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Define No(T) =#{p=B+iv: =13, ((p)=0,0<y< T}
Riemann hypothesis is equivalent to No(T) = N(T).

Dave Platt and Tim Trudgian, 21 April 2020:
The Riemann Hypothesis is true up to height 3 x 102,
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Theorem (Hardy and Littlewood: 1921)
For T > 15 we have

No(T)> T,
where No(T) is the number of zeros p = % +iywith0 <~y < T.
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Define (1
H(s +iu
Z(u)=—2 1+ i),
(U) |H(%+IU ‘C(z IU)
and A
/(t)—/ Z(u)du,
t
Lemma

Forl1 <A< TY® we have:

2T
/ [1(t)]?dt < AT.
.



Class 23: Zeros on the critical line Il

Proof of Lemma

By the convexity bound we have that

2T
/ [1(t))?dt
;

2T A

= / / Z(t+u)du
T 0
A pA p2T

:/ / / Z(t+ u)Z(t+ up)dtdu dus
0 0 T
A pA p2T

= / / / Z(t)Z(t + uy — up) dt dug dup + O(A3TY?)
0 0 T

A 2T
:/ (A—|u|)/ Z(t)Z(t + u)dtdu+ O(A3TY?).
_A T

dt
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Using Stirling’s formula, we have that

H(5 + it)H(5 + it +iu) <27T>iu/2 o 21
|HG + it)H(E + it + iu)] t T ’

for T<t<2T and |u| <A.




Class 23: Zeros on the critical line Il

Using Stirling’s formula, we have that

H(S +it)H(E + it +iu) <27r>"“/2 i o 41

|HG + it)H(3 + it + iu)] t T ’
for T <t <2T and |u| < A. Then, using the convexity bound
and the approximation formula we have

iu/2
Z(t)Z(t+u):C(%+/t)C( +it+iu < :) +0(A%2TY/?)
27

iu/?2
Z O(A2 —1/2)
) ()
1<m,n<T
_1/2 1 ~1/2 1
ro(r ) S e ) +o (77| T s

n<T m<T

)
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2T 2T 1 o\t owm2 /2
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2T 2T 1/ m\t /o m2\ /2
ZtZt+udt:/ <> < ) dt
| zwzteraae= | P ONG

+ O(A%TY?) + O((log T)Y/2TY/?).
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2T
[ oa:
;
A 2T
:/ (A — |u|)/ Z(t)Z(t + u)dtdu+ O(A3T/?)
- T
= Y S 4 0(A%(log T)Y2TY?) + O(A*TY?),

1<m,n<T
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2T
[ oa:
;
A 2T
:/ (A — |u|)/ Z(t)Z(t + u)dtdu+ O(A3T/?)
- T
= Y S 4 0(A%(log T)Y2TY?) + O(A*TY?),
1<m,n<T
where

cmm) = [ AA(A ) [ Y (T)it(z”f)i"/zdtdu.
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Then, we should prove that

> <<AT

1<m,n<T
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clm.n) = | AA(A ~lul) [ Y (f)it<2”[”2)i"/2dtdu
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clm.n) = | AA(A ~lul) [ Y (f)it<2”[”2)i"/2dtdu

Then
2T it 2
c(m, n) :A2/ (m> F(Alog 2mm )dt,
T n 4 t
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clm.n) = | AA(A ~lul) [ Y (f)it<2”[”2)i"/2dtdu

Then
2T it 2
c(m, n) :A2/ (m> F(Alog 2mm )dt,
T n 4 t

where
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In the case m = n we have

y 8o v A2/2T <| 2mm’ )dt

1<m<T 1<m<T
2T/m o
= A? Z / < Iog>dt
1<m<T T/m?
2T 8T/y A 2
§A2/ y / F(log”>dt dy
1 T/y2 4 t
< AT.

In the case m # n, we use integration by parts to obtain the
desired result.
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critical line.
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1914: Hardy showed that ((s) has infinitely many zeros on the
critical line.

1921: Hardy and Littlewood showed that No(T) > T.

1942: Selberg (mollifier) showed that No(T) > Tlog T.

1950: Min showed that No(T) > 15505005 N( T)-

1974: Levinson showed that No(T) > 3N(T).
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1

BEoEN

1914: Hardy showed that ((s) has infinitely many zeros on the
critical line.

1921: Hardy and Littlewood showed that No(T) > T.

1942: Selberg (mollifier) showed that No(T) > Tlog T.
1950: Min showed that No(T) > 15505005 N( T)-

1974: Levinson showed that No(T) > 3N(T).

1989: Conrey showed that No(T) > 2N(T).
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1

(~ o I I~ I

1914

Hardy showed that ((s) has infinitely many zeros on the

critical line.

1921:
1942:
1950:
1974:
1989:
2011:

Hardy and Littlewood showed that No(T) > T.
Selberg (mollifier) showed that No(T) > T log T.
Min showed that No(T) > 1s5d5555 V( T)-
Levinson showed that No(T) > 3N(T).

Conrey showed that No(T) > ZN(T).

Bui, Conrey and Young: No(T) > 705 N(T).
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More conjectures

The Riemann hypothesis;

Asymptotic formulas for the maximum of [((3 + it)| and S(¢t);
The moments of the Riemann zeta-function;

Montgomery's pair correlation conjecture;

The ratios conjecture;

@ Goldbach conjecture;

More more more;
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