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For Res > 1 we define the Riemann zeta-function ¢(s) by

()=

n=1

For Res > 0,

1 [t] -t
g(s):1+s_1+s/1 o
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Theorem (Approximation formula)

Let C > 1 and og > 0. Then, for x > 1,

1 les B
€6 =2 = 75 T Oroc™);
n<x

2mx

uniformly in 0 < 09 < 0 <1 and [t| < <.
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1 le Tt — ¢t
s/ [] dt.

ns _ N ts+1

N

n=1

Note that the last integral defines an analytic function in Res > 0.
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For Res > 1 and N > 2, using integration by parts:

N
1 le < [t] -t
Z;— — 5/ t5+1 dt

n=1 N

Note that the last integral defines an analytic function in Res > 0.
Then, for Res > 0 and N > 2 we have:

1 Nl—s 00 o
C(S):Z;_ l_s—i—s/ [tt]s+1tdt.

n=1 N
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For Res > 1 and N > 2, using integration by parts:

N
1 le < [t] -t
Z;— — 5/ t5+1 dt

n=1 N

Note that the last integral defines an analytic function in Res > 0.
Then, for Res > 0 and N > 2 we have:

1 Nl—s 00 o
C(S):Z;_ l_s—i—s/ [tt]s+1tdt.

n=1 N

<t -t ||
S/N e} dt=0 5ol7 )

Clearly
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Therefore,
N

1 N
C(s):Z;— 1_5+o<,‘\7(|f>.

n=1

Then, for x > 1 we have for N > x:

Yt ¥ -t o(i)

n<x x<n<N
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1
Yi-zooy o
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We want to explore the oscillatory sums

x<n<N x<n<N x<n<N

1 e—itlogn Nl—s ’S‘
(s)=D_ 5+ 2 — —1_S+O(NU)-

n<x x<n<N
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Lemma

Let F : [a, b] — R be a differentiable function such that F'(x) is
monotonic, and F'(x) > m >0 or F'(x) < —m < 0 in [a, b]. Then

b .
/ elF(x)dX

8
Si
m
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Theorem (Second mean value theorem for integrals)

Let G : [a, b] — R be a monotonic function and f : [a, b] — R be a
Riemann integrable function. Then, there is c € (a, b] such that

[ 0raax = 6 [ rogax+ 660) [ rixga



Class 9: Approximation formula Il
LVan der Corput

Let f : [a, b] — R be a continuously differentiable function such
that f'(x) is monotone and |f'(x)| < § < 1. Then

1
2mi f(n) __ 27i f(x
N e2mifin) / ()dx+0<1_5>

a<n<b
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Proposition

Let f : [a, b] — R be a continuously differentiable function such
that f'(x) is monotone and |f'(x)| < § < 1. Then

1
2mi f(n) __ 27i f(x
N e2mifin) / ()dx+0<1_5>

a<n<b

We can assume that f’(x) is increasing.
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b+
S enifn / €27 F() g []
a<n<b at
b

+— /a 2mi F/(x)e?™ F)[x]dx
/ )

27r1 f(x [X]

b

b
= 2™ T[] 2mi f'(x)e*™ ) (x — [x] — )dx

a

b .
~ [ 2w P
a

— g2 f(x) [X]

b
- / 2mi £(x)e®™ ) (x — [x] — 1)dx

a a

- /b {e2”if(x)}/(x — 2)dx

a
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b b
Z 627rif(n) _ e27’rif(X)[X] +/ i f/(X)e27rif(x)(X_ [X] _ %)dX
a<n<b a a
b ) /
_/ {627”)’()()} (X— %)dx
a
b b )
+ / 2mi F(x)e*™ F) (x — [x] — 1)dx
b b
_/ 27 F(3) g
a a

b b
+ / e27ri f(x)dx
a

_ e27ri f(x) [X]

_ <e27ri f(x)(X . %)

_ e27rif(x)([x] — x+ %)

a

b
- / 2mi F(x)e®™ FO) (x — [x] — L)dx.



Class 9: Approximation formula Il
LVan der Corput

b
S e gt —x— )

a<n<b

b
+ / o271 F) g

a

b
- / 2mi F(x)e®™ ) (x — [x] — 1)dx

b b
= / 2™ F(X)qx + / 27 f’(x)ezm’f(x)(x —[x] = %)dx
+ O(1).
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b b
> e f(">_/e27”' Fdx + /27ri F'(x)e*™ 7 (x — [x] — 3)dx + O(1)

a<n<b a a
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Sawtooth function

x—[x]-3, ifx¢Z

V) = if x € Z.
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Sawtooth function

x—[x]-3, ifx¢Z

v = 0 if x € Z.

We know that for all x € R:

and the partial sums of its Fourier series are uniformly bounded.
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b .
[ om0 - 14 - ax
a
b : 1 <X sin2rmx
_ i 27i f(x
——/a 2wif'(x)e ( )<7Tm§:1m dx

0o b ' 0
:—Z/ 2i f(x)e2m ) de (DCT)
m=1"2

1 [P , : .
— Z - / f/(X)e27rl f(x) (627rlm>< _ e—27nmx)dx‘
m=1 mJa
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b
Z e?mif( ”)—/ 2™ () dx + /27Ti F/(x)e2™ F0) (x — [x] — $)dx + O(1)

a<n<b a

b
:/e2”if(x)dx—|— Oo(1)
a

> l 27rlf(x) 2wimx __ —2mimx
mZ_: m/ ( e )dX.



Class 9: Approximation formula Il
LVan der Corput

Lemma

Let f : [a, b] — R be a continuously differentiable function such
that f'(x) is increasing and |f'(x)| < 6 < 1. Then

NE

l /b f-/(X)e27ri(f(X)+mx) dx=0 1
m J, B 1-6)’

3
Il
N

and

NE

1/b f/( ) 27i(f(x)—mx) dx=0 1
m/, X)e X = 1-5 .

3
Il
N
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>

m=1

1 [b )
- / f/(x)e27”(f(X)+mx) dx
mJ,

b .
/Qf/(X) cos(2m(f(x) + mx))dx:;W/af/f()

09 1 (Sin(@r(F(x) + mx))) dx
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>

m=1

1 [P ;
- / f-/(X)e27rl(f(X)+mx) dx
mJ,

/l:"(x) cos(2m(f(x) + mx))dx—l/bfl(x)(sin(2 (f(x)+ mx)))/dx
R " 2 ), f'(x)+m m
The function x — f/(f;(i)i)m is monotone and using the second mean

value theorem of integrals we get
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>

m=1

1 [P ;
- / f-/(X)e27rl(f(X)+mx) dx
mJ,

/l:"(x) cos(2m(f(x) + mx))dx= 1 ﬂ(sin@ (f(x)+ mx)))/dx
R " 2 ), f'(x)+m m
The function x — f/(f;(i)i)m is monotone and using the second mean

value theorem of integrals we get

/ab f,(fl(x)(sin(27r(f(x) + mx))) dx = o( d >

X)+m —6+m
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>

m=1

1 [P ;
- / f-/(X)e27rl(f(X)+mx) dx
mJ,

1 [P f(x)

o). m(sin(%r(f(x) + mx)))’dx

b
/af’(x) cos(2m(f(x) + mx))dx=

!
The function x — f,'(c& is monotone and using the second mean
x)+m

value theorem of integrals we get

/ab f,(fl(x)(sin(27r(f(x) + mx))) dx = o( d >

X)+m —6+m

Then

/ /() cos(2r(F(x) + mx))idx = o(_ = m).
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/ai;"(x) cos(2m(f(x) + mx))dx = O(—(Si- m>’
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/ () cos(2m(F(x) + mx))dx = o)

Similarly

-+ m

/a I;I(X)Sin(27r(f(x) + mx))dx = O ( 5 )
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/a F1(x) cos(2m(F(x) + mx))dx — O( 5 >

—0+m
Similarly
b 0
/af/(x) sin(27(f(x) + mx))dx = O<—5 + m).
Then

b ' .
/f/(x)e27rl (f(X)+mx)dX _ O< )

) -0+ m
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/a F1(x) cos(2m(F(x) + mx))dx — O( 5 >

—0+m
Similarly
b 6
/af (x)sin(27(f(x) + mx))dx = O<_5 : m)
Then / [}/(x)ezﬂ,-(f(xnmx) I — o< 5 )
) -0+ m
Therefore:

27r/(f( )+mx)

3|~
n\

il dx<<zg+m)zo<115)
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> |q b .
Z - / f'/(X)e2ﬂ'l(f(X)me) dx
mJ,
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L7 oy a2 -me)
Zm/af(x)e

m=1

dx

b b /(x
/a /(x) cos(2(F(x) — mx))dx:% / e 9

m(sin(Qw(f(x) — mx))) dx



Class 9: Approximation formula Il
LVan der Corput

| L[ oy e2mit ) -me)
Zm/af(x)e

m=1

dx

b b /(x
/af/(X) cos(2m(f(x) — mX))dX:2177/af/(i<)(_)m

!
The function x — % is monotone and using the second mean

value theorem of integrals we get

(sin(2m(f(x) — mx))) dx
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| L[ oy e2mit ) -me)
Zm/af(x)e

m=1

dx

b b /(x
/af/(X) cos(2m(f(x) — mX))dX:2177/af/(i<)(_)m

!
The function x — % is monotone and using the second mean

value theorem of integrals we get

/ab ,n(fl(x)(sin(%(f(x) — mx)))"dx = o<5>'

