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Theorem (Approximation formula)

Let C > 1 and σ0 > 0. Then, for x ≥ 1,

ζ(s) =
∑
n≤x

1

ns
− x1−s

1− s
+ Oσ0,C (x−σ),

uniformly in 0 < σ0 ≤ σ ≤ 1 and |t| < 2πx
C .
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Lemma (Guinand-Weil explicit formula)

Let h(s) be analytic in the strip |Im s| ≤ 1
2 + ε for some ε > 0, and

assume that |h(s)| � (1 + |s|)−(1+δ) for some δ > 0 when
|Re s| → ∞. Then

∑
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h
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)
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2π
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− log π
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Theorem (Montgomery-Vaughan)

Let λ1, λ2, · · ·, λN be real numbers such that |λm − λn| ≥ δn > 0
when m 6= n. Let a1, a2, · · ·, aN be complex numbers. Then∣∣∣∣∣

N∑
m,n=1
n 6=m

aman
λm − λn

∣∣∣∣∣ ≤ C
N∑

n=1

|an|2

δn
.

1 Montgomery-Vaughan (1971) proved the result with constant
3π/2.

2 Preissman (1983) proved the result with constant 4π/3.

3 Carneiro and Littmann have a smaller proof with constant 2π.

4 Conjecture: π.
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Variation of the Beurling’s problem

Let sgn : R→ R defined by

sgn(x) =


1 si x > 0

0 si x = 0

−1 si x < 0

Let E be the set of functions f : C→ C such that:

1 f is a real entire function of exponential type 2π.

2 f (x) ≥ sgn(x) for all x ∈ R.

3 f is increasing in (−∞, 0) and decreasing in (0,∞).

Find

ı́nf
f ∈E

∫ ∞
−∞

(
f (x)− sgn(x)

)
dx .
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x+
0 -problem

Let x+0 : R→ R defined by

x+0 (x) =


1 si x > 0

1
2 si x = 0

0 si x < 0

Let E be the set of functions f : C→ C such that:

1 f is a real entire function of exponential type 2π.

2 f (x) ≥ x+0 (x) for all x ∈ R.

3 f is increasing in (−∞, 0) and decreasing in (0,∞).

Find

ı́nf
f ∈E

∫ ∞
−∞

(
f (x)− x+0 (x)

)
dx .
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Answer of the problem: Carneiro and Littmann

ı́nf
f ∈E

∫ ∞
−∞

(
f (x)− x+0 (x)

)
dx = 1.

F (x) = −
∫ x

−∞

sin2(πs)

π2s(s + 1)2
ds.
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Mean value of ζ(s): the second moment

Estimate: for σ > 0 and T > 0 large

1

T

∫ T

1
|ζ(σ + it)|2dt
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Let σ > 1. Then:

ĺım
T→∞

1

T

∫ T

1
|ζ(σ + it)|2dt = ζ(2σ).
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For 1
2 ≤ σ ≤ 1, we want to study:∫ T

1
|ζ(σ + it)|2dt
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It is time to use the things that we have learned until now!



Class 13: Mean values for ζ(s)

Theorem (Approximation formula)

Let C > 1 and σ0 > 0. Then, for x ≥ 1,

ζ(s) =
∑
n≤x

1

ns
− x1−s

1− s
+ Oσ0,C (x−σ),

uniformly in 0 < σ0 ≤ σ ≤ 1 and |t| < 2πx
C .

In particular, take C = π, x = 2T , with T ≥ 1. Therefore, for
1
2 ≤ σ ≤ 1 we have

ζ(σ + it) =
∑
n≤2T

1

nσ+it
− 21−(σ+it)T 1−(σ+it)

1− (σ + it)
+ O(T−σ),

uniformly in |t| < 4T .
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For 1
2 ≤ σ ≤ 1 we have
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∑
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Therefore:∫ 2T

T
|ζ(σ + it)|2dt

=

∫ 2T

T

∣∣∣∣∣ ∑
n≤2T

1

nσ+it

∣∣∣∣∣
2

dt + O

(
T 1−σ

∑
n≤2T

1

nσ

)
+ O

(
T 1−2σ).
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∫ 2T

T

∣∣∣∣∣ ∑
n≤2T

1

nσ+it

∣∣∣∣∣
2

dt =
∑

m,n≤2T

1

mσnσ

∫ 2T

T

(m
n

)it
dt

=
∑
n≤2T

1

n2σ
T +

∑
m,n≤2T
m 6=n

1

mσnσ

(
(m/n)2iT − (m/n)iT

i log(m/n)

