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Theorem (Approximation formula)

Let C > 1 and σ0 > 0. Then, for x ≥ 1,

ζ(s) =
∑
n≤x

1

ns
− x1−s

1− s
+ Oσ0,C (x−σ),

uniformly in 0 < σ0 ≤ σ ≤ 1 and |t| < 2πx
C .
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Lemma (Guinand-Weil explicit formula)

Let h(s) be analytic in the strip |Im s| ≤ 1
2 + ε for some ε > 0, and

assume that |h(s)| � (1 + |s|)−(1+δ) for some δ > 0 when
|Re s| → ∞. Then

∑
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iu
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− log π
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− log n
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Theorem (Montgomery-Vaughan)

Let λ1, λ2, · · ·, λN be real numbers such that |λm − λn| ≥ δn > 0
when m 6= n. Let a1, a2, · · ·, aN be complex numbers. Then∣∣∣∣∣

N∑
m,n=1
n 6=m

aman
λm − λn

∣∣∣∣∣ ≤ C
N∑

n=1

|an|2

δn
.

1 Montgomery-Vaughan (1971) proved the result with constant
3π/2.

2 Preissman (1983) proved the result with constant 4π/3.

3 Carneiro and Littmann have a smaller proof with constant 2π.

4 Conjecture: π.
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Therefore, for T ≥ 2 we have:

1 If σ = 1
2 : ∫ 2T

T
|ζ(12 + it)|2dt = T logT + O(T ).

2 If 1
2 < σ < 1:∫ 2T

T
|ζ(σ + it)|2dt = ζ(2σ)T + O

(
T 2−2σ

1− σ

)
.

3 If σ = 1: ∫ 2T

T
|ζ(1 + it)|2dt = ζ(2)T + O(logT ).
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For T ≥ 3 we have:∫ T

1
|ζ(12 + it)|2dt = T logT − (1 + log 2π − 2γ)T + O(E (T )).

1 Ingham (1928) E (T )� T 1/2 logT .

2 Titchmarsh (1934) E (T )� T 5/12 log2 T .

3 Balasubramanian (1978) E (T )� T 27/82+ε.

4 Watt (2010) E (T )� T 131/416+ε.

5 Conjecture: E (T )� T 1/4+ε.
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Now, we want to bound ζ(s) in the critical strip!
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For Re s > 1 we have

ζ(s) =
∞∑
n=1

1

ns

Then, for Re s ≥ 1 + δ > 1, we have

|ζ(s)| ≤ Cδ.
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For Re s > 0, we have

ζ(s) = 1 +
1

s − 1
+ s

∫ ∞
1

[t]− t

ts+1
dt.

Then, s = σ + it, with 1
2 ≤ σ ≤ 1 + δ, |t| ≥ 2 we have

ζ(s) = O(|t|).
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1
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+ s
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[t]− t

ts+1
dt.

Then, s = σ + it, with 1
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Therefore, we conclude that for σ ≥ 1
2 :

ζ(s) = O(|t|).
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Recalling the functional equation:

π−s/2ζ(s)Γ

(
s

2

)
= π−(1−s)/2ζ(1− s)Γ

(
1− s

2

)
.

Then, we write
ζ(s) = χ(s) ζ(1− s),

where

χ(s) =
π−(1−2s)/2 Γ

(
1−s
2

)
Γ
(
s
2

) .
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We explore the function:

χ(s) =
π−(1−2s)/2 Γ

(
1−s
2

)
Γ
(
s
2

) ,

using your favorite Stirling’s formula: for a fixed δ > 0 and
−π + δ < arg(s) < π − δ, show that

log Γ(s) =

(
s − 1

2

)
log s − s +

1

2
log 2π + O(|s|−1),

as |s| → ∞. Then, we get for any fixed strip α ≤ σ ≤ β, as
t →∞:

χ(s) =

(
2π

t

)σ+it− 1
2

e i(t+
π
4
)

(
1 + O

(
1

t

))
.
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Then, for α ≤ σ ≤ β, as t →∞:

|χ(s)| ∼
(

2π

t

)σ− 1
2

.

