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Abstract

In a class of systems of balance laws in several space dimensions, we prove the stability of solutions
with respect to variations in the flow and in the source. This class comprises a model describing
the cutting of metal plates by means of laser beam is proved to admit solutions.
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1. Introduction

Following [3], we consider this system of n balance laws in several space dimensions:

Opu; + divy @i (t, x,us, O % u) = i (t, a2, ugy ¥ x u) i1 . (1)
u; (0, 7) = u;(x) oo
Here, t € [0, +oo[ is time, * € RY is the space coordinate and u1,...,u, are the unknowns. The

function 9 is a smooth function defined in RY attaining values in R™*", so that

¥ € C2(RYN;R™ "), (0 *u(t)) (z) = Ha — &) u(t,§)dE (0 *u(t)) (z) € R™.
RN
Requirements on the flows ¢;, on the sources ®; and on the initial data u; ensuring the well
posedness of (1) are provided below.

A key property of system (1) is that the equations are coupled only through the nonlocal
convolution term ¥*wu. It is this feature that allows a well posedness and stability theory, although
we are dealing with systems of balance laws in several space dimensions.

The driving example motivating (1) is a new model for the cutting of metal plates by means of
a laser beam, presented in [3, Section 3], see also [2, 4]. However, (1) also comprises the model [7],
see also [3, Section 4], devoted to the dynamics on a conveyor belt, as well as several crowd
dynamics models, e.g. [1, 6, 8]. Theorem 2.3 below, applied to each of these cases, provides the
stability of solutions with respect to perturbations of fluxes and sources.

2. Results

Throughout, grad, f and div, f denote the gradient and the divergence of f with respect to
the space variable z € RN. Throughout, we fix the non trivial time interval I = [0, T] For any
k > 0, we also denote Uy, = [—k, k] and U]* = [k, k|™

Recall the definition of solution to (1), based on [9, Definition 1], and the well posedness result
obtained in [3].

Definition 2.1 ([3, Definition 2.1]). Let & € L°(RN,R"). A map u: I — L®[RN,R") is a
solution on I to (1) with initial datum @ if, fori=1,... n, setting for all w € R

oi(t,z,w) = @; (t, x,w, (I * u)(t,x)) and EIv’i(t,at:,w) =, (t, x,w, (J * u)(t,x)) ,
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atui + lem @Z(t, Z, ’U,Z) = E)Z(t, Z, ’LLZ)

,=1,...,n.
u; (0, 2) = 4;(x)  Jor i preca

the map w; is a KruZkov solution [9] to {

Theorem 2.2. [3, Theorem 2.2] Assume o, ® and O satisfy the following conditions, for a given
A€ (CONLY)(I x RN x RY;RY):

(@) For any U > 0, ¢ € (C2NW2°)(I x RN x Uy X UpR™NY and for all t € I, z € RV,
u €Uy, AUy
|grad, ¢ (t, z,u, A, ([ dive o(t, z,u, )|,
max ngadm div, o(t, z,u, A)’ , ngadm grad 4 o(t, x, u, A)}
lgrad otz )|, [eradk o(t,@,u, )|

v <Atz U).

(®) ForanyU >0, ® € (C*NWL)(T xRN x Uy XU R™) and for allt € I,2eRN, uely,
AeUuy, max{”@(t,m,mA)H , ||gradw @(t,x,u,A)H} < Aty z,U).
(9) ¥ € C3(RYN;R™*"),

Then, for any C > 0 there exists a T, € T and positive L, C such that for any datum

@il vy
ue (L'NLYNBV)RY;R")  with ]l oo v gy
TV (a;)

(2)

VAN VAN VAN
QOO

problem (1) admits a unique solution u € C° ([O,T*]; Ll(RN;R”)) i the sense of Definition 2.1,
satisfying for all t € [0,T] the bounds Hu(t)HLl(RN;Rn) <, u(t)HLOQ(RN;Rn) < C and TV (u(t)) <
C. Moreover, if also w satisfies (2) and w is the corresponding solution to (1), the following
Lipschitz estimate holds: ||u(t) — w(t)HLl(RN;Rn) < L |1t — @ g2 gy gy

We complete the above statement proving the stability of solutions with respect to ®; and ;.

