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1. Quivers

1.1. Quivers, vertices, arrows and paths.
1
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Definition 1.1. A quiver Γ = (Γ0,Γ1) is an oriented graph,

Γ0 = {vertices}(= {1, 2, . . . , n}).
Γ1 = {arrows}.

We always assume that Γ0 and Γ1 are finite sets.

Example 1.2. Γ: 1
α // 2 , Γ0 = {1, 2} and Γ1 = {α}.

Example 1.3. Γ: 1 αdd , Γ0 = {1} and Γ1 = {α}.

Example 1.4. Γ: 1
α

,,
β

22 2 γdd
δ

��
3

θ

^^

ε

EE , Γ0 = {1, 2, 3} and Γ1 = {α, β, γ, δ, ε, θ}.

Have maps: s, e : Γ1 → Γ0

s(α) = the vertex where α ∈ Γ1 starts,

e(α) = the vertex where α ∈ Γ1 ends.

Definition 1.5. Γ = (Γ0,Γ1) quiver. A path in Γ is either

(i) an ordered sequence of arrows p = αnαn−1 · · ·α1, where

e(αt) = s(αt+1)

for t = 1, 2, . . . , n− 1 (non-trivial path) or
(ii) ei for each i in Γ0 (trivial path).

In addition,

s(p) = s(α1) s(ei) = i

e(p) = e(αn) e(ei) = i

Example 1.6. Γ: 1
α // 2

β //

γ

��

3

4
Paths:

(i) α, β, γ, βα, γα.
(ii) e1, e2, e3, e4.

Example 1.7. Γ: 1 αdd .
Paths:

(i) α, α2 = αα, α3 = ααα, . . ..
(ii) e1.

1.2. Path algebras. Given Γ = (Γ0,Γ1), a quiver, and k a field.
The path algebra kΓ: kΓ is the vector space with all the paths in Γ as a basis.
The elements in kΓ:

a1p1 + a2p2 + · · ·+ atpt

where ai ∈ k and pi are paths in Γ. We write just p for 1p, when p is a path in Γ.
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Example 1.8. Continuing Example 1.6:

x = a1e1 + a2e2 + a3e3 + a4e4 + a5α+ a6β + a7γ + a8βα+ a9γα

y = b1e1 + b2e2 + b3e3 + b4e4 + b5α+ b6β + b7γ + b8βα+ b9γα

x+ y = (a1 + b1)e1 + (a2 + b2)e2 + (a3 + b3)e3 + (a4 + b4)e4 + (a5 + b5)α

+ (a6 + b6)β + (a7 + b7)γ + (a8 + b8)βα+ (a9 + b9)γα

Multiplication. p, q paths in Γ:

(1) p, q both non-trivial

p · q =

{
pq, if e(q) = s(p)

0, otherwise

(2) p non-trivial, q trivial, q = ei

p · q =

{
p, if s(p) = i = e(q)

0, otherwise

q · p =

{
p, if e(p) = i = s(q)

0, otherwise

(3) p = ei, q = ej (both trivial)

p · q =

{
ei, if e(q) = j = i = s(p)

0, otherwise

This is extended distributively to an operation on kΓ (see [1, page 50]).

Example 1.9. Γ: 1
α // 2 , k field.

Elements in kΓ: a1e1 + a2e2 + a3α = y.

e1 e2 α

e1 e1 0 0
e2 0 e2 α
α α 0 0

(e1 + e2) · y = (e1 + e2)(a1e1 + a2e2 + a3α)

= a1e
2
1 + a2 e1e2︸︷︷︸

=0

+a3 e1α︸︷︷︸
=0

+a1 e2e1︸︷︷︸
=0

+a2e
2
2 + a3e2α

= a1e1 + a2e2 + a3α = y

Similarly y · (e1 + e2) = y. Hence, e1 + e2 acts like 1 in kΓ.
Basis for kΓ: {e1, e2, α}, dimk kΓ = 3.

Example 1.10. Γ: 1 αdd , and k a field.
kΓ has basis: {e1, α, α

2, α3, . . .}, that is, dimk kΓ =∞.
Elements in kΓ: a0e1 + a1α+ aα2 + · · ·+ atα

t, with ai in k and t > 0.

Note 1.11. (1) In general, {ei}i∈Γ are orthogonal idempotents in kΓ, that is,{
e2
i = ei

eiej = 0 for i 6= j
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(2) Suppose Γ0 = {1, 2, . . . , n}. Then e1+e2+· · ·+en acts like 1 in kΓ. Enough
to show that

p = (e1 + e2 + · · ·+ en)p = p(e1 + e2 + · · ·+ en)

for any path p. Suppose that s(p) = i and e(p) = j. Then

(e1 + e2 + · · ·+ en)p = e1p+ e2p+ · · ·+ ejp+ · · ·+ enp = ejp
def
= p

p(e1 + e2 + · · ·+ en) = pe1 + pe2 + · · ·+ pei + · · ·+ pen = ejp
def
= p

=⇒ e1 + e2 + · · ·+ en = 1kΓ = identity in kΓ
Can show: kΓ is a k-algebra with e1 + e2 + · · ·+ en as an identity (see [1, page

50]).

