ANALYSIS OF A SPLITTING METHOD FOR
STOCHASTIC BALANCE LAWS

K. H. KARLSEN AND E. B. STORRUSTEN

ABSTRACT. We analyze a semi-discrete splitting method for conservation laws
driven by a semilinear noise term. Making use of fractional BV estimates, we
show that the splitting method generates approximate solutions converging to
the exact solution, as the time step At — 0. Under the assumption of a ho-
mogenous noise function, and thus the availability of BV estimates, we provide
an L' error estimate. Bringing into play a generalization of Kruzkov’s entropy
condition, permitting the “Kruzkov constants” to be Malliavin differentiable
random variables, we establish an L! convergence rate of order % in At.
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1. INTRODCUTION

Recently there have been many works studying the effect of stochastic forcing
on scalar conservation laws [3] 4 [6] [8, [, [T0L 16 20} 19, 12| B6, [B5], with emphasis
on existence, uniqueness, and stability questions. Deterministic conservation laws
exhibit shocks (discontinuous solutions), and a weak formulation coupled with an
appropriate entropy condition is required to ensure the well-posedness [23]. The
question of uniqueness gets somewhat more difficult by adding a stochastic source
term, due to the interaction between noise and nonlinearity. A pathwise theory for
conservation laws with stochastic fluxes have been developed in [14 [15] 25 [26].

In this paper we are interested in the convergence of approximate solutions to
conservation laws driven by a multiplicative Wiener noise term, i.e., stochastic
balance laws of the form

du + div f(u) dt = o(z,u) dB, (t,x) € Iy, (1.1)

with initial data:
u(0, ) = ug(z), x € RY. (1.2)
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2 K. H. KARLSEN AND E. B. STORROSTEN

We denote by V and div = V- the spatial gradient and divergence, respectively.

Moreover, II7 = R% x (0, T') for some fixed final time 7' > 0, and u(x,t) is the scalar

unknown function that is sought. The random force in is driven by a Wiener

process B = B(t) = B(t,w), w € Q, over a stochastic basis (2, .#,{F},~,,P),

where P is a probability measure, .# is a o-algebra, and {F},., is a right-

continuous filtration on (£2,.%) such that .%, contains all the P-negligible subsets.
The convection flux f : R — R satisfies

f is (globally) Lipschitz continuous on R. (Ay)
Furthermore, we will sometimes make use of the assumption
f" is uniformly bounded on R. (Af1)

The noise coefficient ¢ : R x R — R is assumed to satisfy

olx,u) —olx,v 0o
lollyi, = suﬂgdsip{| ( i_vf ”} <00, |o(-0) € L®[RY).  (A)
e UFV

These assumptions imply

(2, u) = o(z,0)] < [loll, [u—vl,

o w)] < max { |0 1o O)l e o § (14 ) -
Furthermore, we often assume the existence of constants M, and k., such that
o214 ), ke €(0,1/2). (As1)

A prevailing difficulty affecting convergence/error analysis is related to the time
discretization and the interplay between noise and nonlinearity. Up to now there
are only a few studies investigating this problem. Holden and Risebro [I7] study
a one-dimensional equation with bounded initial data and a compactly supported,
homogeneous noise function o = o(u), ensuring L*°-bounds on the solution. An
operator splitting method is used to construct approximate solutions, and it is
shown that a subsequence of these approximations converges to a (possible non-
unique) weak solution. Recently this work was generalized to stochastic entropy
solutions and extended to the multi-dimensional case by Bauzet [I]. Kréker and
Rohde [21] analyze semi-discrete (time continuous) finite volume methods. They use
the compensated compactness method to prove convergence to a stochastic entropy
solution for one-dimensional equations, with non-homogeneous noise function o =
o(x,u). Bauzet, Charrier, and Gallotiet [2] analyze fully discrete finite volume
methods for multi-dimensional equations, with homogeneous noise function o =
o(u). Their proof relies on weak BV (energy) estimates and a uniqueness result
for measure-valued stochastic entropy solutions.

In this paper, as in [I7, [I], we will investigate the semi-discrete splitting method
for calculating approximations to stochastic entropy solutions of . Roughly
speaking, this method is based on “splitting off” the effect of the stochastic source
o(x,u) dB. This Godunov-type operator splitting can be used to extend sophisti-
cated numerical methods for deterministic conservation laws to stochastic balance
laws. Generally speaking, the tag “operator splitting” refers to the well-known idea
of constructing numerical methods for complicated partial differential equations by
reducing them to a progression of simpler equations, each of which can be solved by
some tailor-made numerical method. The operator splitting approach is described
in a large number of articles and books. We do not survey the literature here,
referring the reader instead to the bibliography in [I8]. The main focus of the book
[18] is on convergence results, within classes of discontinuous functions, for general
splitting algorithms for deterministic nonlinear partial differential equations.

o (z,u) —o(y,u)| < Mo [z —y|
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Compared to the earlier results of Holden-Risebro and Bauzet [I} [I7], the main
contributions of the present paper are twofold. First, we establish convergence of
the splitting approximations to a stochastic entropy solution in the case of non-
homogeneous noise functions o = o(z,u). Whenever o has a dependency on the
spatial position x, BV estimates are no longer available and the approach resorted
to in [I7, 1] does not apply. Following an idea laid out in [6], and independently
in [8], we derive a fractional BV, estimate, which, via an interpolation argument
a la Kruzkov, is turned into a temporal equicontinuity estimate. These a priori
estimates, along with Young measures and an earlier uniqueness result, are used to
show that splitting approximations converge to a stochastic entropy solution.

Let us make a few comments about the convergence proof. In the deterministic
case, the spatial and temporal estimates would imply strong (L') compactness of the
splitting approximations. In the stochastic setting, we have the randomness variable
w for which there is no compactness; as a matter of fact, possible “oscillations” in
w may prevent strong compactness. In the literature, the standard way of dealing
with this issue is to look for tightness (weak compactness) of the probability laws of
the approximations. Then an application of the Skorokhod representation theorem
provides a new probability space and new random variables, with the same laws as
the original variables, that do converge strongly (almost surely) in w to some limit.
Equipped with almost sure convergence, it is not difficult to show that the limit
variable is a so-called martingale solution, i.e., the limit is probabilistic weak in the
sense that the stochastic basis is now viewed as part of the solution. One can pass
(¢ la Yamada & Watanabe) from martingale to pathwise solutions provided there is
a strong uniqueness result. In the present paper we will not follow this “traditional”
approach. Instead we will utilize Young measures, parametrized over (t,z,w), to
represent weak limits of nonlinear functions, thereby obtaining weak convergence of
the splitting approximations towards a so-called Young measure-valued stochastic
entropy solution. We use the spatial and temporal translation estimates to conclude
that the limit is a solution in this sense. Weak convergence is then upgraded to
strong convergence in (t,x,w) a posteriori, thanks to the fact that these measure-
valued solutions are L' stable (unique). After the works of Tartar, DiPerna, and
others, weak compactness arguments of this type (propagation of compactness)
are frequently used in the nonlinear PDE literature, cf., e.g., [111, 27, B0} 33], and
recently in the context of stochastic equations [T}, 2, 3] [ 19 [36].

Our second main contribution is an L' error estimate of the form O(At%), for
homogeneous noise functions o = o(u). Except for the expected convergence rate
for the vanishing viscosity method [6], this appears to be the first error estimate
derived for approximate solutions to stochastic conservation laws. The rate % should
be compared to the first order convergence rate available for conservation laws with
deterministic source [24]. Our proof relies on BV estimates and a generalization of
the Kruzkov entropy condition, allowing the “Kruzkov constants” to be Malliavin
differentiable random variables, which was put forward in the recent work [19].

The remaining part of this paper is organized as follows: Section |2| collects
some preliminarily material along with the relevant notion of (stochastic entropy)
solution. The operator splitting method is defined precisely in Section[3} A series of
a priori estimates are derived in Section [d] which are subsequently used in Section
to prove convergence towards a stochastic entropy solution. Section[f]is devoted to
the proof of the error estimate. Section [7]is an appendix collecting some definitions
and useful results used elsewhere in the paper.
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2. PRELIMINARIES

In this article, as in [19], we apply certain weighted LP spaces. Since we do
not assume o(z,0) = 0, weighted spaces on R? provide a convenient alternative to
working on the torus as in [8, [I0]. The weights used herein turns out to be suitable
also for the fractional BV, estimates, cf. Proposition

Let 91 be the set of all nonzero ¢ € C'(R?) N L'(R?) for which there exists a

constant C' such that [V¢| < C¢. An example is ¢(x) = e~ V17I* Set
Cy =inf (C || V6| < Co}.
For ¢ € M, we use the weighted LP-norm |-, , defined by

o= ([ merroma)

The corresponding weighted LP-space is denoted by LP(R9, ¢). Similarly, we define

[ull oo -1 == jélﬂg)d { |;Ei;| } , u€ CRY). (2.1)

Some useful results regarding functions in 91 are collected in Section

We denote by & the set of non-negative convex functions in C?(R) such that
S’ is bounded and S” compactly supported. A pair of functions (S, Q) is called
an entropy /entropy-flux pair if $ : R — R is C? and Q = (Q1,...,Qq) : R R?
satisfies Q' = S’ f’. An entropy/entropy-flux pair (S, @) is said to belong to & if S
belongs to &.

Let & denote the predictable o-algebra on [0,T] x Q with respect to { %}, see,
e.g., [, § 2.2]. In general we are working with eqiuvalence classes of functions with
respect to the measure dt ® dP. The equivalence class u is said to be predictable if
it has a version @ that is &?-measurable. Equivalently, we could ask for any repre-
sentative to be &2* measurable, where &2* is the completion of & with respect to
dt®dP. Note that any (jointly) measurable and adapted process is &?*-measurable,
cf., e.g., [, Theorem 3.7].

Next we collect some basic material related to Malliavin calculus. We refer to [29]
for an introduction to the topic. The Malliavin calculus is developed with respect to
the isonormal Gaussian process W : L2([0,T]) — H!, defined by W (h) := fOT hdB.
Here H' is the subspace of L?(Q),.%, P) consisting of zero-mean Gaussian random
variables. We denote by S the class of smooth random variables of the form

V= fW(h),...,W(hn)),

where f € C°(R™), hq,...,h, € L*([0,T]) and n > 1. For such random variables,
the Malliavin derivative is defined by

DV = Zn:&f(W(fM% LR W(hn))hi7

where 0; denotes the derivative with respect to the i-th variable. The space S is
dense in L?(Q, .7, P). Furthermore, the operator D is closable as a map from L?(£2)
to L2(Q; L?([0,T))) [29, Proposition 1.2.1]. The domain of D in L?*(Q) is denoted
by D'2. That is, D%? is the closure of S with respect to the norm

1Vl = { V1] + & [”DVHZLZGO,T])]}UZ'

For the generalization of the above notations and results to Hilbert space-valued
random variables, see [29, Remark 2, p.31].

We use the notion of stochastic entropy solution introduced in [19], which is a
refinement of the notion introduced by Feng and Nualart [12].
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Definition 2.1. Fix ¢ € 91. A stochastic entropy solution u of f with
ug € L?(Q, .%o, P; L?(R%, ¢)), is a stochastic process
u={u(t) = ut,x) = u(t, z; w)}te[O’T]
satisfying the following conditions:
(i) u is a predictable process in L2([0, 7] x Q; L?(R%, ¢)).
(i) For any random variable V € D'2 and any entropy, entropy-flux pair

(8,Q) €&,

B UHT S(u—V)hp + Q(u, V) - Vo dardt + /]R S(uo(x) — V)p(0, 2) dx]
_EB { / S Vote DY dxdt}

1
+ §E [// S (u—V)o(x,u)’p dzdt} >0,
It
for all non-negative p € C°([0,T) x RY).

