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Abstract

We study the Cauchy problem for the Aw-Rascle-Zhang model for
traffic flow with a flux constraint at = 0. More precisely we consider
the Riemann solver, conserving the number of cars at x = 0 but not
the generalized momentum, introduced in [9] for the problem with
flux constrained. For such a Riemann solver, we prove existence of a
solution for the Cauchy problem. The proof is based on the wave-front
tracking method. For the other Riemann solver in [9], existence of
solution to the Cauchy problem was proved in [IJ.

Key Words: Aw-Rascle-Zhang model, traffic models, unilateral con-
straint, Cauchy problem.
AMS Subject Classifications: 90B20, 35L65.

1 Introduction

The paper studies the Aw-Rascle-Zhang vehicular traffic model [2] [19]

Ap + 0z(pv) = 0,
{ Oy + O (y0) = 0, (L.1)

with the following constraint on the first component of the flux at x = 0:
p(t,0)0(t,0) < g, (1.2)

where ¢ > 0 is a given constant. Here p, v and y denote respectively the
density, the average speed and a generalized momentum of cars in a road.
The generalized momentum ¥ is related to the density p and the speed v
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through the relation y = p (v + p(p)), where p € C2([0, +ool; [0, +00]) is a
pressure function satisfying

p(0) =0,
p'(p) > 0 for every p > 0, (1.3)
p"(p) > 0 for every p > 0.

The Aw-Rascle-Zhang system is a second-order fluido dynamic model
for describing car traffic in a road. Fluido dynamic models treat traffic from
a macroscopic point of view: just the evolution of macroscopic variables,
such as density and average velocity of cars, is considered. The prototype of
such models is the Lighthill-Whitham-Richards one [I4}, [16], which is based
on the conservation of the number of cars and consists of a single partial
differential equation in conservation form. From 1975 several second order
models were considered, see for example [2] [15] [18] [19], while a third order
model was presented in [I1]. Various extensions can be found in [3} 5] [7, [10].

System can also be written in the form

{ Op + 0 (pv) =0, (1.4)
I (p(v+p(p))) + 0z (pv(v + p(p))) = 0. ‘

The first equation in states the conservation of the number of vehicles,
moving with flow rate pv. The second equation is derived from the former
one and from the evolution equation of the quantity w = v + p(p) (often
referred to as “Lagrangian marker”), which moves with velocity wv:

A (v +p(p)) + v (v + p(p)) = 0.

The system in conservative form belongs to the Temple class [17],
i.e. systems for which shock and rarefaction curves in the unknowns’ space
coincide. In particular, for such systems the interaction of two waves of the
same family can only give rise to a wave of the same family.

Problem , models the presence of a constraint on traffic flow
at the point « = 0, such as a toll gate, a traffic light, a construction site, etc.
All these situations limit the flow at a specific location along the road. Con-
servation laws with unilateral constraints as have been first introduced
in [6], where the scalar Lighthill-Whitham [I4] and Richards [16] traffic
model is coupled with a (possibly time-dependent) constraint on the flow,
as in . As regards the Aw-Rascle-Zhang model, problem — was
first considered in [9].

The aim of the present paper is to study the Cauchy problem for ,
(1.2). We remark that in [9] two different solutions with flux constraints
have been introduced: one which conserves both the number of cars and the
generalized momentum, and one which conserves only the number of cars.
The existence of a solution to the Cauchy problem using the Riemann solver



which conserves both conserved quantities has been proved by Andreianov,
Donadello, and Rosini in [I]. Here we prove the existence of a solution for
the other Riemann solver. The proof is based on the wave-front tracking
method; see for example [4, 8 [I3]. This method consists in approximating
the solution by a sequence of piecewise constant functions, in tracking the
waves, and in monitoring the interactions between waves. As usual, the
approach relies on three estimates: the number of waves, the number of wave
interactions and the total variation of the solution. By Helly Theorem, the
previous estimates permit to extract a converging subsequence. The limit
function is indeed a solution to the Cauchy problem.

The paper is organized as follows. In Section [2] we introduce the basic
quantities for the Aw-Rascle-Zhang model. Moreover we recall the definition
of Riemann solver with flux constraints, introduced in [9], the shape of
invariant domains for such Riemann solver, and, finally, the definition of
solution to the Cauchy problem with a flux constraint at = 0. Section
contains the proof of the existence of a solution to the Cauchy problem.
More precisely, in Subsection [3.1) we introduce the definition of a wave-
front tracking approximate solution and several functionals dealing with the
total variation. Subsections [3.2] and contain respectively the interaction
estimates, and the proof of existence of an approximate wave-front tracking
solution. Finally Subsection concludes the proof of the existence of a
solution to the Cauchy problem.

2 Basic definitions

In this section we briefly recall the basic definitions and the construction of
a Riemann solver introduced in [9].

The Cauchy problem for the Aw-Rascle-Zhang model with flux
constraint (1.2]) consists in the following system

8tp + 8$(pv) = 07

Oplo + p(p)) + Du(ov(v + (p)) =0, o)
p(t,0)v(t,0) < ¢ ’
(p,0)(0,2) = (po, vo) (2)

where ¢ > 0, and (p,,v,) € BV (R;(R")?). It is convenient to denote by
f(p,v) the flux for system (1.4)), and with fi(p,v), fa(p,v) its components,

o= (o) )= Coute e ) 22)
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Figure 1: Left, the representation of the Lax curves of the first and second
family in the (p, pv) plane, passing through two points. Right, the geometric
interpretation of the Rankine-Hugoniot speed of a shock wave of the first
family. The speed corresponds to the tangent of the angle.

