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LARGE TIME STEP HLL AND HLLC SCHEMES*

MARIN PREBEG!, TORE FLATTEN}, AND BERNHARD MULLERT

Abstract. We present Large Time Step (LTS) extensions of the Harten-Lax-van Leer (HLL)
and Harten-Lax-van Leer Contact (HLLC) schemes. Herein, LTS denotes a class of explicit methods
stable for Courant numbers greater than one. The original LTS method [R. J. LeVeque, SIAM J.
Numer. Anal., 22 (1985), pp. 1051-1073] was constructed as an extension of the Godunov scheme,
and successive versions have been developed in the framework of Roe’s approximate Riemann solver.

We first formulate the LTS extension of the original HLL scheme in conservation form. Next, we
provide explicit expressions for the flux-difference splitting coefficients and the numerical viscosity
coefficients. We then formulate the LTS extension of the HLLC scheme in conservation form.

We apply the new schemes to the one dimensional Euler equations and compare them to their
non-LTS counterparts. As test cases, we consider the classical Sod shock tube problem and the
Woodward-Colella blast-wave problem. It is shown that the LTS-HLL scheme smears out the con-
tact discontinuity, while the LTS-HLLC scheme improves the resolution of both shocks and contact
discontinuities. In addition, we numerically demonstrate that for the right choice of wave velocity
estimates both schemes calculate entropy satisfying solutions.
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1. Introduction. We consider the hyperbolic system of conservation laws:

(l.la) Ut + F(U)x = 0,
(1.1b) U(x,0) = Ug(z),

where U € RY is the vector of conserved variables, F(U) is the flux function and Uy
is the initial data. We are interested in solving (1.1) with an explicit finite volume
method not limited by the CFL (Courant-Friedrichs-Lewy) condition.

1.1. Large Time Step scheme. A class of such methods has been proposed
by LeVeque in a series of papers [11, 12, 13] in the 1980s. Therein, the Godunov
scheme was extended to the LTS-Godunov scheme and applied to the Euler equations.
The CFL condition is relaxed by allowing the waves from each Riemann problem
to travel more than one cell during a single time step. Each wave is treated as
a discontinuity, and the interactions between the waves are assumed to be linear.
Through the years this idea has been used by a number of authors. For the shallow
water equations, Murillo, Morales-Hernandez and co-workers [23, 20, 22, 21] applied
the LTS-Roe scheme and Xu et al. [38] applied the LTS-Godunov scheme. Further
applications of the LTS-Godunov scheme include the 3D Euler equations by Qian
and Lee [26, 27], high speed combustion waves by Tang et al. [32], and Maxwell’s
equations by Makwana and Chatterjee [18]. Lindqvist and Lund [16] and Prebeg et
al. [25] applied the LT'S-Roe scheme to two-phase flow models. Lindgvist et al. [15] also
studied the TVD properties of LTS methods and showed that the LTS-Roe scheme and
the LTS-Lax-Friedrichs scheme are the least and most diffusive TVD LTS schemes,
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2 M. PREBEG, T. FLATTEN AND B. MULLER

respectively. All the methods discussed above share the feature of starting from a
Godunov or Roe-type Riemann solver and extending it to the LTS framework.

1.2. HLL and HLLC schemes. The original Riemann solver proposed by Go-
dunov [7] involves a computationally costly procedure, especially for complex equa-
tions of state. In order to reduce the computational time, different approximate
Riemann solvers have been developed. A very simple approximate Riemann solver,
proposed by Harten, Lax and van Leer [9] in the 1980s, has became known as the
HLL solver. The original paper [9] assumes a two-wave structure of the solution and
constructs the approximate Riemann solver by using estimates of the velocities of
the slowest and the fastest waves. The choice for these velocity estimates has been
studied for instance by Davis [4], Einfeldt and co-workers [5, 6] and Batten et al. [1].
The original HLL solver may poorly resolve certain physics in systems where the so-
lution structure consists of more than two waves. For the Euler equations, Toro et
al. [36] proposed the HLLC solver in which the contact discontinuity is reconstructed
by assuming a three-wave structure of the solution. Today, HLL and HLLC solvers
are widely used in a number of different fields, such as multiphase flow modeling
[39, 34, 33, 24, 3, 2, 17] and magnetohydrodynamics [10, 19].

1.3. Outline of the paper. In this paper, we follow LeVeque’s approach [13]
to derive Large Time Step extensions of the HLL and HLLC schemes, denoted as
LTS-HLL and LTS-HLLC, respectively. In section 2 we outline the problem and
the standard (non-LTS) numerical methods on which we will build. In section 3 we
present the standard HLL scheme and extend it to the LTS framework. We then
write the LTS-HLL scheme in numerical viscosity and flux-difference splitting form.
Section 4 presents the LTS extension of the HLLC scheme. In section 5 we present
numerical investigations for the one-dimensional Euler equations. The resulting LT'S-
HLL(C) schemes are seen to improve the efficiency of standard HLL(C) schemes while
also providing improved robustness compared to previously studied Large Time Step
methods. In section 6 we close with conclusions and final remarks.

