Advanced topics in the study of the Riemann zeta function - NTNU 2021

Instructor: Andrés Chirre

PROBLEM SET 4

(41) Prove that for any m,n € Z such that m # n, we have
00 2
/ sin”(mx) do — 0.
—oo (& —n)(z—m)

Conclude that {Sin(z*n)

z—n }n ¢z 18 an orthonormal set in L?(R).

(42) Define the function ¢(z) = F(x) — xg (z), where
T s 2
sin”(7s)
F = — ————2—ds.
(x) /_OO 725(s + 1)2 s
Following the ideas developed in class, prove that for [t| > 1 we have:

- 1
Y(t) = ot

(43) Let 3 < o < 1. Find the asymptotic formulas for

T
/ |C(o +it)|? dt.
1

(44) A classical theorem in the theory of Dirichlet series establishes the following:
Let f : Q — C be a holomorphic function such that €2 contains the strip o7 < Re s < 05. Suppose that
flo+it) = O(es‘“) in the strip o1 < Re s < o9, for every € > 0. Suppose that f(o1 +it) = O(|t|k1)
and f(o2 + it) = O(|t|*2). Then, we have

flo+it) = O(Jt[F),

uniformly for o1 < o < 09, where k(o) is the linear function of o which takes the values k; and ks
for o = 01 and o = o9 respectively.
Hint: See the book The theory of functions by E. C. Titchmarsh, p. 180-181, to see an easy proof.

(45) Let A > 0. Prove that

oo 2(1 — 5(2A 4A2 2
/ {e—w _ e—A} WM ~ log (xj“’) ~ log(4A? + 1),
0

for all x € R.

(46) Let f: R — RU {oo} be the function
4+ 2?
f() = log ( )
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Prove the Proposition mentioned in class: Let A > 1. Then, there is an even entire function
ma : C — C such that:



(a) There is a constant C' > 0 such that for all z € R:

<ma(z) < f(x).

1+ a2
(b) For all z € C we have:
AQ
|mA(Z)| < me%rAﬂmﬂ for all z € C.

(c) ma € LY(R), ma(€) =0 for [£] > A, and ma(§) = O(1).
(d) The distance L!(R) is given by:

~ 1
/ {f($) - mA(:U)}dx = f(g log 2 — 2log(1 + e—47rA)).
o A
(e) When |Imz| < 1 + ¢ and |Rez| — oo we have

|mA(z)(1 + |Z|)2| <a 1.

(47) (Chebychev) We want to prove that there is a constant C' > 0 such that, for z > 2 we have

P(x) = Z Aln) < Cu. (0.1)

n<z

(a) Define the function L(z) = 3, ., log(n). Prove that L(z) = xlogz — z + O(log z).

(b) Prove that
n
1 = = = .
ogn ZA(d) ZA(d>
d|n d|n
(c¢) Prove that

L(z) = dgw@)

(d) Prove that

(e) Prove that
< zlog2+ O(log x).
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(f) Conclude (0.1)).

(48) Prove Hadamard’s three-circles theorem: Let @ C C be an open set such that contains the annulus
r1 < |z| <rs. Let f: Q — C be an holomorphic function. Define M (r) the maximum of |f(z)| on

the circle |z| = r. Then, for r; < ry < r3 we have:

(Mz)log(Tz/Tl) < (Ml)log(TS/TZ) (M3)10g(r2/7“1)_

(49) Prove Borel-Carathéodory theorem: Let 2 C C be an open set such that contains the disc |z| < R.
Then, for 0 < r < R we have that

2r R+r
< .
gllggu(z)\ < e gllgéRef(zH 7, [fO




(50) Let {a,}N_; be complex numbers. Then, we have for T > 2:
T| N

|3 an
0 n=1
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2 N
dt = (T +O(N)) > |an|*.