Theorem 2.3. Let o', ¢? and ®*, ®? satisfy satisfy () and (®) in Theorem 2.2, with the same
function . Let 91,9? satisfy (9). Assume moreover that

/A/ sup A(t,z,u)dzdt < +o00. (3)
TJr

N uwely

Then, the solutions u* = (uf,...,u

)y Oput + div, @bt T, ui, 98 * u) = Bt 7, ui, 9 * )
u; (0, ) = 4, () )

for £ =1,2, satisfy

< ¢ (\
L1(RNR")

+ngadm(wl - wQ)’

Hul(t) —uQ(t)‘

9 (o) — 2 H
u(” = #7) Loo (I xRN xUy xUZ;R™)

(4)

L1 (IXRN;Lo° (Uy XU RN +mxn)xny)

n H<I>1—<I>2‘

_192‘

1
L (IXRN;Loo (Uy xUGR™)) H Ll([xRN;Ran)) :

for a constant C* dependent on the assumptions (¢), (®) and (9), whose value is estimated
in (9), (10) and (11).

Proof of Theorem 2.3. Below, we often use the standard bound

[[9 UHLw(lxRN;Rn) < ||’9||L00(RN;Ran) HUHCO(I;Ll(RN;R)) ; (5)



that holds for 9 satisfying () and u € C°(I;LY(RY;R")). By (9), we may assume that
||19ji||L1(]RN-R) <1/nforall j =1,...,mand i = 1,...,n. This requirement simplifies several
estimates below, since it ensures that, for U € RY,

ui(r) €Uy foralli=1,...,nand x € RN = (J*u)(z) cUF for all z € RV .
As in [3, Formula (5.3)], define
A(t,U) = H)‘(" " U)HLl([O,t]XRN;R) : (6)
Fix positive U and R with
||11||L1(RN;R,1) <R, Ha”LOO(RN;R") <U and TV(z)<R.
Introduce the L' closed sphere centered at the initial datum @ with radius R
Bra (@, R,U) = {u € LMRY;R™): u— allga gy zny < R and u(x) € ug} .

Throughout, we denote by C a quantity dependent only on A and on the assumptions (),
(®) and (), but independent of T, R and U. Similarly, Cy is a constant depending only on
HSD”WZOC(MRNxuuxug,n;an) and on ||CI’||W1~°<>(1xRNxuyxugp;Rn)-

For any positive T' € I, denote I = [0,7] and define the map

T : CO(I; Bpa(u, R,U))  x P — C°(I;Bra(u, R,U)) 7)
w ;o (0, ®,9) — u

where the parameter space is P = (C2 N W22)(I x RN x Uy x Uz RNy x (Ctn WLo)(T x
RN x Uy x UZ;R™) x CZ(RN; R™*™),

The map 7 is proved to be a contraction for T small in [3, Theorem 2.2]. Hence, the present
proof consists in showing that 7 is Lipschitz continuous in ¢, ®,49. We consider the three variables
©, ® and 9 separately and apply repeatedly [5, Theorem 2.6], as refined in [10, Theorem 2.5]. The
assumptions (H1*) and (H2*) are verified in [3, Section 5. We now check (H3%*).

In the estimates below we set for simplicity u = 0.

Step 1: (HS8%*) holds:. Fix an index i € {1,...,n}, define QY = I x R" x Uy and for a fixed
w € CO(I; By (1, R,U)) denote

(t z,u, 9t < w(t, z)) (8)
2 (t, @, u, 9? xw(t,z))

2

f(t,x,u) = 9011 (t,x,u,ﬂl*w(t,x)) F(t,x,u) = @
g(t,x,u) = @32 (t,x,u,W*w(t,x)) G(t,z,u) = &

Then, we directly have:

0u(f — g) € L=(QF;RY) holds by (). since du(f — g) = dulep} — ¥7).
Ou(F — Q) € L=(QY;RY): holds by (), since 0, (F — G) = 0, (P} — ®?).
T .
Jo Jan H((F - G)(t,z,-)) — (divg(f —g)(t,ac,-))HLOO(FU,U];R) dzdt < 400 holds, due to the

inequality ’((F - G)(t,z,U)) — (divy(f — g)(t,z, U))’ < 4A(t,z,U) and (3) applies.