2. Preliminaries.

2.1. Problem outline. As a special example of (1.1) we consider the Euler
equations where the vector of conserved variables U and the flux function F(U) are
defined as:

p pu
(2.1) U=|pu]|, FU)=| pu>+p |,
E u(E +p)

where p, u, E, p denote the density, velocity, total energy density and pressure, respec-
tively. The system is closed by the relation for the total energy density, E = pe+pu? /2,
and an equation of state for perfect gas, e = p/(p(y — 1)). Throughout the paper we
will use 7 = 1.4 for air. Alternatively, we can write (1.1) in a quasi-linear form as:

(2.2) U, +A(U)U, =0, A(U) =F(U)y.
We assume that the system of equations (2.2) is hyperbolic, i.e. the Jacobian matrix
A has real eigenvalues and linearly independent eigenvectors.

2.2. Numerical methods. We discretize (1.1) by the explicit Euler method in
time and the finite volume method in space:
At

n+1l n n n
(2.3) Uim =Ui-«, (Fj+1/2 B Fj—1/2) ’
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LARGE TIME STEP HLL AND HLLC SCHEMES 3

where U7 is a piecewise constant approximation of U in the cell with center at z; at
time level n and F;l 1/2 is a numerical approximation of the flux function at the cell
interface w11 /2 at time level n.

2.2.1. Standard 3-point schemes. In the case that the numerical flux depends
only on the neighboring cell values, we can with no loss of generality write the scheme
in the numerical viscosity form [8, 31]:

(24)  Fiap=F(U7Up) =5 (F] + Fjn) = 5Qf 0 (Ufh - Uj),

where F7 = F (U;‘) and Q? 1/ is the numerical viscosity matrix. To simplify the
notation, the time level n will be implicitly assumed in the absence of a temporal
index. The choice of the numerical viscosity matrix Q determines the finite volume
scheme we use, i.e. for the Lax-Friedrichs scheme Qrxr = diag(Az/At), and for the
Roe scheme Qgoe = |A| where A is the Roe matrix [28]. A can be diagonalized as:

(2.5) A =RAR™!,

where R is the matrix of right eigenvectors and A = diag(Aq, ..., Ay) is the matrix of
eigenvalues. We note that in the Lax-Friedrichs and the Roe schemes, the numerical
viscosity matrix Q acts independently on each characteristic field. In that case, Q
can be diagonalized as:

(2.6) Q=ROQR !,

where = diag(wy,...,wn) is the matrix of eigenvalues of Q, and Q and A have
the same eigenvectors. The numerical viscosities of the Lax-Friedrichs and the Roe
scheme are then obtained by:

Ax o
2. Qe = =21, Qroe = A
(2.7) N R A

An alternative way to discretize (1.1) is by the explicit Euler method in time and
flux-difference splitting in space:

n n At A n n A — n n
(2.8) Uit =1 - s (A]tuz (U7 —Uj0) + AL, 0 (Ufy - Uj)) ;

where A¥ represent a splitting of the Roe matrix (2.5) according to:
(2.9) A* =RA*R .
Herein, AT are obtained by transforming each diagonal entry of A:

1 A
(2.10) Mr=3 </\ + Af) A = £max(0, £)).

For 3-point schemes, the size of the time step in discretizations (2.3) and (2.8) is
limited by the CFL condition:

At
2.11 C = Ap(z,8)| == <1
(2.11) rl;iXI w(@ )] <1,

where A\ are the eigenvalues of the Jacobian matrix A in (2.2). In this paper, we
consider explicit methods that are not limited by the constraint (2.11).
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4 M. PREBEG, T. FLATTEN AND B. MULLER

2.2.2. Large Time Step method. The natural LTS extension of the numerical
viscosity formulation (2.4) is [15]:

1 N
(2.12) Fivi2=35 (Fj+Fjp) - 3 > Qo AU 124,

1=—00

and the natural LTS extension of the flux-difference splitting formulation (2.8) is [15]:

At N[ as ‘g
(2.13) U?H =U; - Azx Z (A;tl/ZfiAUj—l/Q—i + A;:rl/2+iAUj+1/2+i) )
i=0

where we introduced the notation AU, /5 = Ujy1 — U;. We note that (2.12) dif-
fers from [15] in a sense that we scale Q' with Az/At. Herein, the upper indices
denote the relative cell interface position. These will be further clarified in subsec-
tion 3.2. Lindqvist et al. [15] provided the partial viscosity coefficients Q' and the
flux-difference splitting coefficients A** for the LTS-Godunov, LTS-Roe and LTS-Lax-
Friedrichs schemes. For the LTS-Roe scheme [15], the partial viscosity coefficients are
defined through the eigenvalues of Q*:

(2.14) Q;‘H/z = (ﬁﬂiﬁ_l)jﬂ/%
where the eigenvalues are defined as:
(2.15a) wWhoo = Al
. Az .
(2.15b) wheo = 2max | 0, £\ — i) for i > 0,

and the flux-difference splitting coefficients are defined through the eigenvalues of
A,

(2.16) A= (RAFR ™) 10,
where the eigenvalues are defined as:
, Az Ax
it . .
(2.17) Ahoe = T max (0, min (:F)\ N At)) .

In the following section we determine these coefficients for the LTS-HLL scheme.

3. HLL scheme. We start by presenting the standard HLL scheme of Harten
et al. [9]. Then we formulate the natural LTS extension of the HLL scheme and
provide explicit expressions for the flux-difference splitting and the numerical viscosity
coefficients.

