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1. QUIVERS

1.1. Quivers, vertices, arrows and paths.
1
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Definition 1.1. A quiver I' = (T'o,T'1) is an oriented graph,
Ty = {vertices}(={1,2,...,n}).
Iy = {arrows}.
We always assume that I'g and I'; are finite sets.
Example 1.2. T': 1 —2+2 T ={1,2} and I'; = {a}.
Example 1.3. T': 1 Q a,Tog={1} and T'; = {a}.

Example1.4.T': 1——  —=2 v,To=1{1,2,3}and 'y = {a, 5,7, 6,¢,6}.
B s
\ /
3

Have maps: s,e: 'y — I'g
s(a) = the vertex where a € T'y starts,

¢(a) = the vertex where « € T'; ends.

Definition 1.5. I' = (I'g,I'1) quiver. A path in I' is either
(i) an ordered sequence of arrows p = v, —1 - - - i1, where
e(a) = s(avy1)

fort =1,2,...,n— 1 (non-trivial path) or
(ii) e; for each i in Ty (trivial path).

In addition,

s(p) = s(an) s(e;)) =1
¢(p) = e(an) e(e;) =i
B

Example 1.6. I': 1 —2>2—>3

lv
4
Paths:

(i) a,B,7,Ba,a.
(11) €1, €2, €3, €4.

Example 1.7. T': 1 Qa .
Paths:
(i) a,a? = aa,a® = aaa, . . ..
(11) €.
1.2. Path algebras. Given I' = (I'y,T';), a quiver, and k a field.
The path algebra kI': kT is the vector space with all the paths in I' as a basis.
The elements in kI

ai1p1 + agpz 4 - -+ APy
where a; € k and p; are paths in I'. We write just p for 1p, when p is a path in T'.
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Example 1.8. Continuing [Example 1.6}

T = a1ey + ases + azes + aseq + asa + agB + ary + agfa + agya
y = brey + baea + bges + byeq + bsa + bg 8 + bry + bgBa + boya

z+y= (a1 +b1)er + (a2 + ba)ea + (ag + bz)es + (as + ba)es + (a5 + b5
+ (a6 +b6)B + (a7 + br)y + (as + bs)Ba + (ag + b )y

_ Jpa,
0,

(2) p non-trivial, ¢ trivial, ¢ = e;

Multiplication. p, q paths in I':
(1) p, ¢ both non-trivial

if e(q) = s(p)

b otherwise

q

(3) p=ei, ¢ =e; (both trivial)

o €i,
p-q 0,

This is extended distributively to an operation on kI' (see [I, page 50]).

if s(p) =i =re(q)
otherwise

if e(p) =i =s(q)
otherwise

if e(q) =j=1i=s(p)
otherwise

Example 1.9. T': 1 —>2 £ field.
Elements in kI': a1e1 + ages + asa = y.

[e1[e]a
€1 €1 0 0
es || 0 e |«
« 010

(e1 +e2)-y=(e1 +e2)(are + ases + azq)

ale% + ag er1es +as era +aq eseq +ageg + aszesx
Y ¥ %

aie; + aseg +agox =y

=0

Similarly y - (e1 + e2) = y. Hence, e; + e5 acts like 1 in kT
Basis for kI': {e1, eq, a}, dimy kT" = 3.

Example 1.10. T': 1 a and k a field.
kT has basis: {e1,a,a?,a?,...}, that is, dimy k' = co.

Elements in kT: age; + a1 + ao® + - - - + aza, with a; in k and t > 0.
Note 1.11. (1) In general, {e;};er are orthogonal idempotents in kT', that is,

':ei

e
eiej =0 for ¢ # j
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(2) SupposeT'yg ={1,2,...,n}. Then e;+ea+---+e, acts like 1 in kT'. Enough
to show that
p=(e1+er+ - +e)p=pler +ex+---+ep)
for any path p. Suppose that s(p) =i and ¢(p) = j. Then

def
(e1+ea+--+en)p=eptept--+ept--t+ep=ep=p

def
pler +ex+---+e,) =per+pey+ - +pe;+---+pe, =e;p=p
= e1+ey+ -+ e, =l = identity in kI’
Can show: kI is a k-algebra with e; + e3 + -+ + e, as an identity (see [Il page
50]).

Recall: A ring, k field.

Definition 1.12. A is a k-algebra, if A is a vector space over k (k x A ——= A,
A is a module over k, a € k, A € A,a - \) and

aA-A)=(a- NN =Aa-\)
Vo € k, VA, N € A.
Note 1.13. A is a k-algebra, if 3 ¢: £ — A a ring homomorphism such that
Imp CZ(A)={z€A|zXA=Xz,VA €A}
(<= 3R C A subring such that R ~ k with R C Z(A), just define ¢(a) = a - 14).
For kI the ring homomorphism ¢: k — kI is given by ¢(a) = ae1+aea+- - -+ae,

Exercise 1.14. (1) T: 1 —2=2 k field.
Find a k-algebra isomorphism

E 0
v kT — (k k)
(2) T: 1 o, k field.

Show that kT" ~ k[z] as k-algebras.

Definition 1.15. A non-trivial path p in I' is an oriented cycle if

¢(p) = s(p).
8
Example 1.16. I': aC 12
vy

Cycles. o, o, vBa, Bally, ... dimy kI’ = oo
Proposition 1. T'= (T'g,T'1) quiver, k field.
dimyg kT < oo if and only T’ has no oriented cycles.
Proof. Exercise. O

Proposition 2. Assume that T' = (g, 1) has no oriented cycles.
kT is semisimple <= T'1 = 0.
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Proof. Proposition[[] = dimkl' < co = kI is a left artinian ring.
kI' semisimple <= no non-zero nilpotent left ideals in kT.

=: Assume that I'; # (). Let a; be an arrow in I'. Want to find a vertex where
at least one arrow ends and no arrow starts. If e(ay) is such a vertex, we are done.
If not, there is an arrow «as starting in e(aq). If also e(as) is not as above, we
continue. Since I' has no oriented cycles and I is finite, we must end up in a vertex
v, where arrows only end and no arrows starts. Say, &« = a; is an arrow ending in
v. Then consider kI'a = ka. Since

(a10)(age = (ajas) (aa) =0 = (kI'a)? = (0)
g

and kT'a # (0), we infer that kT is not semisimple.
«: Assume that I'y = (). Then

r:1 2 n (n vertices)

Basis for kI': {e1,ea,...,e,}. Elements in kI': aie; +agzea+- - - +ape, with a; € k.
Have a ring homomorphism

P kx---xk— kI
—_——
given by
Y(ar,az,...,a,) = arer + azez + -+ + anen
(check this!). Show that v is an isomorphism. Therefore kI" is semisimple, since

kI is isomorphic to a finite product of full matrix rings over divisjon rings. O

Note: kI is not always semisimple, but some factor of kI is.

Proposition 3. T' = (T'y,I'1) quiver, k field. Let
J = {all linear combinations of non-trivial paths}.
Then J is an ideal in kT' and kT'/J ~ k x --- X k, -semisimple
—_——
[Tol
Sketch o . Defi kD= kx-oox =k"
f proof. Define v X X
[Tol=n

Y(aje1+azes+- - -+ane,+ linear combinations of non-trivial paths) = (a1, as, ..., an)

Check:

(1) v is well-defined,
(2) % homomorphism of rings,
(3) keryp = J.
= kT'/J ~ Imy) = k™. O

2. MODULES

Example 2.1. T': 1 —2>2 k field.
What is a module over kI'?
Let M be a left kI'-module.
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Recall: 1 = e1 + €9,

ei = €5,
€i€; = . .
eie; = 0, for i # j.
Claim: M = e M @ es M as vector space over k.

Proof.
m=1ir*xm
= (e1 +ea)m
=em-+eym € et M + es M
— MCeiM+eaM CM
= M=e1M+esM
Let m € et M Nex M, that is, m = ey’ = eam”. Then
exm = ey (eym’)
= (e1e1)m’
=em =m
= e1(eam”) = (erea) m”" =0-m" =0
g
= m = 0. Hence e; M NeaM = (0).
— M =e1M P e M. O
Let m € M. Then
erm = e1(e;m + eam)
=e2m+ (ere)m
=em

and

eam = ex(erm + eam) = eam
am = aleym + eam)
= a(eym) + aleam)
=aleym)+0
= am = ae;m = (esa)erm

= ex(aeym) € eaM

M 25 M~ linear map fo: ex M —=5 ea M
M 2= M ~ linear map, projection M — ey M
M £ M ~- linear map, projection M — ea M

€1M a.—7> 62M

is a representation of I over k: A vector space in each vertex and a linear map for
the arrow.
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Given V i> V', two vector spaces V, V' over k and f a linear map. How can we
construct a left kI'-module?
From above: M =V @ V' as a vector space. Let m = (v,v’), then

elmdzef(v, 0)

egmd:ef((), v)

am 0, f(v))

Check: M becomes a left kI'-module!
Definition 2.2. A representation (V, f) of a quiver I' = (I'g,I';) over a field k is

a collection of vector spaces {V'(¢)};cr, over k and k-linear maps fo: V(i) = V(j)
for each arrow «: i — j in I'1. (We assume that dimV (i) < oo for all ¢ € T'y).

Example 2.3. I': 1. A representation of I' over k is just a vector space over k.

Example 2.4. T: 1 % 2. Representation V(1) ELN V(2). For example

12

0o 3
1 -1 1
K2 —

ELe kS0 0%k k3

Example 2.5. T": 1 Representation: V(1)
/ Y y X
2 ’ v(2) v(3)
V(4)

NN N
Mty NAONA

2.1. Maps between representations.

Example 2.6. T': 1 5 2, k a field.
Let f: M — N be a homomorphism of left kI'-modules. Then

flexm) = f((ere1)m)
= f(e1(exm))

=e1f(eym) € ey N

— f|@1M reqM — e N.
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Similarly, fle,ar: €2M — eaN. Furthermore,

afle,m(erm) = af(erm)
= f(a(erm))

= afle,m(erm)
since a = esq.

Hence

fle
el M 22 e M

la. l“'

fle
62Mi>€2M

1-1 1-1
Remark 2.7. f | onto < fle,amr | onto for all 3.
isom. isom.

Definition 2.8. Let (V, f) and (V’, f’) be two representations of I over k. A
homomorphism h: (V, f) — (V', f') is a collection of linear maps

h(i): V(i) = V' (i)

for all i € I'g, such that Va : ¢ — j € I'; the following diagram commutes:

V(i) —— V()
Ja DR
V(i) — 2 V'(j)

ie. fLh(i) = h(j)fa for all a € T;.

Note 2.9. h is a(n) isomorphism, monomorphism, epimorphism if h(i): V(i) —
V(i) are all isomorphisms, monomorphisms, epimorphisms respectively.

Example 2.10. (1) I': 1 —%+2 kis a field
(a) k—-""—sk Hereh(l)=a-—and h(2)=0s0h=(a-—,0)

P

k- -2 sk

V. f) V. f)
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- - ﬂ - >0 No non-zero homomorphisms
2 £

0 1 10

(6 %)
0 1
(c) B2 - - - 2=k h= ((1 0) , (0 1)) is an isomorphism.

(V. f) V" 1)

we have no isomorphism between (V, f) and (V’, f').

2.2. Modules and representations. I' = (I'g,I'1) - quiver, & field.
(V, f), representation of T’

V(@) =eM
for a: i — j € Ty, we have f,: V(i) = e;M == e;M =V (j)
faleim) = ae;m

M = &;er, V (i), kI-module”

M left kI'-module ~»

m = (v1,v2,...,0,) €EM
. def
(V, f) representaion of T' ~ ¢ e;m = =(0,...,0,v;,0,...,0) *Can
for a: ¢ — j in I'y, remember a = e;ae;

am 2% =(0,...,0, fa(v:),0,...,0) with fo(v;) in the j-th coordinate

show: This induces a left kI'-module structure on M (see [I, page 57]).

Example 2.11. I': 1 —%>2, k field.
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V. f): k——sk ~M=kok=k

1-(a,0) = (a,0)
2+ (a,0) = (0,0)
a-(a,b) = (0,a)

Note: kT'e; = k{e1,a}. Define ¢: M — kTle; by letting
©(1,0) = e; and ¢(0,1) = .
Have:

_ _ 2
ap(a,b) = alae; + ba) = a e +b (fo

= aw
= ¢(0,a) = p(ala,b))
Similarly, e;p(a,b) = ¢(e;(a,b)). This implies that ¢ is a kI'-homomorphism.

Ker ¢y = (0)

Imy — kFel} = M ~ kI'e; as a left kI'-module.

Example 2.12. , k field.

N
A
N
NG

M=vhaV2eV@B)eVHAd) =ktokekok

(V.

HO

)
a(v1,v2,v3,v4) = (0,v1,0,0)
(v, v2,v3,v4) = (0,0,0, (vs,0))
ya(vy,ve,v3,v4) = (0,0,0, (v1,0))
Exercise 2.13. Show that M ~ kI'e; as a left kI'-module.

2.3. Special representations.
V(i) = (0), for all i € Ty,

e Zero representation:
fa =0, for all « € T'y.
k,ifj=1

e Foreachi € Ty, we have a representation T; given by T;(j) = {(O) therwi
, otherwise

and f, =0 for all & € I';y.
T; corresponds to a left I'-module S;:
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i
v BI= and av = 0 for all

S; ~ k as a vector space and e;v = |
0, otherwise,

aely.