Here L2([0,T] x Q; L?(R%, ¢)) denotes the Lebesgue-Bochner space and D,V
denotes the Malliavin derivative of V evaluated at time ¢. By [19, Lemma 2.2] it
suffices to consider V' € S in (ii). In [I9], the existence and uniqueness of entropy
solutions in the sense of Definition [2.1]is established under assumptions (Ay)), (A5),
and (4, 1)). We also mention that whenever u® € LP(; LP(R?, ¢)) with 2 < p < oo,

ess sup {E {||u(t)||§ ¢}} < 00
0<t<T 7

Let {Js}s5-0 be a sequence of symmetric mollifiers on R, i.e.,

Js(x) = 417 (%), (2.2)
where J > 0 is a smooth, symmetric function satisfying supp (J) € B(0,1) and
JJ=1.Ford=1, weset J*(z) = J(x — 1), so that supp (J) C (0,2).

Under the additional assumption (A, 1)), [19, Proposition 5.2] asserts that the
entropy solution u satisfies

E U/RW lut, @ + 2) — u(t, @ — 2)| o (2)é(x) dx}

< Collflunt [ //R o w0l 2) — ol = 2)| T (2)0() dx} +O(r"), (2.3)

where k. is given in (A, ). Whenever o(z,u) = o(u), the last term on the right-
hand side vanishes, i.e., O(...) = 0.

3. OPERATOR SPLITTING

We will now describe the basic operator splitting method for (1.1)). Let Scr,(¢)
be the solution operator that maps an initial function vg(z) to the unique entropy
solution of the deterministic conservation law

oo + div f(v) =0, v(0,x) = vo(x), (3.1)

that is, if v(¢) := Scr(t)v, then v is the unique entropy solution of (3.1). More
precisely, for each 7 € [0, T,

/Rd [0 (@) = ¢ (0, 2) da - / Jo(7) — | (7, ) da

R

—|—/T/ |v —¢|Op +sign (v —c) (f(v) — f(c)) - Vedzdt > 0,
0o Jre



6 K. H. KARLSEN AND E. B. STORROSTEN

for all ¢ € R and all non-negative ¢ € C°([0,T) x R). Note that the integrals are
well defined due to the global Lipschitz assumption . Recall that the entropy
solution has a version that belongs to C([0,T7]; Li, .(R?)) [5]. As we frequently need
to consider the evaluation v(t) it is convenient for us to assume that v has this
property. Let u,v € L*(R%, ) where ¢ € M. Then, for any t € [0, 7],

IScr(t)o = Ser(t)ully 4 < eI e lu — ]| -

Suppose u € LY(Q, Z,, P; L} (R4, ¢)) for some s € [0,T]. Let s <t < T. By
considering the composition @ 3 w — wu(w) — ScL(t — s)u(w), it follows that
Scr(t — s)u is F,-measurable as an element in L'(R?, ¢), cf. [28] § 3.3].

Similarly, for s <t < T, we let Sspr(t, s) denote the two-paramater semigroup
defined by Sspr(t, s)w® = w(t), where w is the strong solution of

t
w(t,z) = w®(z) +/ o(x,w(r,z))dB(r).
Suppose w®,v* € LY (Q, %, P; L'(R?, ¢)). Then
B [IISspe(t, s)w” = Sspu(t, )0 | 5] = B [Ilo” =7l o] (3:2)

To see this, let S5 — |-] as ¢ L 0 and consider the quantity Ss(w(t,z) — v(t,x)).
Next, apply Itd’s formula, multiply by ¢ and let é | 0. Due to (3.2,
SSDE('; S) : Ll (Qv ysa P; Ll(Rdv ¢)) - Ll([S,T] X Qv <@[S,T]vdt ® dP; Ll(Rda ¢))7
where & 77 denotes the predictable o-algebra relative to {;} ;.1 on [s,T] x Q2.
Fix N € N, specify At = T/N, and set t, = nAt. The operator splitting
for (1.1)), with initial condition u® = u®(x;w), is the sequence {u" = u"(; w)}ﬁfzo
defined recursively by
u" M (z;w) = [SspE(thi, tn;w) o Sor(A)] u™ (z;w), (3.3)

for n = 0,1,...,N — 1. A graphical representation of the splitting is given in
Figure [1]

ScL
/N
th+1 T+ —o—eyntl
VAt
tn T u”
R
Il Il Il

; ; \ SspE
tn— 1 tn tn+1

FIGURE 1. A graphical representation of {u™},uas, vas.

To investigate the convergence of the semi-discrete splitting algorithm (3.3]), we
need to work with functions that are not only defined for each t,, = nAt, but in the
entire interval [0,7]. To this end, we introduce two different “time-interpolants”
uat(t) = uar(t, z;w) and var(t) = vae(t, z;w), defined for n =0,...,N — 1 by

uat(t) = Sspr (t,tn) o ScrL(At)u™, t € (tn,tnt1l], (3.4)
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and
vat(t) = Sorn(t — ty)u”, t € [tn,tnt1), (3.5)

respectively, cf. Figure[ll As ua; is discontinuous at ¢,, we introduce the right limit
uat((tn)+) = Scr(At)u™. Similarly, let var((tn+1)—) = ScL(At)u™.

4. A PRIORI ESTIMATES

To establish the convergence of {ua¢}a,sqs{vAt}azso We Will need a series of
a priori estimates. These are also crucial when deriving the error estimate. The
following result explains the introduction of the weight functions 91.

Proposition 4.1 (Local LP? estimates). Suppose (Af) and (A,) are satisfied,

2<p<ooand M > ||f||Lip. Let {u™} be the splitting solutions defined by ,
with initial condition u® € LP(Q, Fo, P; LY (RY)). Fort € (0,T) and R > 0,
set T(t) = max{0, R — Mt}. Suppose ¢ € C*(R) is non-negative and satisfies
|Vo| < Cyp. Then there exist constants Cy and Cy depending only on p,o, f,Cy
such that

E

/ (@) 6(x) dz | < € E
B(0,I'(ty))

/ }uo(x) ’p o(x) dx]
B(0,R)

+C’2tneclt"/ o(x)de.  (4.1)
B(0,R)

If o(x,0) = 0, then Cy = 0. Here, B(0,R) denotes the open ball with radius R

centered at 0.

Remark 4.2. Suppose ¢ € N and v’ € LP(Q; LP(R%, ¢)). Then ¢ € L*(R?) and
the right hand side of (4.1]) is bounded independently of R > 0. It follows that
u™ € LP(Q; LP(R4, ¢)).

Proof. 1. Deterministic step. We want to prove the following: With 1 < p < oo,

let 0 € LP (RY) and v(t) = Scr,(t)v°. Then, for any 0 < 7 < T,
/ lo(r,2)” ¢(x) dz < e“f”uvc“/ |0@)[" p(z) dz.  (4.2)
B(0,I'(r)) B(0,R)

We might as well assume I'(7) > 0. As v is an entropy solution of (3.1),
// / S((t,z))0we + Q(v(t, x)) - Ve drdt + / S(2(x))p(0,z)dz >0, (4.3)
Iy JRe R

for all nonnegative ¢ € C2°([0,T) x RY), for any convex S € C? with S’ bounded
and Q" = S'f". Let 0 < § < min {['(7), 37}. Take ¢(t,z) = 15(t)Hs(L(t), |z])p(x),

where
t L
wg(t)zl—/ J;(T—C)dc and H5(L,r):/ Js(¢ —r)dC.
0 -6

Under the assumption ¢ € C*°(R?) it follows that ¢ is a non-negative function
in C([0,T) x R%). However, by approximation, it suffices with ¢ € C*(R?) for
inequality to hold true. Recall that £T(t) = —M for all 0 < ¢t < 7 and
observe that

Ot w) = —Jf (1 = ) Hs(D(t), [x])d(x) — Mps(8) J5 (D (t) — |a]) b (),

Veolt, x) = —hs () Js(T(t) — |x|>%¢<w) + s () Hs(D(2), |2)) V().
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Hence,

/S’ ) Hs(R, |x|)¢ dac>// S(v(t,x))J5 (1 — ) Hs(D(t), |z])p(z) dudt

+ //HT (Q(U(t,x)) T + MS(v(t,:c))) Ds(t)J5(C(t) — |z])p(x) dadt

a1

- / [ Qu(t.) s (O (D0, ) - Vo(z) dad.

92
(4.4)

Suppose S’(0) = S(0) = 0. Then

"M §(2)f () dz| < [l S(0).

It follows as M > || f|;, that 1 > 0. Due to the assumption on ¢,

|72 < fllesp Cs /H S(v)s(t)Hs (R, |z|)p(x) dwdt.
Sending ¢ | 0, inequality then takes the form
X(r) < XO) +fllsy Co | X
where
X(t) = / S(v(t, z))¢(z) dx.
B(0,I'(t))

Next, apply Gronwall’s inequality. The estimate follows upon letting S — |-|
and applying the dominated convergence theorem.

2. Stochastic step. We want to prove the following: Fix 2 < p < oo. Suppose
w(s) € LP(Q, Z,, P; LY (R)) and take w(t) = Sspr(t, s)w(s) for s < t. For any

loc

R > 0 there exist constants C3 and Cy depending only on p and o such that

V lw(t, z)[” ¢( dx] < (Calt- s> [/B (s, )P o) dw]

+Colt— s) /B qi)(x)da:). (4.5)

If o(x,0) =0, then Cy = 0.
By Ito’s lemma,

dS(w) = %S"(w)a(:ﬁ, w)?dt + S'(w)o(x,w) dB,

for any S € C%. Without loss of generality, we can assume p = 2,4,6,.... Taking
S(u) = |u|”, multiplying by ¢, and integrating over B = B(0, R), we arrive at

5[ o] 5[ s

< p<2/ E [/Bw(r 2720 (z, w(r, 2))26(z) dm} dr.

Recall that o(z,w) < |o(z,0)| + [[o]|, [w|. Hence, according to assumption A4,

T3 = p(p2— 1)E [/B w(r, z)P 20 (z, w(r, z))?o(z) dx}
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< oo~ 1)l U|wx o) d }
+llol, B UB lw(r, 2)|” ¢(x) dm]).

Applying Hélder’s inequlity with 6 = 1% and 0 = £

[ @t o) sta)# o < ([ wtraip o ) ([ ot dx)

w(r,@) [P~ ¢(x)

1
e

A
Due to Young’s inequality AB < %Ae + éBa,. It follows that

p72xa7p;2wrxpxxg z)dx
/B\wwn ooy do < P /B|<,>|¢<>d+p/3¢<>d

Consequently,

75 < -1 (0= 2.0l +ploll,) £ | [ ool ot0) de|

C3

+2(p —1||(7 /¢

It follows that

{/|wtmp dm]<E{/|wsx|p()dx}
+03/ [/|wrw|p dx]dr+02</¢ dx)(t—s)

This inequality is of the general form

s) + / tK(r)X(r) dr + / t H(r)dr. (4.6)

Appealing to Gronwall’s inequality,

X(t) < exp UK dr] /exp UK du] (r)dr. (A7)

Identifying K = C3 and H = C3[|¢|| 1), it follows that

[/ lw(t, z)|” o( dx]<ecs<t )E[/ lw(s,z)|? ¢(x dm}

t
+Cal6l ey [ €O
Next, observe that e“3(t=") < eC3(t=9) for all s < r < t, and so ([&.5)) follows.
3. Inductive step. Let P, be the statement that (4.1)) is true, and note that

P, is trivially true. We must show that P, implies P,1. By B3), untt =
SSDE(thrl,tn)SCL(At)un. Recall that UAt((thrl) ) SCL At By .,

J [oael(tnr) = 2)” 9(a) dm]
B(0,'(tn+1))

< erHLipcqutE

E

[ wr@r e ).
B(0,I'(tn))
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Since " = Sspr(tni1,tn)var((tar1)—) it follows from (4.5) that

E

/ [ @) o) da | < e
B(O7F(t7l+1))

Combining the two previous estimates,

/ oar(tnir) = 2)[ $(z) dz
B(0,I'(tn41))

+Cy / é(z) dxAt) .
B(O,F(tn+1))

E / [ (2)|” () dl‘]
B(0,T'(tn+1))
< (OBt Il Catt / " (@) é(z) de
B(0,I'(tn))
et o(x) da
B(Oyr(tn+1))
aar / " (@)[? ¢(x) da
B(0,I'(tn))
+02At/ (ZS(Z') dI)v Cl = ||fHLip C¢+03
B(0,R)
Inserting the induction hypothesis brings to an end the proof of (4.1J). O

Corollary 4.3. Let ua; and va; be defined by and , respectively, and
suppose u® belongs to LI(Q, Fy, P; L1(RY, ¢)), 2 < q < 0o, ¢ € N. Then, for each
1 < p < q, there exists a finite constant C independent of At (but dependent on
T,p, &, f,0,u’) such that

max {E [Jluai(®)} ] E [leas®)} ]} <00 te ol

Proof. Tt suffices to prove the result for p = ¢. To this end, suppose 1 < p < ¢ and
w e LURY, ¢). Let r = q/p, r' = q/(¢—p), so that |+ = 1. Take [ = [u[” ¢"/",

r’

g = ¢/ ™ and apply Holder’s inequality. The result is

/R | Jw@) ¢(x) de < ( /R Jw(@)| é() dx>p/q ( /R () dx>1p/q, (4.8)

Consider the case p = ¢. By Proposition there exists a constant C' > 0
depending only on gq, f, o, u’, T, ¢ such that

E [||un||g7¢} <0, 0<n<AN.