3.1. The standard HLL scheme. We consider the cell interface Riemann
problem:
U; if =<0,
(3.1) U(a,0) = .
Uj+1 if x>0.
The original HLL scheme by Harten et al. [9] solves the Riemann problem approxi-
mately by assuming a single state between the left and right states:

Uj if = < Spt,
(3.2) Ue,t) =< UL, if Sut <z < Sk,

Uj+1 if = > Sgt,

This manuscript is for review purposes only.
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LARGE TIME STEP HLL AND HLLC SCHEMES 5

where S, and Sy are approximations of the smallest and the largest wave velocities
at the interface z;,1/o. As for now, we leave these unspecified and return to them in
section 5. The intermediate state UH 172 is defined such that the Riemann solver is
consistent with the integral form of the conservation law (1.1), see [9, 5]:

(3.3) uiin, = Salin ;I;Iiast Fj—Fjn

Next, we use UH_H‘/Q to determine the flux function F; /5. This is defined as:
F; if 0< 5,

(3.4) Fip=9 Flif, if S.<0<Sk,
Fi if 0> Sg.

In the interesting case, Si, < 0 < Sg, the flux function has the form [35]:

(3.5) F?f%/z =F; + 5. (U?JIHL/Q - Uj) .

(3.6) Fls =Fji1 + Sk (Uj+1/2 Uj+1> :

These two equations are equivalent and by using (3.3) in any of them we obtain:

SRF'—SLF' 1—|—SLSR(U' 1—U-)
HLL __ J Jj+ Jj+ J
(3.7) Fittl, = - .

Further, the equations (3.4) and (3.7) can be written more compactly as:

SEF; — S{F 1+ Sp St (Ui — Uj)
Sg—Sp ’

(38) Fj+1/2 =

where S; = min(Sy,0) and Si = max(Sg,0). Equation (3.8) is then used in (2.3).
For more information and more detailed derivation we refer to [1, 4, 5, 9, 35]. Einfeldt
[5] showed that the numerical flux (3.8) can be recovered from the numerical viscosity
framework (2.4) by setting:

Sy 4+ 5L 4
(3.9) e = e Ajiipp—2

ScSE y
S+ Sy

Sg —Sp
Following the framework introduced in (2.7), we define the HLL scheme through the
diagonal entries of €2 as:

S\ = Sp) = Sy (Sg =)

3.10 =
(3.10) WHLL St _s.

The HLL scheme can also be written in the flux-difference splitting framework (2.10)
by modifying the diagonal entries of A% as:

A—Sp A= S, Sr — A
3.11 ML = Lot = Sg 4+ ———5
(8.1) HLL ™ g g- "R 7 5p — 5, "R 7 S — S 78

St — A A—S Sg —
(3.12) A = =B 2.5 = Logoq SR g

S —Sp Sr—SL " Sk — Sy
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6 M. PREBEG, T. FLATTEN AND B. MULLER

179 3.2. The LTS-HLL scheme. We want to construct the LTS extension of the
180 numerical flux function (3.8). Consider the Figure la and the Riemann problem at
181 the interface /0. First, we consider the wave structure when ' < 1, denoted in
182 Figure 1b as At"°™ LTS In this case, the Riemann problem at Tjy1/2 is completely
183 defined by Uj;,Uj;;1 and velocities St j11/2 and Sgr jy1/2 being emitted from the
184 interface x4/, see (3.2)-(3.8). Next, we consider the case when C' > 1, denoted in
185 Figure 1b as AtETS. For this case, the wave emitted from the interface xj_1/2 and
186 associated with velocity Sg j_1/2 passes through the interface x;1/,.

U
U,
U,
Uj+1
X
Tj—3/2 Tj—1/2 Tj+1/2 Tj+3/2
(a) Riemann problems at xj_1/2 and Tj41/2
Tt
SL,j—1/2 SL,j+1/2 SR,j-1/2 SR.j+1/2 ALLTS
T Rt e ST E PP e T PR
~ A - 7/
~ N o s
~ N . ’
N N7 e Agnon-LTS
N P
X
Zj—3/2 Tj—1/2 Tjt+1/2 Tj+3/2
(b) Characteristics with slopes dz(t)/dt = SL R at &;+1/2
u
U,_
J—1 UHLL
1 j—1/2
---------------- | ] LL
Jum | Uiirye
P@ Jump@ _______JJ:_/_I U1
X
ZTj_3/2 ZTj—1/2 Tjt1/2 Tj+3/2

(c) Approximate solutions of Riemann problems at Z 31,2 with HLL scheme

Fig. 1: Wave structure in the LTS-HLL scheme

187 This wave violates the CFL condition (2.11) since we allowed the wave to travel
188 more than one cell during a single time step. However, we may relax the CFL condition
189 (2.11) if we modify (3.8) by taking into account this additional contribution. We start
190 by assuming that the interactions between the waves are linear and we note that:

191 e The flux function (3.8) at the interface x;; /o is increased by the contribution

192 from the jump 2 moving to the right with the velocity Sg ;_1 /2
193 e The contribution from the jump 2 does not start passing through the face
194 xj41/2 immediately, i.e. it has to travel through the cell x; before it starts to

195 pass through the face x4 /2.