We recall here the relevant quantities concerning the system (2.1)):

Al—v—pp (p) A2 =v
B 1
p) 2o
VAL = 2p'( + pp"(p) >0 Vg 19 =0
L1(p; po,vo) = vo + p(po) — p(p) La(p; po, vo) = vo
zZ=v w=v+p(p)

where A1 and Ao are the eigenvalues of the Jacobian matrix Df, r1 and ro
the corresponding right eigenvectors, L1 and Lo the first and the second Lax
curve, z and w the 1- and 2-Riemann invariant respectively.

Note that the system is strictly hyperbolic away from p = 0 (i.e. A1 <
A2). Moreover, since VA; - 1 > 0, the first characteristic speed is genuinely
nonlinear, with characteristic speed A; that can change sign, and, since
VAg:1r9 = 0, the second characteristic field is linearly degenerate with strictly
positive characteristic speed As.

In the (p, pv) plane, the Lax curves of the first and the second family are

L1(p; po,v0) = (vo +p(po) —p(p)) ps  L2(p; po,v0) = vop; (2.3)

see Figure (1| left. By hypothesis on the pressure p, the function £; is
concave. Note moreover that the Rankine-Hugoniot speed of a shock wave
of the first family is given by the slope of the segment in the (p, pv) plane,
connecting the left and right states; see Figure [1] right.

In the following, by RS we denote the classical Riemann solver for
the Aw-Rascle-Zhang model, i.e. the Riemann solver without the con-
straint (1.2); see for example [2, 19]. Moreover by RS? we denote the
Riemann solver, introduced in [9, Section 2.2].



2.1 The constrained Riemann solver RS?

Here we recall the definition of RS? and its corresponding invariant domain.
For (p!,v') € (RT)2, (p",v") € (R*)2, and ¢ > 0, let us consider the set

Iy = {p € 0,400 : pL1(p; p,0') = q} (2.4)
= {p € (0,400l : p(' +p(s") = p(p) = a}

which contains the densities of all the points (p,v) belonging to the Lax
curve of the first family passing through (p!, v') and such that fi(p,v) = q.
If I, # 0, then we denote by p, 0, respectively

p=maxl, o=2 (2.5)
p
Moreover, define p and © by
pLo(p;p"0") =q, 0= %; (2.6)

i.e. (p,v) belongs to the Lax curve of the second family passing through
(p",v") and satisfies fi(p,v) = ¢. In particular, note that v = v" and
p = q/v". Clearly, p and © depend on ¢, on p', and on v'; p and ¥ depend
on ¢, on p", and on v".

The Riemann solver RS9 is defined as follows.

1. If fi(RS ((pl,’ul), (p”,v’”)) (0)) < g, then we put

RS (o0, (0", 0")) () = RS (6, 01), (p7,0")) (@) (27)
for every z € R.
2. If f1(RS ((p',v"), (p",v")) (0)) > g, then
RS ((p', 1), (p,9)) (z), ifz<0,

RS (0,0 (070") ) (2) = { RS (5, 5), (7", 0")) (2),  if > 0.
(2.8)

2.2 Invariant domains

Fix v, v9, wy and we in R such that 0 < v1 < w9, 0 < wy < wo and vy < ws.
The set

D”Ula'UZ,'UJlfLUQ = {(P, v) e R* xR : w; < +p(p) <wz, v1 SV < 1)2}

is an invariant domain of the classical Riemann solver for the Aw-Rascle-
Zhang model; see [12].



Before considering invariant domains for RSY, we introduce, for ¢ > 0,
the following function:

hg: (0,+00) —> R (2.9)
v v+p(%), ’

which gives the value of the Riemann invariant w of the point (p,v) such
that pv = gq. The shape of invariant domains for the Riemann solver RS?
is given by the next proposition. We complete the proof given in [9].

Proposition 2.1 Assume . Fix vy, vo, w1 and wo in R such that
0< v <y, 0 <w <wy and vy < we and g > 0.

(i) If hg(v) > wy for every v € [v1,v2], then the domain Dy, vy wiws 1S
invariant for the Riemann solver RSY.

(i) Assume that there exists v € [v1,va] for which hy(v) < wa. The set
Dy, wo,w1,we 18 tnvariant for the Riemann solver RS? if and only if

hg(v1) > wa, hg(ve) <wz and hg(v) > wy Yo € [v1,v2].  (2.10)

PrROOF. The proof of (i) is contained in [9, Proposition 3.1]. Thus we
consider only the case (ii). The proof is divided into two parts.

Part 1. Assume that Dy, 4w, w, is invariant for RSY. Hence hy(v1) > we
and hg(v) > wy for every v € [v1,v2], by Lemmas 3.2 and 3.3 of [9].
Suppose, by contradiction, that hy(vz) > we. Let (p!,v') and (p",v")
be the points of Dy, v, ,wi,w, defined respectively by

{v+p<p> = w, ond {v+p<p> = w,

v =", vV = V9.