We use below A as a dummy variable for the fourth argument in !, %, ®* and 2.

Step 2: Dependence on ¢. Assume that ®1 = ®2 and 9! = 92 in (8). Then, with reference to the
notation in [10, Theorem 2.2] and using also [9, theorem 1], we have

ky < CCy(1+RT) (as in [3, Formula (5.6)])

K S 0uF | e (1 xr™ sy r) + |0 diva(f — g)||L°°(I><]RN><Z/IU;R)
< 1H ‘8 div, (o' — ¢° H
= H lem(lxRquUxM{,”;R)+ udiva (e’ = ¢7)

Lo (I xRN xUy xUR)



||dng; 19||Loc(RN;Rm><n) ||wHL1(I><]RN;]R")

(-2

Loo (I xRN xUy XU R™)

< CCy(1+RT)
eﬁ(*]t _ en*t ey
—— < t emaxiro T} (by [10, Remark 2.8] and [3, Formula (5.16)])
Ky — K
< $¢CCU(I+RI)L
_ 1_ .2
and clearly [|0.(f — Q)HLoc(IxRquU;JR) = [[0u(e" — ¢ )HLoo(IxRquUxugp;R)' Moreover,

T
/ / ngadz(F —div,, f)(¢, z, ')HLOO(L{U-]RN) dzdt < Cy A(T,U)(1+ RT + R*T?)
0 JRN ’

the latter expression above is computed in [3, Formula (5.5)]. We also need to estimate

/T/ | =)= avats —a) 0, dwa

T
= /[; /RN Hdlvx(f_g)(t’m’)HLOO(Z/{U,R) dax dt

< /OT/RN Hdivx((pl — %) (t,z,-, (9= w)(t,ac))HLoc(uU;R) dz dt

+/OT/RN [srad (et = ) (o, (0 w)(t,x))HLW(UU;Ran)HdivI(ﬂ #0) | o 1 e
< /OT/RN Hdivm((pl — Az, ')HLw(quugb;R) dx dt

+Cy /OT/RN ‘ erad y (o — o2)(t, 2, - .)HLOC(UUX%H;RM”) dz dt
< CquradzA(sol - wg)‘

L1(IXRN ;Lo (Uy XU RN+mxnY) :
Inserting the estimates above in the one provided by [10, Theorem 2.5], we have:
1 2
u () —u”(t ‘
H ( ) ( ) Ll(RN;R”)

< (1 + CCu AT, U)(1 + RT + Rsz)) TTV(ﬂ)eCCU(HRT)THa“((pl B sD2)HL0<>(Ix]R{NxMU xu(’}‘;%

+CU €C Cu(1+RT)T

rad e ’ :
Hg saly” =) L (IxRN;Lo (Uy xUpp RN +mxny)

Step 3: Dependence on ®. Assume p! = ¢? and 9 = 92, so that f = g in (8). Then, again with

reference to the notation in (10, Theorem 2.5], we have £* = [|[0uF |0 (1 & x4y w) < Cu S0 that
1 2 1

) — (1) <CyT el - o2 . 10

Hu () —w"(®) L@VER) — U L1 (I XRN;Le® (Uy xUTR)) (10)

Step 4: Dependence on ¥. We are left with the case @' = cp and Ol = P2 = . We

fix for simplicity the notations ¢? = ¢ Ltz u, 9tk w(t, )) o (t, @, u,9? * w(t,z)) and
v = Pl (t, @, u, 9" * w(t, z)), PV = Pl (t, 2, u, 9% x w(t, z)). Then, always with reference to [10],

*

K

IN

||8uF||Loo(1x]R<N xuyiR) T Hau dive(f — g)HLOO(IX]RN xUy R)

+ ||y divy, ((pﬁl - <p’92>

IN

|
H Woo (IXRN xUy xUF;R)

Lo (IXRN xUy xUT;R)



div, (9" * w) H

HL‘X’([XRNXUUXZ/{{]";R"LX") Loo(IxRN;R™)