This manuscript is for review purposes only.
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LARGE TIME STEP HLL AND HLLC SCHEMES 7

Based on this, we modify (3.8) as:

LTS-HLL - HLL
(3.13) Fiat =F) )+ S35 1/2 (U] 12— Uj) ;
where we denoted (3.8) as F? 12> and:
_ Az
(3.14) Spjo1j2 = SRj-1/2 = At

The purpose of this modification is to take into the account the fact that the wave
has to travel one cell before it starts contributing to the flux function (3.13). In the
general case, we allow for an arbitrarily large time step size At, therefore allowing
the waves to travel several cells during a single time step. In addition, we note that
each interface may emit waves where each of the local wave speeds St, and Sgr may be
either negative, zero or positive. Therefore, the general formula for the flux function
of the LTS-HLL scheme has the form:

LTS-HLL _ —i
(3.15) Fjiii2 ]+1/2 ZFJH/Q i JrZFJH/%N

where the additional terms under the sum signs represent the information reaching
the face x4,/ from neighboring Riemann problems on the left and on the right,
respectively. The newly introduced terms in (3.15) are:

(3.16)
7 % HLL HLL
Fitio-i = Srjsyani (Uj+1/2fi _UJ'+H) + S G2 (UH _Uj+1/2fi)’
(3.17)

+i _ HLL
Fﬁl-l/2+z SL zJ+1/2+z (Uj+1/2+i - Uﬁ+i) + SR G+1/2+i <Uj+1+l UJ+1/2+1> )

where the modified wave velocities are:

- Az

(3.18) S[L R],j+1/2—i — 18X <S[L7R],j+1/2—i - Zm’o) ’
; . Az

(3.19) SILR) j41/24: = min (S[L’R]’j+1/2+i + lAzf’()) :

Equation (3.15) is then used in (2.3).

3.2.1. The LTS-HLL scheme in numerical viscosity form. We can now
write the LTS-HLL scheme in the numerical viscosity form (2.12).

PROPOSITION 1. Given the Roe matrix:

3.20 A 5= (RAR! v,
( ) j+1/2 ( )j+1/2 J

where A is the diagonal matriz of eigenvalues, the LTS-HLL scheme defined by (3.13)—
(3.19) can be written in the numerical viscosity form (2.12) with coefficients:

i _ (poin-1
(3.21) fjp = (RQ R )j+1/2,

This manuscript is for review purposes only.
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8 M. PREBEG, T. FLATTEN AND B. MULLER

where Ql(A, SL,SR) is the diagonal matriz with entries given by:

0 SE(A=50) = SL (S5 =)

(3.22a) Wi = 2 ,
Sy =S¢
St — A Az
wfILLfQS s max (O :I:SRzAt>
A— Sk Az
.22 2 +S51, — ; .
(3.22b) + SR_SLmaX<O St ZAt) for i>0

Proof. The coefficient Q" has already been determined by (3.9). We obtain the
coefficients Q' for i # 0 by equalizing (2.12) and (3.15), while using the Roe condi-
tion [28]:

(3.23) Aj12 (Ujs — Uy) = F(Ujp) — F(U)). 0

We point out the similarity of the LTS-HLL numerical viscosity coefficients (3.22) to
the partial viscosity coefficients of the LT'S-Roe scheme, (2.15).

3.2.2. The LTS-HLL scheme in flux-difference splitting form. We have
built the LTS-HLL method by heuristic arguments as an extension of the standard
HLL scheme, following LeVeque’s general approach of treating all wave interactions
as linear [13]. We now derive the flux-difference splitting formulation in a more formal
way, starting with LeVeque’s general updating formula [13]:

At ~
(3.24) Ut = Z / . Uj1joi(C)dG — ZZ Uy,
1=—0Q0 A =—00
where ﬁjﬂ/g,i(g}) is the solution to the Riemann problem at x;,;/,_;. Herein:

T=Tj41/2—i

(3.25) G =

PROPOSITION 2. Given the Roe matriz:

3.26 A = (RAR! Vg
(3.26) s = )

where A is the diagonal matriz of eigenvalues, the LTS-HLL scheme can be written
in the fluz-difference splitting form (2.13) with coefficients:

(3.27) At

= (RA&R )

j+1/2’

where A% ([&, SL,Sr) is the diagonal matriz with entries given by:

; A—=5 Az Az
== L ; _
(3.28) N, == f— max (0, min (:I:SR NS t))

SR — A Azr Az
+ R72 in (45, —i——, =" ).
Sy max (O,mm( SL ZAt’ At))

This manuscript is for review purposes only.
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LARGE TIME STEP HLL AND HLLC SCHEMES 9

Proof. The HLL Riemann solver (3.2) can be written as:
(3.29)
Iij+1/2(<) =U; + H(C - 5L) (U?f%m - Uj) +H(¢— Sr) (Uj+1 - U?f%/z)
=U;1 — H(SL —¢) ( e — Uj) — H(Sr — () (Uj+1 - U?+L1L/2) ;

where H is the Heaviside function. Using (3.3) we can rewrite this as:

(3.30a)
UpnalQ) = Uy + (B 0 - )+ BEZS a5 ) (U7 - 1)
(3.30b)  =Ujq — (}M(SR —A)+ %(A - SL)> (Uj+1—Uy),

where Sy, = Sp.I and Sg = SgI. We then use (3.30a) in (3.24) and note that for i <0
we can write:

i% ~ A.’IJ N (—i)—
(3.31) s Ujry2-i(G) A6 = o Ujmi = Ajyyn; (Ujrimi = Uji)
i—1)42

where:
(3.32) A" =RA"R,

and A"~ is the diagonal matrix with values:

o A=SL . Ax Az

539 S A G CR i)
Sr— A\ . Azx Az

+h min <0,max (SL +ZE, At)) .