Let t € [tn,tnt1). By (4.2)),
E {H SCL(t _ tn)un Hg 4 < el fllLipCoAt g [Hunng 4 )
; ;
vat(t)
This finishes the proof for va;. For ua; the result follows by (4.5). O
The next result should be compared to [19, Proposition 5.2] and [6, § 6]. It can

be turned into a fractional BV, estimate (L' space translation estimate) along the
lines of [6], but we will not need this fact here.
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Proposition 4.4 (fractional BV, estimates). Suppose @, , , and
are satisfied. Let ¢ € M. Suppose u® € L?(Q, Fy, P; L2(RY,¢)). Let uay
and vas be defined by and , respectively. Then there exists a constant
Cr, independent of At, such that

E

luac(t,z + 2) —uae(t,z — 2)| Jp(2)p(x) dz dz]

R4 xRd

< Celflupt | (z + z) —u’(z — 2))| Jr(2)¢(2) du dz | + Cpr™e,

R xR4
for any t € (0,T). Here k, € (0,1/2] is defined in (A, 1). If o(z,u) = o(u), then

we may take Cp = 0. The same result holds with ua; replaced by vas.

Remark 4.5. In the deterministic case or whenever o = o(u) is independent of the
spatial location x, we recover the usual BV bound. To this end, note that C7 = 0,

apply the weight ¢,(z) = e=#V1+1#* () > 0), and then send p | 0.

Before we proceed to the proof, we fix some notation and make a few observa-
tions. Let us define C*-approximations {Ss} - of the absolute value function by
asking that

Si(o) = 2 / T Js(2)dz S5(0) = 0. (4.9)
0
Then 5
=< S <, 1S5 < 3 1l Lo (4.10)
Given S5, we define Q5 by
Qlu = [ SE-0f©d  woek (4.11)
This function satisfies
0w (Qs(u, v) — Qs (v, u)| < (| f"]l Lo & (4.12)
and
Qs (u, v)| < [ fllLip Ss(u —v). (4.13)

1

Let us state two convenient identities. First, for h = h(-,-) € L .,

g Mo (57 (55 e
= //]Rded hZ + =,

This follows by a change of variables: (Z,z) = (%, %), dy = 2%dz. Next,

! ¢(“y) g (H) dy = (&% J,)(x). (4.15)

24 o 2 2

8

—2)p(Z)Jr(2) didz. (4.14)

Proof of Proposition[{.J} Given u = u(t) = u(t, z;w), we introduce the quantity

Rd xR

Dr(t):=F

Actually, at first we are not going to work with this quantity but rather

o | Sa<u<t7x>u(ty))@(”ﬁ;yw(x;y)dxdy],

Rd x R4

() = B
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where the regularized entropy Ss is defined in (4.9). In view of (4.10]) and (4.15)),
Dr(t) — Drs)] < 1ol prgayd, ¢ >0 (4.16)

1. Deterministic step. Let v(t,x) be the unique entropy solution of (3.1). We
want to prove the following claim: There exists a constant C; depending only on
J and Cy such that for all 0 <7 <1,

DLs(0) < eVt (D250 + Gl B [l ] £ (2)) . (aam)

Let Qs be defined in (4.11)). Using the entropy inequalities and Kruzkov’s method
of doubling the variables, it follows in a standard way that for ¢ > 0

g [ S0t vl 0 de dy

R4 xR4

—gi ] Setuota) =) (50242 deay

Re xR

1 [t oty oy
<o [ [ Qstotsmrvto) Vorzp ) deady s

R4 xRd

s [ ] @t vts.0) - Qutots. 0. 065.00)
R4 xRd
-y (G5, (254) ) dady ds
= T, + T
By ([£.13),

| 7eu] < Co I FllLip 2d/ / Ss(v(s,z) —v(s,y))Jr(552)(EEY) dady ds.

R4 xRd

Consider 7% . Thanks to (4.12)),

Qs(v.0) = Qs = | [ 06 (Qsl€0) = Qs(0.8)) d| < I lu— el

so that
oo s s L7
| T < 5 5 2 [v(s,2) —v(s,y)| Y dady ds
0 R4 xR4
f// 1Moo
” H 52d/ // (s,z) —v(s,y)| J» 22| dady ds
R4 xR

2,1 2,2
= Jor + Tt -
Consider 9(321:1. Setting ¢, (2) = ||VJ||1 LVJI(2)|, we write

z—y\| _ 1 (z—y
]wr( . )]—nwnlrw( . )

By the triangle inequality and (4.15)),

2d // szfvsy||VJ |gz5 YY) dedy

R4 xR4
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2 2
U912 [ s, @50 @)do = (971, 2 o6 gy,
Considering 9025, with ¢ € N,

2 / [o(s,x) —v(s,y)| (552 ‘V(b ’ dxdy

R4 x R4

< 20, / el 2)] (6% 1) (&) do = 205 [0(6)ly g, -
By Lemma [7-3]
max {00y g, > 100 1,0, § < N0 (1 w01,0(1)),

where wy 4 is defined in Lemma [7.2] Hence,

T2 < 17 (1 4+ wr(r) (/ le(s)ll,, ds )(uwm +c¢)6

In view of ([4.2), |[v(s)]| < el flluipCos [voll; 4- Summarizing,

a [ Sstett) o)A R0 ddy

Rd x R4
1 z— z
g ] Sstunla) — oo (51625 dody
Rd xRd
. (4.18)
<C¢|\f||Llp / o / S5(v(s, @) — v(s, )T (25)S(E4L) d dy ds
R4 x R4
. 0
”fHLipC S =
*/0 Cu Ll ool 0% (2) ds,

H(s)

where C1 = (14 w1,4(1))(|VJ|l; + Cy). This inequality is of the form (4.6). By
Gronwall’s inequality (4.7)),

/ S5(u(t, ) — v(t, )T (E52)9(ZE2 ) didy

R4 xRd

< 6C¢|f|Lipt< // Ss(vo(x) — vo(y))Jr(554)p(52) dady
R xR

1)
AT ||Uo||1,¢t(r>>-

This proves the claim (4.17))

2. Stochastic step. Let w(t) = Sspr(t, s)w(s). We will now derive an estimate
for w similar to (4.18): There exist constants C; and Cs, depending only on J, o, ¢,
such that
2k+1

; /tE{lJrlw(T)lllg,d)} dr + Colt — 5)6,  (4.19)

S

,
rs(t) < Ds(s) + Ch

forall0 <r <1. If M, =0, then C; = 0.
Since w(t,x) — w(t,y) solves

d(w(t,x) - ’U)(t,y)) = (O‘(xﬂﬂ(t,l‘)) - O-(va(ta y))) dB(t)7
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applying Ito’s formula to Ss(w(t, ) — w(t,y)) yields

dSs(w(t, =) —w(t,y))
1

= 555 (w(t,z) (a( )—a(y,w<t,y>>>2dt,
+ Ss(w(t, ) (o ( @) — oy, w(t,y))) dB(1).
Integratlng against the test function %J (2 ) (i) we arrive at

g [ Satwlta) —wle.) I (25)6(25) dody

R xR4
a0 [ Ssstwts. ) — w0 ey
R4 x R4
! 1
- [ 5 [ s - umw)
R4 x R4

Jw(r,2)) — oy, w(r,y))) T (L)Y ) dady dr

o(x
/ 5d // Ss(w(r, z) — w(r, y))(a(x, w(r,x)) — oy, w(r, y))) dxdy dB(T)
R x R4
= Zspe + T5pE:
where the J3,;-term has zero expectation. Note that
(o(2,u) = o(y,0))” < 2(0(2,u) = o(x,0))* +2(0(z,v) = o(y,v)),

for any u,v € R. We estimate the Jghp-term as follows:

/: 271d // Ts(w(r,z) — w(r,y))(o(z, w(r,z)) — o(y, w(r,z)))

R4 xRd

E| Fbsl| < 2B

x Jr(w?’)aﬁ(””;”’)dzdydfl

/St % // Js(w(r, ) —w(r,y)) (o (y, w(r, z)) — oy, w(T, y)))2

Re xR

+2F

x Jr(w)m””;@/)dazdydr} =51+ 95.

Regarding Sy, recall that |J5| < ||| /6. By (Aq1),

[ 5 [ ot - otutn P

R4 xR4

2
S1l < 1l 55

X (130 (FY) dady dT]

Bl [ g [ et 0 ety

Rd xRd

2
< oo Mg 5B

X T (554) (544 dedy dr]
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(2,’,,)2/{U+1 t 9
<2l M2 [ B[+ w1 gy, | dr
By Lemma [7.3]
2 2
11+ [w(T)12,0g, < 11+ w24 (1 +wi,(r)),
where w; 4 is defined in Lemma It follows that
2ko+1

(5 )

r

t
Sa] < 207 7)o ML+ wo(V) [ B [T+ )] dr
for all 0 < r < 1. Consider S3. Due to assumption (A,]),

Ts(w(r,2) — w(r,y)) (0(y, w(r, 2)) — oy, w(r,9))* < oL 1] 0
Hence,

1ol < 2l l1Ep 1 1log 1111 1 gy (£ = 5)6.

Ca

This proves (4.19)

3. Inductive step. Let P, be the following claim: There exist constants C7, Csy, C3
depending only on J, ¢, o such that for all 0 < r <1,

n—1
DYy < eCellfluptn (D}f; +Cs (1"l (At > E {HukHW})g
k=0

2k +1
+C

tn
/ E{||1+\um(t)|||§7¢} dt +C’2tn§). (4.20)
0

If M, = 0, then C; = 0. Note that P, is trivially true. Assuming that P, is
true, we want to verify P,.i. Recall that u" ™ = Sspg(tni1,tn)ScL(At)u™. Let
w" = Scr,(At)u™ and note that Sspg(t,t,)w”™ = uas(t) for ¢, < t < tp41. As
1 < Collfllipat, yields

un+1

DY < DYy 4 Coll I (01

By (.17,

. . 5
DYl < (Coll it <D,’f,5+03|f”||OOE[||u”||L¢} At( ))

r

7,.2I<,(7+1

tnt1
[ B[+ a0l ] de+ aes).

n

Hence,

n n 6
D < (ol (p;z; F Ol Bl ae (2)

,r2}€0-+1 trnt1 5
o / {11+ huar®)l12,] de + Conts ),

tn
and inserting the hypothesis P, yields P, 1.

4. Concluding the proof. Consider (4.20). By Corollary there exists a con-
stant C', independent of At, such that

5 1) 2K5+1
DYy < el luiptn (D?,Ts +Ct, (r Ty - )> .