The classical solution connects (p',v!) to (p",v") with a rarefaction
wave, because v < v". Let (p1,91) be the point defined by

p1 = min I, = min{p € [0,+00[ : p(v' + p(p') — p(p)) = q}
_q

1= —-
P1

S«

We have p! > p and p" < pi; see Figure Since the function
p — Li(p;p' v is strictly concave, then the classical solution in
x = 0 does not satisfy the flux constraint. Therefore the right trace
of RS((p',v!), (p",v")) at & = 0 is given by (p, ). Since ¥ = v" = va,
we deduce that

hg(?) = hq(v2) > wo.

Therefore (p,v) does not belong to Dy, vy wy,we, Which is a contradic-
tion; see Figure 2



Part 2. Assume that conditions in hold. We show that Dy, v, w1 ,ws
is invariant for RSY. Let (p',v') and (p",v") be two arbitrary points in
Do, opwy.we- 1t s sufficient to prove that the solution connecting (p!, ')
to (p",v") is contained in Dy, vy.w; ws- Let (P, 0™) € Doy v wy.ws DE
the intermediate state produced by the classical Riemann solver RS.

If the Riemann solver RS? produces the classical solution (i.e. a wave
connecting (p!,v') to (p™,v™) and/or a wave connecting (p™,v™) to
(p",v")), then the solution is clearly contained in Dy, vy 1w we- SUPpPOSE
therefore that RS? does not produce the classical solution. Denote by
(p,0) and by (p, ) the states defined in and in (2.6). Proposi-
tion 3.3 in [9] implies that (p, 0) belongs t0 Dy, vy wy,wse- S0, it remains
to prove that (p,?) € Dy, vow1,ws-

T

Suppose, by contradiction, that (p,?) & Dy, wo,wiwe- SiCE T = ¥
and hg(v) > w; for every v € [v1,v2], we deduce that hy(0) > wo.
Moreover, since hq(0) > ws, then every point (p*,v*) belonging to
Dy, vg,un we and to the Lax curve of the second family through (p”, v")
satisfies p*v* < ¢q. In particular p™v™ < ¢q. The following cases
happen.

1. v' > v". Since the classical Riemann problem connecting (o', v!)
to (p™,v™) is solved by a shock wave of the first family and since
the solution produced is the non classical one, then we deduce
that plv' > ¢ and the shock wave has positive speed. Since p! <
p", the Rankine-Hugoniot condition implies that

Pl < pmu™ < ¢

which is a contradiction.

2. vl =", In this situation, (p’,v') = (p™,v™) and so the Riemann
solver RSY produces the classical solution. This is a contradic-
tion.

3. o' < v". The classical Riemann problem connecting (p!,v!) to
(p™,v™) is solved by a rarefaction wave of the first family, and all
the states (p*,v*) of this rarefaction wave satisfy v* < 0™ = v".
By [9, Lemma 3.1], we deduce that all the states (p*,v*) satisfy
hg(v*) > wy and hence p*v* < ¢. Therefore the Riemann solver
RS? produces the classical solution. This is a contradiction.

Thus ([),’D) S Dvl,vg,uu,um'

The proof is so completed. U
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Figure 2: The situation described in the proof of Proposition if hg(va) >
wy the point (p, ) does not belong to Dy, vywyw, (the shaded area).

2.3 Definition of solution to ([2.1]

Here we give the definition of solution to the constrained Cauchy prob-
lem (2.1).

Definition 2.1 A couple (p,v) € C°([0,+00); BV (R; (R*)?)) provides a
solution to the Cauchy problem if

1. (p,v) is a weak entropy solution to in (0,4+00) x (—00,0) and in
(0, +-00) > (0, +-00);

2. (p,v) (0,2) = (po, Vo) (x) for a.e. x € R;
3. RS9 ((p,v) (t,0—), (p,v) (t,0+)) (0—) = (p,v) (t,0—) fora.e. t € [0,T];
4. RS ((p,v) (t,0-), (p,v) (t,04)) (04+) = (p,v) (t,0+) for a.e. t € [0,T].

3 The Cauchy problem

In this section we prove that, under suitable assumptions, the Cauchy prob-
lem admits a solution, in the sense of Definition Fix ¢ > 0,
0 < v <2, 0 <wy <ws and v < wa such that Dy, vy wy,w, IS an invariant
domain for the Riemann solver RSY such that

A1 (P7 U) <0 v (P, U) € Dvhvg,wl,wg- (31)
We have the following result.

Theorem 3.1 Assume that (po,vo) € BV (R; Dy, vy wyws)- Then there ex-
1sts
(p,v) € C%([0,+00); BV (R; Dy 3,01.02))

a solution to the Cauchy problem in the sense of Definition .



The proof is contained in the next subsections. For a later use, we define
the densities

Pmin =min{p > 0: (p,v) € Dy, vy.w1,w, fOr some v € [vy,v2]} (3.2)
Pmaz =max {p > 0: (p,v) € Dy, yyw;,w, fOr some v € [v1,v2]}. (3.3)

Clearly ppmin and pmee exist and 0 < ppmin < Pmaz-

3.1 Wave-front tracking

Definition 3.1 Given ¢ > 0, we say that the map 4. = (pe, V) s an e-
approrimate wave-front tracking solution to if the following conditions
hold.

1. @ € C((0,+00); LY(R; Duy vy 0y ) -

2. (pe, V) is piecewise constant, with discontinuities occurring along finitely
many straight lines in (0,400) x R. Moreover the jumps can be at
x = 0, or of the first family, or of the second family. They are in-
dexed, respectively, by J(t) = Jo(t) U J1(t) U Ja(t).