Recall 2.14. A k-algebra, k field.
M left A-module = M k-vector space
@]
N submodule = N C M subspace

Note 2.15. dimg S; = 1 = S, is a simple kI'-module.
Definition 2.16. A ring, (0) # M left A-module. The module M is indecomposable
if
M ~ M1 D M2
implies that M; = (0) or M = (0).
Definition 2.17. Let V = (V, f) and V' = (V', f’) be two representations of a
quiver I'. Define W = (W, h) = V ® V', the direct sum of the representations V
and V' by
W (i) = V(i) ® V(i)
and
ha = fa ® fo: W) = V(i) & V(i) = V(i) & V'(j) = W(j)
for all i € 'y and for all o € T'y.
Definition 2.18. (0) #V = (V, f) is an indecomposable representation if
V=Vl
implies that V3 = (0) or V5 = (0).

Example 2.19. T: 1 —2>2 £ field.

10
k2@>2 ~(k—k)®(k——>k)
o k—L1sik indecomposable? Others?
2.4. Subrepresentations. I' = (I'g,I'1) quiver, k field.
M, N kI'-modules, N C M submodule.
= ¢; N C e; M subspace.
Given «a: ¢ — j € I'1, the following diagram commutes

e, N—— e; M

ejNC—> ejM

Definition 2.20. (a) (V,f) C (V', f) is a subrepresentation if
(i) V(i) C V'(i) subspace for all i € Ty,
(i)
V(i) ——=V'(1)

fai. J/fa
V(i) ——=V'(j)
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for ac: i — j € I'y, that is, fo = fl|v@)-
(b) If (V, f) C (V’, f') is a subrepresentation, then the factor representation W =
(W, f"") of V and V' is given as
(i) W(i) =V'(i)/V(2),
(i)

V(i) —s V(i) — V’(i)/V(z") = W(i)
fa Ih | £l

\
V(i) ——=V'(j) —=V'(5)/V(i) =W(j)

where f(v' +V (i) = fL(v)) +V(j) for a: i — j € Ty.

Check:

(i) f2 is well-defined.
(ii) (W, f") is a representation of I over k.
(iii) We have

Vo)== V", ) W=Vv'/v
MV(—> MV/ MW ZMV//MV

Definition 2.21. A finite dimensional k-algebra, k field. Then A is of finite rep-
resentation type if there is only a finite number of non-isomorphic indecomposable
finitely generated left A-modules.

Example 2.22. A = k. The only indecomposable A-module is k.

Example 2.23. T: 1 —2>2 & field.
The indecomposable left kT-modules «vs The indecomposable representations of
I over k.
Let (V,f) =W L> V5 is an indecomposable representation of I' over k.
Know: hi: Vi3 — Im f & Ker f
f
In particular, V' __ Im f such that ff" = lyy .
3
hi: Vi = Im f & Ker f given by v — (f(v),v — f'f(v)).
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Vi Va
hll lhz_lvg
Im f @& Ker f w0 Vs
[ — v, =(0) )
2
Ker f 0 0 = (0) (i)

where v: Im f — V.
Case (i):

Kerf—>0 o~ k—0>0)t

kt*>0

(V, f) indecomposable = ¢t =1 and (V, f) ~ k —%50
Case (ii): Im f——1;
Know: Vo =Im f & Vy

Im f( V2

Imf— 272 o (") — % sImfoV]

Im f Im f =(0) (i)
®
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Case (i):

0—">V) =~ (0—2=k)

-

00—kt

(V, f) indecomposable = ¢t =1 and (V, f) ~ 0 — Ok
Case (ii):

Imfglmf ~ (k;—1>k)t

P

kt ———— Kt

(V, f) indecomposable = t =1 and (V, f) ~ 0 ok

Check: k——Fk , k — 2.0 and 0—2>Fk are indecomposable.

Hence: The only indecomposable representations are the ones above

7 = 7 The only indecomposable left kI'-modules are kI'e;, kI'e;/{(ae;) and
SQ = kreg.

= kI is of finite representation type.

Theorem 4. k field, char k = p, G finite group with p | |G|. Then,
kG of finite representation type < All p-Sylow subgroups of G are cyclic.

Theorem 5. I' connected quiver without oriented cycles, k field.
kL' is of finite representation type < The underlying graph of T' is a Dynkin
diagram.

A, 1—2— - n—1 n
1\
D, /37 n—1 n
2
4
Eg: 1 2 3 5 6
4
E;: 1 2 3 5 6 7
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3. QUIVER WITH RELATIONS

Can all algebras over a field k be represented as kI'?
No: A = k[xz]/(x?) 2 kT for all quivers .
Have: dimy A = 2 and A is not semisimple.
Assume that A = kT
2 = dimy kI > # vertices in T.
I': 1 2 = kI is semisimple ¥
— I has one vertex, 1 Q a — dimpkll =00 ¥

But, It 1 e, A i

Let ' = (T'g,T'1) be a quiver, k field.

Definition 3.1.

(a) A relation o in the quiver I" over k is a k-linear combination of paths
0 = aip1 + azp2 + -+ Py

where a; € k, e(p;) = e(p1) and s(p;) = s(p1) for all ¢, and I(p;) > 2 (the length
of the path p; )
(b) if o = {0 }1e7 is a set of relations in T over k, then (T, o) is a quiver with relations over k.

Example 3.2. 1
I':2 3
\ /

4

k field, 0 = ya — 4.

r = % Let M be a left kA-module. Any left A-module is a left kA-module,
since kI' & £ > =A.

=—> M gives rise to a representation of I'.

€1M

fay K\—fﬁ

€2M €3M

o€ kl'yme M.
def
c-m=mn(c)-m=0-m=0,VYmeM
m = e;m + eam + esm + eq4m, sigma = egoe;

0=0-m= (ya—dB)eim = y(aeym) — 6(Bexm) = f,falexm) — fofalexm) =
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f’yfa_fofﬂ(eim) - fa’(elM):O = f,=0.
—_———

fo
Hence A-module M corresponds to a representation of I' satisfying the relation

U(fa = O)'

Conversely, we claim that a representation (V) f) of I" such that

fo = f’yfoz - fafﬁ =0

gives a module over A.

Recall: I € R ideal: ?—module M is the same as an R-module M such that
I-M =(0).

M=V(1)eV(2) o V(3) o V4) « kM-module
€1 - (U17v23v3a U4) == (Ulv Oa 0; O)
a - (v1,v2,v3,v4) = (0, fo(v1),0,0)

o - (v1,v2,v3,v4) = (ya — 08) - (vi,v2,v3,v4) = (0,0,0, fy fo(v1) — fofa(vi)) =
0,0,0, (f’yfa - fafﬁ)(vl)) = (0507070)
= M is a A-module (A = %)

Example 3.3. T: 1Qa ,P = {a?}, k field. A = <Zl;>. Find all induced A-

modules.
M left A-module ~» (V, f) representation of I' satisfying the relation a?i.e. f,2 =

(fa)?
V e (fa)? =0

—> The minimal polynomial of f, is = or =
— The ivariant factor of f, is  or 2
= The matrix of f, is similar to a direct sum of companion matrices of = or x2,

M@) =0 and M(w2) = <0 0)

2

1 0

Let T be the matrix of f, w.r.t some basis 3.
Then 3 an invertible matrix P such that

{t) 7

0

[e=len]
~—

P~! = TP =PI,

o
(]

0

To

V 1 < V )1 ~( kQO )@ (k% )(99))° isomorphisme of rep-
resein%ation Q Q

=}
[e]e)
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Show: kQO = %and kzg(gg) = <ZI;> = A is of finite

representation type.

3.1. Finite length. A ring, A a (left) A-module.

Definition 3.4. A has finite length if there exists a finite filtration.

F:iA=A2A DA 20 Ay 124,20 Aptr1 =(0)

of submodules of A such that AA—:—l = 0 or simple for i=0,1,--- ,n.. .Z is a gener-
alized composition series of A, and if AA—:—I # 0 for all i, then % is a composition

series. If § = A‘?J’i # 0, then S is called a composition factor of A

1

Let S be a simple A-module. Let

A
mZ ()% 2~ g1 %S m# (4) and 1(4) ©in g (4)
Ai+1 . . Z generalized
[Slisomorphism composition series
classes of simples

Example 3.5. (1) A ring, S simple A-module.
Composition series: S D (0)
composition factors: {S}
1 fT~S§

= myp(S) = = I(S)=1

0 otherwise

(2) A = k[z], f(z) irredicible
Sy = <]]f([§])> - simple A- module.

= [(Sy) =1, while dimy, Sy = deg f(z)

3)T:1-2>2" o kfield, A=k

k 0 0 0
0 0 0

O
F k 1 k 5 0 5 0

O

k k k 0

I I | I

Vo Vi Vs Vs
M - MO 2 Ml B M2 2 M3 = (0)
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k k k
%) ~ sth % ~ IWSQ, % ~ IMSB
0 0 0
= lg(M)=3
(4 k field, M = kI'e; <— k
k k
need more !!!!!!!!!!!!!!!!””!

Note 3.6. (1) Composition serice are not unique!

(2) L7 (M) = ly (M)

(3) The set of composition factors is the same for # and ¢

The proof of Jordan-Hlder theorem goes bu induction on length and using short
exact sequences.

Definition 3.7. 0 A ! B—?

quence) of (left) A-module if
(i) f is injective (1-1)
(ii) g is surjective (onto)
(iii) Im(f) = ker(g)

Note 3.8. (1) A D BA-modules, submodule then

C 0 is a text((short) exact se-

0—=A—TLsB2o0——>0

is an exact sequence
(2) If 0 A-t.p . ¢ 0 is an exact sequence, then

(a) C =Im(g) ~ ﬁ ~ % Im(f) ~ A.

(b) B=(0) = A= (0)and C' = (0).
Example 3.9. (1) 0 7—-17. Z 0 exact

(5) (10)

(2) M,N A-modules. 0 — M —= M &N —— N O exact

m+——> (m,0)

(m,n) ———>n
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f g

(3) A = %, 0 A B C 0 exact sequence of A-modules.
flvaa
Va (i) fa Ve (i) Ve (i) exact sequence for all i
I Il I
0 eiA fleiA eiB g|EiB eiC 0
g h

Hence, 0 —— (V', f') WV, f)

(V" f) — 0 is an exact sequence

9(?) h(7)

V(i)

of representation if 0 —— V' (3) V(i) 0 is exact for

alli e Ty

Exercise 3.10. f: A——= B and g: B—— C, A-homomorphisme, B’ C B
submodule.

(1) f7Y(B")={a€ A| f(a) € B’} C A submodule

(2) g(B")={g(t/) |V € B’} C C submodule

Let 0 A ! B—2sC 0 be an exact sequence and let . be a
generalized composition series of B.
0 A ! B g C 0
I I I
A, = f~1(Bo) By 9(Bo) = Co
Ul Ul Ul
Ay = f7Y(By) B g(B1) = Cy
Ul Ul Ul
Ay = f71(By) By 9(B2) = C»
Ul Ul Ul
Ul Ul Ul
An = f_l(Bn) = (0) B, = (0) g(Bn) Cn (0)
' F F

Proposition 6. (a) F' is generalized composition series of A.
F'" is generalized composition series of C.

(b) mZ (B) =mZ (A) +mZ" (C)VS simple

Proposition 7. Given a A-module A of finite length and a A-homomorphism f :
A A. The following are equivalent

(a) f is an isomorphism
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(b) f is a monomorphism (1-1)

(c) f is an epimorphism (onto)

Proof. Clearly (a) = (b) and (a) = (c) by def. We have the exact sequence
0— f(A) = A— A/f(A) =0

(a) = (b): f1-1 = A~ f(A) = (A =1(f(A) = I(A/f(A) =0 =

f(A)=A = f onto.

(¢) = (a): fonto = f(A)=A = I(A/f(A)) =0 = I(A) =1(f(A))
c—>Kerf 5 A— f(A) 5 0exact = [(Kerf) =0 = Kerf = (0) =
f1-1 = f isomorphism. ]
Remark 3.11. The proof of [7] holds for all f : A — B with I(A) = {(B), so if
I(A) =1(B) and f: A B, then

f isomorphism < f 1-1 < f onto.

Recall: 0 - A - B — C — 0 exact and I(B) < 0o, then [(A) and I(C) are finite
too.

Proposition 8. If 0 A ! B—1sC 0 is exact and A and C have
finite length, then also B has finite length and [(B) = l1(A) +1(C).
Proof. Let
FliA=A)D2A 2 DA 124, =(0)
and

F':C=Cy2C1 2+ 2Cp12Cp=(0)

be two comp. series of A and C, respectivley. Consider the following chain of
submods of B:

F:B=g (C)2g¢ 1 (C1)2¢g 1 (Ca) 22 g 1 (Cp) = Keryg
and
(31) Kerg=1Imf = f(A) C f(A1) C f(A2) C--- C f(An-1) C f(An) = (0)
We want to show that F is a comp. series of B. Let g; = g|s-1¢; : (O I
C; (bi — g(bi)). Then g; is clearly surjective (since g is). The composition

II;

U, Ig; 1 g7 H(Cy) C; Ci/Cita

ci— ¢ + Ci—i—l

onto (comp. of two onto maps) and we have b; € Ker¥; < II;(g;(b;)) = 0 in
Ci/Ci-',-l & g(bi) + Ci-i—l =0 so g(bl)) € Ci—i—l S b € g_l(C’iH) — KerV,; =
g 1/Ci1) = g7 YC) /g7 Ciy1) ~ Im¥; since g~ 1(Ci11) = Ker¥; and
C;/Ciy1 is simple by definition of F” O
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Let fi = fla, + A — f(A4; (i.e. a; — f(a;)) which clearly is onto. The
composition

0; = pifi - Ai " F(A) — F(AD/F(Ais)
where p;(b;) = b; + f(A;+1), is onto (composition of two onto maps) and we have
a; € Ker0; < pifi(a;) = 0in f(A;)/f(Ais1)
< flai) + f(Aiy1) =0
& flai) € f(Ais1)
Ja; 41 € Aiy1 such that f(a;41 = f(a;) (because f1—1)

= A = Qg1
Sa; € At

= Kerf; = A4;11

= A;/Ker6; ~Im0; = f(A;)/f(Ait1)

A;/Kerf; = A;/A;1q is simple by definition of F'. Hence F is a composition series
of B and

I(B) = I(A) +1(C)

Definition 3.12. A collection C of modules (a full subcategory) is closed under extensions
if for each exact sequence

0 A B C 0
with A,C € C, then B is also in C
Let fI(A be the collection of A-modules of finite length.

Proposition 9. (a) fI(A) is closed under extensions and contains the simples.
Furthermore, fI(A) is closed under submodules and factor modules.

(b) Let C be a collection of A-modules that is closed under extensions and contains
the simple A-modules. Then fI(A) CC

Proof. (a): [FIX REFERENCES]

(b) Let B € fI(A) with [(B) = n. Induction on n.

n = 1: Then B is simple and B € C.

n > 1: Choose 0 € A ¢ B submodule. This is possible since B is not simple. Then

0 A B C 0
is exact with [(A),l(B/A) < I(B) = n. Induction = A,B/A € C. C is closed
under extensions so B € C and hence fI(A) CC. O

Recall: A module M is Noetherian (Artinian) if for every ascending (descending)
chain of submodules of M:

dn such that M,, = M,41=....
M is Noetherian (Artinian) if, and only if, every non-empty set of sub-modules of
M has a maximal (minimal) element.

Proposition 10. A A-module. [(A) < 0o & A is Artinian and Noetherian.
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Proof. = : Want to show: fI(A) C art(A) = collection of Artinian A-modules.
Will use Proposition [9] (b). Let

0 A B C 0
be exact. We claim that A,C € art(A\) = B € art(A). Consider a descending
chain B = By C B; C .... As before we get induced chains of submodules in A

and C.

and induced exact squence

0— > A;/Aiy1 —> Bi/Bip1 — > C,/C —i+1—>0
since A, C € art(A) there exists N such that
A=A 1and C;=Cipy i >N
= A;/Aix1=(0)and C;/Ciy1 =(0) ¢>N
— B;/Bis1 =0 = B;=B;41 i>N
= B € art(A)

= art(A) is closed under extensions.

Clear that art(A) contains the simple A-modules: Proposition [0fb) = fI(A) C
art(A)

Exercise: Similarly, fl(A) C noeth(A), collection of noehterian A-modules. This im-
plies that fi(A) C art(A) Nnoeth(A).

<=: Assume that B # (0) is Artinian and Noetherian. Since B is Artinian B has
a simple submodule S C B. (F = {U C B| U # (0)} has a minimal element).
Consider F/ = {U C B |I(U) < oo}. Then F' # () since S € F'. Since B is
Noetherian F’ has a maximal element A C B and A € fl(A). Assume that A C B,
ie. B/A# (0). B Artinian = B/A Artinian = 3T C B/A simple submodule.
Consider the natural projection p : B — B/A. Then

plp-r :p7H(T) =T (S B/A)
is onto and Kerp|,-1 = A. Hence (p~*(T"))/A ~ T and we have an exact sequence
0—=A——pT)——=T—=0

Now I(p~'(T)) = I(A) + 1, a contradiction and we conclude that A = B and
B e fi(A). O
Note:

(1) If A is a ring with 1 then A is artinian if, and only if, [(,A) < oo

Proof. =: A left Artinian = A left Noetherian = A € art(A) N
noeth(A) = I(pA) <
< l(AA) < oo = pA € art(A) Nnoeth(A) = A left Artinian. O
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(2) Aisleft Artinian. Challenge: fl(A) = mrd(?)(A) - finitely generated A-modules.
(3) A =2, M =7/ (n)
n=p"py?...p" , p; different primes and m; > 1

m; ifp=np;

M =
/e (M) 0 otherwise

Proposition 11. A a ring, B semisimple A-module. TFAE:

(a) I(B) <
(b) B is Artinian.
(¢) B is Noetherian

Proof. Excercise ([

4. RADICAL
Definition 4.1. A ring. The (left) radical of A is the left ideal
t =rad A = Numaximal left ideal™
(Also called the Jacobsen radical of A).

Know: tis a left ideal.
Show: ¢ is an ideal.

Example 4.2. If A is a division ring, then v = (0).

Example 4.3. A =7Z, (p) — maximal ideal if p is a prime.
t =M prime (P) = (n) = (0)

(ny C (p) = p | n,Vp prime = n = 0.
Example 4.4. A=QxQ, m; =Q x (0), my = (0) x Q - both are maximal ideals.

(0)=m;Nmy Ct=r1t=(0).

In general, if we can find a finite set of maximal ideals {m;}!_; such that
Ni_,m; = (0), then v = (0).

Exercise 4.5. Show that A semisimple = rad A = (0).
1
AN
2 3

8!
5
4

Know: 1, =e7+e;+e3+ ey, Whereei~ej={

Example 4.6. T': , p={ya — 4B}, k a field and A = kI'/{p).

What is rad A?
e, ifi=
0,i # j
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Exercise 4.7.
A= Aey ® Aes @ Aeg @ Aeg
my; = A{a, 5} @ Ae; @ Aes @ Aey
my = Aer & Ay & Aes @ Aeg
mg = Aer @ Aez D AS @ Aeg
my = Aeg & Aez & Aes @ (0)
(4.1)

m; Nme NmgNmy = <E,B,7,g> l) rad A.

Proposition 12. For any ring A and any A € A, the following are equivalent.

(i) A eradA,

(ii) 1 —x is left invertible for all x € A (i.e. 3z’ € A such that 2’ (1 — X)) = 1),
(iii) AS = (0) for any simple A-module S.

Proof. (i) = (ii): Suppose 3z € A such that 1 — 2z is not left invertible with A € A.
Then A(1 — z)\) is a proper left ideal in A. Any proper left ideal is contained in a
maximal left ideal. If A € m, then 1 € m, contradiction. So A ¢ m and in particular
A &rad A.

(ii) = (iii): Suppose 3 a simple A-module S such that AS # (0), i.e. 0 £ s € S
with As # 0. Have (0) # A(As) C S.

S simple = Als = S.

Hence, 3z € A such that zAs =s = (1 —2A)s=0

If 1 — z A is left invertible, then s =0 = 1 — z\ is not left invertible.

(iii) = (i): Let m be a maximal left ideal in A. Then A/m is a simple left
A-module. By assumption
in particular

AMl+m)=A+m=0
and A € m for all maximal left ideals m in A. Hence A € rad A. (]
Definition 4.8. Let M be a (left) A-module, and let
Ampa(M)={ e A | dxm =0,Ym € M}.

The set Anny (M) is called the annihilator of M.

Note: Anny (M) is a two-sided ideal in A.
Corollary 13. Given a ring A

rad A = Ns stmpleleft A-module AHHA(S>.

In particular, rad A is a two-sided ideal in A.
Proof. Follows from (i) < (iii) in Proposition [12] O

Can we find rad A from this?
S~ S = Anna(S) = Annyp (5').

Theorem 14 (Nakayama Lemma). Given a ring A and a finitely generated A-
module M. If a is an ideal in A with a C rad A, then aM = M implies that
M = (0).
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Proof. Suppose that M # (0) and aM = M. Let {mqy,ma,...,m;} be a minimal
set of generators for M as a A. Since aM = M, we have that

t
my = E /\imi
i=1

for \; € a Crad A.

t
= (1 — Al)ml = Z)\zmz
i=2
. Proposition @ .
Since Ay € a Crad A = 1 — A1 has a left inverse, say u.

t
= my = U(]. — )\1)m1 = ZU)\sz
=2

= M can be generated by {ma, ..., m;}. Contradiction!
If t = 1, then M = (0). Contradiction! If ¢ > 1, then we have a contradiction to
the choice of generating set {mq,ma,...,m}. = aM # M. O

Recall 4.9. A left ideal a C A is nilpotent if In > 1 such that a” = (0).

Lemma 15. A ring.
(a) If A is a left (right) artinian, then rad A is nilpotent.
(b) If a C A is a nilpotent left ideal, then a C rad A

Proof. (a) v =rad A.
DDt D
is a descending chain of left ideals in A.
A left artinian = ™ = %! = ... for some m
M=t" =" =™ =M

A left artinian = A left noetherian.

" = M C A left ideal = M = ™ finitely generated A-module.

Nakayama Lemma = t™ = (0) and rad A is nilpotent.

(b) Assume that a is a nilpotent left ideal in A, say a™ = (0) for some n > 1.
Let a € a. Then for all z € A we have za € a and (za)™ = 0.

= (1+ (za) + (za)* + -+ (za)" 1 =1— (za)" =1

= 1 — xa has a left inverse for all x € A.

Proposition [I2) = a € rad A = a C rad A. O

Recall 4.10.
A semisimple < 5 A semisimple A-module
< A~ M,,(D1) X Mp,(D2) X -+ x My, (Dy)
n; > 1, D; division ring,t < oo

< A left artinian and has no nilpotent (left) ideals

Theorem 16. A ring.
A semisimple < A left artinian and rad A = (0).
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Proof. &
A semisimple = A left artinian = rad A is nilpotent

Using this we obtain:
A semisimple = A has no non-zero nilpotent left ideals = rad A = (0)

< Assume that A is left artinian with rad A = (0)
Lemma 7?7 = A has no non-zero nilpotent left ideals.
= A is semisimple. O

Theorem 17. A left artinian, vt =rad A. Then

(a) A/t is a semisimple ring.

(b) A left A-module M is semisimple if and only if tM = (0).

(¢) There are only finitely many non-isomorphic simple A-modules, and they all

occur as direct summands of AJt.
(d) A is left noetherian.

Proof. (a) A left artinian = A/t left artinian.
rad(A/t) = (rad A) /x.
Theorem [16| = A/t is semisimple.
(b)—(d): Exercise, see the book Proposition 3.1 page 9. O

Recall 4.11. A left artinian < [(HA) < oo.

Corollary 18. A ring. TFAE:

(a) A left artinian.

(b) Ewvery finitely generated A-module has finite length.

(c) v =rad A is nilpotent and t'/v'*1 is finitely generated semisimple A-module for
allt>0.

Proof. (b) = (a): In particular, A as a left A-module has finite length.
= A is left artinian (and left noetherian).
(a) = (c): v is nilpotent by Lemma ?? (a), say t™ = (0).

Theorem ??7 (d) = A left noetherian.
= ¢! finitely generated for all i (as a left ideal)
= t!/t'*! finitely generated for all i (as a left ideal)

Theorem ?? (b) = t'/t"*! semisimple A-module for all i > 0, since t-t* /"1 = (0)
(c) = (b): Suppose t™ = (0) for some n > 1. Consider: A Dt 2t? D32 ... D
tn—l 2 = (0)
In particular, we have exact sequences
]

5. RADICAL OF A MODULE

Definition 5.1. A ring, A C B A-modules.
Ais small in B if A+ X = B implies that X = B for every submodule X of B.

Example 5.2. (1) A =7Z and B = A then the only small submodule of B is
(0). If (0) # A € B then A = Z,, for some n # 0, 1. Choose an integer
m # 0, 1 such that ged(n,m) = 1. Then B = Z,, + Z,, = A+ X but
X # B. Hence A is not small.



LECTURE NOTES FOR MA3203 RING THEORY 27

2)T:1-2>2-".3 kafild A=kl B=kle,

B =kl'ey ~~>

<
U

T <—0O
U

= O=<=—20O
U

O<—O<—-20O

(i) A+ A = A # B

= A is small in B.

1 1

v SN
S AYAYAVEVAVAE

0

0
!
(iti) A + k =
!
k

Exercise 5.3.
- A small in B
- A’ not small in B

Definition 5.4. A a ring, B a A-module
rad B = ﬂ A = the radical of B

A max. submod. of B

Note 5.5. rady A = the radical of A as a ring.

Proposition 19. A a ring, B a finitely generated A-module
ACBissmallin B < ACradB

Proof. <: Assume A CradB. Let X C B. WIS: A+ X #B

Consider § = {M | M C B submodule ,X C M}. § # (), since X € §. Let
{C4}acr be a chain of submodules of B in §.

Let u = Jyes Ca, u is a submodule of B. If u = B each element in a set of
generators {by, bz, ,b,} of B must be in one C,. Say b; € C,,. The chain
condition implies that {b1,ba,---,b,} C C, for some « € I = C, = B.
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Contradiction! = each chain in § has an upper bound in §.

Zorn’s Lemma = § has a maximal element By, i.e. B; is a maximal submodule
of B.

Then A Crad BC B; and X = By, sothat A+ X C By C B

Hence A is small in B.

=: Suppose that A ¢ rad B, that is, 3 maximal submodule B; C B such that
A ¢ By. Then By € A By C B, and consequently A + By = B (since Bj is
maximal) By C B = A is not small in B. O

Theorem 20. A left artinian, A a finitely generated A-module. Then rad A = tA
where v = rad A.

Proof.

(5.1) tACrad A

WTS: tA is small in A.
(Prop [19] = tA Crad A)
Let X be a submodule of A and suppose that tA + X = A.

= A 4+ X+X = A
——
I
— 24 4 X - 4

Induction: v" A+ X = A for all n > 1.
Lemma ??7 = tnilpotent = X = A — tAissmallin A = tA Crad A.

(5.2) rad A C tA

A/tA is a semisimple module since tA/tA = (0) (Theroem ?? (b))

We have: A/tA = @E:l S;, S; simple A-module. Let A; = EBEZL#J» S; C AJtA,
which is a maximal submodule. Furthermore ﬂ;:l A; = (0), so that rad(A/tA) =
(0).

EIl = tA is contained in all maximal submodules of A

= rad(A/tA) = (rad(A) + tA)/tA = (0)

— radACtA

= radA =14 O
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1
a B

Example 5.6. T': 2 3,p=~a—0p,k field, A = kT'/(rho).

N s
4

We have seen: t = (arrows) = J.

1
. / \i
€] ~~mmmm 2 3
N T
U 4
1
a B
radAelt(Ael)tlvv~>2/ \3
N

6. THE RADICAL OF REPRESENTATION

(T, p) quiver with relations, J* C (p) C J2, k field, A = k['/{p), Tp = {1,2,--- ,n},
v=J.

(V, f) representation of (T, p) ~~~r~rrnme My 5y = V(1) @ V(2) D --- © V(n)

1Y) J

(V' f") radical of (V, f)
v generated by the arrows == tM(y y) is generated by elements on the form
B (v1,v2,---vp) = (0,---,0, fg(v,), 0,---,0) for B:r —sely

f

s-th coordinate

= etMyp = Y Imfp
Bel,
e(8)=s

tM(V,f) = {r1m1 T+ remy | T, €ET,m; € M(V,f)}

= V'(i) =&tMy,5) = > ger,, Im fg and
e(B)=i
foo = Tfa lvi@y: V(@) = V'(j) for a: i — j.
The range is by definition OK since Im f, C V'(j).

Example 6.1. (1) T: 1—2>2" .3 & field, A = &L

k 0
h |
Aey ~—=k rad(Aey) ~>k

I b
k k



30 @OYVIND SOLBERG

0
!
k

i3

Aeg ~~—~> rad(Aeg) ~~—>

TI<—O<—0O

k
0
Aez3 ~—~>0  rad(Aes) ~—>

O=<—0O<—0O

k
(2) T: 12 )s,p={F},A=k/(p)
(0) ) rad(her) s 0— 12 ) (89)

Aey kﬂoz&g(
) ,rad(Aes): 0——=(0) @k )o

00
10
Aes : 0—>k23(?8

Note 6.2. In general, M and N A-modules then rad(M & N) =rad M @ rad N

Definition 6.3. A left artinian, v = rad A, A finitely generated A-module. Then
A/tA is called the top of A.

Example 6.4. (1) T: 1—2>2"_3 & field, A = kL.

AJtA: k——=0——>0~—>e1Ae; = key
1
) AzAaw»k@kQQ@%) 20—k _)(9§)

A/'CA :ElAél = kél ~—>k——>0

In general A left artinian, A finitely generated

A—=AltA = S @& - & 5 semisimple, each S; simple
w w
zy # 0 z; # 0
Choose {x1,z2, - ,z;} inverse images of 2} in A. For a € A, then 3\; € A such

that a — 0_, \iz; € tA

n

t
a— E AT = E ria;, Tj €T, ajGA
i=1

j=1
Let A" = A{z1, -+ ,2+} C A be the submodule generated by {1, - ,x:} of A

t(AJA)) = AJA
Nakayama Lemma — A/A’ =0 =— A = A’ generated by {x1,--- ,x:}.
(or use t™ = (0)---)
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Lemma 21. A left artinian, f: A — B A-homomorphism, A, B finitely generated
A-modules. Then

f:A— Bisonto < f:A/tA— B/tB is onto.

Proof. Let f: A— B then f(tA) =tf(A) CtB

a Aa—"L . b
N
a+tA A/tA4f>B/tB b+t

a+tA+—— f(a) + B

= : Assume that f: A — B is onto B
f,Pg onto = Pgof=foP4onto = f onto.

< : Assume f: A — B is onto.

The elements of Im f are f(a) + tB for some a € A.

= given b € B then 3a € A such that b+ B = f(a) +tB

= b—f(a) €tB = B=Imf+tB

Since tB = rad B (Theorem is small in B (Prop , we have Im f = B and f
is onto. d

Note 6.5. Only used that B was finitely generated.

Definition 6.6. f: A — B is an essential epimorphism if f is and epimorphism,
and if g : X — A is such that fog: X — B is onto then g : X — A is onto.

Example 6.7. (1) f:A® B — A, f(a,b) =a, A, B A-modules.
- fepi OK, f ess. epi?
Consider g : X = A - A® B, g(a) = (a,0). Then fog(a) = f(a,0) =
a = fog onto.
If B # (0) then g is not onto = f is not an essential epimorphism.

@) T:1—2>2-".3 kfild, A=k

k 0
| |
A=Aey ~—>k ) 0
| l
k 0
I I
A B

Let f: A — A/B be the natural epimorphism/projection. Let g : X — A
and assume g : X — A is not onto.
WTS: f o g not onto.
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Exercise 6.8.

Proposition 22. A left artinian, A, B finitely generated A-modules. Let f : A — B

@YVIND SOLBERG
0

Proper submodules of A: k£ D

I
k

FT==—O=<—0
U
O=<=—0O<—0O

0

|

g not onto = Img C k
V1
k
0 0 0 0 k
| ¢/¢ | 1
= ImfogCf| k =k 0~k CA/B=
£ IR A A |
k k 0 0

—> fog not onto = f essential epimorphism.
A left artinian, A finitely generated A-module
Claim: P4 : A — A/tA essential epimorphism.

Proof. Let g : X — A, and assume that f o g is onto
Px
X —=X/tX

P, b

AT Apa

Know: g: X — Aonto <= 7:X/tX — A/tA is onto (Lemma 21)
Pyog=7goPx and P4ogonto = gonto = ¢g: X — A onto

—> P, essential epimorphism.

f:A— B ess. epi

g:B—C ess. epi} = gof:A—Cess. epi

be onto. TFAE:

(a) f is an essential epimorphism.

(b) Ker f C A, (v=radA)

(c) f:AJtA — B/tB is an isomorphism.

Proof. (a) = (b) : Assume f is an essential epimorphism. WTS: Ker f is small in

A, i.e. Ker f CtA (Prop [19/and Theorem

Let X C A. Assume that Ker f+X = A. Then the composition Xt 4 —f> B

is onto (proof?), such that X Lo A s onto, since f is an essential epimorphism

— X=A — Kerfissmallin A = Kerf CtA

(b) = (c) : Assume that Ker f C tA.
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A/ Ker f i Imf=08B
a+ Ker f ———— f(a)

We have (f onto)

’

33

and therefor t(A/ Ker f) = tA/ Ker f >0 Band (A/Ker f)/(tA/Ker f) ~ B/tB

a+tAj f(a)+1B
AJtA ! B/tB
2 =
(A/Ker f)/(tA/ Ker f) fla) +tB

(a+Ker f) +tA/Ker f

f is the composition of two isomorphisms == f is an isomorphism.

(c) = (a) : Assume that f: A/tA — B/tB is an isomorphism. Let g: X — A

x—9% a1 .p

e |

XX 2= Afed L B/eB

Asuume f o g is onto

= fog=fog:X/tX — B/tB is onto

li
= g=f fg:X/tX — A/tA is onto
Lemma 2] = g is onto = [ is essential epimorphsim.

1
a B
Example 6.9. T': 2 3 p={ya—98},k field, A = kT'/(p)
¥ s
4
k
v
B=k 0 Find some f: A — B which is essential epimorphism.

N
0
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0 I
N |
I Ul /0\
Ker f c tA = k k
N, A

—> f is essential epimorphism, or

SN L SN\
NN

7. PROJECTIVE MODULES

A/tA = 0 B/tB

A aring, P a A-module

Definition 7.1. P is projective if for every epimorphism g : B — C and every
A-homomorphism f: P — C there exists a homomorphism h : P — B such that

P
Jh g
oy
4y
B——C
cominutes.

Example 7.2. A is a projective A-module

b}—>f(1)

FA) = f(A-1) = Af(1). Choose b € B such that g(b) = f(1), and define h: A — B
by h(A) = Ab
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Check: h is A-homomorphism.
Then gh(A) = g(Ab) = Ag(b) = Af(1) = F(A-1) = F(A),VA € A
= A projective.

Exercise 7.3. F free A-module = F is projective (F ~ @._; Aa;, aAa; =5 A,

Viel)

iel

Proposition 23. A a ring, P a projective A-module
P projectiv <= 3 free A-module F' and a A-module Q such that F'~ P ® Q

Proof. =: Assume that P is projective. Any module M is a factor of a free module
Fyr - Let Fay = @,,c 01 Ay AAm =4 A and define ¢ : Fay — M by (A )menm) =
2omen Amm

0, z#m

1

r=m

Check: ¢ A-homomorphism, ¢ onto, m = ¢((Az)zenrr), where A, = {

)

Let g : FF — P be onto with F' free.

P <—— projective
/

h
s II1p

bi f
— Jh: P — F such that gh =1p

Calim: F' ~ Ker g @ Im h (Excersice)

<«: Assume that F % Pa @ where F' is a free A-module. Suppose that
g:B—Cisontondlet f: P— C.

(p,q) ——0p

F5 PeQ———=F

A
3n’ | v if

y
C

g9

B 0
v(p) = (p7 0)7 ﬂy(p) = 7T(p, 0) =P
F projective = 3h': F' — B such that
gh' = frp |7}
gh'e™ = fr | v
g(h'pv) = fov=flp=f
—~——
h
—> P is projective. ([l

Example 7.4. (I',p) a quiver with relations, k a field, J* C (p) C J?, Ty =
{1a27"' ,TL}. A:kF/<p>
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Have seen: p\A = Aegt @ Aes @ --- @ Ae,,
= Ag; projective A-modules

Definition 7.5. Let f : P — M be a A-homomorphism. Then f: P — M is a
projective cover of M if P is projectiv and f is an essential epimorphism.

1

AN 2N
k 0

Example 7.6. T': 2 3,p={ya—-488} A=EkT/{(p), M =

N N
4 0

0— > Kerf Aer M 0

Il [ |

0 k k
/N PN PN
0 k k k k 0
NA N A N

We have Ker f C tv(Aey)
—> f is essential epimorphism
= f is projective cover.

Theorem 24. A left artinian, A finitely generated

(a) There exists a projective cover f: P — A (P finitely generated)
(b) Let fr: PL — A and fo : Py — A be two projective covers of A. Then there

Proof.

exists an isomorphism g : Pi — Ps such that fy = fag

P1 %
iz A

Py fe
(a) A finitely generated = Jonto f: A" — A, n < 0.

Choose P projective, f : P — A an onto A-homomorphism with I(P)
minimal. WTS: f projective cover. Consider

0 —— Ker fC P A 0
-l
P/cP ! A/tA 0

Assume that Ker f Z tP. Then np(Ker f) # (0) in P/tP, which is semisim-
ple. We know that P/tP = wp(Ker f) @ X for some X C P/tP.

Define e : P/tP — P/tP by letting e(v,w) = (0,w) for (v,w) € P/tP =
mp(Ker f) ® X.
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P--%->P
-
P/tP —~= P/tP
0

Then npe'e’ = eenrp = enp = pe’ — 7p(e/ — €’e’) = 0. Hence, if
x=¢€(lp—¢€)=(lp—¢€)e then Imx C tP. Since Imz? C t>P and so
on, and t* = (0) for some ¢t > 1, we have that ' = 0. Let a = €’ and
b=1p —e€’. Then

atbt — btat — xt =0

and

1p = (a+b)?* = a* +ra® 20+ - ria'd +ria 0 4 ey ab® T B

é P

It follows that é = é-1p = é(é+ &) = &%+ é¢' = &% + 0 = &>
= € is aan idempotent. B B
Check: é = ¢* = ¢ and f(P/tP) = f(X) = f(Ime).

Then we have

Pp—°% .p A
P/P—S>P/tP 1o Ajea
Jere, = ZafC

onto — onto

Seen: 74 essential epimorphism = fé onto = f |1ms: Imé — A onto.

We have P = Ime @ Kere
’T I
Check: projective  Im(1p — €)

(Ip—é)=1—e#0 = Im(1peé) # (0).

= [(Imé) < I(P), Contradiction!

—> Ker f C tP and f is an essential epimorphsim.
f is projective cover.
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(b) Let f; : P, — A be a projective cover of A for i =1,2.

P 0
Hgl ‘ /
f2

Pp—=A——-0
El
Py 0

P projective and f epimorphic = dg : P — P» such that f; = fag.
f2 essential epimorphism and f; epimorphic = ¢ epimorphic.
Similarly h is epimorphic.
= I(P) <Il(P) <l(P) = I(P1) =1(P;) = g isomorphism.
O

Proposition 25. A left artinian, f : P — A an epimorphism, A finitely generated,
P projective A-module.

(a) f: P — A projective cover <= f: P/tP — A/tA isomorphic.
(b) {fi: P — A}, fi onto, P; projective
The map f : PL® P, ®--- P, — Al ® Ay ® - D A, defined by

(p1,p2, s Pm) = (fi(p1), fo(p2), -+, fm(Pm)) is a projectiv cover <—>
each f; : P; — A is a projectiv cover.

Proof.
(a) Prop 77
(b) Exercise: Use that (P @ --- ® Py,) =tPy & --- @tP,, t=rad A and (a)
(]

Proposition 26. A left artinian, finitely generated modules.

(a) P projective module then P — P/tP is projective cover.

(b) P,Q projective modules, P ~ @Q <= P/tP ~Q/tQ

(¢) P projective module, P indecomposable <= P/tP simple.

(d) Assume that P = @._, P, ~ @;":1 Qj, with P projective and P; and Q;

indecomposable.
= n =m and 3 permutation © of {1,2,--- ,n} such that P; ~ Q, for
i=1,2,---,n.

Proof.
(a) We have seen: A — A/tA is essential epimorphism for finitely generated A.
P projective = P — P/tP projective cover.
(b) =: Clear.
<: Assume that P/tP ~ Q/tQ.
(a) = P — P/tP,Q/tQ are projective covers. Assumption plus projec-
tive cover unique up to isomorphism (Theorem [24] (b)) = P ~ Q.
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(¢) «<: Assume that P = P; @ P, with P; # (0). Since tP = tP; @ tP, we have
that

P/‘tP = Pl@PQ/tpl@tPQ ~ Pl/tpl D Pg/tPQ

“th AN
/y@)
Nakayama Lemma

= P/tP not simple

=: Assume that P/tP is not simple. P/tP is a semisimple A-module
= P/tP =U; & Uy, where U; # (0),i=1,2.
Let P; be a projective cover of U; for i =1, 2.
(a) gives that P — P/tP is a projective cover.
We know: Py @ P, — Uy @ Uy = P/tP is a projective cover.
Uniqueness (Theorem [24| (b)) = P ~ P, ® P, with P; # (0), i = 1,2.
—> P decomposes.
d Exercise:

Note: P;/tP,“—— P, /tP & --- P, /tP,

1
Q/tQ1 @ - Qn/tQn — Q;/tQ;
= 3Jj such that Q;/tQ; ~ P,/tP;, = P, ~Q;
O

Recall 7.7. A left artinian.

= At=5® - ®S,, S; simple. Furthermore if T is a simple A-module then
3j such that T~ S}, i.e {S;}]-; has representatives from all isomorphism classes
of simple A-modules.

Let P f» S; be a projective cover of S;.
Prop 25 (a) = P;/tP; ~ S,, since tS; = (0).
Prop [25 (c) = P; indecomposable.

Let P be an indecomposable projective A-module. Then P — P/tP is a projective
cover and P/tvP is simple. Hence 3j such that P/tP ~ S;.

P — P/tP ~ S, + P; projective cover
Uniqueness = P ~ P;.
Corollary 27. A left artinian. The only indecomposable projective A-modules are
Py, Py, -, P, up to isomorphsim.
1
a B
Example 7.8. T': 2 3,p={ya—48}, k field A = kI'/{p).
¥ s
4
We have seen: A/v = ke; @ key @ kes @ key

I | I |
S Sa Ss3 S
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Projective covers:

% \ 2N /N

A7 0 0 =51 Agy: k.. 10

\ / N

0

/\ /\ /N

Ags : , k=253 Agy: O 0=0

\/ \/ NS

Lemma 28. A left artinian, M finitely generated.

k

SN,
N
0
/N
N

Let P d M/eM be a projective cover. Then a homomorphism f: P — M such

that

P

L

M —"% M/eM

commutes, is a projective cover of M.

Proof.

fr=mm-f epi.

Mg JeM } — f epimorphism

ess. epi.

P—2Ls MM ~ B
l We have: frp =7mpyf = f = flwp
™ I
P/P—Ls MM
== z = f/ < isomorphism
= f isomorphism = f: P — M projective cover.

Know: f’: P/tP = M/tM isomorphism.

7p epimorphic
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Example 7.9.

) ’
vy \0 / \
k2 k ) 0

M : Mo k(1
BN %
yk
M/tM . Kk*/k(}) 0 ~5 &S @ Ss
\0

NN N
ol e kL Sl
CONA N TN

k
| wl
\;f >]g‘ﬁv‘ 0 0
NG N SN Ny
k* = k——>0 0 kk%) 0P o k
AN TN

Definition 7.10. A is a local ring if the non-invertible elements in A is an ideal.

Example 7.11.

(1) Z is not a local ring. Invertible elements: {—1,1}, but 3+ (-2) =1 =
non-invertible elements is not an ideal.

(2) k fiel = k local

(3) A = E[x]/(z™), k a field.
Non-invertibel elements: (x)/{z™).
Invertible elements: {a + f(z)z + (™) | a € k \ {0}, f(x) € k[x]}.
= A is a local ring.
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Je

I: N 1 , p relation such that J' C (p) C J?

Qn

A = kT'/{p) - finitedimensional k-algebra, k field.
Non-invertible elements: J/{p) =t - ideal
Invertible elements: {ae; +7 |a € k\ {0},r € ¢}
= A a local ring.

Proposition 29. A a local ring => 0 and 1 are the only idempotents.

Proof. Let e be an idempotent in A. Suppose that e is an invertible element, i.e.
3f € A such that ef = fe=1.

= e=c-l=c(ef)=c®f=cf =1.

Suppose that e # 0,1, i.e. e and 1 — e are both not invertible. Then

l=e + (1—¢)

/!

not invertible

A local = 1 not invertible. Contradiction!
— 0,1 the only idempotents in A. |

Note 7.12. (1) A = kL/{p), k a field J* C (p) C J?, [Tg| > 2 = A not
local (Why?)
(2) A aring, M # (0) a A-module.
We have seen: Endp (M) contains an idempotenet # 0,1 <= M decom-
poses.

Corollary 30. M A-module, Endx (M) a local ring = M indecomposable.

Proposition 31. A left artinian, P finitely generated projective A-module. TFAE:
(a) P indecomposable
(b) Endy(P) local
(c) tP is the only maziaml submodule of P.
(d) P/tP is simple.

Proof.
(a) < (d): Prop ().
(d) = (¢) : P/tP simple = tP maximal submodule of P.

We have: tP =rad P = ﬂ M

M max.
submod. of P

= tP C M, VM C P maximal submodule.
—> tP is the only maximal submodule of P.



LECTURE NOTES FOR MA3203 RING THEORY 43

(¢)= (b): Let f: P— P. Then

f invertible (d:ef) f isomorphism
<= f is an epimorphsm ({(P) < oo) Hence, {non-invertable

tP<én>axlmf Z P
elements in Endy (P)} = {f € Enda(P) |Im f CtP} =1
lideal: fi,fo€el,pe P

(fi—f2)) = filp) — fa(p) € tP = fi—foel
N\ o =

tP
fl, f2 S EndA(P):

Imfifo = filmfo) C «P, if f1 €1
|
f1(cP) it el

|
tf1(P) c P

= ff1,fif €I, when f; € I and f € Enda(P).
= [ is an ideal = End,(P) a local ring.
(b) = (a): Corollary
(]

Example 7.13.
(1) Z projective Z-module, Z not artinian, Endz(Z) ~ Z not local, but Z
indecomposable.
(2) A= KkL/{p), k field, J* C (p) C J?, A left artinian.
We have: Ag; indecomposable projective A-modules.
Prop — Endj(A€;) ~ €;A€; is a local ring.

Corollary 32. A left artinian. TFAE:
(a) A local
(b) v =rad A is a mazimal left ideal
(¢) AJv is simple A-module

Proof. Follows from Prop noting that A ~ Enda (A)°? d
Proposition 33. A left artinian

(a) 1=e1+es+ -+ e, - asum of primitive orthogonal idempotents.
orthogonal: e;e; =0, Vi # j
primitive: e; # 0 is not a sum of non-zero idempotents
(b) Let eq,ea,--+ ,en, be idempotents in A, and let e =e; +eg+ -+ + ep,.
If e1,e9,- - ,em are orthogonal then Ae = Aey ® Aes @ -+ - B Aeyy,.
(c) Let e # 0 be an idempotent. Then Ae indecomposable <= e is primitive.

Proof. (a) A/t semisimple
- A/'C: S1DSyD---PS,, S; simple.
Let P(S;) — S; be the projective cover of S;. Then P(S;) is indecom-
posable by Prop [26| (¢). Then by Prop [25| (b): @), P(S;) — A/vis a
projective cover. Also A — A/t is a projective cover.
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Uniqueness = A~ @, P(S;)
— A=P,&P,® & P,, P, indecomposable.
Then1=¢e;+ey+---+e, withe; € P,

= e = € -1 = ee1 + eea + -0 + ey + -+ ey

m m m m m

Pz' Pl P2 Pz Pn
. i
Direct sum = e;e; = {0 . Z#J
e, ifi=j

= {e;} are orthogonal idempotents.

Claim: P; = Ae;

eiEPi — AelgPI

reP=x=2-1=2xe1 + xeg + -+ + xe; + -+ + we,
m m m m
Py Py P; P,

Direct sum — z =ze; € Ae; — P; = Ae;

e; primitive: Let e; = f1 + fo with f; # 0 fro i = 1,2, and f; and fs
are orthogonal idempotents. Using (b):

Aei = Af1 &) Af2
~h “h

©) (0
— P, not indecomposable. Contradiction!
=—> e; primitive for ¢t =1,2,--- | n.
(b) and (c): Exercises.
O

Proposition 34. A left artinian, P finitely generated projective A-module. Then

n
r=@r
i=1
with P; indecomposable and decomposition is unique up to isomorphism an ordering.

Proof. P/tP =@ _, S;, S; simple A-modules.
P — tP projective cover and @, P(S;) — D)., S; = P/tP is a projective cover.

Uniqueness = P ~ @, P(S;)
——

indec

8. KRULL-REMAK-SCHMIDTH THEOREM

Lemma 35. (Fitting Lemma)
A a ring, M a A-module with I(M) < oo, ¢ € Enda(M). Then In > 1 such that

M =TIm "™ ® Ker "
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Proof. I(M) < oo => M artinian and noetherian.
I D Imp? D --- ,
{Kr:rfa c KI:;';Q c } become stationary.
Imp® = Imp"tl =
Kerp® = Kerpn"tt =

= [(Im ") = [(Im "), " : Im ™ — P?" is surjective.

— dn such that

= ¢": Imp" — Im ¢?" is an isomorphism.
»
Let 9 : Im ¢?™ — Im ¢ be an inverse of ™.
(1) We have: Im ™, Ker o™ C M
(2) M =Tme"™ + Ker¢™: Let m € M. Then

m = Y"(m) +m — " (m)
—_— ——

€lm pm eKer o

Since " (m — " (m)) = ¢"(m) — " ©"(m) =0
(3) Imp™ NKerp™ = (0) : Let m € Imp™ NKerp™. Then m = ¢™(m') for
some m’ € M.
m € Kerp" = 0= ¢"(m) = ¢*"*(m’)
= m/ Ker p?" = Ker "
= m=¢"(m')=0

Theorem 36. A left arinian, M finitely generated. Then
M indecomposable <= Endx (M) local

Proof. =: Have seen (true in general).

<: Assume that M is indecomposable. Let ¢ € Enda(M) be a non-invertible
element. Then [(Im ¢) < I(M)

= V4 € Endy (M) the composition ¢ is not invertible (I(Imp) < I[(Im ¢)).
Fitting Lemma = M ~ Im(¢p)" @ Ker(yp)™

M indecomposable = Im(¢¢)™ = (0) and Ker(yp)” = M

or Im(¢pp)™ = M and Ker(pp)"™ = (0)

We have that Im ()™ C M, so Im (i)™ = (0) and vy is nilpotent.

= 1y — 9y invertible in Enda (M) for all ¢ € Enda(M).

= @ € rad Endy (M) C {non-invertible elements of Ends (M)}

= Enda (M) is local. O

Theorem 37. (Krull-Remak-Schmidt theorem)
A left artinian, M finitely generated A-module.

(a) M can be written as a finite direct sum of indecomposable modules, i.e.

M = @Mi with M; indecomposable

i=1
(b) The composition of M into idecomposable modules is unique up to iso-
morphsim and ordering.
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Proof. (a) Induction on I(M):

If (M) = 1, then M is simple and clearly indecomposable. Claim in (a)
trivially true.
Assume that (a) is true for all A-modules X with {(X) < n. Suppose
(M) = n. If M is indecomposable then we are done. If M decomposes
say M = My ® My (M; # (0)) then I(M;) < I(M) and we are done by
induction.

(b) Assume that

M = éMi = éNj
i=1 j=1

with M; and N; indecomposable.

(a) If {(M) = 1 then the claim is true as M is simple and therefor inde-
composable.

(b) Assume true for all modules X with I(X) < n. Let (M) = n.
Denote by ¢4, and ;s the composition

M,“—— @, M; = EBT:l N; — N

and
N,—— @;n:l N; =@, Mi —= M,

respectively. Then

Z wis@si - ]-Ml
s=1

Since Enda(M;) is local 3j such that t;j¢j; is an isomorphism. If
@jithij + Nj — Nj is in rad Endy (N;), then it follows from Fitting
Lemma that cpﬂw” is nilpotent, say (¢j;1i;)t =0

= (Yij¢j:)"T' = 0 Contradiction!

= @;;%¥;; is an isomorphsim

= ;; and v;; are isomorphisms.

We have that

n Lu=(pji)
M o= MM EN, = M
r=1 =
I I CLIMI'—>NJ‘
A(Lplfi‘cl) ¢ le—>N
Check: _ M—>]\7
. lu, —¢j;'a 0 €M j
is 1-1 — ( 0 115"17» )ZT \LZ( bgpﬂll )

— is onto . A

—1
A - 171 0\ (vji a I —pa
~bp;; 1)\ b ¢)\0 1

(e ) (7 )
<pﬂ 1 —bgo]Z a+c
_ (i 0 wji 0

o < 0 —byj Ya + c) < 0 é)
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A an isomorphism == ¢;; and ¢ isomorphisms.
= ¢: M; — N, isomorphism with [(M;) < I(M). By induction the
claim is true for M;. Since M; ~ N;, the claim follows

O

9. ARTIN ALGEBRAS

Recall 9.1. (1) A finite dimensional k-algebra, k field, M finitely generated
A-module — dimpy M =n <
= Enda(M) C Endy(M) = M, (k) finite dimensional k-algebra.
(2) A left artinian, but not right artinian, M =5 A. Then Enda (M) = A°P not
left artinian.

R is a commutative ring.
Definition 9.2. (a) An R-algebra A is a ring A and a ring homomorphsim
p:R—=> AwithImp CZ(A)={AeA| r=r)\VrecA}
(b) A1, Ay R-algebras given by ¢1 : R — Ay and ps : R — Ay. Then ¢ :
A1 — Ag is a homomorphism of R-agebras, if ¢ is a ring-homomorphism
R 1 A1
d .
an “’2\\A /w commutes
2

(¢c) Ay is an R-subalgebra of As if A; is a subring of Ay and the inclusion
A<= A5 is a homomorphism of R-algebras.

Note 9.3. A R-algebra — A R-module.

Definition 9.4. A is an artin R-algebra if A is an R-algebra with R a commutative
artinian ring and A is a finitelty generated R-module.

Example 9.5. (1) Any finitely generated algebra over a field k is an artin
algebra.
(2) k[z] is a k-algebra (k a field), but not an artin k-algebra (dimy k[z] = 00).
(3) R acommutative artinian ring = R an artin R-algebra (¢ =1r: R — R,
Z(R) = R, R generated by 1 over R).

Note 9.6. (1) A R-algebra = A°P R-algebra.
(2) A a A-module, A an R-algebra, ¢ : R - A — A is an R-algebra via

T ad:efgo(r)a, Vre R,Va € A

(3) A, B A-modules, A an R-algebra (¢ : R — A)
= Homy (A4, B) is an R-module via

fEHOIHA(A,B),’I"ER (rf)(a)zap(r)f(a)
Check this as an exercise.

Proposition 38. A artin R-algebra, finitely generated A-modules.

(a) A, B A-modules = Homy (A, B) finitely generated R-module.

(b) A a A-module = Endp(A) is an artin R-algebra (which is an R-
subalgebra of Endgr(A)).

(c) A is a left artinian ring.
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(a) Have:

- Homy (A, B) C Hompg(A, B)

- R artinian = R noetherian
Enough to show that Hompg(A, B) is a finitely generated R-module.
A finitely generated A-module =— dA™ — A onto A-homomorphism,
n > 1.
A finitely generated R-module = 3FJR™ — A onto R-homomorphism,
m > 1.
— I R™ L > A onto R-homomorphism.

= Hompg(A, B) —> Homg(R™", B) ~ B™"

Exercise 9.7. (i) v 1-1
(ii) Hompg(R, B) ~ B as R-modules (f — f(1)).
(iii) Homg(X @Y, B) ~ Hompg(X, B) ® Homg(Y, B) as R-modules.

Induction: Hompg(R™", B) ~ B™" as R-modules
B™" finitely generated R-module + R noetherian =— Homg(A, B)
finitely generated R-module.

(b) Endg(A) = Hompg(A, A) is finitely genrated R-module by (a). R-algebra

structure is given by r +— 7 - 14

(c) A finitely genrated R-module = Ig(A) < oco.

— A artinian (and noetherian) R-module. Every left ideal in A is an
R-submodule
= A is left-artinian.

O

10. CATEGORIES AND FUNCTORS

Definition 10.1. A category C consist of a collection of objects, ObjC, and for
each pair (A, B) in C a set of morphisms Hom¢ (A, B) (can be 0), write f: A — B
for f € Home (A, B), and composition of morphisms

Home (B, C) x Home (A, B) — Home (4, C)

(9, f) af

such that
(i) For each A € C, 314 € Home (A, A) such that f-14 = f, Vf € Home (A, B)

and 14 - g = g, Vg € Hom¢(C, A).

(ii) Associative law is satisfied

hgf) = (hg)f

f g h

when A B C D.

Example 10.2.
(1) T a quiver, J* C (p) C J%, t > 2.

Rep(T, p) = category of all representations of (T, p).
Obj(Rep(T', p)) = all representations of (T, p) over k.
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morphisms = morphisms of representations.

composition = composition of morphisms of representations.
(2) A ring

Mod A = the category of all left A-modules.

Obj(Mod(A)) = all left A-modules.

morphisms = A-homomorphisms of left A-modules.

composition = usual composition of maps.

Special cases:

Ab = abelian groups = Mod(Z).

Vec(k) = vectorspaces over k = Mod (k).

Definition 10.3. C a category A, B objects in C. A morphism f: A — B in C is
an isomorphism in C if 3 a morphism ¢ : B — A such that

9f =14 and fg=1p.
Note 10.4. A aring, f: A — B a A-homomorphism.
f isomorphism g f is bijective
<= f is an isomorphism in Mod A.
Definition 10.5. C a category. A category D is a subcategory of C if ObjD C ObjC
and Homp (A, B) C Home (A, B) for all A, B € D, and the composition in D is the

restriction of the composition in C.
D is a full subcategory of C if Homp (A, B) = Home (A, B) for A, B € D.

Note 10.6. Full subcategory - enough to describe the objects in the subcategory.

Example 10.7. (1) A not commutative: Mod A is a subcategory of ModZ
which is not full:

Homp (A, A) € Homgz (A, A)
Choose z & Z(A), f : A = A by f(A) = z- . Then f € Homy(A, A), but
f & Homp (A, A)

(2) A aring I C A an ideal, 7 : A — A/I natural.

Any A/I-module M is also a A-module via A - md:efw()\)m

Exercise 10.8. Mod A/I C Mod A is a full subcategory.
(A/I infinite representation type = A infinite representation type.)

(3) A aring, M € Mod A
add M = all direct summands in a finite number of coppies of M
(X €eaddM; M"=XaY).

Definition 10.9. A (covariant) functor F' : C — D associates to each object C
in C an object F(C) in D, and to each morphsim f : A — B in C a morphism
F(f): F(A) —» F(B) in D such that

(i) F(gf) = F(g9)F(f) for all composable morphisms in C

(i) F(1a) = 1pa) VA € ObjC
F' contravariant functor:

f:A— B~—>F(f): F(B) — F(A)
(i) F(gf) = F(f)F(g) for all composable morphisms in C
(i) F(1a) = 1pa) VA € ObjC
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Example 10.10.
(1) A= KT/(p), J* C (p) € J%, Tg = {12, ,n}
F :mod A —— Rep(T, p)
Mr——=F(M) = (V. f)
Vi) =eM
a:1—j3€ely
fo i V(i) =&;M Z=s2;M = V(j)
eEmb———>a - em

M F(M) = (V, f) V(i) = &M
J{h }—)\LF(}L) F(h)(@)=hle; m
M F(MY) = (V' f) V(i) = &M’

(2) C a category, ide : C — C
ide(C) = C, VC € Obj(C)
f:A—=BinC
ide(f) = f:ide(A) = A— B =1ide(B)
id¢ = identity functor.
(3) AeModA
F =Homy (A, —) : Mod A — Ab
F(B) =Homy (4, B)
F(B) F(C)
| Il
f:B—C, F(f): Homp(A, B) — Homjy (A, C)
w
g:A—>Br+——=F(g)=f-yg
(4) T a quiver, Obj(T") =T
morphsims ¢ — j = all paths from ¢ to j.
F:T' — modk = veck ~~> representations of I over k

Definition 10.11. C a category, R a commutative ring. C is preadditive (R-
category) if Home (A, B) is an abelian group (R-module) for all objects A and B in
C, and the composition

¢ : Home (B, C) x Home (A, B) — Home (A, C)
is bilinear (R-bilinear) for all A, B and C in C, i.e
e(91+ 92, f) = (g1, f) + (92, f)
o(g, f1 + f2) = (g, 1) + (9, f2)
(s@(gﬂ"f) =p(rg, f) =rely, f))

Definition 10.12. C,D preadditve (R—)categories. A functor F' : C — D is an
additive (R—)functor if the map

F : Home(A, B) — Homp(F(A), F(B))

is a homomorphism of groups (R-modules) for all objects A and B in C.
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Example 10.13.
(1) A=kT/(p), J'C (p) C J2a Fo={1,2,---,n}
Rep(T, p) - preadditive k-kategory

mod A - 7

F : mod A — Rep(T, p) additive k-functor

H : Rep(T', p) — mod A additive k-functor
V.= HV.[)=V)eVQ2)&---&V(n)
& - (v1, v, ,0) = (0,0, -+ ,0,0;,0,- - ,0)

a:t—j€el
/\j—th coord

6.(111,1127... ,Un) = (0,0’ ’O’ fa(vi)7 O’ 7O)

WV, f) HV.f) = V)aV2)e -aV(n)
J{h H(h) = hi®ho®- - -®h, : J{
V" HV.f) = VeV (2e &V

(2) C preadditive, D C C a full subcategory = D preadditive.
In particular, A artin R-algebra Mod A, mod A, add M are R-categories
Homy (4, —) : mod A — mod R additve R-functor.

10.1. Morphisms of Functors.

Definition 10.14. C,D categories, F,G : C — D functors. Then ¢ : FF — G is a
morphism of functors if for each object C' € C there is a morphism ¢ : F(C) —
G(C) in D such that for each morphism f : A — B in C there is a commutative
diagram.

F(A) -5 G(4)

F(f)l lG(f)

F(B) 2~ G(B)
¢ : F = G is an isomorphism if p¢ : F(C) — G(C) is an isomorphism in D for all
Cin C.

Example 10.15.
(1) k field.
(—=)" = Homy(—, k) : Vec(k) — Vec(k)
Define ¢ : idyecr) — (—)* = Homy, (Homy (—, k), k) by
ev tidveery(V) = V——=V" = Homy(Homy(V,k), k)
w
v oy (v)
where oy (v)(f) = f(v), f € Homg(V, k). ¢ is a morphism of functors.

Exercise 10.16.

(i) v is 1-1
(i) dimg(V) < 00 = ¢y isomorphism

(2) T a quiver, F,G : " — vec(k) functors. What is a morphsim ¢ : F — G?
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Definition 10.17. C,D (R-)categories, F' : C — D an (R-)functor. Then F' : C —
D is an equivalence of (R-)categories if 3 an (R-)functor H : D — C such that
HF ~ide and FH ~ idp.
Definition 10.18. F': C — D (R-)functor
(a) Fis full if F: Hom¢ (A, B) — Homp(F(A), F(B)) is onto for all A, B in C
(b) F is faithfull if F': Hom¢(A, B) — Homp(F(A), F(B)) is 1-1 for all A, B
in C
(¢) Fisdense if for each object D in D, 3 an object C' in C such that F/(C) ~ D.

It can be shown:

Proposition 39. C,D (R-)categories, F' : C — D (R-)functor.
F is an equivalance <= F is full, faithfull and dense

Theorem 40. (T, p) quiver with relations, J* C (p) C J?>, A = kL'/{p). The func-
tors F': mod A — Rep(T', p) and H : Rep(T', p) — mod A are inverse equivalenses
of k-categories. HF ~ idmoan and FH =~ idgey(r,p)

Proof.
(1) E equivalense:
(i) F faithfull: h: A — B € mod A, Ty = {1,2,-- ,n}
F(h) = {hi}?:la where h7 = h|EiA ZéiA — EiB
F(h)=0 — h; = 0¥i=1,2---.n
Il
hIEiA - O,V'L = 1,27"' ,n

=h = lhga ® hga @ - ® hg,a @ @A D - D EnAd
I Il Il
0 0 0 B

= h=0 = F is faithfull.
(ii) F dense:
Check: Given (V, f) € Rep(T, p) then

FH(V, f)~(V,f), (V,f) € Rep(T, p)

= F dense.

(iii) F full: Given {h;} : F(A) — F(B) ie. h; : A — &DB for i =
1,2,--- ..
Know: h=h, ®---@h,: A B

I
elA®---®Pe,A——>e,Bd-- - ®e,B
Check: F(h) = {h;} = F full.
— F is an equivalence.
(2) F and H ar inverse equivalences:
Exercise.

Can be shown:
F : Mod R — Mod S equivalence
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- M (semi)simple, finitely generated, artinian, noetherian, indecomposable
< F(M) is
- Z(R) ~ Z(S)

11. PROJECTIVIZATION

A artin R-algebra, A € mod A
Have seen: I' = Endp (A)°P is an artin R-algebra.
A is a left Endy (A)-module:
f €Endp(A),a € A, then f- ad:eff(a) (Exercise)
= A is a right I'-module.

Exercise 11.1.

- AAr is a A — I'-bimodule
- left A-module
- right I'-module
- (Aa)y=Aa-7)

- Homp (A Ar, X) is a left T module, (X € mod A) by

def
f € Homp(AAr, X), g €15 (g9 f)(a) < f(g(a)),Vae A
— Have R-functor

F = Homp (A, —) : mod A — modT
Lemma 41. A ring
(a)
Homp (A, By @ By) & Homy (A, By) @ Homy (A, By)

given by a(f, g)(a)d:ef(f(a),g(a)) for a € A, is an isomorphism.

(b) HomA(A1 (&) AQ) ~ HomA(Al, B) D HOmA(AQ, B)
In particular, if T = Enda(A)°P, then the isomorphism « in (a) is an
isomorphism of I'-modules. Similarly in (b).

Proof. Exercise. O
Proposition 42. A artin R-algebra, A € mod A, T' = End (A4)°P

e4 = Homp (A, —) :mod A — modI' (R-functor)
has the following properties:

(a) ea : Homp(Z, X) — Homr(ea(Z),ea(X)) is an R-isomorphism for all Z
in add A (i.e. Y such that X @Y ~ A! for somet > 1)

(b) X € addA = ea(X) is a projective I'-module

(¢) eajadd a : add A — P(I') = {finitely generated projective T'-modules} is an
equivalence of R-categories.

Proof.
(a) (i) ea :Homp (A, X) %> Homr(ex(A),eq(X))
W
f'—>a(f):f*5 A(A’A>>A(A>X)

g——=1f-9g
is an isomorphism of R-modules.



54 @OYVIND SOLBERG

-« is an R-homomorphism: Exercise.
- o ds 1-1: Assume that a(f) = f. =0
= fu(g) = fog=0,Vg € Homy (A, A).
Choose g=14 = f=0 = «ais1-1
-« is onto: Given h : Homy (A, A) — Homp (A, X).
Let f =h(14): A— X € Homp (A, X). Then for g € Homy (A, A)
a(f)(g) = fg="h(1a) - g (action of T on Homy (4, X))
h a I-homomorphism = h(l4)-g="h(1la-g) = h(g)
= of) =h = «is onto.

(ii) ea ”additive”: The following diagram commutes, M M MeN<Y N

[ f+

es T Homp (M & N, X) Homr(es(M @ N),
K
12 Homr(ea(M) @ ea(N),es(X)) (finm)« @ (fin)«

12

eadey: omA M X EBHOH]A(N X}HOmF(BA(M),eA(X))EBHOIHF(EA(N),EA(X))

ea(X))

%

(fine, fin) ((fine)w, (fin)«)

(iii) Z = A™: Diagram commutes by (ii)

Homy (A™, X) “ Homr(ea(A™),ea(X))
12 PR S 1K
Homp (A, X)» — AT D o (ea(A), X

isomorphism by (i)

= e4 is an isomorphism for Z = A"
(iv) Z€eaddA, Z@Y ~ A", n>1:

diagram comutes by (ii) isomorphism by (iii)

Homy (Z &Y, X) N Homp(ea(Z ®Y), ea(X))

12 12
Hom, (Z, X) ® Homy (Y, X) 2% Homp(e4(Z), ea(X)) ® Homp(e4(Y), e4(X))
=—> e4 D ey is an isomorphism

= ey : Homp(Z, X) — Homr(ea(Z),ea(X)) is an isomorphism for
all Z € add A and X € mod A.
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(b) Let X € add A, i.e. In > 1 such that A ~ X @Y for some Y
=

ea(A™) = Homp(A,A") _~ Homy(4,4)" ~ TI"
2
ea(X@Y) = Homx(A, X ®@Y)_~ Homp(4,X) @ Homy(A4,Y)
/ I
as ['-modules ea(X)

= e4(X) is a projective I'-module.
(¢) (b) = esa:addA — P(T)

(a) = ey4 is full and faithfull
P

ea dense: Let P € P(T'). Then 3n > 1 and a Q suc that I = P ® Q
Let f': P®Q — P ® Q be given by f'(p,q) = (0,q). Then (f')? = f’ and
Ker f/ ~ P, and
Fn
To
ea : Homp (A™, A™) =~ Homr(es(A™), ea(A™) g

i Homp(I'™, T™) ogo~
w

e~ '
Choose u : A™ — A™ such that
vea(u) =@ 1l T" T
Let f = ¢ 1 f'». Note that f2 = f. We have an exact sequence
0 ——Keru — A" —%= A"

This induces the exact sequence

0 ——ea(Keru) ——ea(A™) cale) ea(A™)
A
R <= Teo Teo

0 Ker f e YAW=L b
R <« 1 L
v 5

0 P PaQ Pao

Problem sheets = es(Keru) ~ Ker f ~ P
Keru € add A: f = ea(u) = f2 = (vea(u))? = v(ea(u)?) = ea(u?)



56 @OYVIND SOLBERG

— u = u? since 7 is an isomorphism and e, is full and faithfull.
(A" € add A

— A" =Keru®Imu — KeruecaddA
= Pcea(addA) = egjadaaa is dense.

Lemma 43. A artin R-algerba, A € mod A, T' = Endy (A)°P
ea:add A — P(T)

(a) X #(0) inadd A < ea(X) # (0) in P(I), for X € add A
(b) X €add A

X is indecomposable <= ea(X) is indecomposable
(¢) X, Y €add A

eA(X) ~ €A(Y) — X~Y

Proof.
(a) Proposition [42] = Homy (X, X) ~ Endr(ea(X),ea(X)) for X € add A
<:ex(X)=(0) = Homyp(X,X)=0 = 1x =0 = X =(0)
=: X =(0) = ea(X)=Homa(4,(0))=(0)
(b) Have: Endy(X) ~ Endr(es (X)) as rings
Follows from this.
(¢) Exercise: General property of and equivalence.

12. BASIC ARTIN ALGEBRAS
Definition 12.1. A artin R-algebra. Then A is basic if
A=PoPRd 0P,
with P; indecomposable, then P; o P; for i # j.

Recall 12.2. A/t =51 ® - S, - semisimplie, S; simple.
P(S;) — S; projective cover => A~ P(S1)®---® P(S,)
We have: P(S;) ~ P(S;) <= S; ~ S,

A basic <= S; %S fori#j
Example 12.3.

(1) A= (&%), k afield
A= (1) & (3

\ simple A-modules= indecomposable

01
) M))(g #) is an isomorphism of left A-modules
=—> A is not basic.
(2) (T, p) a quiver with relations k a field, J* C (p) C J?, Ty = {1,2,--- ,n}.
A = kI'/{p) is basic:
At~ ke, @ kes & --- @ ke, with ke; % ke; for i # j
= A basic.
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Note 12.4. A artin R-algebra

We know: A ~ P/ @ P;? & --- & P", P, indecomposable, P,  P; for i # j
A basic <= n;=1foralli=1,2,--- ¢t

Let P=P, &P, & @ P, and let ¥ = Endy (P)°P. Have that

ep = Homp (P, —) : mod A — mod &

where

ep(P) =YX~ ep(P1) ® ep(P2) © -+ © ep(P)

N\ 1

indec since P; is indec
ep(P;) # ep(P;) for i # j, since P; ¢ P; for i # j = ¥ basic.
Note 12.5. A basic then P = A and
Y =Endpy(A)?? ~ A
Proposition 44. A and X as above. Then
ep = Homp (P, —) : mod A — mod &

is an equivalence of R-categories.

Proof. Know: ep is an R-functor.

Proposition 42| (c) == epjadaa p : add P — P(X) is an equivalence.

ep dense: Let C' € mod¥. Then 3 exact sequence @1 LQO — (C —0 with

Q1,Q0 € P(S). Since Q1 = Qo € P(X) IQ,, Q) € add P and [ : Q| — Q) €
add P, such that ep(Q}) ~ Q; and the following diagram commutes

er(@Qh) L ep(Ql) — ep(Coker /) —0
R R = 1R
I Y

Q1 Qo C 0

Q1 A Qy — Coker f/ —— 0 exact.

Exercise 12.6. P projective —>

ep(QY) ) ep(Qf) — ep(Coker f') ——= 0 exact.

Problem sheets = ep(Coker ') ~ C => ep dense.

ep full and faithfull: Let X,Y € modA, 3 7 : Q) Qb X 0
exact in mod A with @} € add P = P(A)
= n:ep(Q)) —ep(Q)) —ep(X) ——=0 exact.
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Apply Homy (—,Y) to 7' :

Prop [42{ c)
0 ——— Homa(X,Y) ————— Homa (Q},Y) Homy (Q},Y)
Fieeea™ } exact erf 2 = erf 2 O e

0 — Homp(ep(X),ep(Y)) — Homp(ep(Qp), ep(Y)) ——— Homp(ep(Q1),ep(Y))
— ep full and faithfull = ep : mod A — mod X is an equivalence. O

Definition 12.7. A, ¥ two rings. Then A and ¥ are Morita equivalent if Mod A
and Mod ¥ are equivalent categories.

(‘;gggrggg ‘%ﬁ;ﬁ“f) : (or mod A and mod X are equivalent categories )

Theorem 45. Let A be a finite dimensional k-algebra over an algebraically closed
field k.

(a) 3 a basic k-algebra ¥ such that A and ¥ are Morita equivalent.
(b) Suppose that A is basic. Then (T, p) a quiver with relations over k such
that A ~ kT'/{p), where J* C (p) C J? for some t > 2.

Proof. (a) Proposition [44]
(b) (1) Claim: A/t ~ k* for some s > 1.
Know: A/t is semisimple = A/t ~ M, (D7) X --- x My, (D,), D;
division ring.

e1,1 = diag(1,0,---,0),e22 = diag(0,1,---,0), eny n, = diag(0,---,0,1) € M,, (D1)

-complete set of primitive orthogonal idempotents of M, (D). Simi-
larly for the other M, (D;). Let

fij:(ov"'a(), €545 0730) 7j:172a"'7ni
Kith coordinate

= U {fij}jZ, complete set of orthogonal idempotents for A/t

We have A/tfu o~ A/tf” Vi, 5 € {1,2,--- ,n;}.

Lift U {fij}jiy to A U {fism finy complete set of primitive orthogo-
i=1

nal idempotents in A.

Know: Afij — Afij/tfij ~ A/tf;; projective cover.
— Afi; = Afijr, V9,5 € {1,2,-- ,n;}.

A basic = n;=1foralli=1,2,--- 7

= A/t~D; xDyx---xD,
(2) Claim: D; ~k forall i =1,2,--- |r

dimg(A) < o0 = dimg(A/t)zo0 = d; = dimg(D) <o Vi=1,2,---,r
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We have: k<% D; , k~ v(k)“> D;

Suppose D; \ v(k) # 0. Let z € D; \ v(k). Then {1,z,22, --- 2%} is
linearly dependent.

= da; € v(k),i=0,1,2,--- ,d; such that

ap-1+a1z+ a2’ + - +aq,2% =0
that is, z is a root in the polynomial
f(@) =ao+ a1z + - + agx"

k ~ v(k) - algebraically closed = z € v(k) Contradiction!
= D; =v(k) ~ k for all .
= A/t~k"> f; =(0,---,0, 1, 0,---,0) , complete set

K ith coordinate

of primitive orthogonal idempotents

- Lift {f;}7_; to a complete set of primitive orthogonal idempotents
{oi}ry i A

- Choose a basis Bj; = {a;;(1)}; of vjv/v?v; for all i,j € {1,2,--- ,r}.

- Lift the elements in each Bj; to elements in vjtv;, B}Z ={a;;(Dh

- Define T, Ty = {i};_,,

Iy ={o;l):i—j|1=12,--- ,dimk(vjt/t%i)}
- Define @ : k' ——— A by letting
ples) = v
plaji(l)) = aj(l)

Problem sheets = ¢ : kI' — A is a k-algebra homomorphism.
(3) Ker ¢ is admissable: Suppose that

(%) ® Z'yi(())ei + Z’ym,l(l)am(l) + longer paths | =0

r,8,l

(i) () = e(z)+r=0
—z;%(())vi+w+t—o

— Z’Yl(O)Ul +t=0

K2

= Z'y,;(O)f,- =0in A/v~ k"

{fi} abasis for A/t~ k" = ,(0)=0,Vi=1,2,---,r
(i) (*) = o) +2=0
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= Z'Yr,s,l(l)drs(l) +7 <a'r‘s(l)6~lr/5/(ll)>” 42 =0

7,8,l

Cr2

2
- Z’Yrsl ars +tv"=0

r,8,l

= E'r,s,l’yhs,l(l) a’rs + t =01in t/t

\ basis for /

= y5(1) =0,V s, = z € J?
= Kerp C J?
We have: a,.5(1) — ars(1) € t, ™ = (0) for some m > 1
= {all paths of length > m} C Ker g
= J7" C Keryp
Ker ¢ is admissable.
(4) ¢ onto: Let A € A. Then 3v;(0) € k for i = 1,2,--- ,r such that

T1=A— nyi(())vi cr

since {U; = v; + t} is a basis for A/t.
Can show: v is generated by {a;;(1)};.; and a;;(1) is in the image of ¢
= ¢ is onto.
= kI'/Kerp ~Imp =A
]

13. DUALITY

Definition 13.1. C, D (R-)categories, F' : C — D a contravariant (R-)functor.
Then F is a duality if there exists a contravariant (R-)functor H : D — C such that
HF ~ide and FH ~ idp

as (R-)functors.

k a field, V a vector space
D := Homy(—, k) : Vec(k) — Vec(k)

is a contravariant functor. Assume that dimy V =t < co. If {v;}!_; is a k-basis
for V, then {v;}._, where v} € D(V) = Homy(V, k) is given by

t
Z a;v; | =a;, a; € k
j=1

is a basis for D(V') (the dual basis).

— dimy, V = dim; D(V) = dim;, DD(V)

Define ¢y by

oy : V——= DD(V) = Homy(Homg(V, k), k)

v—— oy (v) : Homg (V) k) — k
where @y (v)(f) = f(v) for f € D(V)
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Exercise 13.2.
(a) py is 1-1 (= @y is an isomorphism for dim; V' < o0)
(b) ¢ ={ov}veveck) : idyecry — DD is an isomorphism of functors.
Check:
(a) A finite dimensional k-algebra.
For X € mod A, then D(X) = Homy (X, k) is a left A°P-module via

(A - N)(z) = f(x)

for f € D(X), A€ A°? and z € X.
(b) f: X —-Y €modA. Then

D(f): DY) = Homy(Y, k) = Homy (X, k) = D(X)

g——>g-f

is a A°P-homomorphism.
= D = Homy(—, k) : mod A — mod AP
and D = Homg(—, k) : mod A°? — mod A
Note: X finitely generated A-module
= dimp X < o0
= dim; D(X) < o0
= D(X) finitely generated A°’-module

Proposition 46. A finite dimensional k-algebra, k a field.
Then D = Homy(—, k) : mod A — mod A°? is a duality.

A = kT'/{p) - a finite dimensional k-algebra, k a field. D induces a duality on
representations.

Rep(T',p) 3 V. f)——F(V,f) € modA

V |

Rep(T%,p?)5  H(D(F(V,f))) <—DF(V,f) € modA®

(Fap)a J'C <,0> - sz Ly = {1723"' 7n}
Define (I'°P, p°P) by

T% =T
I'{P: for each arrow « : ¢ — j in I'y, there is an arrow a : j — ¢ in I')?
If p=ajas---a,_10, is a path in T', let
p°? = aa;® | - ag’al® be a path in TP,
Then A°P ~ kTP /(p°P) and (I'°P, p°P) is equivalent to mod A°P.

Let (V,f) € Rep(I',p). Then F(V,f) € modA and DF(V, f) € modA°?. The
underlying vector space of DF(V, f) is D(@ V (3))

i=1
HDF(V,F) = (V', ')

7

V(i) = ¢’ DF(V, f) = ¢}” Homy, | PV (j), k

j=1
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=1

v Vi é V(l), ¢ e Hom (@ V(j),k)

j=1
Then
e;’g(v1, vz, vn) = glei(vi, vz, vn))
:g((o’()’... ,0,v;,0, - - ,0))
= gvi(vi)

e;?g ~—>gv; € D(V(i)) = Homy (V (i), k)
V(i) = D(V (i) = Homy (V (i), k)
DF(V, f) 3 g+ gvi

i —i

h f'fa
I Il
gv; b 9V fa

) = D(V(j)) —= V'(i) = D(V(4))

2 , 2
e’ DF(V, f) — e’ DE(V, f)

g gv;(fa(vi))
(@?-g)(v) = g(a-v) = gla(vr,va,- -, vn))

= g((Ova OafOz(’Ui)aOa 70))
AN j-th coordinate

gvj (fa(vi))

wor = V'(J) = DV(j) = DV (i) = V(i)
I
D(fa)

— (V') = ({DWV @)y AD (o) Yaer ).

Exercise 13.3. V, W finite dimensional vector spaces B, B’ basis for V and W
respectively. B*, B dual basis for D(V) and D(W).
Let f:V — W. Suppose that

mg (f) = A
Then for D(f) : D(W) — D(V) we have the matrix representation
mp. (D(f)) = A"
for the dual map D(f).
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Example 13.4.

(e

17 _22—=3,p={y8}, A=kI/(p), k a field.

B
Tep - 1;\2<ﬁg,pop:{ﬁop,yop}
Bor
(6) (10) (10) (1)
Aer: kK2 —>k D(Ae)): kZ kK <"—k
() (on)
— PZ N 1
AéQ:OCk LIS D(Aez): 0 “k<=—k
— L
Aez: 0 20—k D(Aes): 0 ~0<—F

Lemma 47. A finite dimensional k-algebra, k a field.

(a) n: 0—>AB%C—>0 ezactinmodA

D(g) D(f)
— —

<— 0—=D(C)—=D(B)—=D(A)—=0 ezact in mod A°P.
(b) S simple A-module < D(S) simple A°P-module.
(c) l(A) =1(D(A)) for A € mod A

Proof. (Sketch of proof)

(a) Use that 7 splits as a sequence of k-modules, that D preserves k-dimesnion
and that D? ~ idyoq A-
(b) Use (a).
(¢) Induction on length.
O

Given a statement S in a category C then the dual statement S* is the statement
about C reversing the direction of all morphisms and replacing all compositions af
of morphisms with Sa.

Example 13.5.

P projective:
3 if Vg,Vf = 3Jh: P — B such that gh = f

£ g
exact B——(C ——=0

I injective:

7
.- Tf Vg,Vf = 3h: B — I such that hg = f

exactBéC%O
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14. INJECTIVE MODULES

Definition 14.1. A a ring, I € Mod A. Then [ is injective if for every monomor-
phism i : A — B in Mod A and every homomorphism f : A — I there exists an
h : B — I such that hi = f i.e. the following diagram commutes.

0—=A—'">B

s
s
fl 7 3h
¥
I

Proposition 48. A finite dimensional k-algebra, k a field, P € mod A.

(a) P projective A-module <= D(P) is injective A°P-module.
(b) Any A-module M € mod A is a submodule of an injective A-module in

mod A.
Proof.
0 A . B
(a) =: P projective. Consider fl in Mod A°P.
D(P)
Apply D:
D?*(P) ~ P <—— projective
e / J{D(f)
(B) 29 p(4) — 0
—

— aD(p)f = D(h)aBz'

O‘B%P) ) _‘ f= (QB%P)D(h)OéB) i
= D(P) € mod A is injective.

<«: Baer criterion & A noetherian
= we can restrict ourselves to finitely generated modules. Use dual
arguments.
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(b) Let M € modA. Then D(M) € modA°?. Let P ——= D(M) be the
projective cover of D(M). Then

M —2 > D2(M)—— D(P) € modA
™ injective A-module

Remark 14.2. A aring, M € Mod A.

Can be shown: M“—— I | I injective A-module.

However: Even if M is a finitely generated A-module I need not be a finitely
generated A-module.

(Z—modules =Ab: Z——-Q )

Definition 14.3. A a ring

(a) A C X A-modules. Then A is an essential submodule of X, if for each
non-zero submodule B of X, then AN B # (0).
(b) A monmorphism i : A — X is essential if ¢(A4) is an essential submodule of
X.
(¢) A monomorphism i : A — I is an injective envelope if
(i) I is injective
(ii) ¢ is an essential monomorphism.

Can be shown: (MA3204) A a ring. Every A-module has an injective envelope.

Definition 14.4. A artin R-algebra, A € mod A. The socle of A, soc A is the sum
of all simple submodules of A.

1
Example 14.5. T': / \ , kafield, A = kIl
2 3

0

k 0
Aelwl/\ls)/\ + /\ :AEQ@Aeg
Il
k k k 0

k
0 soc Aey

Note 14.6.
(1) In general, soc S = S, when S is a (semi-)simple A-module.
(2) soc A C A is a semisimple submodule of A.
(3) A artin R-algebra, A € mod A, A # (0).
Since I(A) < oo, then 3 a simple A-submodule S C A, that is, soc A # (0).
Furthermore A # (0) <= soc A # (0), and D(A/tA) ~ soc D(A).

Lemma 49. A artin R-algebra, A C X € mod A
TFAE

(a) A essential submodule of X
(b) socX C A
(c) soc A CsocX.
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Proof. (a) = (c): A C X essential submodule

S C X simple = S # (0)
= (0)#SNACS
Simple =— SNA=SCA

— Z S=socXCA

SCX
S simple

ACX = socA CsocX
Hence, soc A = soc X
(c) = (b): Obviously, soc A = soc X
— socX CsocAC A.

(b) = (a): Assume that soc X C A.

Let (0) # B C X. Then (0) # soc B C soc X

Hence, (0) # soc B =socBNsocX CsocBNACBNA = BnNA#(0). O
Proposition 50. A artin R-algebra, (0) # A € mod A

(a) A——= 1T injective envelope <= I injective and soc A = soc I.
(b) Injective envelopes are unique up to isomorphism.
(¢) Injective envelope of A ~ injective envelope of soc A

Proof. (a) Use the definition of injective envelope and Lemma
(b) Let A1, be two injective envelopes

Assume that Ker ¢ # (0)
= AnKery # (0)
= da € A\{0} s.t. 0 = ¢(a) = prvi(a) = va(a) = a = 0 Contradiction!
= Kerp=(0) = 1~ Imp C I,
\ injective

Recall 14.7. 0 IC B C 0 exact, and [ injective
= B=I1I¢® B

= L=Impa Il
— AT I, =TIme® I} and Im vy C Tm g1y
= ANI,=(0)
A essential submodule of I
= [, =(0) and Imp = I,
—> ( is an isomorphism and therefor injective envelopes are unique up to
isomorphism.
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(¢) Consider

v
0 ——socA—— A
7
inj ) -
envelope > 1 -

/’/ 3f, sin.cc. -
I(SOC A) I(soc A) is inj.
- fr=i1-1 = Ker fNnsocA = (0)
soc A — A essential = Ker f = (0) = f 1-1.
- Let (0)neqA’ C I(soc A). WTS: f(A)Nn A’ # (0)
We have: f(A)N A" D socAN A" # (0), since soc A is an essential
submodule of I(soc A)
= f(A) is an essential submodule of I(soc A)

— At I(soc A) is an injective envelope

]
Lemma 51. A artin R-algebra, A € mod A, rad A =1t
socA={a€Alrt-a=(0)} =S54
Proof. soc A semisimple = tsoc A = (0) = soc A C Sy
Sa is a submodule of A.
tS4 = (0) = S4 is a semisimple submodule
— S4CsocA — socA =5y O

Exercise 14.8. A artin R-algebra, A, A1, A3 € mod A
(a) soc A ~ Homp (A/t, A)
(b) soc(A; ® Az) = soc Ay @ soc A
Proposition 52. A finite dimensional k-algebra, k a field.

P R A is a projective cover in mod A

v

D
U D(P) is a injective envelope in mod A°P

D(A)
Proof. Use X € mod A = soc D(X) ~ D(X/tX)
Using duality one can show for A a finite dimensional k-algebra, k a field.

(a) A, BemodA = I(A® B)=1(A)® I(B)

(b) I injective in mod A

I indecomposable <= soc I simple
(c) There is a 1-1 correspondance between isomorphism classes of simple A-
modules and isomorphism classes of indecomposable injective A-modules:

{isomorphism classes of simple modules}

S soc ]
I R P
I(9) I

{isomorphism classes of indecomposable injective modules}
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14.1. The socle of a representation. (I',p) quiver with relations p, k a field,
JEC{p) CJ% Tog={1,2,--- ,n}. A=k[/{p), t =rad A = J/{p) C A

n

(V) F(V, f) = @V(i)
1w
F
Rep(T, p) mod A soc F'(V, f)
H

I
{meF(V,f)lv-m=(0)}

m = (v1,v,--+ ,v,) € F(V, f)
mesocF(V,f) < a-m=0, Va:i—je€T sincetr=J/(p), (J= (arrows))
<~ (0,---,0, falvy),0,---,0) =0,Va:i—j€Tl
\j-th coord
— fo(v;))=0,Va:i—j€T
— v, e [\ Kerf,,Vi=1,2,---,n
aii—sjeT
Hisoc F(V, f)) =7
Let V'(i) = [\ Ker fy, € V(i) and let f, = fo [v/(=0
at—j

Example 14.9.

[0

I: 17 >2—"53 p={4B}, k a field, A = kI'/{p)

~—

B
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oriented cycle,
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non-trivial, [2]
Closed under extensions, [21] trivial,
composition factor, [[7] path al.gebl"a,.
composition series, [I7] multiplication,
exact sequence, [I§] quiver, 2
arrows, [J]
finite length, vertices, [2]

representation, [7]

generalized composition series,
direct sum,

ideal factor representation,
nilpotent, homomorphism,
idempotents indecomposable,
orthogonal, subrepresentation, [I1]
representation type
module finite,
annihilator, ring
indecomposable, semisimple,
nilpotent subrepresentation, [[1]
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