Similarly, we use (3.30b) in (3.24) and note that for ¢ > 1 we can write:

i2f ~ Azx o i
(3.34) /( b Ujr1/2-i(G) G = < Ujri—i — A§'+11/)2+_i (Ujs1-i —Uj—),
1= 1)AY

where:
(3.35) At = RATR™,

and A" is the diagonal matrix with values:

) A— SL . Az Az
i+ _— e —
(3.36) A R max <O,m1n (SR N AL >)
Sr— A ) Az Az
—‘rm max (O,mln (SL — ZE’ At)) .

Substituting (3.31) and (3.34) into (3.24) we recover the LTS flux-difference splitting
equation (2.13). o

This manuscript is for review purposes only.
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10 M. PREBEG, T. FLATTEN AND B. MULLER

PROPOSITION 3. The fluz-difference splitting formulation (3.27)—(3.28) and the
numerical viscosity formulation (3.21)—(3.22) are equivalent.

Proof. Lindqvist et al. [15] derived the following one-to-one mapping between the
numerical viscosity and flux-difference splitting coefficients:

(3.37) A = 1Az (At 1Az (Qm _ Qﬂm)) _
By using(3.21)—(3.22) in (3.37) we obtain (3.27)—(3.28). ad

We point out the similarity of the LTS-HLL flux-difference splitting coefficients (3.28)
to the flux-difference splitting coefficients of the LTS-Roe scheme, (2.17).

= A+Q° Q™ A =+
d A\ A AT TR ) 5 Al

4. HLLC scheme. In this section we propose a direct extension from the HLLC
scheme to the LTS-HLLC scheme, following the approaches from section 3.

4.1. Standard HLLC scheme. We recall that the standard HLL scheme as-
sumes a two wave structure of the solution with a single, uniform state UMM between
the waves. This is a correct assumption for hyperbolic systems consisting of only two
equations (such as the one-dimensional shallow water equations). However, for the
Euler equations this assumption leads to neglecting the contact discontinuity. The
approach to recover the missing contact discontinuity was first presented by Toro et
al. [36]. Herein, we outline an approach to reconstruct the missing wave following the
approach described by Toro in [35].

The standard HLLC scheme is given in the form similar to the HLL scheme
defined by equations (3.2) and (3.4), but with the state UHLY being split into two
states separated by a contact discontinuity:

Uj if x < Sut,
- UHLLC if Spt <z < Sct,
(4.1) U, t)={ - - ¢
UELLC if Sct < x < Sk,
Uj+1 if x> Sgt.

Based on this, the numerical flux function is defined as:

F; if 0< S,
HLLC .
(4.2) Fji12 = Fp i1 if SL<0<5c,
’ FILLC if So <0< Sk,
Fjn if 0> Sg.

In the interesting case, St < 0 < Sg, the numerical flux function has the form:
HLLC HLLC
(4.3) Fr i1 =F;+ 5L (UL,j+1/2 - Uj) )
c c
(4.4) FE,I}Ill/z =Fj1 +5r (UEEI:H/Q - Uj+1) )
where the intermediate states are determined according to [35]:

1
Sk —u
n UHLLC _ K — UK S
PK c K C T ok (Sk—ux)

)

This manuscript is for review purposes only.



316
317

318

319

329

LARGE TIME STEP HLL AND HLLC SCHEMES 11

where index K denotes left (L) or right (R) state in (4.1). The contact discontinuity
velocity is given by [35]:

pr — pL + prun (St — ur) — prur(Sr — ur)

(4'6) Sc = pL(SL — UL) — PR(SR - UR)

For details on the derivation of these formulae we refer to the book by Toro [35].

4.2. LTS-HLLC scheme. Following the approaches of section 3, we obtain the
following expression for the numerical flux to be used in (2.3):

PROPOSITION 4. The numerical flux of the LTS-HLLC' scheme (4.2) is:

LTS-HLLC _ |0
(4.7) FJ+1/2 g+1/2 ZFJH/zz ZF3+1/2+2’

where F?+1/2 is the standard HLLC fluz given by (4.2), and the additional terms are:

—1 —1 HLLC
(4-8) FJH/Q i SRJH/Q 4 (URj+1/2—i*Uj+l—i>
—i UHLLC HLLC
SC’J+1/2 z( Lit1/2-i ~ URjiija- 1)
U,_ UHLLC
L]+1/2 i L]+1/2 i)
it UHLLC o
(4.9) F; GH1/240 Lj+1/2+1 ( Lj+1/24i UJ“)
+ Gt UHLLC UHLLC
C,j+1/2+i R]+1/2+1 L,j+1/2+i
HLLC
R;+1/2+z Ujtrti — R,j+1/2+i )

