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Solutions to exercise set 7

1 Use integration by parts two times to solve the integral∫
ex sin (x)dx

We chose u1(x) = ex and v′
1(x) = sin x such that u′

1(x) = ex and v1(x) = − cos x.
Then we get∫

ex sin (x)dx = C − ex cos x −
∫

(−ex cos (x))dx = C − ex cos x +
∫

ex cos (x)dx

Then we chose vi u2(x) = ex and v′
2(x) = cos x such that u′

2(x) = ex and v2(x) =
sin x. Then we get

C − ex cos x +
∫

ex cos (x)dx = C − ex cos x + ex sin x −
∫

ex sin (x)dx

Then we can get that∫
ex sin (x)dx = C − ex cos x + ex sin x −

∫
ex sin (x)dx

2
∫

ex sin (x)dx = C − ex cos x + ex sin x∫
ex sin (x)dx = C − 1

2ex cos x + 1
2ex sin x

And we are done.

2 Use partial fraction decomposition to solve the integral∫ 3

2

x + 1
x(x − 1)dx

We start by letting A and B be such that

x + 1
x(x − 1) = A

x
+ B

x − 1

For this to hold
x + 1 = Ax − A + Bx

So we get the linear system

A + B = 1
−A = 1

February 15, 2024 Page 1 of 3



Solutions to exercise set 7

which has the solution A = −1, B = 2. So we get∫ 3

2

x + 1
x(x − 1)dx =

∫ 3

2

(
− 1

x
+ 2

x − 1

)
dx

= [− ln |x| + 2 ln |x − 1|]32
= (− ln 3 + 2 ln 2) − (− ln 2 + 2 ln 1)
= 3 ln 2 − ln 3 ≈ 0.9808

3 Solve the differential equation with initial values
dy

dx
= yex, with y0 = 1, x0 = 1

We start by rearranging the equation to
dy

y
= exdx

we then integrate on both sides and compute

ln |y| = ex + C

|y| = eex+C

y = Ceex

Then we evaluete with y0 = 1 and x0 = 1 and get that C = (ee)−1 = e−e so we have
the solution

y = eex−e

4 Let
dy

dx
= (y − 1)(y + 1)

Find the points of equilibia and find out if they are stable or unstable.

First we let g(y) = (y − 1)(y + 1) and see that the points y1 = −1 and y2 = 1 are
solutions for g(y) = 0, which means that these are the points of equilibria. Then
we compute g′(y) = 2y. And compute g′(y2) = 2 > 0 and g′(y1) = −2 < 0, which
means that y1 is a stable point of equilibria and y2 is an unstable point of equilibria.

5 Find the augmented matrix and use it to solve the linear system

x − y = 1
2x + y = −1

We set up the augmented matrix and compute[
1 −1 1
2 1 −1

]
−2

∼
[

1 −1 1
0 3 −3

]
·( 1

3 )
∼

[
1 −1 1
0 1 −1

]
1

∼
[

1 0 0
0 1 −1

]
So we have the solution x = 0, y = −1.
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6 In this task we will consider the matrices

A =
[
1 2 3
2 3 4

]
, B =

[
7 7 7
6 6 6

]
, C =

 2 3
4 1

−1 3

 , D =

 1 2 3
1 2 4

−1 1 1


a) Compute A + B.

A + B =
[
1 + 7 2 + 7 3 + 7
2 + 6 3 + 6 4 + 6

]
=

[
8 9 10
8 9 10

]

b) Compute A · C and C · A.

A · C =
[

7 14
12 21

]

C · A =

8 13 18
6 11 16
5 7 9


c) If it exists, compute the inverse matrix of D.

We set up the matrix for computing the inverse, and compute it 1 2 3 1 0 0
1 2 4 0 1 0

−1 1 1 0 0 1

 −1 1

∼

 1 2 3 1 0 0
0 0 1 −1 1 0
0 3 4 1 0 1


∼

 1 2 3 1 0 0
0 3 4 1 0 1
0 0 1 −1 1 0

 ·( 1
3 )

∼

 1 2 3 1 0 0
0 1 4/3 1/3 0 1/3
0 0 1 −1 1 0


− 4

3 −3

∼

 1 2 0 4 −3 0
0 1 0 5/3 −4/3 1/3
0 0 1 −1 1 0

 −2

∼

 1 0 0 2/3 −1/3 −2/3
0 1 0 5/3 −4/3 1/3
0 0 1 −1 1 0


Then we have that

D−1 =

2/3 −1/3 −2/3
5/3 −4/3 1/3
−1 1 0


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