Due to (4.16)), this translates into

TQKU—&-I

. 5
DY < ePellflluiptn (D;‘O +Ct, (T +5+ ) + 2@l 1 gy 5) ,  0<n<N.
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We can argue via (4.19) to obtain

u Collf syt ((pu° J r2ret]
Drae(t) < eFollfllip (DT + Ct (T+6+ 5 ) +2||¢||L1(Rd) 5) , te[0,T].
Note that the same holds true if we replace ua; by va¢, thanks to (4.17). Viewing
r > 0 as fixed, we can choose § = r® 1 to arrive at the bound
ng(t) < ecd)l‘fHLipthO + CTTH"
The result follows by (4.14). In the case that M, = 0, we have

1)
D;”At (t) S ecrtHf”Lipt’D;‘fo + CT (r —+ 6) , te (O,T),

and we may send ¢§ | 0 independently of r. O

In Proposition [£.4] the spatial regularity of ua¢,va; is characterized in terms of
averaged L' space translates. In the BV context, this is equivalently characterized
by integration against the divergence of a smooth bounded function. Restricting to
one dimension (d = 1) and u € C*(R), we have

ili%{ /\ux—i—h)—u( )|dx}
~ [ |dxsup{/ <>ﬁ<>da::ﬂecm),nmwgl}.

Fix x € (0,1]. The left-hand side has a natural generalization to the fractional BV
setting by con51der1ng u € L'(R) satisfying

sup {hlﬁ /R lu(z + h) — u(z)| dx} < 0. (4.21)

h>0
A possible generalization of the right-hand side reads

l—x * B3 (x)dx : 00 .
sup{cs /Ru@m BY(x)d 5>o,||/3||ws1}< , (4.22)

where {Js}s., is a suitable family of symmetric mollifiers. Loosely speaking, the
next lemma shows that (4.22)) may be bounded in terms of (4.21). The lemma plays
a key role in obtaining the optimal L' time continuity estimates in Proposition

Lemma 4.6. Let p € C((0,1)) satisfy fo r)dr =1 and p > 0. For x € R?¢
define

||
Ux) = m (1 —/0 p(r) dr) , Viz) = mp(lwl),

where M,, = fooo rp(r)dr, n > 0 and «a(d) denotes the volume of the unit ball in
R?. Then U,V are symmetric mollifiers on R* with support in B(0,1). For ¢ € N,
u € LY(R?, ¢), and 6 > 0, define

W= [ et 2) = uleo = )| Vi=)(o) dada,
Rded
where Vs(2) = 6~V (671 2). Similarly, for B € L= (R?) let
i, 5) = [ a@)n, Vs e Do) s, 1<i<d,
Rd

where Us(z) = 674U (6 12). Then

|§ defl (

U3 (u 2M,

Vst + 21l 22 ) i
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for each 1 < i < d, where wy 4 is defined in Lemma .

Remark 4.7. We note that Lemma [4.6] covers the BV case. If there is a constant
C > 0 such that Vs(u) < C6 (the BV case), then

d dQMd
. i i 1
. dr = ZI'L 1) < 2
/d u(‘7 /3)¢ T = %J,Hol ig - 5(11/, /3 ) 2Md (C + C¢ HU||17¢) 5

for any 8 = (B,...,58% € CL(R% R?) satisfying || 8], < 1. It follows that

\Vu|¢da:< sup/ (Vu- B)odx

1Bl<1

= swp [ (V- Ao+ u(s Vo) do
18]<1 JRd

< d®>My_q

- 2My

and so |Vul| is a finite measure with respect to ¢ dz.

(0+2Cs lull ) + Co lull

Proof. Let us first show that U is a symmetric mollifier. It is clearly symmetric,
furthermore it is smooth since {0} ¢ cl(supp(p)). Change to polar coordinates and
integrate by parts to obtain

/Rd (1 — /OliE p(a)da) dz = a(d) /000 dr1 (1 - /OT p(a)da) dr

= a(d) /000 rép(r) dr = a(d)M,.
Similarly for V,
/ o(|2]) dz = da(d) /oor p(r)dr = da(d) M.
R4 0
Note that
s) = [ w@onUste = )aw)o(e) dyd.

Next, we differentiate to obtain

B 1 1 (| dMg_, 1.
0. Usla) = ~ i 5 <5) Ssign () = =L ) Lign (7).
Hence
. dM 1
Us(u, B) = ]\; ! // x)Vs(z — y)sign (z; — y;) B(y) dydz.
d Rded

This integral may be reformulated according to

// u(@)Va(z — y)sign (z; — 1) B(y)(z) dyda
R4 x R4

_1 //RdXRd u(x)Vs(x — y)sign (z; — vi) B(y)p(x) dydx

_ 1//Rd><]Rd ( )V<S( - x)sign (yz - mz) /3(y)¢(x) dydx

5 [ty =20ty = 2) = uly + 2)8(y + 2)Vi(e)sign (20) B(v) dad
Rded
where we made the substitution x = y — z and x = y + 2z respectively. Since

u(y — 2)p(y — 2) —u(y + 2)o(y + 2) = (uly — 2) —uly + 2))o(y)
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+u(y — 2)(d(y — 2) — o(y)) — w(y + 2)(d(y + 2) — ¢(y)),
it follows that

U.8) = G5 [ (w2~ uly = 2)VaCesien () B)oty) dedy

+ G5 Lt 0l + 2) = o) Vi(e)sian () ) ddy

de 1 i
2Md1 //Rd ><Rd -z ¢(y) ¢(y - Z))V;?(Z)Slgn (Z’) 5(3}) dzdy

= )+ 2+ 2P
Clearly
dMg_11
2 < St [ty 2) — uly - 2 Va(e)otw) dady 8] 1 -
2My Rd x Rd

Vs (u)
Consider 22, the term 23 is treated similarly. By Lemma
[¢(y +2) — ¢(y)| < wie(|2)) oy + 2).

Hence, by Young’s inequality for convolutions,

dMg—1 wy,4(9) / dMg—1 wy ¢( )
2| < ;
27 < Gyt [ (ol Vo)) dy 18] < i -
This concludes the proof of the lemma. O

Next, we consider the time continuity of the splitting approximations. Recall
that the interpolants uas, va; are discontinuous at ¢, = nAt. Hence, the result
must somehow quantify the size of the jumps as At | 0. The idea of the proof
is to “transfer ¢ la Kruzkov” spatial regularity to temporal continuity [22, 23].
Given a bounded variation bound, or some spatial L' modulus of continuity, this
approach has been applied to miscellaneous splitting methods for deterministic
problems, cf. [I8] (and references therein). At variance with [I8], we quantify
spatial regularity differently, namely in terms of averaged (weighted) L! translates.
Combined with Lemma we deduce L' time continuity estimates that recover
the optimal estimates in the BV, case (k = 1).

Proposition 4.8 (L! time continuity). Assume that (A4), (A7), (A,), and
hold. Fix ¢ € N, and let u® € L*(Q, Fo, P; L*(R%, ¢)) satisfy

E ‘uo(m +2) —ul(x — 2))| Jr(2)¢(x) du dz | = O(r"°), (4.23)

R4 xRd

for any symmetric mollifier J and some 0 < kg < 1. Set
min{ko, ke } if 0 = o(x,u),
K=
Ko if o0 = o(u).

Let uay and vay be defined in (3.4)) and (3.5)), respectively. Then:

(i) Suppose 0 < 1 < 170 < T satisfy 71 € (tk,tx+1] and 72 € (ti,ti41]. Then
there exists a finite constant Cr 4, independent of At, such that

E UR lune(To, ) — une(m, )| $(z) dx} < CT,¢(|(1 _ AL+ \/ﬁ)
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(ii) Suppose 0 < 71 < 19 < T satisfy 71 € [tg,tp+1) and T2 € [t;,t;41). Then
there exists a finite constant Cr 4, independent of At, such that

E [/Rd lvai(Ta, ) — var (11, 2)| P() dm} < CT,¢(W+ Iy — T1|K>.

Proof of Proposition[{.8 We shall first quantify weak continuity in the mean of
t = unt(t), t = va¢(t), and then turn this into fractional L' time continuity in the
mean. The reason for first exhibiting a weak estimate is that the splitting steps do
not produce functions that are Lipschitz continuous in time, thereby preventing a
direct “inductive argument”, see [22].

1. Weak estimate. Let t, = nAt. Suppose 0 < 7y < 179 < T satisfies 7y €
(tr,try1] and 72 € (t;,t141]. Suppose 3 belongs to L= (QxR?,.F @5 (Rd) ,dP®dx)
and let fs = B x Us, where Us is defined in Lemma We claim that there is a
constant C' > 0, independent of At, such that

E |:/Rd (uAt(Tg,x) - UAt(Tl,SU))(B(s(b)(ﬂU) da:]
<C M= k)At+ V7 —71) 1Bl -

Consider the case [ > k + 1. We continue as follows:

7 =B [ (usilrmse) - usslri,) (8s6)(0) ]

(4.24)

= B[ [ (adran) — usel(0)+,2)) (356)(a) ]
VB { /R (et 2) — wadlr, ) (B56) @) dx}

+ FE {/ (uAt((tl)+, x) — uae(trrt, ac)) (Bsd)(x) dx]
Rd
= N+ %+ P
Recall that uat((tn)+) = vat((tn+1)—) = ScL(At)u™. Regarding the last term,

une((t)+, @) — uae(ter1, ©) = var((fivr) =, ¢) — vae(ty, )
-1
+ Z uAt(tn+17x) - uAt(tn; x)v
n=k+1
where the sum is empty for the case [ = k + 1. Furthermore, we note that
unt(tni1, @) = uai(tn, ) = (uar(tnt1, ) — uae((tn)+, 2))
+ (vat((tnt1)— ) — vai(tn, T)).

This yields

I3=FE niik; /Rd (UAt(tn-Hax) - UAt((tn)+ax)> (Bs9)(x) dﬂﬂ]
+E nzzljm /R (oarllns)—2) — valtn 2)) (s0) (@) dx]
| [ ([ ot st ano) o da:]
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+ E

l
n;ﬂ/ﬂgd (SCL(At)u"(x) - u”(:c))(ﬁéqs)(x) dx] .

It follows that .7 = 7V + 75PE where
1

Z (SCL(At)u" (x) — u”(ac)) (Bs)(x) dx] ,

n=k+1 " R?
7o —p|[ | o0, dB(0) 550 a)d

Note that this holds true for k = as 7" = 0 in this case. As vas(t, ) is a weak
solution of the conservation law (3.1 on [t,, tn41)

/R (oal(tns) = @) = vsltn, 2)) (B36) (@) do

gL .= F

<

/t o /R fwar(r,x)) - V(Bs¢) (x) dwdr

n

<

/t / F(adlr,z)) - VB5(2) d() dadr

n

+

tnt1
[ i) (3s(a)Vote)) daar
tn R
= D@’:;l + %2'
By Proposition there exists a constant C' > 0 such that

B U/ww loar(r, 2+ 2) — vas(r, @ — 2)| Vs(2)6(x) dzdm} < com.

Consequently, taking expectations in Lemma [4.6| yields

d’>My_,
1

T (AtCé”—l
tn+1 .
+2F {/t loae(r)lly 4 dr] ) w1,¢(25)) 18] 1o
As ¢ €M,

%2 < ||f||Lip CoE

ti+1
/ loac®lly y dt| 1]l -

th+1

Summarizing, there exists a constant C' such that
| TN < 61— B)AL[|B]| o

forall0 < é <1.
By (4.8), Jensen’s inequality, and the It6 isometry,

| 7SPE| < 18] / E o(z) d
R4

/:2 o(x,unt(t, x)) dB(t)‘

1

< 1181 19113 ( / d El

1/2
<181 1611320, ( /E

/:2 o(x,uat(t, z)) dB(t)‘

1

5 1/2
o(x) dx)

1/2
o(x) dx)

/T2 o?(z,uns(t,x))dt

T1
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= 11811 9132 (/TzE[lo( wai(t )3 ] dt )1/2

T1

< C 1Bl 1l rigy V72 = 71,

1/2
since, in view of ( and Corollary 4 E HO’ suae(t, ))||2 A < C for some

constant C 1ndependent of t € [0,T]. Summamzmg, the above estimates imply the
existence of a constant C, independent of At,§ and (3, such that

| 7] < C (8" (k= DAt + V2 —71) | Bll e »
which yields .

