13)
If —f is convex then we replace in Inequality (13) u by —u.
As usual, the one sided condition implies the Lax entropy condition [9].

Theorem 4.1 (BV*® smoothing effect for degenerate convex flux)

Let K be the compact interval [—M, M]|. Let uy belong to L¥(R), f € CY(R,R) and
let u be the unique entropy solution on |0, 400l xR, of the scalar conservation law (10)
satisfying the one sided condition (13). Let p be a degeneracy parameter of f on K and

1
O<s=-<1.
p

If p is finite and |ug| < M then ¥ 6 > 0, u € Lip*(]9, —i—oo[t,Ll/S(]Rx,R)) and

loc

Vit > 0, u(t,.) € BV..(R).

If ug is compactly supported then ¥V § > 0, u € Lip*(]§, +oo[;, LY/*(R,, R)) and there exists
a constant C' such that

TViu(t,.) < C (1 + %) .

Remark 4.2 This entropy solution is the unique Kruzhkov entropy solution. It is well
known for an uniformly convex flux [9], for the degenerate convex case see ([0]).
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Remark 4.3 This theorem gives the reqularity conjectured by P.-L. Lions, B. Perthame
and E. Tadmor in [19] for a non linear convex flux. This conjecture was stated in Sobolev
spaces. The W* reqularity with only L™ initial data was first proved in [15]. We get
the best W*P reqularity. Indeed by Proposition 2.10, this BV*® reqularity gives a W* 1/
smoothing effect for all s’ < s.

Remark 4.4 We cannot expect a better regularity. Indeed, C. De Lellis and M. Westdick-
enberg give in [11] a piecewise smooth entropy solution which does not belong to W1/,
Recently, in [0, 7], another ezamples, with continuous functions, are built. Indeed for each
T > s, there exists a smooth solution which belongs to BV*® but not to BV™.

Remark 4.5 For solutions with bounded entropy production and uniform convex flux, the
optimal smoothing effect is reached in [1)]. This class of solutions is larger than the class
of entropy solutions. The optimal exponent is only s = 1/3 ([11, 1/]) instead of s =1 for
uniformly conver fluxes.

Proof: we first recall the Lax-Oleinik formula for a general convex flux without assuming
the uniform convexity. We assume only (12). With such an assumption the Lax-Oleinik
formula is still valid ([0]). We know, thanks to Remark 4.1, that the function a (or —a), is
increasing. We assume here that the function a is increasing on K. We can easily extend
a continuously on R with the same degeneracy parameter p (using a suitable translated
power function) then the function a admits the inverse function b on R. The entropy
solution is then given for all ¢ and almost all x by the Lax-Oleinik formula:

ult, z) :b(“’:y> (14)

where y = y(t, z) minimizes, for ¢ and z fixed, the function

G(t,z,y) = Us(y) +th (x - y)
with Up(y) = /Oy up(z) dz, a(0) = ¢, h(u) = /cu b(v) dv.

Geometrically, y(t, ) has a simple interpretation. The function w(.,.) is constant on
the characteristic © = y + ta(uo(y)): u(t,z) = uo(y) (before the formation of a shock).

Indeed a(up(y)) = - y’ so b(a(uo(y))) = b (x —Y

of the formula (14) is that y(¢, z) minimizes an explicit function, namely y — G(t, z,y).
Consequently y(t, x) is not so far from x, more precisely:

= uo(y) = u(t,z). The key point

|z —y(t,z)| <t suplal. (15)
K

Moreover, if x; < x5 then y(t,x1) < y(t,x2), ([17, 13, 0]).
Condition (12) implies that b belongs to C*(R,R) with s = 1/p. Indeed we have for
all U,V € a(K), with u = b(U) and v = b(V):
_ — —_plp s
b(U) —b(V)| ju—v] ( u—v] )I) <D —
v

U=Vl a(u) —a)]*
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where 0 < C' = inf M.
KxK |u—U‘P

We are now able to prove the BV*® smoothing effect. Fix 7" > 0 and I = [a,b]: we
want to bound TV*u{l}. Let x1, xo € I and y; = y(t, z;), then

p

r1 — To —
o)~ Tl = (P50 -0 (252
< (Ds T1—Y1 T2 Y2 8>p

T T
X1 — X2 Y1 — Yo
T

The condition sp = 1 yields

|u(T, x1) — u(T, x9)|P < D +D

We now compute TV*u{c} for a subdivision ¢ = {zg < 21 < --- < x,} of I. Then
. D D
TViu{c} < T(xn —Zo+ Yn — Yo) < T(Q(b —a) + T'sup |al). (16)
K

Then TV u{l} keeps the same bound.
We can precise the previous bounds. First, we obtain the one sided Hélder condition (13),
which implies that the solution is an entropy solution. We know that if x; < x5 then

y1 = y(t, ) < y(t,za) = yo.

Moreover

st =it = () o () < () <o (22

because b is increasing. But, b(#72) — b(®) > 0 because x5 > x1. Then

u(t, x2) — ult, 1) < 'b <x2 - yQ) —b (%) ‘ < D

We can improve the T'V?® bound for a compactly supported initial data. For any ¢, the
solution stays compactly supported (but the size of this support depends on t). Fix T = 1.
Inequality (16) gives u € BV*(R).