3. It holds that
{ [[(P(0, ), (0, ) = (po(-); vo (Dl 1) <€
TV (p<(0,-),2:(0,-)) < TV (po(:), vo()) -
4. For a.e. t >0,
RS (ue (t,0—) , s (t,0+)) (0—) = u, (¢,0—).
5. For a.e. t >0,

RS (ae (t,0—), s (t,04)) (0+) = 1. (£,04) .

We construct a sequence of wave-front tracking approximate solutions in
the following way. First consider a sequence (po,,, o), of piecewise constant
functions with a finite number of discontinuities such that

1. (po,l/; Uo,l/) R— DULUQ:UJL’LUQ;

2. the following limit holds

lim (PO,on,V) = (po, Vo) in LI(R§ DUL”Q/U)I:WZ);

v——+00
3. the following inequality holds

TV(PO,on,u) < TV (po, o).



For every v € N\ {0}, we apply the following procedure. At time ¢t = 0, we
solve all the Riemann problems for z € R with x # 0, by using the classical
Riemann solver, while at x = 0 we solve the corresponding Riemann prob-
lem by using the Riemann solver RS?. We approximate every rarefaction
wave of the first family with a rarefaction fan, formed by rarefaction shocks
of strength less than % traveling with the Rankine-Hugoniot speed. Here
we mean that a rarefaction shock connects two states whose 2-Riemann in-
variant w differs at most by % At every interaction between two waves, we
solve the corresponding Riemann problem. Finally, when a wave interacts
with the interface z = 0, we solve the corresponding Riemann problem by
using the Riemann solver RSY.

Remark 1 As usual, by slightly modifying the speed of waves, we may as-
sume that, at every positive time t, at most one of the following possibilities
happens:

1. two waves interact together at a point x € R\ {0};

2. a wave interacts with the interface x = 0.

Remark 2 For interactions at a point x € R\ {0}, we split rarefaction
waves into rarefaction fans just at time t = 0. At the interface x = 0,
instead, we allow the formation of rarefaction fans only when the interacting
wave s of the second family.

Given an e-approximate wave-front tracking solution u. = (pe, ) define,
for a.e. t > 0, the following functionals

Wo(t) = |@e(t,07) — wa(t,07)| + [0(t,0%) — v (¢,07)], (3.4)
Wit) = > [oe(t,a") —ve(t,27)], (3.5)

z€J1(t)
Wa(t) = Z |1Dg(7f, ‘TJr) — We(t, 7)), (3.6)
z€J2(1)
W(t) = Wo(t) + Wi(t) + Wa(t), (3.7)
TVp(t) = ‘ﬁs(t70+) - ﬁe(uoi)‘ + Z ‘ﬁg(t,$+) - ﬁe(t7$7)| (3-8)

zeJ1(t)UT2(t)

where the function w stands for the 2-Riemann invariant, Ji(¢) and Ja(t)
contains the point of discontinuity for u. respectively for the waves of the
first and second family. Note that the previous functionals may vary only
at times ¢ when two waves interact or a wave reaches z = 0. Moreover we
introduce the functional

N(t) = # (Jo(t) U Ji(t) U Fa(t)) , (3.9)

10



where # denotes the cardinality of a set, while

[0, if uz(t,07) = u(t,0")
Jo(t) —{ 1, ifae(t,07) # ac(t,07).

3.2 Interaction estimates

In this subsection we collect various results concerning the interactions be-
tween waves of a e-approximate wave-front tracking solution. Define the

constant
K. :maxﬂwz_le +1,2}, (3.10)
€

where |-| denote the integer value, and w; and wy define the invariant
domain Dy, yy wy,we- Note that K. provides an upper bound for the number
of rarefaction shocks in a rarefaction fan. First consider the case of the
interaction between waves of the first family.

Proposition 3.1 Assume that a wave of the first family joining (p*,v') to
(p™,v™) interacts with a wave of the first family connecting (p™,v™) to
(p",v") at time t and at position & # 0. Then, at time t, a single shock wave
of the first family is generated and

AWo@) =0 AW(H) <0 AW =0 AN =—1.

Therefore AW (t) < 0.

PROOF. Since & # 0, we have AWy(t) = 0.
The fact that the interacting waves are of the first family implies that

o+ p(pl) = 0™+ p(p™) = v + p(p")

and so the Riemann problem with initial data (p’,v') and (p",v") is solved

by a wave of the first family; hence AN () = —1 and AW, (t) = 0. Moreover
AW (1) = [of =" = ot =™ = v =" <0

by the triangular inequality.

Finally we prove that the wave, generated at time ¢, is a shock wave.
Assume, by contradiction, that the wave connecting (p',v!) to (p",v") is a
rarefaction wave, so that p! > p”. We have the following three possibilities.

1. p < p". In this case the velocity of the wave, connecting (pl,vl)
with (p™,v™) is strictly less than the velocity of the wave, connecting
(p™,v™) with (p",v"); see Figure |3| left. Therefore the two waves can
not interact together.

2. p" < p™ < p'. In this case both the interacting waves are rarefaction
waves. This is not possible, since rarefaction waves can not interact
together.

11



Figure 3: The cases 1 and 3 in the proof of Proposition The slopes of
the segments are related to the velocity of the waves.