Let us consider vas. Suppose 0 < 11 < 7o < T, with 7y € [tg, tgt+1), 2 € [t1, Li41)-
We claim there is a constant C' > 0, independent of At,d and (3, such that

E {/Rd <vAt(7'2,x) - vm(ﬁ,x)) (Bs9)(x) dm}
< C (0" fr2 =il + /(= WAL 18]

To prove this claim, note that

(4.25)

vAr(T2, @) — vae(T, ) = vAt(T27:C) —vae(ty, @)

+ Z VAL(tn, ) — var((tn)—, @)
n=k+1
-1

+ > var(tng1)—2) — var(tn, 7)
n=k+1

+vat((thg1)—, ) — vae(T1, @),
and so

E URd (UAt(TQ,x) _UAt(Tl,.’E)>(B5¢)(1~) dx} _ 7CL 4 gSDE

where

Tl

I
t
| p— |
%\
a
o
A
=
()
|
o
S~—
QN
|
g(\..
s
N—
N——
=
>
=
—
g
.
8
_ 1

+§E[/ (Ser(80u @) - () (3s0) ) ]

+E {/Rd (SCL(At)Uk — ScL(m — ti)u” ) (Bs) () dx} )

l

7. Y B

n=k+1

& [[ ([ otounttanann) e as]

Combining the above estimates yields (4.25]).

2. Strong estimate. Let d(x) = uai(m2) — uai(m), B(z) = sign (d(x)). By the
triangle inequality,

E [ /Rd luat(m2, ) — uae(ri, z)| d(x) dac]
<[ [ ps@a@iote) de]|+ B[ [ @) = ss(w)ite)] o) ]
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= A+ DP.

By (4.24),
,% =0 ((5H_1(l — ]{Z)At + VT2 — T1> .
Consider Z5. Following, e.g. [23, Lemma 1],

(@) = Ba(a)(@)| < [ lld(@)] = d(e)sien (dt)] V(o = ) dy
<2 [ Jd(e) — d(w)| Vs(x — y) d.

Upon adding and subtracting identical terms and changing variables 2z = x + y,
2z = x — vy, it follows (after relabeling & by x)

[ @)= sa@yie) oy dz <2 | a4 2) - dlo - 2)
Rd R X R4
X Vss2(2) [0z + 2) — ¢(x)] dzdx
+2 //]Rded ld(x + 2) — d(z — 2)| V5/2(2)0(2) dzdx
= T + T
Consider 7. By Lemma[7.2]

[¢(z + 2) — p(z)| < w1 p(|2])¢().

Hence, by the symmetry of V' and the triangle inequality,
Zi <4 [ e = 2l Voaleuna(eD)oe) deds
R4 xR

<awng(6/2) [ 14w Viale =)o) dyda

< 2w1,4(9) luae(rz) — UAt(Tl)||1,¢*V5/2 :

By Lemma and Corollary E [|<721|] = O(9). By Proposition it follows
in view of assumption that E [|72|] = O(6%). Consequently,

N+ Ty = O((Sn_l(l—k/’)At—‘r\/Tg —-T1 —&—6“)

Choosing § = ((I — k)At) concludes the proof of (i). The result (ii) follows analogu-
ously due to (4.25). O

5. CONVERGENCE

Equipped with At-uniform a priori estimates, we are now prepared to study the
limiting behavior of uas,va: as At | 0. As discussed in the introduction, we will
apply the framework of Young measures. We refer to the appendix (Section
for some background material on Young measures and weak compactness.

We start by establishing an approximate entropy inequality for the operator
splitting solutions.

Lemma 5.1. Suppose u® € L*(Q, %y, P; L?(R%, ¢)), ¢ € M. Let ua; and vay be
defined by (3.4) and (3.5), respectively. For any (S,Q) € &, any V € S, and any
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non-negative p € C([0,T) x R%),
0<E [ y S(ul(x) — V)p(0,z) d
+FE -/H S(uai(t,x) — V)op(t, ) + Q(var(t,x), V) - Vo(t, x) dmdt]
LT

-E //HT S"(unt(t,z) — VD Vo(x,uai(t, z))p(t, x) dmdt}
E

+E

3 //HT S" (upne(t,x) — V)o? (x, uns(t, x))p(t, x) dwdt}

N—-1 tnt1
+ nz_:o E [/t /Rd (S(wat(t,z) = V) = S(var((tns1)—,x) = V) Opp(t, ) d:vdt} .
(5.1)

Proof. Let us for the moment assume that u® € LP(Q, %, P; LP(R%, ¢)) for all
2 < p < 0o0. By definition, va; satisfies

[ S @) = Vgt ) de — | S(adl(tun)=2) = V)plta 7)o

tnit
+ / S(vat(t,x) — V)owp(t, x) dx dt
t R4

n

tn+1
+/ Q(vac(t,x), V) - Vo(t,z)dx dt > 0.
tn R4

n

For fixed x € R?, apply Theorem [7.1| with F((, A\, t) = S(¢ — A)¢(t, z) and

¢
upt(t, ) = uae((tn)+, x) +/ o(z,uat(s,x)) dB(s).
—_—— —— —— b, ——

X (t) Xo u(s)

This yields, after integrating in space,
S (@) = V)p(tns1, o) de = / S(uai((tn)+) = V)e(tn, ) de
Rd

Rd

tny
+/ / S(uae(t,x) — V)orp(t, x) dt dx
Re Jt,
tn+1
+/ / S (uni(t,x) — V)o(x,un(t, z))p(t, x) dB(t) dx
R Jt,
bttt
_ / / S (un(t, 2) — VYD Vo (z, uns () o(t, ) dt do
R4 Jt,
1 tnta
+ 5/ / S" (up(t, x) — V)o? (z,une(t, ©))p(t, ) dt d,
R Jt,
where the stochastic integral is a Skorohod integral. Note that

| Stuar(t) = Vigltaayde = [ Sad(trin) =) = Vipltasr.a) da

Rd

tn+1
T /d / S(vat((tnt1)—, ) = V)oep(t, x) didz.
R tn
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Adding the two equations and taking expectations we attain

E { [ 8" (@) = V)g(tn,2) daz] - E {

S (2) — V(i) dx]
Rd

+ F :/tjnﬂ /Rd (S(wat(t,z) = V) = S(war((tns1)—,x) = V) Opp(t, x) dz dt}
+ B /R d /t H S(une(t, ) — V)oho(t, z) dt dm}
+E /t o [ Qadt.).V) - Ve(ta)da dt}

n

- fors
—F / / S" (unt(t,z) = V)DVo(z,uns(t, z))o(t, z) dt dl’]
LJRd J¢,,

-1 tn41
+E 5/ / S"(upe(t,x) — V)oi (z,une(t, ))e(t, ) dt dm] >0,
L Rd Jt,

where we applied the fact that the Skorohod integral has zero expectation. Next
we sum over n = 0,1,..., N — 1. This yields (5.1)). The result follows for general
ul € L?(Q, %, P; L*(R%, ¢)) by approximation. O

Theorem 5.1. Suppose , , , and (Ag1) hold. Let ¢ € M and
2 < p < 0o. Suppose u’ € LP(Q,.Fy, P; LP(R?, ¢)) satisfies . Let upn; and vayg
be defined by and , respectively. Then there exists a subsequence {At;}
and a predictable u € LP([0,T] x Q; LP(R? x [0,1], ¢)) such that both uat;, — u and
vat; — u in the following sense: For any Carathéodory function ¥ : RxIlp xQ — R

such that U(uay,,-) = ¥ (respectively U(vay,,-) — V) in L' (TIp x €2, ¢ de@dt@dP),
1
V(t,r,w) = / U(u(t,z, a,w), t,z,w) dao. (5.2)
0

The process @ = fol wda is an entropy solution in the sense of Deﬁm’tion with

initial condition u°.

Proof. 1. Ezistence of limits. Let us investigate the limit behavior of ua:, noting
that the same considerations apply to va;. We argue as in [I9] Theorem 4.1, Step 1]
(see also [3, § A.3.3]). We apply Theorem to {ua:} on the measure space

(X, o, p) = (Qx Oy, Z ® 2 (RY) ,dP @ dt ® ¢ dx).

By Corollary [£:3]
sup {E [// lunt|? ¢(z) dmdt} } < 00.
At>0 Iy

Hence there exists a Young measure v = 14, such that for any Carathéodory
function ¥ satisfying ¥(ua¢;, ) — U in LIz x Q, ¢ dx ® dt ® dP), it follows that

U(t,z,w) = / U, t,x,w) dve 5 w(E).
R
Define [T, 30]
u(t,z,,w) :=nf{{ €ER : v 4, ((—00,8]) > a}.

The representation (5.2 follows from the fact that Lou™'(¢,z,-,w) = vt 4., where
L denotes the Lebesgue measure on [0,1]. For predictability and the fact that
u € LP([0,T] x ; LP(R% x [0, 1], #)), see [19, Theorem 4.1] and also [3|, § A.3.3], [30,
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2. Independence of interpolation. Denote by v the limit of {va;}, see Step 1. We
want to show that v = u. By [3I], Lemma 6.3], this holds true if

F(Al) = B [ //H st ) — vadlt )| 90 dtdm] S0asALLO.  (5.3)

To see this, observe that

nz_% /t:n+1 /Rd luat(t, ) — uat((tn)+, )| ¢(x) dtdx]
N=1 ptpi
HZ:% /tn, /Rd [vat((Ent1)—, ) — vae(t, )| H(x) dtd:c}

= 7+ D.
By Proposition (1),
trnt1

N-—1
2
T < Cr.e E / Vit—t,dt = gCT7¢TV At.
n=0 7 In

By Proposition (i),

T <E

+E

tn+1

%<CT¢Z/ (tny1 — )< dt < Cr.yTALY,
tn

where  is defined in Proposition This proves .

3. Entropy inequality. We need to prove that u is a Young measure-valued
entropy solution in the sense of [I9, Definition 2.2]. The result then follows from
[19, Theorem 5.1]. Let S, V, ¢ be as in Lemma [5.1] and define

n+1
Inp 1= {/ /d (vat(t,x) = V) = S(var((tny1)—, x) — V))@tgo dxdt] .
R
We want to show that Ia; — 0 as At | 0. Recall the definition of the weighted
L*-norm (2.1). By Proposition
AR R (LY

— tnt1
X ZE{/ / lvac(t, ) — var((bngr)— @)| Gz )dmdt]
n=0 t
< I8l 305 {0l g } CraT "

as in the proof of Step 2. Concerning the remaining terms in Lemma the limit
At | 0 is treated exactly as in [I9, Proof of Theorem 4.1, Step 2]. It follows that u
is a Young measure-valued entropy solution. O
6. ERROR ESTIMATE
We now restrict our attention to the case
o(x,u) = o(u), o€ L™. (As.2)
As mentioned in the introduction, for homogeneous noise functions ¢ = o(u), when-

ever £ {HVUOH1 ¢} < o0, the entropy solution u to (L.1)) satisfies a spatial BV
estimate of the form

E[/ V(o) d(@)de| <C,  (0<t<T), (6.1)
Rd
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for some finite constant C' (depending on g, f, ¢,0,T). Here Vu(t,-) is a (locally
finite) measure and ¢ € M. This can be seen as a consequence of the fractional
space translation estimate and Remark A direct verification of can
also be found in [6, Theorem 2.1] (when ¢ = 1). The same estimate is available for
the operator splitting solution, cf. Proposition

For the error estimate, we consider yet another time interpolation na; of the
operator splitting {u”}fLO. Inspired by [24], let

nar(t) = (Sspr(t, tn) — T)Sor (A" +Sor(t — ta)u”, ¢ € [tn tnsr].  (6.2)
uat(t)—ScL (At)un vae(t)

A graphical representation of the interpolation na; is given in Figure

ScL

+
tn+1 + — un+1

; T T SSDE
tn ttnis

FIGURE 2. A graphical representation of na;. The value of na(t)
corresponds to summing (with signs) the values taken at the un-
filled dots.

