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<�=?>A@CBD>FEHGAI%JK=?E%JML0I0N0O'PQO'E9RS=?TUO�I�V
W I�I0OYX[Z"\]P^I0_ `)a?bAc?dAb%cHe%fFg�d%f?hAhAb?i%fHe9j

kmlon�poqrk6sutFqvpxwzy|{�}~s���qrk6��t�n�lok�qrk��+�o�.k6�

�x=HI0N|=?>UbA����T�=?B�f?�A�%c
��BDN�V��?d�V��?�6�M��b�V��A�

� ��O'@D��O�TUBDN0@CO�P'V0���0O'I0O'����X�BCI0��=HBDN��� ¢¡	£�¤�¥§¦)¨^©?ª¬«©?®#¯|¤�£U©?®-¦)¨K°m©?±�²x³µ´$£·¶�¡"®�¦#±	¸?�0e0�|O'@D@CO�P¹c"��L�JS>%=�Z?O?�
º G	N0E���O�I%JM@DGATUT»O'P^O'>AI0O�P'�

¼ O'I0R^L0P·f?������L0I0B�f?�A�Ac"�

•
W @D@CO¢R�ZH=?P¹R^E$=?@�½�O�>?P^L0I0I�O�R��

• ¾ O�R�ZH=?P�O�@CR^O�I�R^E$=?@�BDI0I0O'�0GA@CN0O¹RS¿6T»=?I0>?OMTUO�@C@DGATUP^O'>AI0BCI0>AO�PÀ=HJÁN0O'J�E?GATUT»O'P JÂ�"N�O�@DBC>mÃ�P^=?TÄ�%Z	BD@DEHO
TUO'J^G"N0O'P�GA>;T»O'@D@CGAT»P�O�R�L0@CJS=HJSO'PµR�GATÅO�PM=?I%Z?O�I0N�J��

Æ �������%���ÈÇ º BÉJ^J

S(x) =











6 + 7x + 6x2 + x3 −2 ≤ x ≤ −1

4 + x − x3 −1 ≤ x ≤ 1

2 + 7x − 6x2 + x3 1 ≤ x ≤ 2

Ê P
S(x)

O�I.I|=HJ^L0P^@CBD>FE9L0½0BCR^E�R��0@DBCI0O�Ë
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Æ �������%����Í Î�=
R
Z"\]P�OÁE%ZH=?N0P^=HJSO�J

{(x, y) | 0 ≤ x ≤ 1, 0 ≤ y ≤ 1}
� ¾ O�JSP^=?E%J�Î�=H�0@Ï=?�'O�@CBD>AI0BCI0>AO'I

∂2u

∂x2
+

∂2u

∂y2
= 0, (x, y) ∈ R

TUO�N.PS=?I0N�E	P^=�ZAO'J
u(x, y) = x + y

�|¿�PS=?I0N0=U=�Z
R.

�zÐÊ IÑT»¿HJSO�¿x½zO'P^O'>AI0O�J^BD@DI0\]P^TUO�@DR�O�P
ui,j ≈ u(i/3, j/3)

�
i = 1, 2

GA>
j = 1, 2

O�PF¿x@D_AR�O�@CBD>AI"�
BCI0>AR^RÒ�	R�JSO'T»O�J

4u1,1 − u2,1 − u1,2 = 2

3

− u1,1 + 4u2,1 − u2,2 = 2
− u1,1 + 4u1,2 − u2,2 = 2
− u2,1 − u1,2 + 4u2,2 = 10

3

`Ò��j

<|GAP�E	@D=?P]�%ZAG?P�Ã�GAP'�|L�JSO'Ix¿;@D_AR�O�@DBC>AI0BDI�>AR^RÒ�"RÒJSO'T»O�J��

Ó ÐÔ<Õ_?@D>AO'I0N0O¢JSBC@DI|\]P�T»O'@DR�O�P�J^BD@¬@C_AR^I�BDI0>AO'I.=�ZÖ`×��j�O�P¹>ABÉJ^J�V

u1,1 ≈ 0.7, u2,1 ≈ 1, u1,2 ≈ 1, u2,2 ≈ 1.3

¾ P�L0EN0BDR�R^O;JSBC@DI|\]P�T»O'@DR^O'I0O;R^GATØRÒJK=?PÒJ^Z?O�P^N�BDO�P6B º =?L�R^RÒ� ¼ O�BCN0O�@[BÉJSO�P^=?R���G?I0R^TUO'J^G"N0OH��Ù/JSO�P�O�Pm½|=?P�O
O'I�>%=HI0>0�
Ú·BD@ º =?L0R�RÒ� ¼ O�BDN�O�@�BCJ^O�P^=?R���GAI�O�P�E?G?I9Z?O�P�>AO�P�O6Ã�GAP�N0O�J^J^Om@CBD>AI�BDI0>AR�R��	R�J^O�TUO'JKË