3. p™ > pl. In this case the velocity of the wave, connecting (pl,vl)
with (p™,v™), is strictly less than the velocity of the wave, connecting
(p™,v™) w1th (p",v"); see Figure right. Thus the two waves can not
interact together.

The proof is so concluded. O

Proposition 3.2 Assume that a wave of the second family joining (p!,v')

to (p™,v™) interacts with a wave of the first family connecting (p",v™) to

(p",v") at time t and at position & # 0. Then, at time t, a wave of the first
family and a wave of the second family are generated. Moreover

AWo(#) =0  AWi(#)=0  AW,R()=0  AN() =0.
Therefore AW () = 0.

PROOF. Since & # 0, we have AWy () = 0.

In this case, at time ¢, two waves are produced. More precisely, a wave
of the first family connecting (p',v!) to (p?,v"), followed by a wave of the
second family connecting (p’, v%) to (p",v"), where the previous states satisfy

o =" o =0 W p(ph) =t p(p'), v 4 p(p™) = v +p(p").
Thus we deduce that AN(f) = 0 and
AWy (t) = )vl —t| —

AWa(E) = |p(e") = p(p")] = [p(e) —p(p™)| = 0.

concluding the proof. O

We pass now to consider the case when the interaction happens at £ = 0.
First we need the following technical lemma.

12



Lemma 3.1 There exist constants 0 < L1 < Lo such that

Lijom =" < ’wl—wm) < Lo [o™ — 0" (3.11)

for e(l)e’ry (pl’ ’Ul) € D’l)l,’l}g,ll}l,’ll)g; (pm, Um) € D’l}l,Ug,’Ll)l,’lUQ; (pr’ UT) S Dvla'UQ)wlyw2
satisfying v = 0™, W™ = w", and plvt = prv" < pTU™.

PrOOF. Fix (p',0v!) € Dy vy wes (™ 0™) € Dopvgwrwes (P707) €

Do, gy g Satisfying vf = o™, w™ = w", and plo! = p"v" < p™™. By

assumption (|1.3)), there exist 0 < K; < Ko such that

Ki|p1 = p2| < [p(p1) —p(p2)| < K2 |p1 — p2| (3.12)

for every p1, p2 € [Pmins Pmaz], Where pmin and pmq. are defined in (3.2)) and
in || respectively. Note that p™v™ — plol = o! (pm — pl) and so

V1 <pm — pl> < pmu™ — plol < vy (pm — pl) . (3.13)
Moreover
P — plol = p"M™ — p " = Ly (p™5p",0") — L (70", 0")
= aapﬁl (P3P, V") pepy (P = P")

for some p1 € (p™,p"). By (3.1)), we deduce that there exist K3 < K4 < 0,

which depend only on vy, v, wi, and ws, such that

Kz (ph = p™) < p™™ = pl! < Ky (p" = p™). (3.14)
By (3.12)), (3.13), and (3.14)), and since w™ = w", we have that
[ — 0| = w™ = = = o 4 p(p™) = p(p) = p(p™) — D)

Ky
<K, ‘pm - pl‘ <o (pmvm - p’vl)

KoKy KoKy
< 7"_ u < ‘. _ m
< = (p"—p™) < X oon (p(p") — (™))
_ KoKy o)

Klvl

proving the second inequality in (3.11)).
By w™ =w", by (3.12), (3.13]), and (3.14)), we deduce that

K
0" =™ = 0™ =" = p(p") = p(p™) < Ko (p = p™) < ?z (pmvm - plvl)
Kovy ( m l) Kovy ( m ! ) Kovy ( m l)
< — < — - _
<5, W) S gk, p(p™) —p(p’) K, W
proving the first inequality in (3.11]). This concludes the proof. O

13



Proposition 3.3 Assume that a wave of the second family, connecting (p!,v')
with (p*,vF), interacts at time ¢ with & = 0.
Then vF =o' and w' # w*. Moreover the following statements hold.

1. If w! < w”, then

AN(t) < K. —1, AW (t) <0,

where K. is defined in .

2. If w' > wk, then

I ) 2 l k
AN(t) <0, AW(t)gL—1<w—w),

where Ly is the constant defined in Lemmal3.1].

PrOOF. The interacting wave is of the second family, then v' = v* and
w! # wF. Denote with (p",v") the state at = 04 before the interaction.
Assume first w! < w®, so that plv! < pFoP. If (pk,vk) = (p",v"), then after
the interaction time ¢, only the wave of the second family, connecting (pl, vl)
to (pk, vk), emerges from z = 0. Hence

AN (t) =0, AW (t) = 0.

Assume therefore that (pk, vk) # (p",v"). In this case, at & = 0, the solution
to the Riemann problem is given by the case , and so we necessarily
have

pFoF = pru” = g, P> p", o <o

At time £ we have to consider RS? ((pl, vl) , (o7, vr)). We have the following
possibilities.

1. w' < w". Define the state (p™,v™) satisfying w' = w™ and v™ =

v". The solution to the Riemann problem consists of a (fan) wave of
m m

the first family, connecting (pl,vl) to (p™,v™), and by a wave of the
second family connecting (p™,v") to (p",v"); see Figure left. Hence
AN(t) < K. — 1 and

k k

=uw —w' —v" 4w

_UT

AWy(t) = — ’wk—fwr

_‘k

m :,Um_vl:v'r_vk

):‘vl—v
AWy t):\wm—wr\—‘wl—wk‘:wr—wk

AW (t) = (wr—wk> < 0.
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2. wl = w". In this case p'v! < p'v" = ¢ and so the solution to the

Riemann problem consists of a (fan) wave of the first family, connecting
(p',0!) to (p",v"). Hence AN(f) < K. — 2 and

AWy (t) = ‘vk—vr =w" —wh ok —o"
AW, (1) = [t —o"| =" — 0!