Theorem 6.1. Fiz qﬁ € N. Suppose @, (A4 , , and (Ay2) are satisfied.
Suppose also that u®, ug € L?*(2, Zy, P; L2(R satzsfy (4.23)) wzth ko = 1. Let
u be the entropy solution of . . accordmg to Deﬁmtwn 2 1| with initial
condition ug, and let nas be defined by . Then there exists a constant C,
independent of At but dependent on o, f, T, gb,uo, u0, such that

B [[u(t) = nai®)ll o] < M nt (B [lug =], ,] + CALE) . te 0,7,

The proof is split into several parts, the results of which are gathered towards
the end of the section. To help motivate the upcoming technical arguments, let us
outline a “high-level” overview of the main idea, assuming that all relevant functions
are smooth in z and the spatial dimension is d = 1.

The function na; defined in ought to satisfy an “approximate” entropy
inequality. Formally, we have

dﬂAt + 8xf(UAt) dt = O'(’LLAt) dB, (63)

indicating that the error terms can be expressed as perturbations of the coefficients
fyo. Let u be a smooth (in x) solution of (1.1). By (6.3),

d(nar = u) = =0:(f(var) — f(u) dt + (o (uar) — o(u)) dB,

and thus the It6 formula gives
dS(nae—u) = =5"(nar —u)0z(f(var) — f(u)) dt+ 5" (nar —u) (o (uar) —o(u)) dB
+ 58" (10 = u)(ous) — o(u))? d
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for any S € C?(R). Upon adding and subtracting identical terms and taking
expectations, we arrive at

E[dS(nar — u)] = — E[S"(nar — u)0x(f(nar) — f(u)) dt]
+ E (8" (nar — u)(o(nas) — o(u))? dt]
+ E [S"(nar — w)0x(f(nar) — f(var)) dt]

LB {s" nar —u ( /77 N o(w)o' () dz) dt} .

The first two terms vanish as S — |-|. Note that these terms also appear in the
uniqueness argument, when two exact solutions are compared. Accordingly, they
should not be thought of as error terms originating from the splitting procedure.
The last two terms, however, are genuine error terms associated with the operator
splitting and the interpolation na;. All of the above terms may be recognized in
the forthcoming Lemmal6.2] The above simplified representation provides intuition
on how to estimate these error terms. This is in particular the case concerning the
third term on the right-hand side. To this end, note that

t
Nat — var = uar — ScL(At)u™ = / o(uat(s)) dB(s),
t

n

for t, <t < t,4+1. Consequently,

ax(f(UAt) - f(UAt)) = (f/(UAt) - f/('UAt)) Orvat

‘ 6.4
+f’(TlAt)/t dz0(unt(s)) dB(s). (6-4)

Furthermore,

B\ (nar) — £ (va1)) Bsvs]
<1 sy 2 [E [

which provides a way to estimate the term since va.(t) € BV and o € L.
Due to the lack of regularity we will work with an approximation of na;. Given
n n N—1
{w™ =w™(x)},_, , we set
w( ) = (SSDE(tvtn) 7I>wn7 te [tnatn-‘rl)’ (65)
and 7 := 9 4+ vas. Note that nay = ¥ + var whenever w™ = Scr(At)u™ for

n=0,...,N — 1. However, due to the lack of differentiability of Scr,(At)u™, we
will work with a sequence {w} }, ., of smooth functions satisfying wj — Scr(At)u™

/ o (ume()) dB(s

n

’ytn:| |6a:UAt|:| ,

in LY(Q; L' (R%, ¢)) as k — oo. To simplify notation we suppress the dependence
on k and write w" = wy.

Proposition 6.1. Suppose , (As), and (Aso) are satisfied. Let 7 = ¢ +
vat, where ¥ and vy are deﬁned in (6.5) and 1- , respectively. Then, for all

nonnegative ¢ € C([tn,tnr1] x RY), any V € DY2, and all entropy/entropy-fluz
pairs (S,Q) € &,

E [ g S((tn, x) — V)d(tn, x) dx]
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[ 7
E S'(z—-V "Nz — —f! dz - Vodxd
+ //H/V (z = V) (f'(z — ) — f'(2)) dz - Vo xt]

+E -//H" /VﬁS”(z—V)f’(z—w)dz-vwgbdxdt}

-F

// S"(n—V)DVa(y+w™)p dxdt}
L/,

+éE{a;S%W40ﬂw+wﬂ¢Mﬁ}zm
where I, = [ty, tni1] X R.

The proof of Proposition [6.1] is deferred to Section [Tl To ensure that the
relevant quantities are Malliavin differentiable, we replace the entropy solution u
by the viscous approximation u®, which solves

du® + V- f(u®)dt = o(x,u")dB(t) + eAudt,  u(0) = uo,

and then send ¢ | 0 at a later stage. Let us recall that {D,u®(t)},., is a predictable
weak solution to the linear problem

dw+V - (f'(u®)w)dt = o' (z,u®)wdB(t) + e Awdt, w(r) = o(u®(r)),
for almost all r € [0, 7], cf. [I9] § 3]. Furthermore,
N
esssup sup FE [HDru )5 ¢} < 0.
r€[0,T] | t€[0,T] ’

As a consequence of [19, Theorem 5.1] and [31] Proposition 6.12], we have u®* — u
in L1([0,T] x ; L*(R9, $)) as € | 0. In fact, under the assumptions of Theorem 6.1
u® — u with rate 1/2 [6, Theorem 5.2].

We may now proceed with the doubling-of-the-variables argument.

Lemma 6.2. Fiz ¢ € M. Let u® = u®(s,y) be the viscous approzimation of (L.1)).
Take w(t, ) = w™(x) for t € [tn,tny1), and let Y = Y(t,x), var = va(t, ), and
i1 =7(t,z) be defined in Proposition[6.1} Let ty € [0,T), and pick ~,79,7 > 0 such
that to < T — 2(y 4+ ro). Define
t
&) =1 —/ JF (s —to) ds.
0

Furthermore, let
1 T+y ]

and Ss be defined in (4.9). Then
L-R+F+ N +T%+ T+ T+ T+ T >0, (6.6)

where

L—E [ I [ $5000.2) = (s )05 dxdsdy} |

////r[2 S (i — u®) (0 +5s)<de] ’

///H2 Q(us,7) - Vyp + Q(), u) ~Vx<de] 7

R=-F

F=F
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YL, st =i o >>de]

%= E ///H255U ~i)o(u )—Dtu‘f)o<w+w)de1,
Fo=F ///m Sy — ) ( / W(a(z)a(uana'(z)dz)sodxl,
Ti—E ////H / S5z — ) (/= — %) — /(=) dz-vxwdxl
////m /uss c-uf w>dz-vmde],

J, st = mase dX] ,

Ty = ZE// [ (Ss(0((tna2), ) = (s,9)

= S3(((ta1) = @) = 0 (5,9) ) @ltus1,,5,y) dadsdy|

fE

+FE

TIs =¢eFE

where dX = dxdtdsdy.

Proof. Let us first assume ¢ € C®°(RY), as the result for ¢ € 9 then follows
from an approximation argument. After a standard application of It6’s formula to
ut(s,y) — Ss(u®(s,y) — 7(t,x))e(s) for s > t, we arrive at

B ///m S5(u® = m)dsp + Q(u”, 1) - Vyp dX
///r12 S5 (u —1n)o o?(u¥)pdX ///H% Ss(uf — i)AypdX | >0,

cf. [19, Lemma 5.3]. Take V = u*(s,y) in Proposition [6.1} integrate in (s,y) € I,
and sum over n =0,..., N — 1. The outcome is

B[] $5ti0.0) = (s.30)600..5.3) oty

+E JL, st = w02e + @t -vxsodxl

+E ////H [ 4w (-0 - 1) dz-vmsodxl
+E ////H/ SU(z — ) f (5 — ) d2 - Vatbp dX
e | [ st DMWWX]
J/d <w+w>de]

+ E + el

+E
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_lE //HT R (35(ﬁ((t”+1)v$) —u(s,9))

= S5(((ta+1)=2) =0 (5,9) ) @ltus1,, 5, y) dadsdy| > 0.

The lemma follows upon adding the two previous inequalities, noting that

50°(°) = Do (9 +w) + 20* (W + )
= S +w) — o)) + (o(u) — D)o (i +w)
L (i) ”’*w evy -t
— Lot - 2+/n o(u)o’(2) dz

+ (o(u®) = D)o (¥ + w).
]

In the following we estimate the terms appearing in Lemma The under-
lying assumptions are the ones made in Theorem We let C denote a generic
constant, meaning that it is independent of the “small” parameters At, r, 79,7, €, d.
Furthermore, given a term 7, we write J = O(g(At,...,d)) whenever | 7| <
Cg(At,...,0) for some nonnegative function g.

Estimate 6.1. Let L be defined in Lemmal[6.4 Then
limsupL < E [Huo — uoHl ¢] +0O0(+7r).
T‘olo ’

Proof. By ,
|S5(7(0, ) = u®(s,y)) = 17(0,2) — u(s,y)| | < 4.
By the reverse triangle inequality
[ 170, 2) = u(s,9)| = 17(0,2) — uo(y)| | < y) — uo(y)|,
[ 170, 2) — uo(y)| = [7(0, ) — uo(2)| | < —UO( )

Hence, after adding and subtracting identical terms, noting that 7(0) = u°, it
follows by the triangle inequality that

|S5(7(0, ) — u(s,y)) — [u”(2) — uo(x)] |
< 6+ [u(s,y) — uo(y)| + uo(y) — uo(z)].
By ([.15),

- B[l = ol .,

T
<Nl + | B [1(5) = ol o] T ()

2
Bl [[, . ol sl (25 ) 0 (T5Y) aoa].

%
Thanks to [19, Lemma 2.3], 9 — 0 as rg — 0. Regarding %% we apply (4.14]). As
uo satisfies with kg = 1,

[//Rdxw luo(@ + 2) —uo(x — 2)| p(x)Jr(2 )dxdz] _ o).
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Finally, we apply Lemma [7.3] to conclude that

‘E Muo - “0H1,¢*J,r = [Ju® ~ UOHW} ’ =O(r).

Estimate 6.2. Let R be defined in Lemma[6.9 Then

T
/0 177() — w(®)ll ., I (¢ — o) dt

Proof. 1t is easy to check that

z+y
R= E{////H?S& (t,z) — u®(s,y)) 2d¢)< 3 >
()
O
Moreover, adding and subtracting identical terms, we obtain

1S5((t, ©) — u™(s,9)) — [(t, 2) —u (¢, 2)|| <
o+ [u(s,y) —u(t, )| + [u*(t, ) — u*(t, z)|,

liminf R > F

im iny +O0(+r).

(s —t)JF( t—to)dX}

and so

‘RfE

T
10 = 0 Ol g, 7 t0) dt] |

// [us(s) — u(t) ]l g s JE(s =) (t—to) dsdt]
[0,7]2

B

+ B [//HT /R i (t ) — (£ )| 2id¢ (93?’) 7 (“’2y> Jj(t—to)dxdydt} .

%

<Ol ray + B

Owing to Lemma [7.4} lim,, 10 27 = 0. Next, we utilize the strong convergence
u® — win LY([0,T] x Q; L*(R?, ¢)) and (@.14) to conclude that

lim %_/OTE{//RWRJ (t,x+2) —u(t,z — 2)| p(x)J, (2 )d:vdz} JF(t —to)dt.

£,704.0
It follows from [I9] Proposition 5.2] and the assumption (4.23) with ko = 1 that
[lime o0 Z2| = O(r). The claim is now a consequence of Lemma O
Estimate 6.3. Let F be defined in Lemma[6.3 Then
T
~ 1

sy F < ol B | [ (o) =0l & @e| +0 (3 (14 7) +7).

g,70 0
Proof. Observe that

F=F + F> + F3, (6.7)

where

Fl =F

////H2 Ss(u® =) (f(u) = F(D) (Ve + Vy)gadX] ,
- [////112 / S5 (2 = u)(f(= )—f(us))dZ~Vx<de] 7
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////mT Sy (= = )(f(2) — F(@) dz - VypdX | .