Æ �������%���ÑÛ XQG?I0R^O'I9J^PS=?R#��GAI0O'IÖ=�Z�GA�0�0@C_AR�JQGAE9R��	>AO'IB�ZH=?I0IoO'P·O�J¢Z	BDE%JSBC>�O�@CO�TUO�I%J¢B�=?I|=H@C�	R^O�=�Z
ZH=?I0I0E%ZH=?@CBCJSO�J����.O'JSI�BDI0>ARÒZAO'P^N0BCO�I0OmO�P¹O�I�Ã�L0I0E9R#��GAIo=�Z+J^O�TU�zO'PS=HJ^L0P^O'I��0��=?½zO'@D@CO�I�>ABDP�TUO'J^I0BDI�>AR�Z?O�P^N�BDO�P
`
D
jµÃ�GAP�I0G	O�I�JSO�TU��O�PS=$JSL0P�O�Pm`
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¾ P�L0E�RS=?TYJ^@DBC>AO¢ZAO'P^N0BCO�PQÃ�G?PQ¿;Ü|I0I0O6O�I�½zO'R�J¢TYL0@DBC>;J^BD@CI|\]P^TUO�@CR^O¢JSBC@�T»O�JSI0BCI0>ARÒZAO�P�N0BDO'I D
ZAO�N,��b

◦
�·�

Ý·LÞE$=?IßZAO'@D>AO�Ã�PS=?TU>%=?I�>AR^T»¿HJSO�R�O�@CZ��[TUO�IàN�O'J»R^E$=?@ME?GATUT»O�E9@Ï=HP�JUÃ�PS=?Tá�%Z	BD@CE?O'IÞT»O�JSG	N0O�R^GAT O'P
½�O�I%�9J^JSO�J��
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Æ �������%���Ôã º BÉJ^J]Ã�_A@C>AO�I�N0O�BDI%JSO'>APS=H@
∫

3

2

sin2(x)dx

�zÐ ¾ P�L0E�J^PS=?��O�R�T»O�JSG	N0O�I.T»O'N h = 0.2
Ã�GAP¹¿FÜ|I0I�OmO'I.J^BD@CI|\]P^TUO�@CR^O·J^BD@�BCI9J^O�>AP^=?@DO�J��

<ÕBCI0I�O�I._?Z	P^O�>AP�O�I0R�O�Ã�G?P]Ã�O�BD@CO�I��
W I%JS=»=HJ�Z	B�B�RÒJSO�N�O'JMÃ�GAP]JSP^=?�zO'R^TUO'J^G"N0O'I�Z"BC@�½0P�L0E?OmT»BCN�JS��L0I0E%JSTUO'J^G"N0O'I��0>ABÉJ^J]Z?O�N

∫ b

a

f(x)dx ≈ h
n−1
∑

i=0

f(xi +
h

2
)

`)fAj

N0O'P
h = (b − a)/n

�
xi = a + ih

GA>
i = 0, 1, · · · , n

�
Ó ÐxÚ·BDR¹=HJ¹Ã�O�BC@DO'I�R^GATÅ>���_AP�O�R�G�ZAO'PQO�JQN�O�@DBCI%JSO�PÒZH=?@D@�O�P¹>ABÉJ^J]Z?O�N

∫ xi+1

xi

f(x)dx − hf(xi +
h

2
) =

h3

24
f ′′(ξ), ξ ∈ (xi, xi+1)