)

=
∑
n≤2T

1

n2σ
T +

∑
m,n≤2T
m 6=n

(
m−σ+2iTn−σ−2iT

i(logm − log n)

)

+
∑

m,n≤2T
m 6=n

(
m−σ+iTn−σ−iT

i(logm − log n)

)
.

Montgomery-Vaughan inequality!
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We are going to explore:

∑
m,n≤2T
m 6=n

m−σ+iTn−σ−iT

i(logm − log n)

We have:

1 am = m−σ+iT ;

2 λm = logm;

3 δm = 1
2m .

Then ∣∣∣∣∣ ∑
m,n≤2T
m 6=n

m−σ+iTn−σ−iT

i(logm − log n)

∣∣∣∣∣ ≤ C
∑
n≤2T

|n−σ+iT |2
1
2n

.
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∫ 2T

T

∣∣∣∣∣ ∑
n≤2T

1

nσ+it

∣∣∣∣∣
2

dt =
∑
n≤2T

1

n2σ
T +

∑
m,n≤2T
m 6=n

(
m−σ+2iTn−σ−2iT

i(logm − log n)

)

+
∑

m,n≤2T
m 6=n

(
m−σ+iTn−σ−iT

i(logm − log n)

)
.
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∫ 2T

T

∣∣∣∣∣ ∑
n≤2T

1

nσ+it

∣∣∣∣∣
2

dt =
∑
n≤2T

1

n2σ
T +

∑
m,n≤2T
m 6=n

(
m−σ+2iTn−σ−2iT

i(logm − log n)

)

+
∑

m,n≤2T
m 6=n

(
m−σ+iTn−σ−iT

i(logm − log n)

)

=
∑
n≤2T

1

n2σ
T + O

( ∑
n≤2T

1

n2σ−1

)
.
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Therefore:∫ 2T

T
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=

∫ 2T

T

∣∣∣∣∣ ∑
n≤2T

1

nσ+it

∣∣∣∣∣
2

dt + O

(
T 1−σ

∑
n≤2T

1

nσ

)
+ O

(
T 1−2σ).
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Therefore:∫ 2T

T
|ζ(σ + it)|2dt =

∑
n≤2T

1

n2σ
T + O

( ∑
n≤2T

1

n2σ−1

)

+ O

(
T 1−σ

∑
n≤2T

1

nσ

)
+ O

(
T 1−2σ).
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Therefore, for T ≥ 2 we have:

1 If σ = 1
2 : ∫ 2T

T
|ζ(12 + it)|2dt = T logT + O(T ).

2 If 1
2 < σ < 1:∫ 2T

T
|ζ(σ + it)|2dt = ζ(2σ)T + O

(
T 2−2σ

1− σ

)
.

3 If σ = 1: ∫ 2T

T
|ζ(1 + it)|2dt = ζ(2)T + O(logT ).
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We conclude using a dyadic argument.∫ T

1
|ζ(12 + it)|2dt = T logT + O(T ).

Refined result:∫ T

1
|ζ(12 + it)|2dt = T logT − (1 + log 2π − 2γ)T + O(E (T )).

1 Ingham (1928) E (T )� T 1/2 logT .

2 Titchmarsh (1934) E (T )� T 5/12 log2 T .

3 Balasubramanian (1978) E (T )� T 27/82+ε.

4 Watt (2010) E (T )� T 131/416+ε.

5 Conjecture: E (T )� T 1/4+ε.
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Conjecture

For k > 0 ∫ 2T

T
|ζ(12 + it)|2kdt ∼ CkT (logT )k

2
.

1 Hardy and Littlewood (1918): k = 1.

2 Ingham (1926): k = 2.

3 For the other values it is unknown.

4 Currently, there are some lower bounds and upper bounds,
assuming RH and also without assuming RH (Heath-Brown,
Radziwill, Soundararajan, Harper, Winston Heap).
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