The decomposition follows from the identities

F3 =—F

Qs(u%,7) = S}(u® — 7)(f(u / SU(z — ) (f(2) — F(7) d,

Qs (1, u™) = S5(7] — u)(f (1) — (%)) — st’(z —u?)(f(2) = f(u7)) dz,

derived using integration by parts.

Next, we claim that
1
F2|+|F3:O(5 <1+r>) . (6.8)

We consider Fy; the F3 term is estimated likewise. Note that

/ S5 (z —uf)(f(z) — f(u®))dz

I, 1v-e1ex].
117,
By a straightforward computation,

/// Vo] dX < T(cwnwuyw ) 161l e -

This proves .

Next, we claim that

<l 0

Hence,

|Fo| < |[fllpip 6F

T
limsup Fy < Cy || fllLi, B /0 [u(t) =)y pus, &) dE| +O(5+7).  (6.9)

€,r040
Set
Fs5(b,a) = S5(b—a)(f(b) — f(a)).
Then
b
| F5(b, a) — Fs(c,a)| = | / 8- (S5(z — a)(f(2) — f(a))) d2|
<2 ||fHLip6 + Hf“Lip b—cl;
whence

|f5(u5(s,y),ﬁ(t7m)) - f5(u8(t7$)7ﬁ(t7$))|
< [ fllip (20 + [us(s,y) —w ()| + w8 (E,y) — u(t, 2)]),

and so

Fi- E[/ Flu(0,0).(t2) - (V5 1) 0)€ (1) |

// [u(5) = w1 g, Ty (s = )&, (¢ )dsdt]

+Cy 1 fllpsy E /0 //R )~ (= )| ()6 (09() dxdzdt]

+20 [ FllLip, TIVOl 1 gy »

< C¢ ||f||L1p
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where we have made a change of variables as in Estimate Following the same
reasoning as in that estimate we arrive at

limsup F; < FE [/H Fs(u(t,z),n(t,x)) - (Vo * J.)(2)&(t) dxdt| + O (5 + 7).

E,T'olo

Inequality follows from Fs(a,b) < ||f|l;, la — b] and [V¢] < Cy¢. Combining
the above estimates for Fy, Fy, F3 concludes the proof of the claim. O

Estimate 6.4. Let 7 be defined in Lemma[6.9 Then
| 71| < Co.
Proof. Since S§ = 2Jj,
S5 (u® =) (o(u®) = o(i)* <2 lollfy, Js(u =) [u* = il* < 2]l Ly, 1]l 0

Due to (4.15)) and Young’s inequality for convolutions,

////H?sodX (/ / TE(s — )¢ ()dsdt) (/Rd¢*JT(x)dx>§T|¢||L1(Rd).

The result follows. (]
Estimate 6.5. Let % be defined in Lemma[6.9 Then

lim 2 = 0.

’I‘QJ,O
Proof. This follows exactly as in [I9, Limit 5]. However, the assumption o € L™
simplifies the analysis and allows for ¢ € 91 instead of C2°(R?). O
Estimate 6.6. Let J5 be defined in Lemmal[6.3. Then

N—-1 tni1
3 / " — var(®)l,,. dt
n=0 " tn

1
75| < OB

Proof. Now, as 7 = ¥ + vaq,

dtw
[ (0(2) — 0 (u))o’ () dz

< 2ol o lollpip [w — vadl -

Keep in mind that w(t) = w™ for ¢t € [t,,tny1). The estimate then follows from
[10) and (L5). 0

Estimate 6.7. Let 74 be defined in Lemma[6.9 Then

AR, (1 +E /O ||Vw(t)||1,¢*.]rl> :

Proof. The estimate is established under the assumption that va; is smooth in z.
The general result follows by an approximation argument. Integrating by parts and
using the chain rule,

////HZT /j S5(z —u®) (f'(z =) = f(2)) dz - sz@dX]
///HQT S5 (7 —u®) (f'(vae) — /(7)) - VM(de}
////mT /u?7 Si(z =) f"(z =) dz - Vit godX} .

Ty=F

=-F

+E
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Next, we observe that

/S(gz—u V' (z—)dz = — /S z—uf)f(z =) dz + S5(7 — u®) f (vat).

Therefore,
///m S5 — u®) f(7]) - Vw(de]

2
///H?F S — ) (F'(7) — f'(var)) - Vavas godX] ,

%
cf. (6.4). Consider Z5. Since va(t) is %, -measurable for all ¢ € [ty,, thy1),

T=FE

+L

i< e[l 17w sl |vxvm|sodx]
<17 Z //// B0l |#:,] IV.vail] 0dx.
By definition,
P(t,x) = /tt o((r,x) +w"(z)) dB(r), tn <t <tpii. (6.10)

n

Set
00 = [ o0 + A aB).

so that 9(t, ) = ¢(t,w"(x)). Consequently,
E[[(t,2)] |72, ] @) = B 10, )]

By the Burkholder-Davies-Gundy inequality, there is a constant ¢; > 0 such that

A=w"™(z;w) '

E [0t V)] < eiE </tt o ((r, \) + X) dr)m] <ot ol VE=tn,

independent of A € R. It follows from Proposition [4.4] that

‘%| <a ||O'||Oo Hf/”Lip vVALE < CVAEL.

T
/0 IVavat(®)lly gus, dt

Consider Z;. In view of (4.15),

///HT Ivmlcpdxl < fllip B U/HT waI(qS*Jr)dasdt].

Differentiating (6.10)) yields, for ¢, <t < t,41,

|2 < 1 fllip £

V() = / o/ ((r, ) + 0" (2)) (Varb(r, ) + Vow™ () dB(r).

n

By Lemma below there is a constant C' > 0, depending only on o, such that
E|V.9(t,x)|] < CVt—t, E[|Vw™(2)]], th <t <tpti-
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We conclude that

IQ‘ESC<E

T
/ ||Vw<t>||1,¢*J,l dt> VAL

Lemma 6.3. Suppose h : [t,,t,11] x Q@ — RY is predictable and

/|h ds<oo}:1.

Suppose X (t,) € LP(Q, F,, ,P;RY), 1 < p < oo, and let X : [ty tnr1] x Q@ — RY
satisfy

X(t) :X(tn)+/t h(s)dB(s), € [tn, tnsil.

Suppose there exist a constant K and Y € LP(Q,.%;, , P) such that
|h(t;w)|] <Y(w)+ K|X(t)], t € [tn, tnt1]- (6.11)
Then, for all t € [ty,tny1] and B > p(cp/pK) /2,

sup E[|X ()" < C(8)e" ) (B(X (t)P]"7 + e V=GB Y],

tn<s<t
—1
where C(B) = (1 - czl,/pK«/p/Zﬂ) and cp is the constant from the Burkholder-
Davies-Gundy inequality.
Proof. Set

<t<rt

1/p
Xl = (s B X))
The triangle inequality yields

E[IX@®)"'" <E ’

_ / h(s) dB(s)

By the Burkholder-Davies-Gundy inequality,
1/p

P 1/p
s)dB(s) ] Sczlj/pE

(o)

Due to (6.11]) and the triangle inequality on LP(Q; L?([t,,t])),

([ mora) ]

By Minkowski’s integral inequality,

1/p

< VITLEYP 4 KE K/ X@F ds)pﬂ]

272/P ‘

t p/ ,
(t X (s)]? ds) ] < [ E[Xx(s)P)'" ds.

tn

E

Furthermore,

' p12/p 28—t/ [ (4mBlt=) g=Bls—tn) )"
BX(s)[/7 ds = 29t/ [ (P8t pIX (s)]) " ds
t

in

n

t
< 2B(t=ta)/p ||X||25,p,t/ e~ 28(t=5)/p gg

n

= P (28G—ta)/p _ 2
= 55 (P 1) IX
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Summarizing, we arrive at

EIX®OF1? < EIX(ta) P17 + e/ rVi—tE (Y ["])"

D B 1/2
+e/PE /ﬁ (BZB(t tn)/p _ 1) X1 5.z -

Multiplying by e~ #(*~t)/P and taking the supremum over t, <t < 7, we obtain
1Xll5,, < EIX(E)? + e/ PVT =t BV TP + Pk [ 2|1 X]
B.p,T — n D n D 23 Bip,T *
Choosing ( sufficiently large, i.e. czlj/pK\/p/2ﬁ < 1, we secure the bound

(v =TB (YT + B X ()7

X5, <

1
1 fczl,/pK\/p/Qﬂ

The result follows upon multiplication by e?(7=*»)/P  since

1/p
eBr—tn)/p ) x = sup LUDEINX(HP > sup E[X(0))Y".
B,p,T P - >

t, <t<t tn <t<T
(]
Estimate 6.8. Let 75 be defined in Lemmal6.4 Then
Is = 0O(e).
Proof. This follows as in [19, Limit 6]. O
Estimate 6.9. Let J be defined in Lemma[6.3. Then
N-1
%] <23 B [IScr(Atu — ™|, 4., ]
n=0
Proof. First, we note that [Ss(b) — Ss(a)| < |b — a|. This and (4.15)) yields
N-1
1760 < 32 B [litne) = i(tns) M1 gu, |-
n=0
Since
M(tn+1) = 7((tnt1)—) = SspE(tnt1, tn) (ScL(At)u™ — w™) + Scr(At)u™ — w",
the result follows from (3.2]). O

Proof of Theorem[6.1 Consider Lemma and take the upper limits in as
ro 4 0,6 } 0, and v | O (in that order). Next we recall that w”™ = w}. Letting
k — oo, wl — Scn(At)u™ in LY(Q,L'(RY, ¢)). Due to the L'-Lipschitz conti-
nuity of Scr, (cf. Proposition and the uniform BV-bound on the splitting
approximation, it follows from Estimates [6.1}6.9] that

to
B [lkeo =), ] + Col sy [ B [Imaut®) = (ol ]
+0 ((5 +r+ VAt + g + Aat) >E {Hnm(to) - U(t0)||1,¢} -

Finally, we apply Gronwall’s inequality, and then choose § = At?3 and r = AtY/3.
O
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7. APPENDIX

7.1. Proof of Proposition The proof of Proposition [6.1] is based on the
following result.

Lemma 7.1. Suppose u,w € L?(Q, P, %, ; L>(R?)) and w is smooth. Set
Y(t) = (Sspe(t,tn) —Dw, v(t) =Scr(t —tn)u, t € [tn, tnt1]-
Then for all (S,Q) € &, all nonnegative p € C°(112), and all V € S,
R-—L+ %+ % - T+ 720,

where

L[] St (s.0) = Vialtrrs, o) ddys
2| [ [ S+ 610 = V)ottn b, dydac]
R=E {// » S(tn,z) +¥(s,y) — V)p(tn, x,8,y) dxdyds]

+FE [//Hn » S(u(t,z) + Y(tn,y) — V)p(t,z,tn, y) dydmdt} )

SN=E —///H% S(o(t,z) +¢(s,y) = V)0 +8s)sodX] :

J=FE :///H% Qo(t,z),V —1(s,y)) - Vzde] ;

Ty =E ////m S"(v(t, @) + 4 (s,y) = V)DsVa(ih(s,y) +w(y))e dX] ,

////HQS” v(t, @) + (s, y) — V)o (¥(s,y) + <>>¢dX]

and I, = [tp, tne1] x RL

:fE

Proof of Lemma[7.1. The entropy inequality reads

S(U(tn’m) - C)@(tnvxv Svy) - S(v(tn+1a (E) - C)Qp(tn%»la z,s, y) dx
Rd

+ //Hn S(v—c)0ip+ Qv,c) - Vypdtde >0, (7.1)

for all ¢ € R and all s,y € IL,. Specify ¢ =V — ¢(s,y) in (7.1), integrate in (s,y),
and take expectations, to obtain

[// RdS V(tn, x) + (s, y) = V)oltn, 2, 5,y) dxdsdy]
_E U/ /Rd (tn+1,2) +9(s,y) = V)e(tns1, z,s,y) dxdsdy} (7.2)