+‘ 0y grad 4 <p192 div,( 92 * W) H

HLw(IxRNxMUxM{J”;RmX”) Lo (IxRN;R™)

< CCy(1+RT),
and k8§ < CCy (1+ RT). Similarly to the previous case,

192‘

1
1907 = )l stz < BIPlw o ity [ = 7| L 1y

We also need to estimate

T
[ =ar-avg-o), . aw

< CuR (H(I)”WLOO(IX]RNXMU;]R) + ”(pHW?vOO(Ix]RNXZ/{U;R)) Hﬂl —192‘

L1(IxRN;Rmxn)’

so that, following the same procedure used in Step 2,

Hul(t) —uz(t)‘

< (1+CMT,U)(1 + BT + R*T%)) Cy RT TV (a)e“Cv 0+RTT

LIENR)
><H191 7192’

(11)

1 (IXRN ;Rvnxn)
+Cp CCvUHRTIT [ Hﬁl _ 192‘

L1(IxRN;Rmxn)

Summing up the estimates (9), (10) and (11) we obtain the Lipschitz continuous dependence
of T defined in (7) on the parameter p = (p, ®,19). A straightforward argument allows to conclude
that also the fixed point of T is Lipschitz continuous in p. O

3. Application to the Laser Beam

The cutting of metal plates by means of a laser beam can be described through the following
equations, introduced in [3, Section 3]:
Othm + divy (hy, V) =L 4 9
{ Oh. = L. (t,z) e R™ xR (12)

In this 3D framework, the laser beam is parallel to the vertical z axis and its trajectory is prescribed
by the map x;, = x,(t). Above, h,, is the height of the melted metal and h; is the height of solid
part, both measured along the z axis. The vector V is the projection of the melted material
velocity on the horizontal (z,y)-plane. The source £ describes the laser position and intensity: it
describes the net rate at which the solid part turns into melted. In particular,

Vo= () - Tt B (e a)])
. i(t,l‘) \/1+ ngadw(n*hs)H 7;(75,:6) — (HJI’*CUL(t)H)
1+ ‘gradx (n*(hs—l-hm))H2 i(t,r) = I(Hx—xL(t)H)

where 7, is related to the shear stress, see [3, Formula (3.7)]; W = W(z) describes the effect on
the horizontal (x,y)-plane of the vertical wind that pushes the melted material and is produced
around the laser beam at x = x,(¢); the laser intensity is Z = Z(z), again centered at the moving
laser position x = x(t). The system in (12) fits into (1) as shown by the following proposition.



Proposition 3.1 ([3, Proposition 3.1]). Model (12)—(13) fits into (1) setting u = (hm, hs) and

o1 (t, @, up, A) = — (w(t, @) — Tyt x)ur) us | A
N =2 O, 1(x) 0 \/1 T (A3)2 + (Ag)? Ay
n=2 1 wZ(t’m7u2jA):0

0 0z, () .
0, T itt, )
= Gertla) O @yt 4) =

w=h 0 0zy11(2) V14 (A + A3)? + (Az + Ag)?
ug = hy Byt 7,1, A) = i(t, )

VT (AL + A3 + (Ap + Ag)?

Moreover, if x1, € (C2N Wz’m)([O,f};RQ), W,Z,7, € C2(R;R) and n € C3(R%;R) for a positive
T, then, assumptions (¢), (®), (V) and (3) hold.

(The verification of (3) is immediate and hence omitted).

Theorem 2.3 ensures the stability of solutions to (12)—(13) with respect to variations in the
functions defining the model, namely: xr,74, W,Z and 7. A numerical investigation of the role
of @y, is presented in [4]. Here, on the basis of Theorem 2.3, we can specify how the solutions

0 (12)—(13) depend on w and 7T,. Indeed, the bound (4) ensures that, calling (hf,, h%) for £ = 1,2
solutions to (12)—(13) corresponding to functions w®, T

|t = n2))|

+ || = r2o)

L1(R2;R) L1(R2;R)

IN

e ([Ju = -7
Lo (I xR2;R) g 9 |lLee (IxR2;R)

|

g

d (T! — 72 H .
grad, (T, = 7;) Lo (I xR2;R2)
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