For t > T, Theorem 3.1 implies TV*5u(t,.) < TV*u(T,.) = C; and for 0 < t < T,

1 1
Inequality (16) implies TV*u(t,.) < Co(1 + ;), then Vt > 0, TV=:u(t,.) < C(1 + 2)

Theorem 3.1 shows that V § > 0, u € Lip®*(]§, 400, LY*(R,, R)).
Fo the general case, the estimate is only locally valid with respect to the space variable.
OJ

To2 — T1

(29 — 11)°
ts '

— D¢

Proposition 4.1 The unique entropy solution of Theorem 4.1 satisfies the folowing decay

h—
TViu(T, ){la,b]} < D% for some positive constant D.

Proof: it is a direct consequence of the one sided condition (13). O
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4.3 Asymptotic behavior of entropy solutions

The smoothing effect is sometimes related to the asymptotic behavior for large time ([17]).
We investigate briefly classical decays under assumption (12). Indeed the decay of the
solution with compact support depends on one more parameter.

Theorem 4.2 (Decay for large time)

Let be ug € L' N L®(R), |ug| < M, K = [-M, M]. Assume that f € C*(R,R) satisfies
Condition (12) with a = f', p the degeneracy of f on K, s = 1/p. Let u be the unique
entropy solution on |0, 4+00[; xR, of (10) and b the inverse function of the function a on
a(K).

If there exists ¢ > 0 such that

0< f 17
Uelg(K) |U|4 (17)
then there exists C > 0 such that
C s
t < — =
ju(t, )| < &, -

Originally, P.-D. Lax found this optimal decay in the 50’ for strictly convex flux with

dzésinces:qzl[ ].

1
1i8<§sinces:q:1/a. For

the simplest degenerate convex case: the cubic convex flux, we only have d = 3 This

For power function f(u) = |u|'*® a > 1, we have d =

1
decay is slower than classical Lax decay which is 7

Remark that ¢ > s. Assume that without loss of generality a(0) = 0 and J = a(K) =
[0,1]. Then |b(z) — b(y)| < Clz — y|® since b is in C*(J). Moreover, there exists D > 0
such that D|z|? < |b(z)| by (17), so Dz? < Cz® on [0, 1] then we have ¢ > s.

14+a
We give some examples with ¢ > s. On K = J = [0, 1], with f(u) = 1u+ ,0<a<1
!
we have s=1,¢g=—>1=s.
!
Proof: the proof is a slight modification of the original Lax’s proof, [17]. We use the

Lax-Oleinik formula with the notations of the proof of Theorem 4.1, so we have to extend
the function @ on R. We have

y
Vy e R, —dy < Up(y) :/ up(x) dz
0

< dy = max (/Om o ()| d, /_io |u0(:z:)\d:v) |

Notice that min G < d,. Since h is a convex nonnegative function which vanishes only
at ¢ = a(0), it suffices to take y = = — ct so G(t,z,y) = Up(y). Integrating Inequality
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(17), there exists a constant d; > 0 such that for z € J = a(K),
h(z) > dy|z — '

Let y = y(t, ) be the minimizer of G(¢,x,.).
. X —
Notice that

Y ¢ J since  — y = ta(ug(y)). Now, we have the inequality

vy 1+q
dy > G(t,z,y) > —dy + tdy —c
then .
_ q
2d2 Z tdl T Y — C
and then
od,\ 1+ vy
— > —c|. 18
<d1t> S (18)
Since b € C*, we have |b(z)| = |b(z) — b(c)| < D*|z —¢|* .
The Lax-Oleinik formula (14) and Inequality (18) conclude the proof:
s/(1+q)
T —y 2 dsy
t = |b < D —= .
et =p (5] = o (5)
UJ

The periodic case is much simpler and only depends on the degeneracy of f.

Theorem 4.3 (Decay for periodic solutions)
1 [P
Let ug be a P-periodic bounded function, m = ﬁ/ up(z)dz, |up| < M,
0

K = [-M, M], let u be the unique entropy solution on]0, +oo[; xR, of (10), f € CY(R,R).
If the degeneracy p of f on K 1is finite then there exists a constant C' such that
C
|U(t,$) - m| S o S=
ts D
For uniform convex flux we have the classical case with s =1, [17].

For power function f(u) = |u|'™® with & > 1 we have s = 1/a. For instance, for the cubic

convex flux, s = 3

Proof: first notice that u(t,.) is periodic with the same period P and the same mean
value m. We have thanks to the one side condition (13) the inequality
_ s pPs
ult.y) —ult.2) < 0L < o7
for 0 <y —x < P. Assume that m = 0 without loss of generality. Fix x. If u(t,x) < 0,
there exists y in [z, x + P| such that u(t,y) > 0 since m = 0. Then

S

u(t,2)] < Ju(t, 2)| + Ju(t, )| < Ju(t, o) — u(t, 2)] = u(t,y) ~u(t,x) < O

The same argument holds if u(¢,z) > 0, which concludes the proof. U
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