AW, (t) = — ’ l—wk‘—wl—wk

AW () = ( wk><0.

3. w! > w". Define the states (p™,v™) and (p™,v™) satisfying w! =
w™ = w™, "™ =" > 0™, and p"tv™! = q. In this case pv™ > ¢
and so the solution to the Riemann problem consists of a (fan) wave of
the first family, connecting (pl, vl) to (p™,v™), and by a stationary
wave connecting (p™1,v™1) to (p",v"); see Figure [ right. Hence
AN(t) < K. — 1 and

k r

AWy (E) = [w™ —w"| + ™ —v"| — ‘wk —w"| — ‘v —v

AW (T) = ‘vl — M| =™yt
AW, (t) = — ‘wl —wk’ =w —w”

AW () = 2 <w’ - wk) <0.

Assume now w' > w, so that plot > pFok. If (pk,vk) # (p",v"), then
at £ = 0, the solution to the Riemann problem is given by the case ,
and so we necessarily have pFov* = p™v" = ¢, pF > p", and v* < v". Define
the state (p™,v™) satisfying w' = w™, v™ < o!, and p™v™ = ¢. In this case
the solution to the Riemann problem consists of a shock wave of the first
family, connecting (,ol, vl) to (p™,v™), and by a stationary wave connecting
(p™,v™) to (p",v"); see Figure |5l right. Hence AN () = 0 and

k r

AWO(E):\wm—w’"\+|vm—vT|—’ k —‘v —v

:wl_wk_vm_i_vk
AW, (t) = ‘vl —vm‘ =l — o™
AW,(t) = — ’wl —wk‘ = wh —w!

AW (t) = 2(1} —v )gli(wl—wk),

15



pv

(p*, %)

p

Figure 4: The interaction, described in Proposition of a wave of the
second family with z = 0 in the case w! < w”. At left the case w! < w", at
right the case w' > w".

where L; > 0 is defined in (3.11)).

Consider now the case (pk, vk) = (p",v"). We have the following possi-
bilities.

1. plvt < ¢. In this case, the solution at & = 0 and at time ¢ consists

on a single wave of the second family connecting (pl, vl) with (p",v").
Hence

AN() = AW, (F) = AWy (F) = AWs(F) = AW (#) = 0.

2. plvl > q. Define the states (p™,v™) and (p*,v*) satisfying w! = w™,
V™ < vl = 0%, and p™v™ = p*v® = q. The solution to the Riemann
problem consists of a shock wave of the first family, connecting (pl7 vl)
to (p™,v™), by a stationary wave, connecting (p™,v™) to (p°,v®),
and by a wave of the second family connecting (p®, v®) to (p”,v"); see
Figure |5, left. Hence AN (#) = 2 and

AWy(f) = [w™ — ws| + o™ — v°| = w! — w® — o™ + v°

AW, (t) = ”Ul —vm‘ =l — ™

AW (t) = |w® — w"| — ‘wl —w"| = w® —w

AW(f)zZ(vl—vm) Sli( l—wr>,

where L1 > 0 is defined in (3.11]).
The proof is so finished. (|

Proposition 3.4 Assume that a wave of the first family, connecting (p*,v*)
with (p",v"), interacts at time t with & = 0.
Then w* = w" and v # v". Moreover the following statements hold.

16



Figure 5: The interaction, described in Proposition of a wave of the
second family with z = 0 in the case w! > w”*. At left the case (pk,vk) =
(p",v") and plv! > q, at right the case (pk,vk) # (p",v") and plvt > q.

1. If v¥ > ", then

AN(t) <0, AW(t) <0.
2. If vF <", then

AN <2, AW(D) < 2L (v = oF),

where Lo is the constant defined in Lemma[3.]]

PROOF. Since the interacting wave is of the first family, then w* = w” and

v* # ", Denote with (,ol, vl) the state at x = 0~ before the interaction.
Assume first vF < o7, If (pl,vl) # (,ok,vk), then plvt = pFo* = ¢ and
¥ < p'. Define the state (p™,v™) satisfying v™ = v" and p™v™ = gq.
At time £, the solution to the Riemann problem is given by a stationary
wave, connecting (pl ,vl) to (p™,v™), and by a wave of the second family,

connecting (p",v™) to (p",v"); see Figure @, left. Hence AN () = 0 and

AWy(t) = ‘wl —wm‘ + ’vl —vm‘ — ’wk —wl’ - ‘vk —Ul‘
:wk_wm_vk+vm
AW (D) = —( By

AWs(t) = |w™ —w"| = w" — w™
AW (t) =2 (w" —w™) < 2L (vr - fuk> ,

=oF — "

where Lo is defined in Lemma (3.1
If (pl, vl) = (,o’“ , vk), then we have the following possibilities.

1. p"v" < . In this case the solution to the Riemann problem consists
of the wave of the first family, connecting (,ol ,vl) to (p",v"). Hence
AN (t) = 0 and AW (f) = 0.