From
ζ(s) = χ(s) ζ(1− s),

we get
ζ(s) = O(|t|1/2−σ), for −M ≤ σ ≤ −δ,

and
ζ(s) = O(|t|3/2+δ), for σ ≥ −δ.
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Then, for α ≤ σ ≤ β, as t →∞:

|χ(s)| ∼
(

2π

t

)σ− 1
2

.

From
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Therefore, for any semiplane σ ≥ σ0 we have

|ζ(s)| = O(|t|k),

for some k depending on σ0. This implies that ζ(s) is a function of
finite order in the sense of the theory of Dirichlet series.
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For any σ we define µ(σ) as the infimum of the values ξ such that

ζ(σ + it) = O
(
|t|ξ
)
.
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What is the value of µ
(

1
2

)
?

We have proved that: ζ(s) = O(|t|), for Re s ≥ 1/2.
Then:

µ

(
1

2

)
≤ 1.
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Using the approximation formula:

Theorem

Let C > 1 and σ0 > 0. Then, for x ≥ 1,

ζ(s) =
∑
n≤x

1

ns
− x1−s

1− s
+ Oσ0,C (x−σ),

uniformly in 0 < σ0 ≤ σ ≤ 1 and |t| < 2πx
C .

we have

ζ

(
1

2
+ it

)
=
∑
n≤t

1

n
1
2
+it
− t

1
2
−it

1
2 − it

+ O(t−
1
2 ).
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From

ζ

(
1

2
+ it

)
=
∑
n≤t

1

n
1
2
+it
− t

1
2
−it

1
2 − it

+ O(t−
1
2 ),

we get ∣∣∣∣ζ(1

2
+ it

)∣∣∣∣ ≤∑
n≤t

1

n
1
2

+ O(t−
1
2 ).

This implies that

µ

(
1

2

)
≤ 1

2
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From

ζ
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1

2
+ it
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∑
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+it
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−it
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Using the theory of Dirichlet series we can improve the previous
bound.

A classical theorem in the theory of Dirichlet series
establishes the following:
Let f : Ω→ C be a holomorphic function such that Ω contains the
strip σ1 ≤ Re s ≤ σ2. Suppose that f (σ + it) = O

(
eε|t|

)
in the

strip σ1 ≤ Re s ≤ σ2, for every ε > 0. Suppose that
f (σ1 + it) = O

(
|t|k1

)
and f (σ2 + it) = O

(
|t|k2

)
. Then, we have

f (σ + it) = O
(
|t|k(σ)

)
,

uniformly for σ1 ≤ σ ≤ σ2, where k(σ) is the linear function of σ
which takes the values k1 and k2 for σ = σ1 and σ = σ2
respectively.
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We apply this result for ζ(σ + it). Let σ1 ≤ σ ≤ σ2. We have that
ζ(σ1 + it) = O(|t|µ(σ1)+ε) and ζ(σ2 + it) = O(|t|µ(σ2)+ε). Then,
for σ1 ≤ σ ≤ σ2:

ζ(σ + it) = O(|t|k(σ)),

where k(σ) =
(σ2 − σ)(µ(σ1) + ε) + (σ − σ1)(µ(σ2) + ε)

σ2 − σ1
.

Therefore, for σ1 ≤ σ ≤ σ2:

µ(σ) ≤ (σ2 − σ)µ(σ1) + (σ − σ1)µ(σ2)

σ2 − σ1
.

We conclude that µ(σ) is a convex function.



Class 14: Lindelöf hypothesis
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Proposition

The function µ satisfies the following conditions:

1 µ is a convex function.

2 µ is a continuous function.

3 µ(σ) ≥ 0.

4 µ(σ) = 0, for σ ≥ 1.

5 µ(σ) = 1
2 − σ, for σ ≤ 0.

6 µ is a decreasing function.
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In particular, using the fact that µ(0) = 1
2 and µ(1) = 0, it follows

for 0 < σ < 1:

µ(σ) ≤ 1

2
− σ

2
.

Therefore,

µ

(
1

2

)
≤ 1

4
.

This implies that ∣∣∣∣ζ(1

2
+ it

)∣∣∣∣ = O
(
|t|

1
4
+ε
)
.

This is called: Convexity bound
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Lindelöf hypothesis-1908
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Riemann hypothesis implies Lindelöf hypothesis



Class 14: Lindelöf hypothesis

The next class with Bondarenko!