¾ P�L0E+N0O�J^J^OmJ^BD@�¿FÜ|I�I0OmÃ�O'BD@CO�I+Ã�GAP�N0O'I�R^=?TUT»O'I0RS=HJ�JSO�TUBDN�J^�0L0I0E%JSTUO'J^G"N�O�I~`)f?j��

Æ �������%���~ä º BÉJ^J]Ã�_A@C>AO�I�N0Om� W �¹Î W ¾ �/R^E9P^BC��J

åçæ�è×éÀê^ëAì[ê
íAî"ï�ð�ñ	ò	í ó"ô§ð æöõ�ëA÷[ø åzùúæûõzù�üÁýÂþ í ø å�ëûæÿõzù�ü[ýÂþ í��$ñµô ø�üÀøÒå ó ù���øÒå ó ë����
í��Hï ð æ�ù��§ù�ü

è í ø
	$ì æ í��9ñ��ó å���ê
� æ���	 �?í ê
åçæûå�� � ê
íAî"ï�ð�ñ	ò	í ó"ô§ð æöõ�ëA÷[ø åzùúæûõzù�üÁýÂþ í ø å�ëûæÿõzù�ü[ýÂþ í��$ñµô ø ð øÒå ó ù���øÒå ó ë�����ê

� ñ ÷

TUO�N�JSBD@C�0_AP�O�I0N0OQÃ�L0I0E9R���GAI
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í��9ñ��ò�ð���ñ è í ø�	$ìçæ í��9ñ���ó å��
í æ�� � ï�����ó ëÀø�ù���ê
	væ�� � ï�����ó ëÀø^ë���ê
í ó ù��Þæöå ó ù����?ë��%å ó ë����?ë��?ë9éÀê
í ó ë��Þæöå ó ù����?ë���å ó ë����HëÀê
	 ó ù�ø'ù��værë��$å ó ù���ê
	 ó ù�ø�ë��værë��$å ó ë���ê
	 ó ë ø'ù��værë��$å ó ù���ê
	 ó ë ø�ë��væ���ù�ê

�MZ	BC@DE?O�JM�0P^GA½�@DO�T @D_AR�O�P�N0O�J^J^OmR�E9P^BD�"JSO'J��|GA>;T»O'N��9Z	BC@DE?O'I�TUO'J^G"N�O�Ë
¼ E9P^BC��JSO�JM>ABDP�Ã�_?@D>AO'I0N0O�L�J^R^E9P^BÉÃ#J��|�%ZAGAP�J^G;Z?O�P�N0BDO'PMO'P�Ã���O�P^I�O'J��

ð æ ü ø å¬ùÈæçé[ý×ü9ü9ü	ü9ü9ü9ü9ü ø å"ëÿæÿë[ý×ü	ü9ü9ü9ü9ü	ü9ü
ð æ ù�ø å¬ùÈæ���������������������ø å"ëÿæ��������������������
ð æ ë ø å¬ùÈæçë[ý! �ù�ü�"�#�$	ü9é ø å"ëÿæ�%µý&%�ë9ü�$�$9þ'#%þ
ð æ $[ø å¬ùÈæçë[ý×é�ù( 	ë�#9é�ù�þ[ø å"ëÿæ�%µý)$"ë9ë%þ�ù9ù$é�#
ð æ %Áø å¬ùÈæçë[ý×é�ù*%'$	ë�%	þ�$[ø å"ëÿæ�%µý)$"ë�ù�þ	ë9é�%	þ
ð æ é ø å¬ùÈæçë[ý×é�ù*%'$	ë�%"ü�%Áø å"ëÿæ�%µý)$"ë�ù�þ	ë9é�$9þ
ð æ   ø å¬ùÈæçë[ý×é�ù*%'$	ë�%"ü�%Áø å"ëÿæ�%µý)$"ë�ù�þ	ë9é�$9þ
ð æ "[ø å¬ùÈæçë[ý×é�ù*%'$	ë�%"ü�%Áø å"ëÿæ�%µý)$"ë�ù�þ	ë9é�$9þ
ð æ þ[ø å¬ùÈæçë[ý×é�ù*%'$	ë�%"ü�%Áø å"ëÿæ�%µý)$"ë�ù�þ	ë9é�$9þ
ð æ # ø å¬ùÈæçë[ý×é�ù*%'$	ë�%"ü�%Áø å"ëÿæ�%µý)$"ë�ù�þ	ë9é�$9þ
ð æ�ù�üÀø å¬ùÈæçë[ý×é�ù*%'$	ë�%"ü�%Áø å"ëÿæ�%µý)$"ë�ù�þ	ë9é�$9þ

<0�	@D@�L�JMN0O�Z?O�P^N�BDO�I�OmR�GATÅT»=?I0>A@CO�P'�


