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SOME EXTREMAL FUNCTIONS IN FOURIER ANALYSIS. II

EMANUEL CARNEIRO AND JEFFREY D. VAALER

ABSTRACT. We obtain extremal majorants and minorants of exponential type
for a class of even functions on R which includes log|z| and |z|%, where
—1 < o < 1. We also give periodic versions of these results in which the ma-
jorants and minorants are trigonometric polynomials of bounded degree. As
applications we obtain optimal estimates for certain Hermitian forms, which
include discrete analogues of the one dimensional Hardy-Littlewood-Sobolev
inequalities. A further application provides an Erdos-Turdn-type inequality
that estimates the sup norm of algebraic polynomials on the unit disc in terms
of power sums in the roots of the polynomials.

1. INTRODUCTION

In this paper we consider the following extremal problem. Let f: R — R be a
given function. Determine real entire functions G : C — C and H : C — C such
that G and H have exponential type at most 27, and satisfy the inequality

(1.1) G2) < f() < H()
for all real z. Also, among such functions G and H, determine those for which the
integrals

(12) | U@-cwya ma [ e - s@) a

are minimized. By a real entire function we understand an entire function that
takes real values at points of R.

In the special case f(x) = sgn(z), an explicit solution to this problem was found
in the 1930s by A. Beurling, but his results were not published at the time of
their discovery. Later, Beurling’s solution was rediscovered by A. Selberg, who
recognized its importance in connection with the large sieve inequality of analytic
number theory. In particular, Selberg observed that Beurling’s function could be
used to majorize and minorize the function

ifa<x<b,
ifr=aorz=0,
ifr<aorb<ua,

(1.3) tsgn(z —a) + 1sgn(b—z) =

O = =
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5804 EMANUEL CARNEIRO AND JEFFREY D. VAALER

where a < b. Of course, this function is essentially the characteristic function of the
interval with endpoints a and b. The functions that majorize and minorize (3] are
real entire functions of exponential type at most 27, but in applications it is often
useful to exploit the fact that their Fourier transforms are continuous functions
supported on the interval [—1,1]. An account of these functions, the history of
their discovery, and many applications can be found in [5], [6], [11], [16], [I7], and
[18]. Further examples have been given by F. Littmann [9], [I0], and extensions of
the problem to several variables are considered in [I], [4], and [8].

Let A be a positive real parameter. Define entire functions z — L(\, z) and

z+—= M(X z) by
cos TN 2 e ME+3] sgn(l—|—%)e’)‘”+%|
a4 1= () {;ﬁ_AZZ (z=1-3) }
and
sinmz 2 e MKkl sgn(l)e M
(1.5) M()\,z)—( - ) {%W_A%;W}'

In [5] it was shown that both z — L(A, z) and z — M (A, z) are real entire functions
of exponential type 2m, they are bounded and integrable on R, and they satisfy the
inequality

(1.6) L\ ) < e Mol < M(A 2)

for all real . Moreover, for each positive value of A the functions z — L(A, z) and

z = M (), z) are the unique extremal functions for the problem of minimizing the
integrals (L2). That is, the values of the two integrals

(1.7) /_0; {e_)“ml - L()\,x)} dz = % —csch (3)
and

(1.8) /_ {M()\,x) —e*)‘m} dz = coth (3) — 2
are both minimal. It was also shown in [5] that the Fourier transforms

(1.9) L(A\¢) :/

—0o0

oo

L\ z)e(—tz) dz and M(At) = / h M(\, z)e(—tz) dz

are continuous functions of the real variable ¢ supported on the interval [—1, 1]. Here
we write e(z) = e2™*. Both Fourier transforms in (CJ) are nonnegative functions
of t and are given explicitly here in Lemma

If 1 is a suitable measure defined on the Borel subsets of (0, 00), then one might
hope to show that

(1.10) z /000 L(A z) du(N) and z+— /000 M(X, z) du(N)

both define real entire functions of z with exponential type at most 2. If this is
so, then they clearly satisfy the inequality

[T )< [T dun < [T M) duy
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EXTREMAL FUNCTIONS 5805

for all real x. In this case one may also hope to show that these real entire functions
are extremal with respect to the problem of majorizing and minorizing the function

x»—)/ e M=l dp(n).
0

In fact, such a result was obtained in [5, Theorem 9], but only under the restrictive
hypothesis that

(1.12) /0OO % du(X) < oo.

In the present paper we solve the extremal problem for a wider class of measures.
By making special choices for i, we are able to give explicit solutions to the extremal
problem for such examples as = — log|z| and = — |z|*, where —1 < a < 1. We
now describe these results.

Let p be a measure defined on the Borel subsets of (0, 00) such that

<A
1.13 0 —— du(A .
(113) < | s ) <
It follows from (LI3) that for  # 0 the function
A e Mol emA

is integrable on (0, co) with respect to p. We define f, : R -+ R U {oo} by

(1.14) ful) = / T e — oM (),
where -
fu(0) = /O {1—e} du(V)

may take the value co. Clearly f,(x) is infinitely differentiable at each real number
x # 0. In particular, we find that

o) = —senta) [ Tl du(y)

0
for all x # 0. Using f,, and f;/u we define G, : C — C by

L cosmzn2 [ A fu(n—%) pss fﬂ(”_%)
(1.15) Gu(z)—ngnoo( - ) {ZNm+nz m}

n=-— =—N

We will show that the limit on the right of (II5)) converges uniformly on compact
subsets of C and therefore defines G,(z) as a real entire function. Then it is easy
to check that G, interpolates the values of f, and flg at real numbers z such that
T+ % is an integer. That is, the system of identities

(L16)  Gun—1)=fun—12) and GLn—1)=fi(n—1)
holds for each integer n.

Because f,(0) may take the value oo, there can be no question of majorizing
fu(z) by areal entire function. However, we will prove that the real entire function
G,.(#) minorizes f,(x) on R and satisfies the following extremal property.

Theorem 1.1. Assume that the measure p satisfies (LI3]).

(i) The real entire function G,(z) defined by ([LID) has exponential type at
most 2.
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5806 EMANUEL CARNEIRO AND JEFFREY D. VAALER

(ii) For real x # 0 the function
A= e ML 2)

is nonnegative and integrable on (0, 00) with respect to p.
(iii) For all real x we have

(1.17) 0< fulz) / {e7*l — L\ 2)} du(h

(iv) The nonnegative function x — f,(x) — G.(x) is integrable on R, and

118 [ -G do= [ (3 - sah(d)) duy
(v) Ift #0, then

/j)o {fu(2)-G,(z)}e(~tz) dx

(vi) If @(z) s a real entire function of exponential type at most 2w such that

G(z) < fulx)

for all real x, then

a20) [ @ - 6@} ar< [ {n@)-6w)} .
(vii) There is equality in the inequality (L20) if and only if G(z) = Gu(z).
Now assume that the measure p satisfies the condition
<A
1.21 0< dp(A
(1.21) | 57 <.
which is obviously more restrictive than (LI3]). From (L2I]) we have
ful@) < fu(0 / {1—e} dp(N) < oo,

for all real z. Thus we may try to determine a real entire function that majorizes
fu(z) on R. Toward this end we define H,, : C — C by

. 2 '
oo () {5 20 2

In|<N 1<[n|<N

Again we will show that the limit on the right of (I22) converges uniformly on
compact subsets of C and therefore defines H,(z) as a real entire function. In this
case the function H,, interpolates the values of f, and f, at the nonzero integers.
That is, the identities

H,(n) = fu(n) and Hj (n)= f'(n)
hold at each integer n # 0, and at zero we find that
H,(0) = f.(0) and H,(0)=0.
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As (L21)) is more restrictive than (ILI3]), the function G, (2) continues to minorize
fu(z) on R as described in Theorem [[LTl We will prove that the real entire function
H,,(z) majorizes f,(z) on R and satisfies an analogous extremal property.

Theorem 1.2. Assume that the measure p satisfies (L21]).

(i) The real entire function H,(z) defined by (L22) has exponential type at
most 2.
(ii) For all real x the function

A= M(\ x) — e Mol

is monnegative and integrable on (0, 00) with respect to p.
(iii) For all real x we have

(1.23) 0< Hy(z) — fulz) = /OOO (M(\z) — M) du(n).

(iv) The nonnegative function x — H,(x) — fu(x) is integrable on R, and

a2) [ @ = fu@) do= [ {ooth(3) = 3} du.
(v) Ift #0, then
/_OO {Hu(a:)—fu(a:)}e(—tx) dz
:/0 M (X, t) du(A)—/O %iﬂ%g du(N).

(vi) If H(2) is a real entire function of exponential type at most 21 such that

fulz) < H(z)

for all real x, then

(1.26) | @ - ey < [T {0 - @)} @

(vii) There is equality in the inequality (L26) if and only if H(z) = H,(z).

The real entire functions G, (z) and H,(z), which occur in Theorem [L[I] and
Theorem [[.2] have exponential type at most 2. It is often useful to have results of
the same sort in which the majorizing and minorizing functions have exponential
type at most 279, where 0 is a positive parameter. To accomplish this we introduce
a second measure v defined on Borel subsets E C (0, 00) by

(1.27) v(E) = n(3E),

where

0FE ={0x:z € E}

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



5808 EMANUEL CARNEIRO AND JEFFREY D. VAALER

is the dilation of E by 4. If u satisfies (LI3]), then v also satisfies (II3]), and the
two functions f,(z) and f,(z) are related by the identity

x) = /000 {e*)"“" —e M dr(N)
— /OO {67)\5_1|:L" _ 67)\5_1} d,u’(>\)

/ {67>\|6 —e M} du() — /000 {ef)“rl —e M} du(N)

—fu5 x) fu( )

We apply Theorem [L[1] to the functions f,(z) and G, (z). Then using (L28)) we
obtain corresponding results for the functions

fu(x) = fu ((571) = f,(0z) and G,(02),
where the entire function z — G, (dz) has exponential type at most 27d. This easily
leads to the following more general form of Theorem [Tl We have only stated those
parts which we will use in later applications.

(1.28)

Theorem 1.3. Assume that the measure y satisfies (LI3)), and let v be the measure
defined by (LZ0), where § is a positive parameter.

(i) The real entire function z — G,(0z) has exponential type at most 2wd.
(ii) For real x # 0 the function

(1.29) A e ATl L(571N, o)

is monnegative and integrable on (0,00) with respect to .
(iii) For all real x we have

0< ful@) = fu(67") = Gu(o2)
(1.30) / {e7 el — L(57N, 62) } dp(N)

(iv) The nonnegative function x — f,(x) — f.(67) — G, (6z) is integrable on
R, and

| A0@ - 1,67 - Gulon)} o
= [ () du

(1.31)
(v) Ift #0, then

/ {fu ( ) v(0x }e ) dx

B 2 B
- /0 g (Y =" / X 67) du(N).

Here is the analogous result for the problem of majorizing f, (). This is proved
by applying Theorem to the functions f,(z) and H,(x), and then making the
same change of variables that occurs in the proof of Theorem [[.3l

(1.32)

Theorem 1.4. Assume that the measure y satisfies (L21), and let v be the measure
defined by (LZ0), where § is a positive parameter.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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(i) The real entire function z — H,(0z) defined by (L22)) has exponential type
at most 2m4.
(ii) For all real © the function

(1.33) A M (57N, 0z) — e Al

is monnegative and integrable on (0,00) with respect to .
(iii) For all real x we have

0 < Hy(62) + fu(67") = ful2)
= /Oo {M (57N, 62) — e M1} dp(N)
0

(iv) The nonnegative function x — H,(6x)+ f(671) — f.(x) is integrable on R,
and

(1.34)

[ N {H,(02) + f(671) = fulz)} da

(v) Ift #0, then
/fo {H,(6z) + f(67") = fu(z) }e(—tz) dz
> 2

We note that each of the functions

tn—>6‘1/ L(57*A,671) du()) and t»—>(5_1/ M (572,67 1) du(N),
0 0

(1.36)

which occur in the statement of Theorem and Theorem [[.4] respectively, are
continuous on R and supported on [, d].

As an example to illustrate how these results can be applied, we consider the
problem of majorizing the function x — log |z| by a real entire function z — U(2)
of exponential type at most 2w. This special case was first obtained by M. Lerma
[7]. We select u to be a Haar measure on the multiplicative group (0, c0), so that

(1.37) wE) = / A7hda
E
for all Borel subsets E. For this measure y we find that

fulw) = — logz].
We apply Theorem [Tl with U(z) = —G (). Thus the function U(z) is given by

cosmz\2 [ = log In — 1
v = i ( ){Z—f
— 00 0 n:7N(z—n—|——)

(1.38) N

- Z Y(z—n+ 4% )}7

n——N

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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where the limit converges uniformly on compact subsets of C. From Theorem [T.]
we conclude that U(z) is a real entire function of exponential type at most 27 and
the inequality

(1.39) log |z| < U(x)
holds for all real z. From (II])) we get

(1.40) /OO {U(x) —log|z|} dz =log2.

Using (I19), for ¢ # 0 the Fourier transform is

(1.41) /Oo {U(z) —log || }e(—tx) dz = (2]t)) " — /Ooo LA H)A dy,
where E()\, t) is given explicitly in Lemma Then Corollary [3.3] implies that
(1.42) 0< /Oo {U(x) - log |z|}e(—tx) dz < (2]¢]) "

for all real ¢ # 0, and there is equality in the inequality on the right of (L42) for
1 < [|t|. Further results and numerical approximations for the function U(z) are
given in [7].

In a similar manner Theorem can be applied to determine an entire function
of exponential type at most 270 that majorizes z +— log|x|. Alternatively, the
functional equation for the logarithm allows us to accomplish this directly. Clearly
the real entire function

z+— —logd+U(dz)

has exponential type at most 274, majorizes x — log || on R and satisfies

o log 2
(1.43) / {—logd +U(6x) —log|z|} dz = O(g; :
— 0o
Another interesting application arises when we choose measures ji, such that
(1.44) o (F) = / AT dA,
E

for all Borel subsets £ C (0,00). For 0 < o < 2 the measure u, satisfies the
condition (ILI3), and it satisfies (L2I)) if and only if 1 < o < 2. Observing that

fun@) = [ e A an
0
=T -o){|z|” " =1}, ifo#1,

(1.45)

one can apply Theorem and Theorem [[4] (in the case 1 < o < 2) to find the
extremals of exponential type for the even function x +— |z|~!, where 0 < o < 2
and o # 1. We will return to these examples in section 7.

Our results can also be used to majorize and minorize certain real valued peri-
odic functions by trigonometric polynomials. This is accomplished by applying the
Poisson summation formula to the functions that occur in the inequality (L6l and
then integrating the parameter A with respect to a measure u. We give a general
account of this method in section 6. For example, if p is the Haar measure defined

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



EXTREMAL FUNCTIONS 5811

by (L31), we obtain extremal trigonometric polynomials that majorize the periodic
function & — log|1 — e(z)|. Here is the precise result.

Theorem 1.5. Let N be a nonnegative integer. Then there exists a real valued
trigonometric polynomial

N
(1.46) un(x) = Y dn(n)e(nz),
n=—N
such that
(1.47) log|1 — e(z)| < un(x)

at each point x in R/Z,

log 2
1.4 =
(1.48) o= [, e an
and
1 ~
, N <
(1.49) T un(n) <0

for each integer n with 1 < |n| < N. If u(x) is a real trigonometric polynomial of
degree at most N such that

log|1 — e(z)| < u(x)

at each point x in R/Z, then

log 2 ~
1. < dx.
(1.50) Niis /R/Z u(zr) dz

Moreover, there is equality in the inequality (L3Q) if and only if u(x) = un(x).

In section 8 we use (L47) to prove an analogue of the Erdds-Turdn inequality
for the supremum norm of an algebraic polynomial on the closed unit disk.

2. GROWTH ESTIMATES IN THE COMPLEX PLANE

Let R = {z € C: 0 < R(2)} denote the open right half plane. Throughout
this section we work with a function ®(z) that is analytic on R and satisfies the
following conditions: If 0 < a < b < 00, then

b .

(2.1) lim e~ 2mIv! / St g, g,
y—Eoo o T+ 1y

and if 0 < n < oo, then

(2.2) sup/ ‘M’ o2yl dy < o
n<eJ_oo| T

and

(2.3) lim ’M‘ =21yl gy = 0.
z—oo [ o T +y

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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Lemma 2.1. Assume that the analytic function ® : R — C satisfies the conditions
@1, @2, and @3), and let 0 < 6. Then there exists a positive number c(d, D),
depending only on & and ®, such that the inequality

(2.4) |®(2)] < (6, ®)|z]e IVl
holds for all z = x + iy in the closed half plane {z € C: 6 < R(z)}.

Proof. Write n = min{%, 16}, and set

cl(n,@_sup{/“ ‘M

oo | Ut

e 2l qu iy < u} .

Then ¢q(n, ®) is finite by (Z2)). Let z = x + iy satisfy § < R(z) and let T be a
positive real parameter such that |y| + 7 < T. Then write I'(z,n,T) for the simply
connected, positively oriented, rectangular path connecting the points x —n—T, x+
n—il,x+n+iT,x —n+iT, and x —n —iT. From Cauchy’s integral formula we
have

(=) _ 1 O(w)

(25) z 2w /F(z,n,T) w(w — z)(cosm(w — Z))2

dw.

At each point w = u + iv on the path I'(z,7,T) we find that

(2.6) n<|w—z|
and
1 B 2
lcosm(w —z)[>  (cos2m(u — x) + cosh 27 (v — )
(2.7) < 2

= (cosh2m(v — y))
< 46—277\11—3;\ < 462ﬂ'(|y‘—|”‘)_

Using these estimates and ([27I]) we get

a+niT P
lim sup / (w) 5 dw
T—00 el w(w — z)(cosm(w — 2))
(2.8) z+n i
< lim sup 4y~ 1e27(v1=T) / M’ du
T—o0 z—n u £ T
=0.
It follows from (Z3) and (Z8) that
i) 1 z+n+ioco d
() _ 1 W g,
(2.9) z 210 Jyin—ico w(w — z) (cos(w — 2))
: 1 r—n+ico o
- (w) 5 dw.

211 Jo—n—ico w(w — 2)(cosm(w — z))
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By appealing to (Z6]) and (Z7) again we find that
/m:tn+ioo q)(w)
T

+n—ico w(w — 2)(cosm(w — Z))2

(2.10) < gyt /00 ‘(b(xﬂ:ﬂ—k-iv) =270l gy
oo | TEN+
< dey (n, @)y~ te2 vl
Combining (2.9) and [2.I0) leads to the estimate
P
2 < sty @),
and this plainly verifies Z4) with (5, ®) = 4(mn) " tei(n, @). O

Let w = u + iv be a complex variable. From (Z2]) we find that for each positive
real number 3 such that g — % is not an integer, and each complex number z with

|R(z)| # B, the function
. (coswz)2< 2w )<I>(w)

CoS TwW 22 —w?

is integrable along the vertical line ®(w) = 5. We define a complex valued function
z +— I(B, ®;z) on each component of the open set

(2.11) {z e C:|R(z)| # 8}
by
1 [P cosmz 2 2w
(2.12) I(B,®;2) = i /ﬁioo (Cosmu) (22 — wz)‘l)(w) dw.

It follows using Morera’s theorem that z — I(3, ®;z) is analytic in each of the
three components.

In a similar manner we find that for each positive real number 8 such that 3 is
not an integer, and each complex number z with |R(z)| # S, the function

sinmz \ 2 2w
P
= (sinww) (z2 - w2> (w)
is integrable along the vertical line R(w) = 8. We define a complex valued function
z — J(B,®;z) on each component of the open set (ZI1]) by

(2.13) J(@(I);z)zi/;-i_ioo(SinWZ)Q( 2w )@(w) dw.

. : 3 3
21 Jg_iee \SIDTTW Z5—w

Again Morera’s theorem can be used to show that J(3, ®; z) is analytic in each of
the three components.
Next we prove a simple estimate for I(8, ®; z) and J(3, ®; 2).

Lemma 2.2. Assume that the analytic function ® : R — C satisfies the conditions
@I), @2, and Z3). Let 8 be a positive real number, z = x+1iy a complex number
such that |R(z)| # 5, and write

(2.14) B(8,®) = %/W ‘M

—27|v| d
& v.
B+ iv

— 00
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5814 EMANUEL CARNEIRO AND JEFFREY D. VAALER

If 6 — % s mot an integer, then

(2.15) [1(8,®; 2)| < B(B, ®)sec’ nf3 (1 + ﬁ) 2yl
7l —

If B is not an integer, then

(2.16) 17(8,@; 2)| < B(B, ®) cse? 7 (1 + ﬁ) 2l
7| —

Proof. On the vertical line R(w) = S we have
“x\ — ,8’ < min{|z — w|, |z + w|}
and
|z] < %\z —w| + %\z + w| < max{|z — w|, |z + wl|},

and therefore

<1+‘—]
‘ 22 —w?

‘m
(2.17) =1+ |2[*(min{|z — wl, |z + w|} max{|z — w|, |z + w\})_1
2|
[le] - 8]
On the line R(w) = B we also use the elementary inequality
(2.18) |cos (B + iv)| 72 < 4e 2V sec? 7.

Then we use (2I7) and ([2I8)) to estimate the integral on the right of [2I2). The
bound (2TH)) follows easily.

The proof of (ZI6) is very similar. O
For each positive number £ we define an even rational function z — A(€, ®; 2)
on C by
A6, 0;2) = D(E) (2 = )2+ @' (E) (2 — &)~
(2.19) ( ) =2(&)(z—¢) €)(z=¢)

+OE) 2+ -z + 7

Lemma 2.3. Assume that the analytic function ® : R — C satisfies the conditions
@I, @2), and 23). Then the sequence of entire functions

(2.20) (Cos”) ZA ®;2), where N =1,2,3,...,

converges uniformly on compact subsets of C as N — oo, and therefore

(2.21) G(®,2) = lim (COS”Z) ZA  2)

N—o0

defines an entire function. Also, the sequence of entire functions

1 2
(222) (Sln?TZ

N
) ZA(H,(I);Z), where N =1,2,3,...,
n=1

™
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converges uniformly on compact subsets of C as N — oo, and therefore

N—o0 ™

. N
(2.23) H(®,2) = lim (Sm”)QZA(n,rp;z)
n=1

defines an entire function.
Proof. We assume that z is a complex number in R such that z—% is not an integer.
Then

(2.24) wH(COSﬂ-Z)z( 2w )cb(w)

coS TWw 22 —w?

defines a meromorphic function of w on the right half plane R. We find that (Z24)
has a simple pole at w = z with residue —®(z). Also, for each positive integer n,
([Z24) has a pole of order at most two at w = n — 3 with residue

(COSWZ)2A(71 — %,‘I);Z).

0

Plainly (2:24) has no other poles in R. Let 0 < 8 < %, let N be a positive integer,
and let T be a positive real parameter. Write I'(3, N, T') for the simply connected,
positively oriented rectangular path connecting the points g — T, N — T, N 4+ T,
B+iT and B —iT. If z satisfies 3 < R(z) < N and |S(z)| < T, and z — % is not an
integer, then from the residue theorem we obtain the identity

(COSTFZ
™

5 N
) ZA(n—%,@;z)—‘I)(z)
n=1
L (603“)2( el ;) @(w) du.
2mi Jpg, 1) NCOSTW z4—w

We let T'— oo on the right hand side of ([Z23]), and we use the hypotheses ([21))
and (22). In this way we conclude that

(2.25)

(2.26)

N
(COSTFZ)27;A(H_ %,q);z) —®(2) =I(N,®;2) — I(58,P; 2).

7r
Initially ([Z26)) holds for 8 < R(z) < N and z — 3 not an integer. However, we have
already observed that both sides of (220 are analytic in the strip {z € C: 8 <
R(z) < N}. Therefore the condition that z — 1 is not an integer can be dropped.

2
Now let M < N be positive integers. From (Z26]) we find that

(2.27)

5 N
(cos7rz) Z A(n_%7¢;Z):I(N,‘I);Z)—I(M7‘I’;Z)

n=M+1
in the infinite strip {z € C: 8 < R(z) < M}. In fact we have seen that both sides of
2Z10) are analytic in the infinite strip {z € C : |R(2)| < M }. Therefore the identity
@27) must hold in this larger domain by analytic continuation. Let K C C be a
compact set and assume that L is an integer so large that K C {z € C: 2|z| < L}.
From (23], Lemma2] and ([227), it is obvious that the sequence of entire functions
@20), where L < N, is uniformly Cauchy on K. This verifies the first assertion of
the lemma and shows that (22I]) defines an entire function. The second assertion
of the lemma can be established in essentially the same manner. (]

™
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Lemma 2.4. Assume that the analytic function ® : R — C satisfies the conditions
@), @2) and @3). Let the entire functions G(P,z) and H(P, z) be defined by
ZZI) and Z23), respectively. If 0 < B < 1, then the identity

(2.28) O(z) — G(P,2) =1(8,P;2)

holds for all z in the half plane {z € C: 8 < R(2)}, and the identity

(2.29) —G(®,2) =I1(8,P;2)

holds for all z in the infinite strip {z € C : |R(2)| < B}. If0 < B < 1, then the
identity

(2.30) B(z) — H(DP,2) = J (B, P; 2)

holds for all z in the half plane {z € C: f < R(2)}, and the identity

(2.31) —H(D, z) = J(B,D; 2)

holds for all z in the infinite strip {z € C: |R(2)| < B}.

Proof. We argue as in the proof of Lemma 23] letting N — oo on both sides of
@26). Then we use ([Z3) and Lemma 22 and obtain the identity

O(z) — G(P,2) =1(8,P;2)

at each point of the half plane {z € C: 8 < R(2)}. This proves (Z.2]).
Next, we assume that [R(z)| < 8. In this case the residue theorem provides the
identity

cos T2\ 2 1 .
( ) ZA(TL— 5, P;2)
n=1

T
_ 1. (coswz)2( 22w 2)<I>(w) dw.
271 Jpg, 1) NCOSTW z4—w

(2.32)

We let T — oo and argue as before. In this way ([2.32)) leads to

(233) (COSﬂ'Z

™

N
) Y A - 3 @:2) = 1N @) — 1(5,®:2)
n=1

Then we let N — 0o on both sides of (2:33)), and we use ([23) and Lemma 22 again.
We find that

—Q(Q), Z) = 1(67 (P; Z),
and this verifies ([2:29]).
The identities ([2Z.30) and (23] are obtained in the same way. O

Corollary 2.5. Suppose that ®(z) =1 is constant on R. If 0 < 8 < %, then

(2.34) 1(8,1;2) = 0

in the open half plane {z € C: B < R(2)}. If 0 < 8 < 1, then
. 2
sinmz

(2.35) J(B,1;2) = ( - )

in the open half plane {z € C: f < R(2)}.
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Proof. We have

N
G(1,2) = lim (COSWZ)2ZA(n—%,1;z)

N—o0 ™

n=1
N-1

. cos T2\ 2 2
S () ene e

n—=—

Now the identity ([234) follows from (2:28). In a similar manner,

. 2 N
H(1,z) = lim <51n7rz> ZA(n,l;z)
n=1

™

sin 7wz 2 sinmz 2
= lim E (z—n)"%—
N—oo T w4

and (2.35) follows from (2:30]). O

Lemma 2.6. Assume that the analytic function ® : R — C satisfies the conditions
@I), @2) and @3). Let the entire functions G(®,z) and H(P,z) be defined by
@210) and 223), respectively. Then there exists a positive number c(P), depending
only on @, such that the inequalities

(2.36) 1G(®, 2)| < (D) (1 + |z])e>™¥!
and
(2.37) H(D,2)] < c(®)(1+ [2])e*™!

hold for all complex numbers z = x + iy. In particular, both G(®,z) and H(P, z)
are entire functions of exponential type at most 2.

Proof. In the closed half plane {z € C: 3 <R(2)} the identity (Z28) implies that

1G(®,2)] < [@(2)] + (5, ®; 2)]-

Then an estimate of the form (236 in this half plane follows from Lemma 2] and
Lemma Z2 In the closed infinite strip {z € C: [R(z)| < ;} we have

1G(2,2)] = [1(3, ®;2)]

from the identity (2:29). Plainly, an estimate of the form (Z30]) in this closed infinite
strip follows from Lemma This proves the inequality (Z30) for all complex z
because G(®, z) is an even function of z. The inequality (237 is established in the
same manner using J (3, ®; z) in place of I(3, ®; z). O

3. FOURIER EXPANSIONS

It follows directly from the definition (L4) that z — L(}\,z) interpolates the
values of the function z — e ** and its derivative at points of the coset Z + %
That is, the identities

(31)  LOAKk+ 1) =e Nzl and L'\ k+ 1) = —sgn(k + L)re Mtz
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hold for each integer k. Similarly, it follows from (L)) that z — M (), z) interpolates
the values of the function z — e~*1*| at points of Z and interpolates its derivative
at points of Z \ {0}. Thus we get

(3.2) M) =e M and M/(X\ 1) = —sgn(l)e
for each integer .

Lemma 3.1. If0 < 3 < %, then at each point z in the half plane {z € C : B < R(2)}
we have

1 B+ioco 2 9
(3.3) e _L(\2) = _/ (COSﬂ'Z) < : w 2) 9 du,
B S

2% Jg_joo \COSTW w

If 0 < B < 1, then at each point z in the half plane {z € C: B < R(2)} we have

B+ico . 2
(3.4) M\ z2)—e ™= ! (51n7rz> < 22w ) (1- e_“’)‘) dw.
z

2mi Jg_ioo \SIDTW —w?

Proof. We apply Lemma 23] with ®(2) = e=**. It follows that

: 2
G(P,2) = L(A,z) and H(P,z) =M\ z)— <Sln;rz>
™
The identities (8:3) and ([B4]) now follow from Lemma [2.4] and Corollary 0

As x — L(A\ x) and © — M (A, z) are both bounded and integrable on R, their
Fourier transforms

(%)Emwz/

—0o0

oo

L(\ z)e(—tz) dz and ]\7()@5) = /OO M\ z)e(—tx) dz

are continuous functions of the real variable ¢ supported on the interval [—1,1].
Then by Fourier inversion we have the representations

1 1
(3.6) L\ 2) :/ L\ t)e(tz) dt and M\ z) = / M\ t)e(tz) dt
1 —1

for all complex z. It will be useful to have more explicit information about the
Fourier transforms of these functions.

Lemma 3.2. For |t| < 1 the Fourier transforms [B1) are given by

— i A Ao A
(3.7) LOMt) = (1 —[t])sinh (3) ;0871'15 + -] sin7t| cosh (3)
sinh? () + sin® 7t
and
(3.8) TT( 1) = (L[ sinh (5) cosh (3) + 5| sint] cosmt

sinh? (%) + sin? 7t
Moreover, we have
(3.9) 0<L(At) and 0< M)

for all real t.
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Proof. The Fourier transform E()\, t) can be explicitly determined as follows. For
A > 0 we define, as in [5 equation (3.1)], the entire function

AN, 2) = (Smm>2 ieﬂ” {(z=n)2=Az—n)""}.

o
n=0

Then z — A(), z) has exponential type 2w, and its restriction to R is in L?(R).
Using [I'7, Theorem 9] we find that

AN 2) = [ 1 A\ te(tz) dt

1
for all complex z, where

(3.10) A0 = (1— [H)un(t) + (2i) =" sen(t)or ()
with -
’U,)\(t) — Z e—/\m—27rimt — (1 _ e—)\—27rit)_17

m=0
and

00
v,\(t) Y Z e~ Am—2mimt _ _ 5 (1 _ 67)\72772'15)71 )
m=0

Therefore (B.I0) can be written as

o~

/\ — =271 -1
A = {(1 1)) - %sgn(t)} (1= e=>=2mity
for |t| < 1. Next we observe that

L(A, z) —e 2 {A(A,Z— %) —i—A()\,—z—%)}

{/1 AN te (t(z — 1)) dt+ /1 A\, —t)e (tH(z + 1)) dt}_

-1 -1

=€

N[>

It follows that

Lty =3 {AN e (=51) + A\, —t)e (30) }
(3.11) (1 — |t|)sinh (§) coswt + 2| sint| cosh ()

- sinh? (%) + sin® 7t

for |t| < 1. In a similar manner we use

Tz

. 2 1
sinmz
= 1-— .
( — ) /_1( [t])e(tz) dt
We find that

S (A A A g
(3.12) ]/\Z()\u f— (1 —|¢]) sinh (5) gosAh (%) +2§| sin 7t| cos 7rt.
sinh (5) + sin® 7t

It now follows from (II) and (31Z) that both L(),t) and ]/W\(/\, t) are nonnegative
for all real ¢. g

M\ 2) = A\, 2) + A\, —2) — (sinm>2

and the identity

For later applications is will be useful to have the following inequality.
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Corollary 3.3. If0 < |t| <1, then we have
RPN 1
(3.13) / LGOI AN < —.
0 2|t

Proof. For 0 < |t| <1 we use the elementary inequalities

cosmt < sm 7t and sinh é < écosh é .
7t 2

2 2
Then it follows from (B1) that

sin 7rt) %cosh (%)
sinh? (%) + sin? 7t

and

o0 ; oo 1 2
/ E(/\,t)/\_l < (smﬂ)/ 2cosh(Q) d/\:L.
0 0

sinh? (%) +sin® 7t 2|t]

O
Remark 3.4. In fact, Corollary B3l is a particular application of the following more
general upper bound:

~ 2\

3.14 LMt < s
( ) (A1) < A2 + 47242
for all A > 0 and ¢ € R. This bound may be useful in other applications. One
can prove ([B.I4)) by clearing denominators, expanding in Taylor series with respect
to A and observing that all coefficients (which are now functions of ¢ only) are
nonnegative.

Lemma 3.5. Let v be a finite measure on the Borel subsets of (0,00). For each
complex number z the functions A — L(X, z) and A — M (), z) are v-integrable on
(0,00). The complex valued functions

(3.15) L,(z) :/ L(A\ z) dv(N) and M,(z) :/ M(A, z) dv()N)
0 0

are entire functions which satisfy the inequalities

(3.16) ILu(2)] < {(0,00) 1™ and M, (2)] < v{(0, 00)}e>1¥

for all z = x + iy. In particular, both L,(z) and M,(z) are entire functions of
exponential type at most 2m.

Proof. We apply [3:0) and the fact that 0 < L(\,t). We find that
[eS) [e9) 1
/ |L(A, 2)| dv(N) :/ ‘/ LA t)e(tz) dt‘ dv(\)
0 0 -1
o0 LN
< / / L\ t)e 2™ dt du(\)
o J
e} .
< e%‘yl/ / L\ t) dt du())
o Ja

_ 2l /oo L(),0) du(\).
0

(3.17)
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As L(A,0) <1 by (L6, it follows from (BI7) that

/Ooo |L(A, 2)| dr(X) < v{(0, 00) }e2 1V,

This shows that A — L(\, z) is v-integrable on (0, 00) and verifies the bound on

the left of (B.10).

In a similar manner we get

(3.18) /0 TIMO2)| dv(y) < el /O T MOL0) dv().

It is clear from ([B2) that z — M(\, z) interpolates the values of the function
x +— el at the integers. In particular, M(),0) = 1, and therefore (BI8) implies
that

/OOO IM(\, z)| dv(\) < v{(0,00)}e?m 1Y,

Again this shows that A — M(), z) is v-integrable and verifies the bound on the
right of (B16).

It follows easily using Morera’s theorem that both z — L,(2) and z — M, (2)
are entire functions. Then (B.I6) implies that both of these entire functions have
exponential type at most 2. O

Let v be a finite measure on the Borel subsets of (0,00). It follows that

(3.19) U,(z) = /000 e dr(\)

defines a function that is bounded and continuous in the closed half plane {z € C:
0 < R(z)} and is analytic in the interior of this half plane.

Lemma 3.6. If0 < 8 < %, then at each point z in the half plane {z € C: f < R(z)}
we have
1 B4+ioco

cos Tz \ 2 2w
2 U, (2) = Ly(2) = s— Polw) dw.
(3.20) (2) (2) 270 J5_iso (COS 7”1’) <22 - w2> ) dw

If0 < B <1 and a, = v{(0,00)}, then at each point z in the half plane {z € C :
B < R(z)} we have

s a0t =g [ (555) (525) o ot

- - . 2
27 J3_ 0o \SIDTW —w

Proof. We apply (B3) and get
Wy (2)—Lu(

2)

)
1 [P cosmz |2 2w —wA

/0 {%/ﬁ_iw (COS’IT’LU) (22—102)6 dw o dv()

1 Btico  cosma 2 2w
- ( ) <z2 )wy(w) dw.

270 Jg_ijno \COSTW — w?

{e7** = L(\2)} dv(N)

o0
o0

This proves ([B.20). Then (34]) leads to (B:2I) in the same manner. O
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4. PROOF OF THEOREM [I.1]

Let p be a measure defined on the Borel subsets of (0,00) that satisfies (II3).
Let z = = + iy be a point in the open right half plane R = {z € C : 0 < R(z2)}.

Using (LI3]) we find that

A= e M — e

is integrable on (0, c0) with respect to . We define F,, : R — C by

(4.1) F.(z) = /000 {e7* —e ™} du(N)

It follows by applying Morera’s theorem that F),(z) is analytic on R. Also, at each
point z in R the derivative of F), is given by

(4.2) Fl(2) =— / T e dp(N).

Then (2] leads to the bound i

(4.3) |l (z +iy)| < /OOO e M du(N) = |F) ().

Using ([@3]) and the dominated convergence theorem, we conclude that
(4.4) Jim |F\(z +iy)| =0

uniformly in y. Clearly the functions f,(z), defined by (LI4)), and F),(z), defined
by @II), satisfy the identities

(4.5) fu(@)=F,(]z]) and fu(z) = sgn(x)F/i(|:E|)

for all real x # 0.

Lemma 4.1. The analytic function F,(z), defined by (1)), satisfies each of the
three conditions 21)), 22), and 23)).

Proof. Let 0 < £ <1. If €< 8‘%(2), then from (3]) we obtain the inequality

|Fu(2)] =
< |z—1\max{\F;(ez+1—9)\ 10<0<1}
< (Il + D[F(€)].

dw’

and therefore
F
4o L

The conditions [2.1]) and [2.2]) follow from the bound (4.0).
Now assume that 1 < z = R(z). We have

z y
|F#(x+iy)|—‘/1 F (u) du+i/0 F(z +v) dv

< L+

g/l |FL(w)] du+ [y|| ) ()],
and therefore

(4.7) ‘M‘ /yF' )| du+ |Fj(2)].
T +y
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Then (£4) and 7)) imply that

r )
lim ‘ ‘L(”H,Zy)‘ =0
T—00 T+ 1Y

uniformly in y. The remaining condition (23] follows from this. O

We are now in a position to apply the results of section 2 and section 3 to the
function F),(z). In view of the identities (A1), the entire function G, (z), defined by
(II3), and the entire function G(F),, z), defined by ([Z2I)), are equal. If 0 < 8 < %
and S < R(z), then from (Z28) of Lemma 2] we have

(4.8) Fu(2) = Gu(z) = 1(B, Fy; 2)-

Applying Lemma we conclude that G, (z) is an entire function of exponential
type at most 27. This verifies (i) in the statement of Theorem [T

Next we define a sequence of measures v, vo, 13, ... on Borel subsets E C (0, 00)
by
(4.9) v (E) = / (€M7 — e ) du(\), for m=1,2,....
E
Then

i) = [ / A du du())

= —/1/ F(u) du
= F,(1/n) — F,(n) < oo,

and therefore v, is a finite measure for each n. It will be convenient to simplify
BI3) and BI9). For z in C and n a positive integer, we write

(4.10) Lo(z) = / LM, 2) dun(N),
0
and for z in R we write
(4.11) U, (2) = / e du,(N).
0

It follows from Lemma that L, (z) is an entire function of exponential type at
most 2. If 0 < 8 < 1, then (Z34) and B20) imply that

(4.12) U, (2) = Ln(2) = 1(8,9,;2) = I(ﬁ, U, — U, (1); z)

for all complex z such that 5 < R(z). From the definitions (£9), [@I0), and @I,
we find that

(4.13) U, (z) — Ly(z) = /000 (e — L(\2)) (e_’\/" —e ) du(N)

for all positive real x.
Let w = u + iv be a point in R. Then

414) W (w)— (1) = /Ooo(em LN (M ) du()

and
’efk/n _ efAn‘ <1
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for all positive real A and positive integers n. We let n — oo on both sides of (£14)
and apply the dominated convergence theorem. In this way we conclude that

(4.15) lim U, (w) — U, (1) = F,(w)

n— oo

at each point win R. If 0 < 8 < %7 then, as in the proof of Lemma ] on the line
B = R(w) we have

) - ) <[] [ al] auy
0 1

< (Jw] + 1)|FL(8)]-

It follows that
U, (w) — W,(1)
w

is bounded on the line § = $(w). From this observation, together with [@I2]) and
(@13), we conclude that

nli{go U, (2) — Ln(2) = nh_)ngo 18,9, —¥,(1); 2)

(4.16) =1(8,Fyu; 2)
=Fu(2) = Gu(2)

at each complex number z with 8 < R(z). In particular, we have
(4.17) lim ¥, (z) — L,(z) = Fu(z) — G.(x)
n—00

for all positive . We combine [@I3]) and ([@I7), and use the monotone convergence
theorem. This leads to the identity

(418) Fyla) = Gulo) = [ (7 = L) du)

for all positive 2. Then we use the identity on the left of (LX) and the fact that
x +— G, (z) is an even function to write ([AI8) as

(419) i) = Gulo) = [ (e = L)) du)

for all  # 0. If f,(0) is finite, then @IJ) holds at x = 0 by continuity. If
f1.(0) = oo, then both sides of [@IJ) are co. Also, (L6) implies that (ZI9) is
nonnegative for all real z. This establishes both (ii) and (iii) in the statement of
Theorem [LL1]

Because the integrand on the right of (£19) is nonnegative, we get

[ 7 {Jul@) - Gul)} da = / h / S (e Z LA 2)) dpu(\)de
/Ooo /_Oo (e7Mel — L(\ 2)) dadu(N)
/000 {% — csch (%) } du(X)

(4.20)
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by Fubini’s theorem. This proves (iv) in the statement of Theorem [[IIl Similarly,
if t # 0 we find that

/jo {fu(@) — Gp(@) }e(—tz) do
= /_OO {/OOO (e_)“ml — L\ z)) dp(A)}e(—tx) dz
_ [ 0067‘3”_ z))e(—tz) dz
_/0 {/OO( Nel _ [(\, z))e(—tx) d }du(A)

—/Ooo{%imz} du()\)—/ooof()\,t) du(N).

This proves (v) in Theorem [T
Finally, we assume that G(z) is a real entire function of exponential type at most
27 such that

(4.22) G(z) < fu(z)

for all real . Obviously (20) is trivial if the integral on the right of (L20) is
infinite. Hence we may assume that

(4.23) / h { Ffulz) — é(x)} dz < 0.

— 00

(4.21)

Then (L20) is equivalent to
(4.24) 0< / {Gu(aj)—é(x)} da.

As Gu(z) — é(z) is a real entire function of exponential type at most 27 and is
integrable on R, we can apply [5l Lemma 4]. By that result we get

N

Jlim > (1—'}%') {Gun—1)—G(n-1)}

(4.25) n="N R

:/ {Gul) ~ G(a)} dr.
Tt follows from (LIR) and @2Z) that
(4.26) 0<Gun—3%)—Gn-13)

for each integer n. Therefore ([A25) and (A26]) imply that the integral [@.24) is
nonnegative. This proves (vi) in the statement of Theorem [Tl If the value of the
integral (L24) is zero, then we have

0=Gun—3)—-Gn-13)
for each integer n. It follows that
Gu(n - %) = é(n - %) = fu(n - %)

at each integer n. As both G, (z) < f,(x) and G(z) < fu(z) for all real x, we find
that

(a.27) Ghn =1 =Cn—3) = fin-})
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for each integer n. A second application of [5, Lemma 4] shows that G, (z) = G(z)
for all complex z. This completes the proof of (vii) in Theorem [[11

5. PROOF OF THEOREM

Let p be a measure defined on the Borel subsets of (0,00) that satisfies ([21]).
Here we keep the same notation used in the proof of Theorem [Tl Observe that
the entire function H(F),, z) defined in ([Z23) and the function H,(z) defined by

([L22)) satisfy

(5.1) Hu(2) = H(Fy, ) + (Sm”>2 £u(0).

4

It follows from (B.I)) and Lemma 26l that H,(z) is an entire function of exponential
type at most 27. This verifies (i) in the statement of Theorem Ifo<pg<l1
and 8 < R(2), then from (1), (Z30) of Lemma 24 and ([2:35) we have

(5.2) H,(z) — Fu(z) = J(B, fu(0) — Fj; 2).
For the measures v, defined in (£9) we write

an = v {(0,00)}.
For z € C we also define

(5.3) M,(z) = /OOO M(X, 2) dv, (N),

which is an entire function of exponential type at most 27w by Lemma If
0< B <1and f < R(z), from @II) and B2I)) we have

(5.4) M, (2) — U, (2) = J(B,an — Up; 2).

Let w = u + tv be a point in R. Then

(5.5) an — Yy (w) = / (1—e) (e_)‘/" — e ) dp(N).
0

n— e_’\”’ <1, by dominated convergence we have

(5.6) lim a, — ¥,(w) = f.(0) — F(w).
n—oo
If 0 < 8 < 1, then on the line 8 = R(w) we have from (G5

}an—qxn(w)|g/ooo /Ow/\e’\s ds| du(N)

8] B B+iv
< / { / e ds / e ds }du()\)
0 0 Jé;
B 0o [e's)
g/ / e dp(N) ds+|v|/ e ™ dp(N)
0 0 0

B
_ / Fi(s) ds + [0l | FL(6)]
= £,(0) = Fu(B) + ]| FL(8)].

Since | e~

+

It follows that

an — U, (w)
w
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is bounded on the line 8 = R(w). From this observation, (54, and (&0, we
conclude that

lim M, (z) — ¥,(z) = lim J(B,a, — ¥p;2)

n—oo n—oo

(5.7) = J(B, fu(0) = Fji; 2)
= H,(2) — Fu(2)

for each complex number 8 < R(z). As
(5.8) M, (z) =V, (z) = /Oo (M(/\,x) — e—)\w) (e—)\/n _ e—)m) du()
0

for all positive real z, the monotone convergence theorem, together with (5.7)), leads
to the identity

(5.9) Hule) = Fulo) = [ (MOu2) =) du()

for all positive 2. Then we use the identity on the left of (LX) and the fact that
x +— H,(x) is an even function to write (5.9) as

(5.10) Hy(2) — ful(z) = /0 OO(M()\7 2) — e M) dpu(n)

for all x # 0. At 2 = 0 both sides of (BI0) are zero. From (L6) we conclude
that (5.I0) is nonnegative for all real x. This establishes both (ii) and (iii) in the
statement of Theorem

The proofs of parts (iv)-(vii) of Theorem are similar to the corresponding
versions for Theorem [Tl There is just one detail in the proof of part (vii) that we
should point out. When considering the case of equality in (L26) one shows that

H,(n) = H(n) = fu(n)

at each integer n. The fact that both H,(z) > f.(z) and EIM(,T) > fu(z) for all
real z is sufficient to conclude that

Hy,(n) = H'(n) = f,(n)

at each nonzero integer n, since f, is not necessarily differentiable at = = 0. How-
ever, an application of [5, Lemma 4, equation 2.3] allows us to conclude that

H,,(0) = H'(0).
A further application of [5, Lemma 4] proves that H,(z) = H(z) for all complex 2.

6. EXTREMAL TRIGONOMETRIC POLYNOMIALS

We consider the problem of majorizing and minorizing certain real valued peri-
odic functions by real trigonometric polynomials of bounded degree. We identify
functions defined on R and having period 1 with functions defined on the compact
quotient group R/Z. For real numbers x we write

||z|| = min{|z —m|: m € Z}

for the distance from z to the nearest integer. Then || || : R/Z — [0, 1] is well
defined and (z,y) — || — y|| defines a metric on R/Z which induces its quotient
topology. Integrals over R/Z are with respect to Haar measure normalized so that

R/Z has measure 1.
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Let F: C — C be an entire function of exponential type at most 27, where §
is a positive parameter, and assume that x — F(z) is integrable on R. Then the
Fourier transform

(6.1) F(t) = / F(z)e(—tz) da
is a continuous function on R. By classical results of Plancherel and Polya [14] (see
also [19, Chapter 2, Part 2, section 3]) we have

oo [e'e)

(62) > IFlan)| < Cuted) [ |P@)] d.

m=—0o0 —o0

where m — a,, is a sequence of real numbers such that o, +1 — o, > € > 0, and

(6.3) / |F'(z)] do < C2(5)/ |F(z)| dz.

Plainly (6.2]) implies that F is uniformly bounded on R, and therefore x ~ |F(z)|?
is integrable. Then it follows from the Paley-Wiener theorem (see [I5, Theorem
19.3]) that F(¢) is supported on the interval [—4, d].

The bound (63) implies that z — F(z) has bounded variation on R. Therefore
the Poisson summation formula (see [20, Volume I, Chapter 2, section 13]) holds
as a pointwise identity
(6.4) Z F(zx+m) = Z F(n)e(nx),
for all real . It follows from (6:2)) that the sum on the left of ([G4]) is absolutely
convergent. As the continuous function F(t) is supported on [—4, ], the sum on the
right of ([6.4) has only finitely many nonzero terms, and so defines a trigonometric
polynomial in z.

Next we consider the entire functions z + L((S_l/\, 5z) and z — M((S_l/\, (52).
These functions have exponential type at most 2wd. Therefore we apply ([6.4) and
obtain the identities

(6.5) i L(67'N\d(x+m))=0"" Z f(é‘l)\,é_ln)e(nx)

m=—oo In|<é

and

(6.6) ST M@E TN +m) =671 Y M(67IN, 0 n)e(na)
m=—o0o In|<8

for all real = and for all positive values of the parameters § and A. For our purposes
it will be convenient to use (65) and (6:6) with 6 = N + 1, where N is a nonnega-
tive integer, and to modify the constant term. Therefore, we define trigonometric
polynomials of degree N by

N
(M N;z) = —% + ﬁ Z L(NLH, NLH)G(TLLE)
(6.7) n=-N R
= {3 - soch(ep) )} + v D Ly wh)e(ne)

1<|n|<N
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and
N
()\ N I) = % Z N+1’ N+1)6(nf€)
(6.8) n=—N .
= {N—HCOth(2N+2) - §} + ﬁ Z M(%’ %)e(nm)
1<|n|<N
We note that
(6.9) / I\, N;2) de = —{% — Fhgesch(s3) } <0
R/Z
and
(6.10) / m(A, N;z) dz = {Nirl COth(2N+2) - %} > 0.
R/Z

For 0 < X the function z — e *?l is continuous, integrable on R, and has
bounded variation. Therefore, the Poisson summation formula also provides the
pointwise identity

—Az+m| __ §
(611) 2 : € ol = et A2 + 472n?2 €(n$)7

m=—0o0

and we find that

cosh( (x —[z] — l))
6.12 e~ Alatml — 2
o1 P b ()
where [z] is the integer part of the real number z. For our purposes it will be
convenient to define

p:(0,00) x R/Z - R

by

(6.13) p(hz) =2+ Z e~ Alztml

Then p(A, z) is continuous on (0,00) x R/Z and is differentiable with respect to x

at each noninteger point z. It follows from (G.IT]) that the Fourier coefficients of
x — p(A\, ) are given by

(6.14) / p(Az)de =0
R/Z
and
2\

for integers n # 0.

Theorem 6.1. Let \ be a positive real number and let N be a nonnegative integer.
(i) The inequality
(6.16) I\, N;z) <p(A\ z) <m(\ N;z)
holds at each point x in R/Z.
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(ii) There is equality in the inequality on the left of (61G) for

(6.17) r=12 and n=12,... N+1,
and there is equality in the inequality on the right of (GI6) for
(6.18) =y and n=12,...,N+1

(iii) If T(x) is a real trigonometric polynomial of degree at most N such that

I(x) < p(\, z)
at each point x in R/Z, then

(6.19) /R/Zl(x) dz < /R/Zl()\,N;x) dz.

(iv) If m(x) is a real trigonometric polynomial of degree at most N such that
p(A x) < m(z)
at each point x in R/Z, then
(6.20) / m(A, N;z) do §/ m(x) dx.
R/Z R/Z
(v) There is equality in the inequality 6I9) if and only if I(z) = (A, N; z), and
there is equality in the inequality (©20) if and only if m(x) = m(\, N;z).
Proof. From the inequality (6] we have
(6.21) L5 (N + D]z +m|) <e Mot < M(A5, (N + 1)z + m|)
for all real x and integers m. We sum (G.21]) over integers m in Z, and use (6.0)

and (6.0) with 6 = N + 1. Then (GI0]) follows from the definitions ([@7), (€8], and
©13).

It follows from (3] that the entire function z — L(\, z) interpolates the values
of z — e | at real numbers z such that = + % is an integer. That is, there is
equality in the inequality

L\ z) < e Aol
whenever x = n — % with n in Z. Hence there is equality in the inequality

L(A5 (N + D]z +m|) < e Mot
whenever z has the form indicated in (6I7) and m is an integer. This implies that
there is equality in the inequality on the left of (618) when x has the form (GI7).
In a similar manner, it follows from ([B.2]) that there is equality in the inequality
e Ml < M\ 2)
whenever © = n with n in Z. Hence there is equality in the inequality

e Aztml < M(N+1’ (N +1)|z + m|)

whenever x has the form indicated in (6I8) and m is an integer. This leads to the
conclusion that there is equality in the inequality on the right of (6.16) when z has
the form (G.IS).

Now suppose that l~(x) is a real trigonometric polynomial of degree at most NV
such that

I(z) < p(\x)
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at each point = in R/Z. Using the case of equality in the inequality on the left of

6.16), we get

~ ~ 1 n—1
[T de = e SR < S p05)
(6.22) o e
ST o (WA= :/ I\, N; ) da.
n=1 R/Z

This proves the inequality (619), and the same sort of argument can be used to

prove ([G.20).
If there is equality in (619, then it is clear that there is equality in ([6.22)). This
implies that

I(574) = 1N i)

forn=1,2,...,N+1. As both l(x) and I(\, N;x) are less than or equal to p(\, x)
at each point x of R/Z, we also conclude that

T(53) = V(LN 51)

for each n =1,2,..., N 4+ 1. This shows that the real trigonometric polynomial
(6.23) I\, N;z) — T(x)

has degree at most N, and at each point x = N+1’ where n =1,2,..., N + 1, the
polynomial and its derivative both vanish. It is well known (see [20, Vol. II, page
23]) that such a trigonometric polynomial must be identically zero. In a similar

manner, if equality occurs in the inequality ([G.20)), then we find that
m(z) — m(\, N;x)

is identically zero. This completes the proof of assertion (v) in the statement of the

theorem. ]
It follows from (12 and (613 that
(6.24) —{3 —esch(3)} =p(\, 3) <p(\,2) <p(X,0) = coth(3) — 3.
Then ([G24) provides the useful inequality
[P\, 2)] < [p(A ) = p(A, )| + [p(X, 3)]
(6.25) =p(\z) — ( 3) = o\ 3)

=p(\,z)+2{% —csch(3)}
at each point (A, z) in (0,00) X R/Z. From (G.I4]) and ([625]) we conclude that
(6.26) / lp(\, )| dz < 2{% - esch(3)}.
R/Z
Let u be a measure on the Borel subsets of (0,00) that satisfies (ILI3]). For

0 < z < 11t follows from ([EI2) and [@I3]) that A — p(A, ) is integrable on (0, c0)
with respect to u. We define ¢, : R/Z — R U {oo} by

(6.27) gu(z) = / T pOn) du(n),
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where

oo
(6.28) qu(0) = /0 {coth(3) — 2} du(N)

may take the value co. Using (620) and Fubini’s theorem we have

/R/Z\qu(w)! dz 3/0 /R/Z]p(A,:c)\ dz du())
< 2/00 {2 —csch(3)} du(N) < oo,
0

so that ¢, is integrable on R/Z. Using (6.I4) and (G.I5]), we find that the Fourier
coefficients of ¢, are given by

(6.29) 3.(0) = /R o) da = /0 /R PO ) e du(3) =0
and

) = [ (el na) da
(6.30) = /000 /R/Zp()\,x)e(—nz) dz du(X)

o 2\
_/0 )\2 +47T2n2 d/j‘()\)7

for integers n # 0. As n + g,(n) is an even function of n, and g,(n) > g.(n + 1)
for 1 < n, the partial sums

N
(6.31) gu(z) = lim > g (n)e(n)
mor

converge uniformly on compact subsets of R/Z \ {0} (see [20, Chapter I, Theorem
2.6]). In particular, g,(x) is continuous on R/Z \ {0}.
Next we define the function

Jj:(0,00) xR/Z —R
by j(A,z) =0 if x is in Z, and

SiIl xr — x| — 1
(6.32) jNz) = @(NI) _ A h(/s\l(nh(é[)] 3)

Ox
if z is not in Z. We note that j(A, x) satisfies the elementary inequality
(6.33) |7\ )| < Ae Ml

Lemma 6.2. If pu satisfies (LI3), then qu(x) has a continuous derivative at each
point of R/Z\ {0} given by

(6.34) ) = [ i) dui).
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Proof. Tt follows from (LI3]) and ([@33]) that A — j(A, x) is integrable with respect
to u at each noninteger point x. Assume that 0 < € < % Then we have

/0°° /:_€|j(x,:c)\ dy du()) < /OOO /:_E Ao dy dp(x)

= 2/ {7 — M2} du(N) < co.
0

Assume that € < ||z|. Using (€32), (6.35) and Fubini’s theorem, we obtain the
identity

(6.35)

qu(x) - QM(%) = /OOO AxJ(Avx) dy dﬂ()‘)
2

_ /; /Oooj()\,x) du(\) dy.

Clearly (6.36) implies that g, (z) is differentiable on R/Z \ {0} and its derivative
is given by (G34)). Then it follows from (633) and the dominated convergence
theorem that g;,(x) is continuous at each point of R/Z \ {0}. O

(6.36)

Now assume that p satisfies the more restrictive condition (L2I)). From (6.24])
we obtain the alternative bound

(6.37) Ip(A, )| < max {2 — csch(3),coth(3) — 2} = coth(3) —

at all points (A, z) in (0,00) x R/Z. As the function on the right of ([G37) is
integrable with respect to p, it follows from the dominated convergence theorem
that

4u() = / T p(h) du(n)

is continuous on R/Z. Also, the Fourier coefficients g,(n) are nonnegative and
satisfy

[e'e] R [e%s} %) 2)\
Z qu(n) = Z /0 de(A)
n=-—oo ni;(c))o

:/0 [coth(2) = 2} du()) < oc.

Therefore the partial sums

(6.38) gu(z) = lim gu(n)e(nx)

converge absolutely and uniformly on R/Z.
For each nonnegative integer IV, we define a trigonometric polynomial g, (N;x),
of degree at most NV, by

N

(6.39) gu(N;2) = > Gu(Nin)e(nz),
n=—N
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where the Fourier coefficients are given by

o0
(6.40) Gu(NV30) = — /0 12— Lesch(gdey) ) du(h)
and
(6.41) (Vi) = e [ () duh,
for n # 0.

Theorem 6.3. Assume that u satisfies (LI3). Then the inequality
(6.42) gu(N;2) < qu(x)

holds for all x in R/Z. If g(x) is a real trigonometric polynomial of degree at most
N that satisfies the inequality

(6.43) 9(x) < qu()
for all x in R/Z, then
(6.44) / g(x) dz < / 9u(N; ) da.
R/Z R/Z
Moreover, there is equality in the inequality [©.44)) if and only if g(x) = g, (N; ).

Proof. We will use the elementary identity

(6.45) (Vi) = [ 10\ Niz) du,

The inequality on the left hand side of ([6.16), together with (6.27) and (€.45]), imply
[642). Moreover, from (EI7) we have
9u(N;2) = qu(v)
for
n—1
2

v and n=12... N+1

The final part of the proof of Theorem follows as in Theorem [6.I] using the
differentiability of ¢,(x) on R/Z \ {0} proved in Lemma O

xr =

If the measure p satisfies the more restrictive condition ([L21]), then we have
shown that = +— ¢,(z) is continuous on R/Z and, in particular, ¢,(0) is finite.
In this case we can exploit Theorem [[.4] and Theorem [E.1] to obtain an extremal
trigonometric polynomial of degree at most N that majorizes g, ().

For each nonnegative integer N, we define a trigonometric polynomial h,(N;z),
of degree at most N, by

N
(6.46) hu(Nsz) = > hu(N;n)e(nz),
n=—N
where the Fourier coefficients are given by

(6.47) 1, (N;0) = /OOO {527 coth(525) — 2} du())
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and
oo

(6.48) hu(Nin) = g i M (21, 5%) du(v),

for n # 0. The proof of the following result is similar to the proof of Theorem [G.3]
Theorem 6.4. Assume that u satisfies (LZI). Then the inequality

(6.49) qu(x) < hu(N;z)

holds for all x in R/Z. If E(az) is a real trigonometric polynomial of degree at most
N that satisfies the inequality

(6.50) qu(x) < h(x)
for all x in R/Z, then
(6.51) / hu(N;z) do < / h(z) dz.
R/Z R/Z
Moreover, there is equality in the inequality (651) if and only zfﬁ(az) = h,(N;z).
We note that Theorem [[L5] described in the Introduction of this paper, is a

special case of Theorem [6.3] when applied to the Haar measure p defined in (I37).
For this it is sufficient to compare the Fourier coefficients

e 2\ 1
52 )= —2 A ldr= —
(6:52) R s 7O,
given by (G30)), with the well known Fourier expansion
. 1
(6.53) —log‘l - e(m)‘ = —logIZSlnmc‘ = Z me(nm).
n#0
We therefore define uy(z) = —g,(N;z). Equality (IL48) follows from (E40) and
_ log 2
1
(6.54) / {2 - whrosch(z)} A dr = 2

Finally, the bound (C49]) follows from (G.41]) and Corollary

7. BOUNDS FOR HERMITIAN FORMS

Let 4 be a measure on the Borel subsets of (0,00) that satisfies (II3]). Define
the function r,, : R — [0, 00] by

i 2A
1 t) = ———— du(XN).
(71) )= | s )
It follows using (LI3) that 7,(¢) is even, continuous, finite for all ¢ # 0, and
nonincreasing for 0 < t.

Let &o,&1,&2, .. .,&n be distinct real numbers such that 0 < 6 < |&,, — &,| when-
ever m # n. We consider the Hermitian form defined for vectors a in CN*+1 by

N N
(7'2) at— Z Z amanru(gm - fn)v

m=0 n=0
n#m

where @,, is the complex conjugate of a,,.
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Theorem 7.1. If u satisfies (LI3)), then

N ) N N
(7.3) —A(6, p) Z’an’ < Z Z amanru(fm —&n)s
n=0

m=0 n=0
n#m

for all complex numbers a,,, where

o0

(7.4) A(S, ) = ; {3 — %csch (2—):5)} dp(A).

The inequality (T3]) is sharp in the sense that the positive constant A(d, u) defined
by [C4) cannot be replaced by a smaller number.

If v satisfies (L21), then
N
(7.5) Z Z ATy (Em — &n) < B(6, 1) Z‘anf
n=0 n=0

m=0
nFzm

for all complex numbers a,,, where

(7.6) B(6, ) :/O {%coth () —2} du(N)
The inequality ([TH) is sharp in the sense that the positive constant B(6, 1) defined

by [CH) cannot be replaced by a smaller number.

Proof. Write
u(a:) = fu(x) - fu((s_l) - G,,((SCL‘)

for the nonnegative, integrable function that occurs in the statement of Theorem
Then we have

0< /:’O u(:z:)‘ i\[: ame(—fmx)‘z dzx
(7.7) Z Z aman/ (z)e((&n — &m)z) da

m=0n=0

Z‘an| + Z Z A G U(Em — &n)-

m=0 n=0
n#Em

As § < |&n — &n| whenever m # n, we get
W(m —&n) = r#(fm —&n)
by ([32)) and (). Thus (3T and (1) lead to the lower bound

N 0 N N
(7.8) —AG )Y Jan]" <Y amnru(€m — &),
n=0

m=0 n=0
n#m

where we have written

(7.9) A(S, 1) = u(0 / {2 — tesch (%)} dp(N)
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Let v be the measure defined on Borel subsets E C (0,00) by (L27). It follows
from (1) that

7, (0t) = 6 r,(t)
for all real t # 0. For 0 < z < 1 we use (6.31)) and obtain the identity

N N
: o -1
A}E}noo ZN ru(on)e(nx) = 1\}511005 Z ry(n)e(nx)
"0 nﬁ;ﬁo
(7.10) -
. T -1 ~
= 1\}51100 5 ;N qv(n)e(nx)
"0

=6t /Ooop()\,x) dv(A).

In particular, at x = % we find that

N [e%s)
Jim 37 (1)) =57 [ a0 d) vy
o0 0
(7.11) oyl

(oo}
== [ G- dea ()
To see that the constant A(d, u) is sharp, we apply () with
an = (N+1)"Y2(—=1)" and &, = on.

We find that

N N
—A(b,p) < (N+1)71 Z Z “r(6(m —n))

m=0 n=0

(7.12) L

=(N+1)7" > (N+1—|n))(=1)"ru(6n).

n=—N
n#0

We let N — oo on the right hand side of (TI2) and use (ZII). In this way we
conclude that

/0 (2 = Lesch (2)) du(h) < AG, p).
Now suppose that u satisfies the more restrictive condition (L2I]). Write
U(:E) = Hu(éx) + fu (671) - fu(x)

for the nonnegative, integrable function that occurs in the statement of Theorem
[C4 We proceed as in (T1) to derive the inequality

0< /700 v(x)‘ iv: ame(—fmx)‘z dzx
=12(0 Z‘an| + Z Z A G0 (Em — &n).

m=0 n=0
n#m

(7.13)
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In this case ([36]) and (1) imply that
i]\(gm - fn) = _Tu(gm - gn)
whenever m # n. Therefore, (I35]) and ([ZI3) lead to the upper bound

N N N 9
(714) Z Z amanru(fm - gn) < B(67 M) Z‘an
n=0

m=0 n=0
n#m

b

where
(7.15) B4, 1) = 9( / {Lcoth (&) — 2} du(N).

If u satisfies (2], then (G38) holds for all z in R/Z. Thus the identity (ZI0)
continues to hold. In particular, at x = 0 we find that

N

1\}i—I>noo Z 7. (0n) =61 /000 p(A,0) dv(X)
(7.16) oyl

/ {%coth () — 2} du(N)

To show that the constant B(d, ) is sharp, we apply (T.I4) with
an=(N+1)""% and ¢, =én.

In this case we find that
N
(7.17) (N+1)7" Y (N +1—|n|)ru(dn) < B(6, p).

n=—N

n#0
We let N — oo on the left of (ZIT) and use (T.I6). We conclude that

/0 {%coth(3) — 2} du(\) < B(6, ).
This proves the theorem. O

An interesting special case of the Hermitian forms considered here occurs by
selecting the measure p, defined in (LZ4]). We recall that for 0 < o < 2 the
measure L, satisfies the condition (I3)), and it satisfies (L2T)) only for 1 < o < 2.
For this special case we obtain the following inequalities, which are related to the
discrete one dimensional Hardy-Littlewood-Sobolev inequalities (see [3, page 288]).

Corollary 7.2. Let &,&1,&a,...,&Nn be real numbers such that 0 < § < &, — &
whenever m # n. Let ag,a1,az,...,aNx be complex numbers. If 0 < o < 1, then

(7.18) G e NG 2 ) Zlanl2 < Z Z € amag |77

mOnO

if o =1, then
log 4 o N X aa
(7.19) el <) ) e
n=0 m=0 n:O m n
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and if 1 < o < 2, then

(2-277)¢(o) 22 ) g @
(7200 - Z|an|2 <> Z ne e < ZI anl?,
n=0 m=0 :

m

where ¢ denotes the Riemann zeta-function. The constants occurring in these in-
equalities are sharp.

Proof. For o # 1 the integral on the right of (Z9]) is given by

> Y (2-2*9)(1-0)¢(1-0)
| 3= desan(@)y 4 ar = 5 ,
where ( is the Riemann zeta-function. Also, for 0 < ¢ < 2 we find that
e 27 o T
/0 A2 + 4722 AT dA= (27 |t])e sin ZZ

When these identities are used in (Z.8), we obtain the inequality

(22201 - 0)((1 - o)

N
0° Z an‘2

(7.21)

Then ([Z.27)) leads to the lower bounds in (ZI8) and (Z.20) by using the functional
equation for the Riemann zeta function.
If o =1 we have

(7.22) / {2~ Lesch(2)} A~ dr = 1052
and
S S 1

We use (22) and (23)) in (T8) and obtain the remaining lower bound (ZI9]).
For 1 < o < 2 the integral on the right of (ZI5) is

o A'(1—o -0
[ o () - 33 e an= 20200,

O

We can extend the inequality ([C20) to the case o = 2 by continuity. A natural
question is whether the inequality (Z20) remains valid for ¢ > 2. F. Littmann
showed in [9] that this true when o is an even integer, which suggests an affirmative
answer. We expect to return to this subject in a future paper.
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8. ERDOS-TURAN INEQUALITIES

Let x1, 22, ..., 2 be a finite set of points in R/Z. A basic problem in the theory

of equidistribution is to estimate the discrepancy of the points z1,xo,..., 25 by
an expression that depends on the Weyl sums
M
(8.1) Z e(ntm,), where n=1,2,...,N.
m=1

This is most easily accomplished by introducing the sawtooth function ¢ : R/Z —
R, defined by

0 if z is in Z,
where [z] is the integer part of z. Then a simple definition for the discrepancy of
the finite set is

W(w) = {x— [] — & if z is not in Z,

M
D (w):SUp’ w:cm—y‘~
M yER/Z mzzl ( )

In this setting the Erdos-Turan inequality is an upper bound for Dy, of the form

N M
(8.2) Dy(x) < tMN™ + ¢y Z n71’ Z e(nxm)|,
n=1 m=1

where ¢; and co are positive constants. In applications to specific sets the parameter
N can be selected so as to minimize the right hand side of ([82]). Bounds of this
kind follow easily from knowledge of the extremal trigonometric polynomials that
majorize and minorize the function ¢ (z). This is discussed in [2], [12], [I7], and
[18]. An extension to the spherical cap discrepancy is derived in [8], and a related
inequality in several variables is obtained in [IJ.

Let Fjr(z) be the monic polynomial in C[z] having roots on the unit circle at
the points e(z1),e(z2),...,e(xar), so that

M
Fy(z) = H (z = e(zm)).
m=1

Then an alternative expression, which also measures the relative uniform distribu-
tion of the points x1,zo, ...,z in R/Z, is given by

M
log| Fas (2)] = log|1 — e(an, — y)|.
sup og|Far(2)| yiﬁl/}"; og|1 — e(zm — y)|

Using Theorem [[L5] we obtain the bound

M M
Z 1og|1 —e(xm — y)} < Z uN (Tm — )
m=1 m=1

=M(N+1)"'log2

+ Z GN(n){ie(nxm)}e(—ny)

1<|n|<N m=1

(8.3)

N
<M(N+1)"'log2+ Z nil‘ Z e(nzy,)

n=1 m=1
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which is analogous to (82]). We establish a generalization of this bound to polyno-
mials with zeros not necessarily on the unit circle.

Let ay, as, ..., aps be complex numbers, and define

M
(8.4) Fu(z) =[] (= am).
m=1
We wish to estimate sup{|Fa(z)| : |2| < 1} by an expression that depends on the
power sums
M
(8.5) ()™, where 1<n<N.
m=1

Theorem 8.1. Let Fy(z) be
that |am| < 1 for each m =1,
have

the monic polynomial defined by [84) and assume
2,...,M. Then for each nonnegative integer N we

N M
(8.6) sup log |Far(2)| < M(N +1)"log2 + Zn_1’2(am)" .

|zI<1

n=1 m=1

Proof. Let un(z) be the trigonometric polynomial that occurs in Theorem [[5] and
let vy (2) denote the algebraic polynomial

N
(8.7) un(2) =tn(0) +2) Ty (n)"

Then (4T can be extended to the inequality
(8.8) log |1 — z] < R{vn(2)}

for all complex numbers z with |z| < 1. This follows from the observation that both
sides of (B)) are harmonic functions on the open unit disk A = {z € C: |z]| < 1},
and (A7) asserts that (B8] holds at each point z = e(z) on the boundary of A.

As z +— log | F(2)] is subharmonic on A, there exists a point e(y) on the bound-
ary of A such that

sup log |Fi(2)] = log|Far (e(y)) |

lz|<1
M
= log|l —e(—y)aum]
m=1
(8.9) M
< Z §R{UN (6(—y)am)}
m=1
N M
= Min(0) +2 " an(m)R{e(-ny) Y- (am)" }.
n=1 m=1
The inequality (8.6) follows from (89) by applying (48] and (49). O

If Fy(z) is defined by (B4, but we do not assume that the roots are in the
closed unit disk, we can still obtain a bound for sup{|Fy(z)| : |z| < 1}. In this
more general case, however, we must modify the power sums ([83]). Suppose that
the roots of F; are arranged so that

0<|ai| <|ag| < - <lap| <1< |aps] < <|auml.
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Then define
Ay, if1<m< L,

8.10 i =
(8.10) P (@)™t HL+1<m<M.

Corollary 8.2. Let Fy(z) be the monic polynomial defined by [84) and let

Blaﬁ?u"wﬂM
be complex numbers defined by [BIQ). Then for each nonnegative integer N we
have
M
sup log i (2)] < > log” el
z|<1 m=1
(8.11) N o
+M(N+1)"log2+ Y n*l‘ 3 (Bn)"].
n=1 m=1
Proof. Define the finite Blaschke product
Mo qe
-
B(z) = R
(=11 2
I=L+1
so that if |z| = 1, then |B(z)| = 1. We find that
M M
Gu(2) = B(2)Fu(z) = [[ (=a) [T (z = 8m)
I=L+1 m=1

is a polynomial with roots f1, 82,...,8m. As |Bm| < 1 for each m =1,2,..., M

we apply Theorem Bl to Gs(z), and (81I)) follows immediately.
We note that by Jensen’s formula the first sum on the right of 8II)) is

M
Z 1og+ || :/ 10g|FM(e(x))‘ dz.
m=1 Z

R/

Therefore, this sum by itself could not be an upper bound for the left hand side of

(B11), except in the trivial case where oy = -+ = a, = 0.
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