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The Riemann &-function is an entire function of order 1, defined as:

£(6) = 55— 0721 (5)<6o)

and £(s) =¢(1 —s).
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Theorem (Hadamard, de la Vallée -Poussin 1896)
For t € R, we have ((1+ it) # 0.
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There is C > 0 such that ((s) has no zeros in the region

C

c>1———,
logt

with t > 2.
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Definition

Let T > 2 such that T is not the ordinate of a zero of ((s).
Let N(T) be the number of non-trivial zeros of ((s) such that
their imaginary parts are < T.

N(T)=#{p=B+iv:0<B<1,({(p)=0,0<y< T}

counting with multiplicity.
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Let T > 2 such that T is not the ordinate of a zero of ((s).
Define

S(T) = iargC(é—l—iT),

where the argument is defined by the continuous variation along
straight line segments joining the points 2, 2+ iT and 1/2+ /T,
with arg {(2) = 0.
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Let T > 2 such that T is not the ordinate of a zero of ((s).
Define

1 1
5(T)=— —+iT
(T) 7Targc(z +i )
where the argument is defined by the continuous variation along

straight line segments joining the points 2, 2+ iT and 1/2+ /T,
with arg {(2) = 0.
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Proposition (Riemann-von Mangoldt Formula)

Let T > 2 such that T is not the ordinate of a zero of ((s). Then

T T T 7

== =4

1
N(T) = 5—log 5 — 5 8+5(T)+O<T>
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Argument principle
1 [€(s)

N = —
( 27 C 5(5)

ds
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N(T) = 1 Im €()d

¢ €0)
([ €0 SO EON
N(T)_ZW(I /Cl f(S)d s+Im | gy dstim | €(S)d)



N(T) = - (Im €6 4o 4 [ £E) ds)

e §(s) s §(s)
f(s)=¢&(L—s)=¢(1~53),and &'(s) = =& (1 —s5) = =¢'(1 - 3)

implies
g(s) _ §1-53)

&s)  &1-9)°
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Logarithmic derivative of £(s):
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Nuj:imlczgds

Remember:

1 s
I —s/2

2 )<
£(s) = (s~ D 5/2r( 1))

Logarithmic derivative of £(s):

gs) 1 logm 1T (s ¢'(s)
£€(s) s—1 2 +2r< >+ '
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|
7N(T) = Im ds —Im | BTgs
C S— c 2
1F'<s > ¢!
+ Im ——|=+4+1)ds + Im -(s)ds.
C 2T\ 2 C C( )
Note that

Im —,(5) ds =nS(T).
e ¢
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Nobody said it was easy

#Coldplay #TheScientist #ARushofBloodtotheHead

Coldplay - The Scientist (Official Video)
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[
7N(T) = Im ds —Im [ 274
Czs_ Co 2
1M (s ¢’

+Im/<+1>ds—|—1m >(s)ds

c2 2T C C( )

T T T 3« 1

=35~ Iog7r+ Iog 5 2+8+O<T>+7TS(T).



Class 6: The function N(T)
L The function N(T)

log 7

7wN(T) = Im ds — Im

Czs_ Co 2
1M (s ¢’
+Im/<+1>ds—|—1m >(s)ds
c 21 \2 czC()

T T T T 3 1
2Iog7r+2|og—+7r—|—0<> +7S(T).

ds

2 2 28 T

T T T 7 1
N(T)= —log— — — + L4 (T ).
(T) = orloe o =5 T g +5( )+O<T>
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N(T) = %IogT—I—O(T) —Iog T<1+O< ;T)>

T
N(T)wglogT, as T — o0
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Lemma

If p = B + iy runs through the non-trivial zeros of ((s) then for
T > 2 we have

1
> TR O(log T)

p



Class 6: The function N(T)
LF’reparation to S(T)

Lets=c+it, t>2and 1 <o <2;

Re—ij(s)ﬁCﬂogt—Re?(sip—&-;)
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!/

¢ 1 1
Re — 2 (s) < Glogt — Re — Re —
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Then

1 ¢
g Re < Cilogt+ Re Z(s)
p

s—p
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Lets=c+it, t>2and 1 <o <2;

!/

Re—i(s)ﬁCﬂogt—ReZ( ! +1>
P

s—=p P

!/

¢ 1 1
Re — 2 (s) < Glogt — Re — Re —
C() 1 ; s—p ; P

¢ 1
Re — = (s SCIogt—ERe
C() . s
Then
1 ¢!
g Re < Cilogt + Re >(s).
B s—p ¢

Leting s =2+ iT we have

1
< GlogT
Zp:Re2+iT—p_ 2708
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zp:Re2—|—iT—p_ 2 log

Letting p = 5+ iy (0 < 8 < 1) we have
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1
— < Glog T
zp:Re2—|—iT—p_ 2 log

Letting p = 5+ iy (0 < 8 < 1) we have
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1 1
— = <N Re——— < GlogT.
%:4+4(T—7)2_zp: oy, =208
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S — Re—— < GlogT.
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1
<y <4Glogt.
O—Zp:H(T—W— 208
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1 1
S — Re—— < GlogT.
Z4+4(T )2 Z 24T —p= 2%

Therefore )
0< — < 4G logt.
_Zp:l+(T—'y)2 =208
This implies that
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Corollary

For T > 2, the number of non-trivial zeros of ((s) with
T-1<y<T+1isO(logT).
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Corollary
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