Herein, the modified velocities are:

—i WAY;

(4.10) S[L,C’,R],j+1/2—i = nax (S[L,C,R],j+l/2—i - zA.i?’()) )
+i . AN

(411) S[L,C,R],j+1/2+i = min S[L’C’R]’j+1/2+i+zfx’0 .
Proof. The HLLC Riemann solver (4.1) can be written as:

(4.12) ﬁj-H/Q(O =U; +H( - 5u) (U{ILLC _ Uj)
+ H(C — Sc) (URFEC — UHLC) 4 H(¢ — Sg) (U4, — URLLC) |

or equivalently:

(4.13) ﬁjﬂ/z(C) =Uj;1 —H(SL —¢) (UELLC _ Uj)
_ H(SC — C) (UELLC _ UELLC) _ H(SR _ C) (Uj+1 _ UELLC) 7

where H is the Heaviside function and ¢ is given by (3.25). We then use (4.12) in
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(3.24) and note that for i < 0 we can write:

R Az
4.14 U; _i(G)dG =—U,;_;
a1 [T O = U,

. . Az . Ax
+ (mln (O, St — (i — 1)At> — min (0, St — ZAt)) (UHLLC _y; )
. . Azx . Ax
+ (mln (0, SC — (l — 1)At> — min (O’ SC — zAt)) (UELLC _ UELLC)
. ) Az ) Az
+ (mm <0, Sk — (i — 1)At) — min <O, Sr — ZAt)) (Uj+1—i _ UELLC) )

Similarly, we use (4.13) in (3.24) and note that for ¢ > 1 we can write:

At
. Az Ax
+ (max (O, St — (i — 1)At> — max (0, St — ZAt)) (UELLC _ Uj—i)
. Az Az
+ (max (07 SC — (l — 1)At> — max (0’ SC — ZAt)) (UELLC _ UELLC)

+ <max <0, Sk — (i — l)ij:) — max <O, Sr — zif)) (Uj1-i — UELLC) .

iRF Ax
(4.15) /( . Ujt1/2-i(G)dG = —— U1
— YAt

Herein, the index j,1/5_; is implicitly assumed on the parameters S|, ¢ r) and UEL%:]C .
Using (4.14) and (4.15) in (3.24) we can write the LTS-HLLC scheme as:

. A i i
(4.16) Uit =Up+ (FITSAC — FITSAC). O

We note that (4.8) and (4.9) are very similar to the corresponding numerical flux
functions for the LTS-HLL scheme, (3.16) and (3.17), but with the addition of the
middle wave associated with S¢.

5. Results. In this section we compare the new schemes with their non-LTS
counterparts and the LTS-Roe scheme. Until now, we did not discuss how to choose
the wave velocity estimates for Sy, and Sg in the HLL and HLLC schemes (the choice
also applies to the LTS framework). For our investigations, the choice of wave velocity
estimates for Sp, and Sy is made according to Einfeldt [5]:

(51) SL,j+1/2 = min ()\1(U]), )\1 (ﬁj+1/2)) 5

(52) SR,j+1/2 = max ()\3(6]'4_1/2), )\3(Uj+1)) s

where U denotes the Roe average of conserved variables. For the Euler equations,
the eigenvalues are defined as Ay = v — ¢ and A3 = u + ¢, where u and ¢ are the
velocity and speed of sound, respectively. We note that the choice of wave velocity
estimates is not a trivial matter and refer to Davis [4], Einfeldt [5] and Toro et al. [36]
for detailed discussions about a number of different estimates and their properties.
Herein, we choose (5.1) and (5.2) based on our own experience, where this choice
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yielded very good results, especially when it came to calculating entropy satisfying
solutions. A more rigorous comparison between different wave velocity estimates in
the LTS framework may be very fruitful, but at the moment it remains outside the
scope of this paper.

In all the numerical experiments below, the input discretization parameters were
the Courant number C' and Az. Then, the time step At was evaluated at each time
step according to:

CAzx
max |\, (z, )|’

k,x

(5.3) At =

where A are the eigenvalues of the Jacobian matrix A in (2.2).

5.1. Sod shock tube. As a first test case we consider the classic Sod shock
tube problem [29], with initial data V(z,0) = (p, u,p)T:

(1,0,1)T if <0,
(5.4) V(z,0) =
(0.125,0,0.1)T if x>0,

where the solution is evaluated at t = 0.4 on a grid with 100 cells. Figure 2 shows
the results obtained with HLL(C) and LTS-HLL(C) schemes with C' =1 and C = 3.
We observe that the LT'S-HLL scheme (Figure 2a) increases the accuracy of the shock
and the left going part of the rarefaction wave, while increasing the diffusion of the
contact discontinuity. This is due to the fact that the standard HLL scheme assumes
a two wave structure of the solution and neglects the contact discontinuity, leading to
excessive diffusion. Since the LTS-HLL scheme maintains the two wave assumption, it
can be seen that the increase in the time step leads to further smearing of the contact
discontinuity. The LTS-HLLC scheme (Figure 2b) also improves the accuracy of the
shock and the rarefaction wave. In addition, the LTS-HLLC scheme also improves
the accuracy of the contact discontinuity, because the HLLC scheme resolves the wave
missing in the HLL scheme. The velocity profiles show that the LTS-HLLC scheme
produces more spurious oscillations than the LTS-HLL scheme.