+E ///m S(v+w—V)at¢+Q(v,v—w)-vwdxl > 0.
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Note that v(t) is %, -adapted for all t € [t,,t,+1]. To reveal the equation satisfied
by ¢, let {(t) = Sspr(t, t,)w. By definition,

((t,2) = wi(z) + / o(¢(r, ) dB(r).
Since (t) = ((t) — w,

it z) = / o(b(r2) + w(@) dB(r), ¢ € [tntus]. (7.3)

n

Fix t,z € II,,,y € R? and set
X(5) = olt, 2)+0(s,9), F(X(s),Vis) i= S(X(5)=V)g(t,2,5,9), 5 € [t busa].
By (7.3), .
X() = vlta) + [ otblras) + wl) dB().
By Theorem [7.1]
S(X(tns1) = V)plts, b1, 5) = S(X(ta) = VIg(t, 2.t y)

tnt1
+ / S(X(s) —V)0spds
t

n

- / S (X(s) — V)o((s) + w)pdB(s)

n

- /t "X (5) = V)DLV o (ib(s) + w)p ds

n

1

3 [ S = VIR s) + wipds,

n

where the stochastic integral is interpreted as a Skorohod integral. Upon integrating
in ¢, x,y and taking expectations,

E [ //H n /R 80l ) + ltnsy) — VYol . t0,0) dydtdx}

—-FE {//n g S(t,x) + Y(tnt1,y) — V)elt, z, ths1,y) dydtdx}

Sv(t,z s,y) — V)O0spd
+E ////H ((t,2) + ¥(s.9) — V)oup X] )
38| [l st vt Vi + w(ym%dx]
— S” — s , dX| =0.
E ///H% (v(t, ) + ¥ (s,y) = V)DVa(i(s,y) + wly))e X] 0
Adding and concludes the proof. O
Proof of Proposition[6.1, We use

o) = 530 (S35 ) 0 (52 ) o= ) (75)

in Lemma and then send rg,r to zero (in that order). The sought result for
V € S is a consequence of Limits below. The extension to V € D'2 follows by
an approximation argument as in [I9, Lemma 2.2]. O
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Limit 1. Let L, R be defined in Lemma and ¢ in . Then

i 2(r0) = B | [ S(0001,2) 4 6tz >>¢<tn+17x>dx},

7,704.0

lim0 R(r,ro) =E { S(v(tn, x) + P(tn, ) — V)d(tn, x) d;v] .
Rd

rrod

Proof. Let us only consider the term

E [// SW(tnt1,x) +¥(s,9) — V)o(tni1, T, 8,y) dxdyds} = Z.
1, JRrd

The remaining terms can be treated in the same way. As a consequence of the
dominated convergence theorem and Lemma [7.4]

hmff—fE / S(v(tnyr, ) +U(tny1,y) = V)
0.0 Rd JRd
r+vy r—y
o (n52)5 (257) ]
Moreover,

lim ff_fE [/ S((tny1,2) + (tngr, x) — V)¢(tn+1,x)}

7,704.0
O

Limit 2. Let 97 be defined in Lemma and @ in (7.5). Then

lim A = [// )Op(t, x) da:dt]

7,704.0
Proof. Observe that

t+s x+ xr —
@+ 0t = goowo (5550 ) 0 (5 ) e - )

The result follows by the dominated convergence theorem and Lemma [7.4] consult
the proof of Limit O

Limit 3. Let 9 be defined in Lemma and @ in (7.5)). Then

lim 9% =F {/ Q(v+w,V)-V¢dxdt]
IL,

77040
// </ (e =V ('z=4) = [(2) dz) 'thdacdt]
// (/ §"(z=V)f'(z =) dz) Vo §dadt | .

Proof. First observe that

+ F

+FE

Integration by parts results in

_B ///na Qu(t,z),V — (s, ))

1 t+s ery xT—y
" od 2¢( 5 )Jr( 5 )Jro(t—s)dxdtdyds]




40 K. H. KARLSEN AND E. B. STORROSTEN

+E

///H% Vy - Qu(t,2), V —1(s,y))e(t, z, s, y) dxdtdyds]

= T+ T2
It is straightforward to show that
linio T =E U/ Qv(t,x),V —(t,x)) - Vo(t,z) d:r,dt} :
,70 H”

Finally, we apply the identity
v+

Qo V — ) = Qv+ . V) + / Sz~ V) (f'(z — ) — £(2)) d=.

v
Consider 7. By the chain rule,

T = -E

[ 002V = w5, - 565, ot 5.0) dwdtdyds] .
3
Sending 7o, r to zero, we arrive at

lim 7%= —-F [//Hn HQ((t,x),V —(t,z)) - Vurb(t, z) ¢(t, z) dmdt] .

7,700

Finally, note that

v

MY =) == [ SV I
v+p

—- [ S - v

v
This concludes the proof. O

Limit 4. Let 93 be defined in Lemma and @ in (7.5). Then

lim %5 =F [//Hn S"(w(t,x) +(t,x) — VD Vo (p(t,z) + w(z))d(t, ) dxdt} .

7,704.0

Proof. The proof is a straightforward application of the dominated convergence
theorem and Lemma [T.4] O

Limit 5. Let 9, be defined in Lemma and ¢ by (7.5)). Then

: _1 "(v(t,x z)—V)o? z) + w(x ) dx
r}iﬁﬂ—zE[//nnS (0(t, ) + ¥(t,2) — V)o?(b(t,2) + w(a))b(t, ) d dt].

Proof. This term may be treated similarly as 3. O

7.2. Weighted LP spaces. In the next two lemmas we collect a few elementary
properties of (weight) functions in 9. For proofs, see [19].

Lemma 7.2. Suppose ¢ € N and 0 < p < oco. Then, for x,z € R?,
0P (@ 4 2) = 617(2)| < wpoll2)8"F (@),

where

Cs < Cs o )

Wy (1) = =27 (1 4+ —2peCer/p )

pwb( ) D D

which is defined for all > 0. As a consequence it follows that if ¢(x9) = 0 for

some x9 € RY, then ¢ =0 (and by definition ¢ ¢ N).

Lemma 7.3. Fiz ¢ € N, and let wy, ¢ be defined in Lemma[7.3. Let J be a mollifier
as defined in Section[d and take ¢5 = ¢ x Js for 6 > 0. Then
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(i) ¢s € N with C¢5 = C¢.
(ii) For any u € LP(R%, ¢),
el = Nl | < 1,6(6) min { all 5 lal 5, -
(i)
1
|Ags(z)] < gccﬁ IV T L1 ay (1 +wi,6(5))% @5 ().

7.3. A “doubling of variables” tool. The following result follows along the lines
of [32] Lemma 2.7.2]. See also [19] § 6].

Lemma 7.4. Suppose u,v € L (RY) and F is Lipschitz on R?. Fiz ¢ € C.(R?)
and set

7, = /R 4dF(u(w)7v(y>>;ﬂw (””;y> J, (x;y) dydz

- / Flu(z), v(z))() dz,
Rd

where J, is defined in (2.2). Then T, — 0 as r ] 0.
Similarly, let G : [0,T] x R — R be measurable in the first variable and Lipschitz
continuous in the second variable. With w € L*([0,T]), set

T
Tro(s) = /0 |G (s, w(t)) — G(s,w(s))| Jry (t = s) di.

Then Try(s) — 0 for a.e. s as g} 0.
The above results do not rely on the the symmetry of J.

7.4. A version of It6’s formula. Here we recall the particular anticipating Ito
formula applied in the proof of Lemmal[5.1]and Lemmal[7.1} The proof of this follows
[29, Theorem 3.2.2] closely. However, due to the particular assumptions, certain
points simplifies. See [19, Theorem 6.7] for an outline of a proof.

Theorem 7.1. Let X be a continuous process of the form

X(t) = Xo —|—/O u(s) dB(s) +/() v(s)ds,

where u : [0, T) x Q2 —= R and v : [0,T] x Q — R are predictable processes, satisfying

E [(/OTzf(s,z)ds)Q /OTvz(s)ds] < o0,

and Xo € L*(Q, %, P). Let F : R?x[0,T] — R be twice continuously differentiable.
Suppose there exists a constant C > 0 such that for all (¢, \,t) € R? x [0,T],

[E(CA D] 10 F (G A )] < O+ [C] + [A]),
1E (A )] [0F 2 F (G A )] 0T F (¢, A )] < C.
Let V €S8. Then s — 01 F(X(s),V, s)u(s) is Skorohod integrable, and
F(X(), V1) = F(X0,V,0)

< 00, E

+ /0 O F(X(s),V, s)ds
+/0 01F(X(s),V,s)u(s,z) dB(s)

+ /0 D1 F(X(s), V. s)o(s) ds
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t
+ / 8%2F(X(5), V,8)DsVu(s)ds
0

1 t
+ 5/ 0IF(X(s),V,s)u?(s)ds, dP-almost surely.
0

7.5. Young measures. The purpose of this section is to provide a reference for
some results concerning Young measures and their use in representation formulas
for weak limits. For a more general introduction, see for instance [13] 27 [34].

Let (X, <7, 1) be a o-finite measure space and & (R) the set of probability mea-
sures on R. In this paper, X is typically Il x 2. A Young measure from X into R
is a function v : X — Z(R) such that z — v,(B) is &/-measurable for every Borel
measurable set B C R. We denote by Y (X, <, ;1;R), or Y (X;R) if the measure
space is understood, the set of all Young measures from X into R. The following
theorem is proved in [31, Theorem 6.2] in the case that X C R™ and p is the
Lebesgue measure:

Theorem 7.2. Fiz a o-finite measure space (X, o/, ). Let ¢ : [0,00) — [0,00] be
a continuous, non decreasing function satisfying lime_, o ((§) = 00 and {u"}, ~, a
sequence of measurable functions such that B

s%p“Z;C(hﬂﬂ)du(w)<iOO-

Then there exist a subsequence {u's }21 and v € Y (X, o, u; R) such that for any
Carathéodory function ¢ : R x X — R with ¢(u"(-),-) — ¢ in L*(X), we have

@mzéwmwma

The proof is based on the embedding of Y (X;R) into LS, (X, M(R)). Here

M(R) denotes the space of Radon measures on R. The crucial observation is that
(LY(X,Co(R)))* is isometrically isomorphic to L2, (X, M(R)) also in the case that
(X, o, ) is an abstract o-finite measure space. It is relatively straightforward to
go through the proof and extend it to the more general case [27, Theorem 2.11].
The result then follows as an application of Alaoglu’s theorem combined with the
Eberlein-Smulian theorem. Note, however, due to our use of weighted LP spaces,
it suffices with the version for finite measure spaces.

7.6. Weak compactness in L'. To apply Theorem it is necessary to know if
{¢(-,u™(:))},;>, has a subsequence converging weakly in L'(X). The key result is
the well-known Dunford-Pettis Theorem.

Definition 7.1. Let K C LY(X, .o, p).

(i) K is uniformly integrable if for any € > 0 there exists ¢o(g) such that

Sup/ |f| du < e whenever ¢ > cy(e).
fex Jiflze

(ii) K has uniform tail if for any ¢ > 0 there exists E € & with u(F) < oo

such that
sup / |f| du <e.
feKJx\E
If KC satisfies both (i) and (ii) it is said to be equiintegrable.
Remark 7.5. Note that (ii) is void when g is finite.

Theorem 7.3 (Dunford-Pettis). Let (X, 7, u) be a o-finite measure space. A
subset K of LY(X) is relatively weakly sequentially compact if and only if it is
equiintegrable.
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There are a couple of well known reformulations of uniform integrability.

mma 7.6. Suppose K C L'(X) is bounded. Then K is uniformly integrable if

and only if:

(1]
2]

(3]
(4]
[5]
[6]
[7]
(8]
[9]
(10]

(11]

(12]
(13]
(14]
(15]
(16]
(17]

(18]

19]
20]

(21]

(i) For any e > 0 there exists 6(¢) > 0 such that

sup/ |f] du < e whenever u(E) < §(e).
feKJE

(ii) There is an increasing function ¥ : [0,00) — [0, 00) such that U({)/{ — o0
as ¢ — oo and

sup /X (1 (@)]) du(x) < .

fex
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