17



2. p"v" > q. Define (p™,v™) and (p°,v®) the states satisfying w™ = w!,

v¥ =", p® < p™, and p®v® = p™v™ = q. The solution to the Riemann
problem consists of a wave of the first family, connecting (,ol ,vl) to
(p™,v™), of a stationary wave, connecting (p™,v™) to (p®,v*), and of
a wave of the second family, connecting (p®, v*) to (p",v"); see Figurel6]
right. Hence AN (f) =3 —1=2 and

=™ —"

t) = )ful—vm’—)ful—vr
AWs(t) = |w° —w"| = w" — w®

AW () =2 (" —w?) < 2Ls (" ~ '),

where Lo > 0 is defined in Lemma [3.1

Assume now v* > v". If (pl,vl) = (pk,vk), then at time ¢, the solution
to the Riemann problem is given by a wave of the first family, connecting
(p',v") to (p",v"). Hence AN (£) =0 and AW () = 0. If (o', o) # (o, 0F),
then we deduce that p'v! = pFov* = ¢ and p¥ < p'. Moreover we have the
following possibilities.

1. v" > v'. Define (p™,v™) the state satisfying v™ = v" and p"v™ =
q. In this case the solution to the Riemann problem consists of a
stationary wave, connecting (,ol, Ul) to (p™,v™), and of a wave of the

second family, connecting (p™,v™) to (p",v"); see Figureﬂ left. Hence

AN (1) =0 and
AWy (t) = ’wm—wl‘—k vm—vl‘— ’wk—wl‘ — ‘vk—vl
=w" —wm 40" —oF
AWl(tN):—’ | =" — o

AWs(t) = |[w™ —w"| = w™ —w"

AW (f) = 2 (vr — ) <0,

2. v" = v!. The solution to the Riemann problem consists of a wave of

the second family, connecting (p',v') to (p",v"). Hence AN (f) = —1

and
AW0(~):—‘wl—wk _‘vz_vk‘:wk_wl+vz_vk
AWl(f):—‘vk—vT =" — ¥
AW, (t) = ’wl—w’" =w —w"
(



Figure 6: The interaction, described in Proposition of a wave of the first
family with = 0 in the case v* < v". At left the case (,ol, vl) # (pk,’uk),
at right the case (pl,vl) = (p"’,vk) and p"v" > q.

Figure 7: The interaction, described in Proposition of a wave of the first
family with = 0 in the case v* > v" and (pl,vl) #* (pk,vk). At left the
case v" > v!, at right the case v" < vl.

3. v" < vl. Define (p™,v™) the state satisfying w™ = w! and v™ = v".
The solution to the Riemann problem consists of a shock wave of the
first family, connecting (pl, vl) to (p™,v™), and of a wave of the second
family, connecting (p™,v™) to (p",v"); see Figure [7] right. Hence

AN (t) = 0 and
AWy(t) :—’wl—wk ‘vl o = wh —wl 4ot — P
AW, (t) = ’Ul - — ’Uk — " =0l =P
AWy () = |Jw™ —w"| = w! — w"
AW (t) =2 (Ul - vk) <0
The proof is so finished. O
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3.3 Existence of a wave-front tracking solution

We now want to bound the number of waves and of interactions. The fol-
lowing proposition holds.

Proposition 3.5 For every v € N\ {0}, the construction in Subsection 3.1]

can be done for every positive time, producing a ~-approzximate wave-front

tracking solution to .

Proor. For v € N\ {0}, call u, = (py,v,) the function built with the
procedure of Subsection It is sufficient to prove that the number of
waves and interactions, generated by the construction, is finite. Asin ,
consider the constant K, = [v (we —wy)] + 1. The functional N (¢), which
is defined in and counts the number of discontinuities of u,, is locally
constant in time and can vary at interaction times in the following way.

1. If at time # > 0 two waves interact at & # 0, then AN () = 0.

2. If at time t > 0 a wave interacts with z = 0 from the left, then
AN (t) < K, — 1; see Proposition

3. If at time £ > 0 a wave interacts with 2 = 0 from the right, then
AN (t) < 2; see Proposition

Note that the point 2. happens when a wave of the second family interact
with £ = 0; hence the number of times point 2. happens depends on the
number of waves of the second family in z < 0. Analogous consideration
holds for point 3.. Since point 1., and since the wave of the first and second
family have respectively negative and positive speed, points 2. and 3. can
happen at most A/(0") times. This implies that

N(t) < N(OT) +2N(07) + (K, — DN(0T) = (2 + K,) N(0T)

for a.e. t > 0.

Since a wave of the first family and a wave of the second family can
interact together at most once, the previous analysis implies that also the
number of interactions is finite. The proof is so concluded. O

3.4 Existence of a solution

Proposition 3.6 There exists M > 0 such that
W(t) <M and TV,(t) < M (3.15)

for a.e. t > 0.
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ProOF. Clearly the functionals Wy, Wy, Ws, and W vary when two waves
interact together or when a wave interacts with x = 0. Moreover, by Propo-
sitions and all the previous functionals at most decrease when two
waves interact at a point x # 0. Since waves of first family have nega-
tive speed and waves of the second family have positive speed, then each
wave can interact with x = 0 at most once. Therefore, by Propositions [3.3
and [3-4] for a.e. t >0,

W(t) < W) + Lle(oﬂ + 2L W(0h)

2
_ [1 I 2L2] W(0+),
Ly

where L and Ly are the constants defined in Lemma, [3.1] This implies the

first inequality of (3.15)).