Next, we compare the performance of the LTS schemes to each other. We consider
the same test case and also include the results obtained with the LTS-Roe scheme [15].
Figure 3 shows that the LTS-Roe scheme produces spurious oscillations in both density
and internal energy. Further, we observe that the LTS-Roe scheme violates the entropy
condition, while both LTS-HLL and LTS-HLLC schemes produce entropy satisfying
solutions. We note that the LTS-HLL(C) schemes produce entropy satisfying solution,
because we use the wave velocity estimates (5.1) and (5.2).

We also compare the error estimates and the convergence rates for the standard
HLL(C) scheme, HLL(C) scheme with the superbee wave limiter (HLL(C)+WL) and
the LTS-HLL(C) scheme at different Courant numbers and grid sizes. Table 1 shows
that the grid refinement indicates convergence of the LTS-HLL(C) schemes, and that
the convergence rate tends to increase as we increase the Courant number. This sug-
gests that as we refine the grid the higher Courant numbers will achieve more accurate
solutions. A similar behavior is observed for the accuracy and the convergence rate
of the other variables as well. The convergence tables for all variables (density, veloc-
ity, pressure and internal energy) for both LTS-HLL(C) schemes can be found in the
Supplement (Tables S1 to S8). Last, we investigate the computational times for the
LTS-HLL(C) schemes at different Courant numbers and different grids, see Figure 4.
We observe that for any grid, the CPU time decreases as we increase the Courant
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1 — Reférence 4
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Distance Distance
(b) Standard HLLC and LTS-HLLC scheme
Fig. 2: Comparison between the standard HLL(C) and the LTS-HLL(C) schemes for

the problem (5.4)

421  number. However, by looking at the CPU time required to reach the same error we
122 observe that the HLL scheme tends to be more efficient than the LTS-HLL scheme,
123 and that the LTS-HLLC scheme tends to be more efficient than the HLLC scheme.

424 Remark 5. The CPU times are obtained with the MATLAB tic-toc function and
425 averaged over a number of simulations. The computational times in Figure 4 corre-
126 spond to implementation in the framework (2.3) with the numerical flux functions
127 evaluated with (3.15) for the LT'S-HLL and (4.7) for the LTS-HLLC scheme. We
428 note that for the LTS-HLL scheme the similar computational efficiency trends are ob-
429 served for implementations in the numerical viscosity framework (2.12) with (3.22),
430 and the flux-difference splitting framework (2.13) with (3.28). Similar computational
431 efficiency trends were reported by Lindqvist and Lund [16] and Prebeg et al. [25].

132 5.2. Woodward-Colella blast-wave problem. We consider the Woodward-
133 Colella blast-wave problem [37]. The initial data is given by uniform density p(z,0) = 1]
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Fig. 3: Comparison between different LTS schemes at C = 3 for problem (5.4)
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Fig. 4: Computational time vs. error estimate £ for density with the LTS-HLL(C)
schemes for the problem (5.4) with 100, 200, 400, 800, 1600 and 3200 cells

uniform velocity u(z,0) = 0, and two discontinuities in the pressure:

1000 if 0<x<0.1,
(5.5) p(z,0) =< 0.01 if 0.1<z<0.9,
100 if 09<z<1.
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Table 1: 1-norm error estimates £ (x1072) and convergence rates £ of density for
problem (5.4) with LTS-HLL(C) schemes

(a) LTS-HLL
HLL HLL+WL LTS-HLL LTS-HLL LTS-HLL
C= 1 1 3 5 10
n En Ly En Ly En Ly En Ly En Ly
100  2.886 - 1.553 - 3.781 - 5.836 - 9.802 -
200 1.916 0.591 0.998 0.638 2.399 0.656 3.415 0.773 5.801 0.757
400  1.202 0.672 0.609 0.713 1.429 0.747 2.054 0.734 3.360 0.788
800 0.753 0.675 0.381 0.677 0.873 0.711 1.220 0.750 2.005 0.745
1600 0.484 0.638 0.259  0.557 0.561 0.638 0.763 0.678 1.203 0.737
3200 0.307 0.655 0.172  0.587 0.363  0.627 0.483 0.659 0.743 0.695
(b) LTS-HLLC
HLLC HLLC+WL LTS-HLLC LTS-HLLC LTS-HLLC
C= 1 1 3 5 10
n En Ly En Ly En Ly En Ly En Ly
100  2.610 - 0.753 - 2.456 - 3.762 - 8.243 -
200 1.749 0.577 0.392  0.941 1.399 0.812 1.981 0.925 3.865 1.093
400 1.104 0.663 0.182 1.109 0.761  0.879 1.027 0.947 1.943 0.992
800 0.689 0.680 0.087 1.068 0.434 0.810 0.536 0.938 0.977 0.992
1600 0.443 0.638 0.049 0.805 0.266  0.704 0.295 0.861 0.517 0917
3200 0.280 0.663 0.023 1.080 0.159 0.744 0.162 0.868 0.275 0.911

The solution is evaluated at ¢ = 0.038 on a grid with 500 cells. The solution consists
of contact discontinuities at x = 0.6, x = 0.76 and x = 0.8 and shock waves at
x = 0.65 and = = 0.87, see [14]. The boundary walls at = 0 and 2 = 1 are modeled
as reflective boundary condition. The reference solution was obtained by the Roe
scheme with the superbee wave limiter on the grid with 16000 cells.