X)—m m—9

(sin(2m(f(x) — mx))) dx
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| L[ oy e2mit ) -me)
Zm/af(x)e

m=1

dx

b b /(x
/af/(X) cos(2m(f(x) — mX))dX:2177/af/(i<)(_)m

!
The function x — % is monotone and using the second mean

value theorem of integrals we get

/ab ,n(fl(x)(sin(%(f(x) — mx)))"dx = o<5>'

X)—m m—9

(sin(2m(f(x) — mx))) dx

Then:

/;"(x) cos(2m(f(x) — mx))dx = O<6>.

m-—290
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/a bf’(x) cos(2m(f(x) — mx))dx = O <5>

m-—90
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/a bf’(x) cos(2m(f(x) — mx))dx = O <5>

m-—90

Similarly

/a l;"(x) sin(2r(f(x) — mx))dx = O <5>

m-—290
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/a bf’(x) cos(2m(f(x) — mx))dx = O <5>

m-—90

Similarly

/a l;"(x) sin(2m(f(x) — mx))dx = O (mé_5>

1 2 (F()=mx) 0
Lf(x)e dX:O(rn-é)

Then
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/a bf’(x) cos(2m(f(x) — mx))dx = O <5>

m-—24
Similarly
b )
/af (x) sin(27w(f(x) — mx))dx = O(m—(5>
Then b o 5
/af (x)e2m (FO)=mx) g — O<m—6>
Therefore:

27rl(f(><) mx)

10) 1
dx<<z (m_5)<<1_5.

Sl—l
—
o—

>

m=1
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Let f : [a, b] — R be a continuously differentiable function such
that f'(x) is monotone and |f'(x)| < & < 1. Then

1
2mi f(n) __ 27i f(x
N e2mifn) / ()dx+0<1_6>

a<n<b
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Proposition

Let f : [a, b] — R be a continuously differentiable function such
that f'(x) is monotone and |f'(x)| < < 1. Let g : [a,b] — R be a
continuously differentiable, positive and decreasing function. Then

3 sl n)esz”)—/ ()2 70y +O<g(a)>‘

a<n<b 1-8
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Let C>1landog>0.Fors=0+itwith0 <o <o0p<1and
x > 1 we have for N > x:

yiiy L ’V“+o<l‘vi',).

n<x x<n<N
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Let C>1landog>0.Fors=0+itwith0 <o <o0p<1and
x > 1 we have for N > x:

yiiy L ’V“+o<l‘vi',).

n<x x<n<N

Sy Y TR,

n<x x<n<N
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Let C>1landog>0.Fors=0+itwith0 <o <o0p<1and
x > 1 we have for N > x:

DL e (A

n<x x<n<N

Z—+Z - NIS+O<I|\7(|T>.

n<x x<n<N

ns n° 1-s Neo

L2mi(=550) 1-s
=iy Vo)
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1 27ri($frg") N1-s
()= —+ 3 ¢ +o<5|).

ns nc 1-—s '
n<x x<n<N

Assume that 0 < t < 2Z. Define the functions f, g : [x, N] = R

tlogu 1
fu)=— 5 and g(u):F.

Note that f'(u) = —55-, and |f/(x)| < %.

2mu?
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1 27ri($frg") N1-s
()= —+ 3 ¢ +o<5|).

ns nc 1-—s '
n<x x<n<N

Assume that 0 < t < 2Z. Define the functions f, g : [x, N] = R

tlogu 1
f = — = —.
(u) 5 and g(u) "
Note that f'(u) = —55-, and |f/(x)| < %.

These functions satisfy our conditions in the last proposition. Then:

—tlogn)

eZTri( o N 1 Ve
| Xsd”O(l_l/c)'

x<n<N
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27rl( tlog") N 1
- / — dx+ Oc 00 (x7),
x<n<N x
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27”( tlogn

/ fdx—i-OCUO( )
x<n<N n’

1 N1 oy NS s
C(S)—Zns—f—/x ;dx+0c7go(x )—l_s—l—O(I‘Vl).
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27”( tlogn
/dX+OCUO( )
x<n<N n’
Then
1 N1 N1-s |s|
= — —d Ocoi(x77) — ol — ).
() ;an+/x St Ocn() = 1 + O o)
This implies
1 oy o[
C(S) = ; — 1_s =+ OC,O’o(X )+ O<I\/U)
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27”( tlogn
/dX+OCUO( )
x<n<N n’
Then
1 N1 N1-s |s|
= — —d Oc.oo(x79) — ol —|.
() ;an+/x St Ocn() = 1 + O o)
This implies
1 xi=s |s]
= _— O P -0 O -
¢(s) 2 T Coo(X77) + <NU)

Letting N — oo we conclude.
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