Fix now (p',v') € Dy wpwr,wss and (p",0") € Dy, vy wy- Define the
point (p™,v™) € Dyy vyuwy ws Such that w! = w™ and v™ = v". By (1.3),
there exists K7 > 0 such that

K1 |p1 — p2| < [p(p1) — p(p2)]

for every p1, p2 € [pPmin, Pmaz]; See also equation (3.12). Therefore we have

(pl - pm( < ;1 ‘p(p’) - P(Pm)’ = I; ‘p(pl) —w' = p(p™) +w™

1 1
:E‘Ul—’l)m‘:z‘l—’l)r. (316)
Moreover
m T 1 m T 1 m m T T
P =Pl = g ™) = (")l = 7= p(p™) + 0™ = p(p") = V']
1
Thus, by (3.16) and (3.17)), we have that
l T ! m m T 1 l r l r
‘p —p S‘p —p ‘+|p —plﬁf(‘v —v +’w —w )
K,
proving also the second inequality in (3.15]). U

ProOF OoF THEOREM [3.1] Fix an e-approximate wave-front tracking solu-
tion 4. to , in the sense of Deﬁnition By Proposition we deduce
that there exists a constant M > 0, depending on the total variation of the
initial datum, such that

W) <M and TV,(t) < M
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for a.e. t > 0. Hence, by Helly Theorem (see [4, Theorem 2.4]), there is a
function (p,v), which is a solution to (2.1)), in the sense of Definition
This permits to conclude. O

Acknowledgments

The authors thank Dr. Paola Goatin for useful discussions and for her
support throughout the work.

The paper is partially extracted from the master thesis of S. Villa.
S. Villa thanks the professors and researchers of the department of Mathe-
matics and Applications of the University of Milano-Bicocca for their guid-
ance during his years of study.

References

[1] B. Andreianov, C. Donadello, and M. D. Rosini. A second-order model
for vehicular traffics with local point constraints on the flow. Math.
Models Methods Appl. Sci., 26(4):751-802, 2016.

[2] A. Aw and M. Rascle. Resurrection of “second order” models of traffic
flow. SIAM J. Appl. Math., 60(3):916-938 (electronic), 2000.

[3] S. Blandin, D. Work, P. Goatin, B. Piccoli, and A. Bayen. A general
phase transition model for vehicular traffic. SIAM J. Appl. Math.,
71(1):107-127, 2011.

[4] A. Bressan. Hyperbolic systems of conservation laws, volume 20 of
Ozford Lecture Series in Mathematics and its Applications. Oxford
University Press, Oxford, 2000. The one-dimensional Cauchy problem.

[5] R. M. Colombo. Hyperbolic phase transitions in traffic flow. SIAM J.
Appl. Math., 63(2):708-721 (electronic), 2002.

[6] R. M. Colombo and P. Goatin. A well posed conservation law with
a variable unilateral constraint. J. Differential Equations, 234(2):654—
675, 2007.

[7] R. M. Colombo, F. Marcellini, and M. Rascle. A 2-phase traffic model
based on a speed bound. SIAM J. Appl. Math., 70, 2010.

[8] C. M. Dafermos. Hyperbolic conservation laws in continuum physics,
volume 325 of Grundlehren der Mathematischen Wissenschaften [Fun-
damental Principles of Mathematical Sciences/. Springer-Verlag, Berlin,
second edition, 2005.

22



[9]

[10]

[11]

[12]

M. Garavello and P. Goatin. The Aw-Rascle traffic model with locally
constrained flow. J. Math. Anal. Appl., 378(2):634-648, 2011.

P. Goatin. The Aw-Rascle vehicular traffic flow model with phase tran-
sitions. Math. Comput. Modelling, 44(3-4):287-303, 2006.

D. Helbing. Improved fluid-dynamic model for vehicular traffic. Phys.
Rev. E, 51(4):3164-3169, Apr 1995.

D. Hoff. Invariant regions for systems of conservation laws. Trans.
Amer. Math. Soc., 289(2):591-610, 1985.

H. Holden and N. H. Risebro. Front tracking for hyperbolic conser-
vation laws, volume 152 of Applied Mathematical Sciences. Springer,
Heidelberg, second edition, 2015.

M. J. Lighthill and G. B. Whitham. On kinematic waves. II. A theory
of traffic flow on long crowded roads. Proc. Roy. Soc. London. Ser. A.,
229:317-345, 1955.

H. J. Payne. Models of freeway traffic and control, in mathematical
models of public systems. Simul. Counc. Proc., 1, 1971.

P. I. Richards. Shock waves on the highway. Operations Res., 4:42-51,
1956.

B. Temple. Systems of conservation laws with invariant submanifolds.
Trans. Amer. Math. Soc., 280(2):781-795, 1983.

G. B. Whitham. Linear and nonlinear waves. Wiley-Interscience [John
Wiley & Sons|, New York, 1974. Pure and Applied Mathematics.

H. M. Zhang. A non-equilibrium traffic model devoid of gas-like behav-
ior. Transportation Research Part B, 236:275-290, 2002.

23



	Introduction
	Basic definitions
	The constrained Riemann solver RSq
	Invariant domains
	Definition of solution to (2.1)

	The Cauchy problem
	Wave-front tracking
	Interaction estimates
	Existence of a wave-front tracking solution
	Existence of a solution