Figure 5 shows the results obtained with the standard HLLC scheme at C' = 1
and different LTS schemes at C' = 5. We observe that both LTS-Roe and LTS-HLLC
schemes are more accurate than the standard HLLC scheme. Next, we observe that
all schemes correctly capture the positions of both shocks and contact discontinuities.
As expected, all schemes resolve the shocks much more accurately than the contact
discontinuities, especially the LT'S-HLL scheme which introduces very strong diffusion
at the contact discontinuities.

We again compare the error estimates and the convergence rates for different
schemes at the different Courant numbers and grid sizes. Table 2 shows that the grid
refinement indicates convergence of the LT'S-HLL(C) schemes, and that the conver-
gence rate tends to increase as we increase the Courant number. A similar behavior is
observed for the accuracy and the convergence rate of the other variables as well. The
convergence tables for all variables (density, velocity, pressure and internal energy)
for both LTS-HLL(C) schemes can be found in the Supplement (Tables S9 to S16).
Last, we investigate the computational time and convergence rate for the LTS-HLL(C)
schemes for different Courant numbers and different grids, see Figure 6. We observe
that for any grid, the CPU time decreases as we increase the Courant number. For
the LTS-HLL scheme, the optimal choice of the Courant number depends on the grid
size. The LTS-HLLC scheme is always more efficient than the HLLC scheme. The
observations made in Remark 5 also apply for Figure 6.
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Fig. 5: Comparison between the standard HLLC and different LTS schemes for
problem (5.5)

Table 2: 1-norm error estimates £ (x1071) and convergence rates £ of density for
problem (5.5) with LTS-HLL(C) schemes

(a) LTS-HLL
HLL HLL+WL LTS-HLL LTS-HLL

C = 1 1 3 5

n En L En L En L En Ly
100 3.711 - 3.032 - 4.266 - 4.713 -
200  3.267 0.184 2.236  0.439 3.555  0.263 4.085 0.206
400  2.715 0.267 1.582  0.499 2.836 0.326 3.329  0.295
800 2.152  0.335 1.038 0.608 2.148 0.400 2.555 0.382
1600 1.629 0.402 0.691 0.588 1.580 0.443 1.888 0.436
3200 1.172 0475 0.450 0.617 1.126  0.487 1.356  0.478

(b) LTS-HLLC

HLLC HLLC+WL LTS-HLLC LTS-HLLC
C= 1 1 3 5
n En Ly En Ly En Ly En Ly
100  3.603 - 2.160 - 2.658 - 2.334 -
200  3.207 0.168 1.373  0.654 2.253  0.239 1.953 0.257
400  2.649 0.275 0.684 1.004 1.795 0.327 1.490 0.390
800  2.068 0.357 0.350  0.968 1.358  0.403 1.082  0.462
1600 1.541 0.425 0.194 0.854 1.005 0.435 0.796 0.423
3200 1.095 0.492 0.093 1.064 0.713 0.494 0.561  0.504
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Fig. 6: Computational time vs. error estimate £ for density with the LTS-HLL(C)
schemes for the problem (5.5) with 100, 200, 400, 800, 1600 and 3200 cells

6. Conclusions. We constructed the Large Time Step extensions of the HLL
and HLLC schemes. Main results of this paper are Propositions 2 and 3 where we
determine the explicit expressions for the flux-difference splitting coefficients and the
numerical viscosity coefficients of the LTS-HLL scheme.

We applied the LTS-HLL(C) schemes to a one dimensional test cases for the Euler
equations. At moderate Courant numbers the LTS-HLL scheme leads to increased
accuracy of shocks and rarefaction waves, and further decreases the resolution of
the contact discontinuity. At the same time, the LTS-HLLC scheme leads to an
increased accuracy of shocks, rarefaction waves and contact discontinuities. Further,
for an appropriate choice of the wave velocity estimates both schemes yielded entropy
satisfying solutions. This is a notable improvement compared to the existing LTS-
Roe scheme for which entropy violations are observed for even more cases than the
standard Roe scheme. In addition to this, the new schemes are able to handle a
combination of very strong shocks, interaction of multiple waves and reflection of
waves from walls, as was demonstrated by the example of the Woodward-Colella
blast-wave problem. The LTS-HLLC scheme tends to be more efficient than the
standard HLLC scheme. By further increasing the Courant number, both schemes
produced spurious oscillations and the accuracy decreased.

The problem of spurious oscillations in the LTS-Roe was investigated by Lindqvist
et al. [15] and Solberg [30]. Therein, the oscillations are reduced by introducing
numerical diffusion by taking convex combinations between the LTS-Roe and the
LTS-Lax-Friedrich scheme. It may be more convenient to add numerical diffusion in
the framework of LTS-HLL(C) schemes, since the choice of the wave velocity estimates
provides greater flexibility in the amount of numerical diffusion we introduce.

Standard HLL(C) schemes have the nice property of being positivity preserving
for an appropriate choice of the wave velocity estimates [6, 1]. It remains to be
explored under which conditions LTS-HLL(C) schemes preserve this valuable property.
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