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Review

Review:

The Riemann ξ-function is an entire function of order 1, defined as:

ξ(s) =
1

2
s(s − 1)π−s/2 Γ

(
s

2

)
ζ(s),

and ξ(s) = ξ(1− s).
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Review

The theory of entire functions give us:

1 Hadamard product:

ξ(s) = eA+Bs
∏
ρ

(
1− s

ρ

)
es/ρ.

2 For any ε > 0, ∑
ρ

1

|ρ|1+ε
<∞.

3 ξ(s) has infinity zeros.

4 ∑
ρ

1

|ρ|
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Review

Theorem (Hadamard, de la Vallée -Poussin 1896)

For t ∈ R, we have ζ(1 + it) 6= 0.
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Review

Theorem

There is C > 0 such that ζ(s) has no zeros in the region

σ ≥ 1− C

log t
,

with t ≥ 2.
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The function N(T)

Definition

Let T ≥ 2 such that T is not the ordinate of a zero of ζ(s).
Let N(T ) be the number of non-trivial zeros of ζ(s) such that
their imaginary parts are < T .

N(T ) = #{ρ = β + iγ : 0 < β < 1, ζ(ρ) = 0, 0 < γ < T},

counting with multiplicity.
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The function N(T)

Definition

Let T ≥ 2 such that T is not the ordinate of a zero of ζ(s).
Define

S(T ) =
1

π
arg ζ

(
1

2
+ iT

)
,

where the argument is defined by the continuous variation along
straight line segments joining the points 2, 2 + iT and 1/2 + iT ,
with arg ζ(2) = 0.
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The function N(T)

Proposition (Riemann-von Mangoldt Formula)

Let T ≥ 2 such that T is not the ordinate of a zero of ζ(s). Then

N(T ) =
T

2π
log

T

2π
− T

2π
+

7

8
+ S(T ) + O

(
1

T

)
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2πi

∫
C

ξ′(s)

ξ(s)
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N(T ) =
1

2π

(
Im

∫
C2

ξ′(s)

ξ(s)
ds + Im

∫
C3

ξ′(s)

ξ(s)
ds

)
ξ(s) = ξ(1− s) = ξ(1− s), and ξ′(s) = −ξ′(1− s) = −ξ′(1− s)
implies

ξ′(s)

ξ(s)
= −ξ

′(1− s)

ξ(1− s)
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Im

∫
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s − 1
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)
.

2

−Im
∫
C2

log π

2
ds = −T

2
log π.

3

Im

∫
C2

1

2

Γ′

Γ

(
s

2
+ 1

)
ds =

T

2
log

T

2
− T

2
+

3π

8
+ O

(
1

T

)
.



Class 6: The function N(T)

The function N(T)

1

Im

∫
C2

1

s − 1
ds =

π

2
+ O

(
1

T

)
.

2

−Im
∫
C2

log π

2
ds = −T

2
log π.

3

Im

∫
C2

1

2

Γ′

Γ

(
s

2
+ 1

)
ds =

T

2
log

T

2
− T

2
+

3π

8
+ O

(
1

T

)
.



Class 6: The function N(T)

The function N(T)

1

Im

∫
C2

1

s − 1
ds =

π

2
+ O

(
1

T

)
.

2

−Im
∫
C2

log π

2
ds = −T

2
log π.

3

Im

∫
C2

1

2

Γ′

Γ

(
s

2
+ 1

)
ds =

T

2
log

T

2
− T

2
+

3π

8
+ O

(
1

T

)
.



Class 6: The function N(T)

The function N(T)

Nobody said it was easy
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The function N(T)

If T ≥ 2 is the ordinate of a zero of ζ(s), define

N(T ) = ĺım
ε→0+

N(T + ε), and S(T ) = ĺım
ε→0+

S(T + ε).

Proposition (Riemann-von Mangoldt Formula)

Let T ≥ 2 we have

N(T ) =
T

2π
log

T

2π
− T

2π
+

7

8
+ S(T ) + O

(
1

T
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Note that

N(T ) = #{ρ = β + iγ : ζ(ρ) = 0, 0 < γ ≤ T}.
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ε→0+

N(T + ε), and S(T ) = ĺım
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logT , as T →∞
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Preparation to S(T)

Lemma

If ρ = β + iγ runs through the non-trivial zeros of ζ(s) then for
T ≥ 2 we have ∑

ρ

1

1 + (T − γ)2
= O(logT )
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Preparation to S(T)

Let s = σ + it, t ≥ 2 and 1 ≤ σ ≤ 2:

Re − ζ ′

ζ
(s) ≤ C1 log t − Re

∑
ρ

(
1

s − ρ
+

1

ρ

)

Re − ζ ′

ζ
(s) ≤ C1 log t −

∑
ρ

Re
1

s − ρ
−
∑
ρ

Re
1

ρ

Re − ζ ′

ζ
(s) ≤ C1 log t −

∑
ρ

Re
1

s − ρ

Then ∑
ρ

Re
1

s − ρ
≤ C1 log t + Re

ζ ′

ζ
(s).

Leting s = 2 + iT we have∑
ρ

Re
1

2 + iT − ρ
≤ C2 logT
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Preparation to S(T)

∑
ρ

Re
1

2 + iT − ρ
≤ C2 logT

Letting ρ = β + iγ (0 < β < 1) we have

Re
1

2 + iT − ρ
= Re

1

2− β + i(T − γ)
=

2− β
(2− β)2 + (T − γ)2
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1
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4 + (T − γ)2
≥ 1

4 + 4(T − γ)2
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Corollary

For T ≥ 2: ∑
|γ−T |≥1

1

(γ − T )2
= O(logT ).
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