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Solutions to exercise set 3

Solve the pure-time differential equation:

dx .

5 = sin (2m(t+ 1)), where z(2) = 1.
We start by integrating with respect to ¢ on both sides, and get

z(t) = /sin 2r(t+1))dt = —% cos (2m(t+ 1)) + C.

We compute C by evaluating at t = 2

1 1
1=—— 2241 =—— .
27Tcos( m(2+4+1))+C 27T+C

then we get that C =1+ ==, and

21

1 1
z(t) = — 5. cos r(t+1))+1+ 7

Suppose that the amount of phosphorus in a lake at time ¢, denoted by P(t), follows
the equation

P
—r=20+3  with P(0) =0.

Find the amount of phosphorus at time ¢ = 5.

We start by solving the differential equation by integrating on bouth sides
P(t) :/(2t+3)dt:t2+3t+(]
Since P(0) = 0 we get that C' = 0. We then compute the amount og phosphorus at

time t =5
P(5) = 25+ 15 = 40.

Solve the autonomous differential equations:

d
d—f =2 —z, where z(—2) = —1.
We first start by rearrange on the equation to get
d
ot
2—x
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Then we can integrate on bouth sides to get

dx
[55 = [
—In(2—2)=t+Cy
In(2—2)=—-t+Cp

Then we take bouth sides as the power of e and get
22—z =e te0
z(t) =2 — eCoe
We the put all the constants in to one

r(t)=2—Ce*

Then we compute C' by evaluating at ¢t = —2

—1=2-Cé?
3= (Ce?
C = 3e2

So the solution we get is
x(t) =2 —3e 172

Assume that W (t) denotes the amount of radioactive material in a substance at time
t. Radioactive decay is then described by the differential equation

d
dlz/ = AW (t), with W(0) = Wj.

(a) Find W (t) by solving the differential equation.

We first start by rearrange on the equation to get

aw
— = —\dt
W

Then we integrate on both sides to get

aw
— =— [ Adt
v/
InW = =Xt + Cy
W(t) — e—)\t+C’0 — Cre—)\t
We then sett in for ¢ = 0 and get
Wo=Ce M =C

Then we have solved the differential equation

W(t) = Woe ™
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(b) Assume that W (0) = 123gr, W (5) = 20gr and that time is measured in min-
utes. Find the decay constant A and determine the half-life of the radioactive
substance.

We first sett inn for W(0) = 123gr and get Wy = 123gr, then we set inn for
W(5) = 20gr and get
20 = 123¢ A

Then we take the natural logorithm on both sides to get

In20 =1n 123 — 5
In20 —In123
5

\ = ~ 0.36.

To determine the half life, we solve W (t) = 123/2gr for ¢

123/2 = 1237036
. Inl/2
T 036

Then we have found the deca constant A ~ 0.36 and the half-life of the substance
to be about 1.92 minutes.

~ 1.92.

Use the partial fraction decomposition to solve

dy _

I y(y — 1), where yop =0 if g = 0.

First when we rearrange the equation we get

dy

— =dzx 1
y(y—1) o)
Therefor in the partial-fraction method we want to find A and B such that
A B 1

— + — .
y y—1 yly—-1)

Then we have that
Ay— A+ By=1.

Which means that

A+B=0
—A=1

We solve the system of equations to get that A = —1 and B = 1. If we now integrate
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on bouth sides of (1) we get

—Ilnlyl+Injly—1=z+ Cy

In L ; ! ’ =z + Cy
‘y_l' _ eac+CO
Y
y=1 = +e0¢?
Y
y-1 = %0 = Ce®
Yy
y—1=yCe”
y(1—-Ce")=1
1
Y= 1 " Cer
Then we compute C' by evaluating with y = 1 and x = 0.
1= 1
1-C

which means that C = 0. Then we have the solution

y = 1.

@ Solve the differential equation:

d
&y z?e¥, where yo = 1 if zg = 1.
dx
We first start by rearrange on the equation to get
e Ydy = 2%dx

Then we integrate on both sides to get

/e_ydy = /xde

ev=""1 0
e 3 + Co
3
x
=—In(C - —
y n(C - <)
Now we compute C by seting inn for y =1 and x =1
1
1=—-—In(C - =
n(C - 3)
1
C=-+e’
3 +e
Then we have solved the differential equation
1 x>
=—In(= R
y n(z +e 3
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