Recall: Λ ring, k field.

Definition 1.12. Λ is a k-algebra, if Λ is a vector space over k ( k × Λ // Λ ,
Λ is a module over k, α ∈ k, λ ∈ Λ, α · λ) and

α(λ · λ
′
) = (α · λ) · λ

′
= λ(α · λ

′
)

∀α ∈ k, ∀λ, λ′ ∈ Λ.

Note 1.13. Λ is a k-algebra, if ∃ φ : k → Λ a ring homomorphism such that

Imφ ⊆ Z(Λ) = {z ∈ Λ | zλ = λz,∀λ ∈ Λ}
(⇐⇒ ∃R ⊆ Λ subring such that R ' k with R ⊆ Z(Λ), just define φ(a) = a · 1Λ).

For kΓ the ring homomorphism φ : k → kΓ is given by φ(a) = ae1+ae2+· · ·+aen

Exercise 1.14. (1) Γ: 1
α // 2 , k field.

Find a k-algebra isomorphism

ψ : kΓ→
(
k 0
k k

)
.

(2) Γ: 1 αdd , k field.
Show that kΓ ' k[x] as k-algebras.

Definition 1.15. A non-trivial path p in Γ is an oriented cycle if

e(p) = s(p).

Example 1.16. Γ: 1α ::
β
++ 2

γ
kk

Cycles. α, α3, γβα, βα10γ, . . . dimk kΓ =∞

Proposition 1. Γ = (Γ0,Γ1) quiver, k field.

dimk kΓ <∞ if and only Γ has no oriented cycles.

Proof. Exercise. �

Proposition 2. Assume that Γ = (Γ0,Γ1) has no oriented cycles.

kΓ is semisimple ⇐⇒ Γ1 = ∅.
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Proof. Proposition 1 =⇒ dimkkΓ <∞ =⇒ kΓ is a left artinian ring.
kΓ semisimple ⇐⇒ no non-zero nilpotent left ideals in kΓ.

Z⇒: Assume that Γ1 6= ∅. Let α1 be an arrow in Γ. Want to find a vertex where
at least one arrow ends and no arrow starts. If e(α1) is such a vertex, we are done.
If not, there is an arrow α2 starting in e(α1). If also e(α2) is not as above, we
continue. Since Γ has no oriented cycles and Γ is finite, we must end up in a vertex
v, where arrows only end and no arrows starts. Say, α = αt is an arrow ending in
v. Then consider kΓα = kα. Since

(a1α)(a2α = (a1a2) (αα)︸︷︷︸
=0

= 0 =⇒ (kΓα)2 = (0)

and kΓα 6= (0), we infer that kΓ is not semisimple.
⇐\: Assume that Γ1 = ∅. Then

Γ: 1 2 n (n vertices)

Basis for kΓ: {e1, e2, . . . , en}. Elements in kΓ: a1e1 +a2e2 + · · ·+anen with ai ∈ k.
Have a ring homomorphism

ψ : k × · · · × k︸ ︷︷ ︸
n

→ kΓ

given by

ψ(a1, a2, . . . , an) = a1e1 + a2e2 + · · ·+ anen

(check this!). Show that ψ is an isomorphism. Therefore kΓ is semisimple, since
kΓ is isomorphic to a finite product of full matrix rings over divisjon rings. �

Note: kΓ is not always semisimple, but some factor of kΓ is.

Proposition 3. Γ = (Γ0,Γ1) quiver, k field. Let

J = {all linear combinations of non-trivial paths}.

Then J is an ideal in kΓ and kΓ/J ' k × · · · × k︸ ︷︷ ︸
|Γ0|

, -semisimple

Sketch of proof. Define ψ : kΓ→ k × · · ·×︸ ︷︷ ︸
|Γ0|=n

= kn

ψ(a1e1+a2e2+· · ·+anen+ linear combinations of non-trivial paths) = (a1, a2, . . . , an)

Check:

(1) ψ is well-defined,
(2) ψ homomorphism of rings,
(3) kerψ = J .

=⇒ kΓ/J ' Imψ = kn. �

2. Modules

Example 2.1. Γ: 1
α // 2 , k field.

What is a module over kΓ?
Let M be a left kΓ-module.
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Recall: 1kΓ = e1 + e2,

eiej =

{
e2
i = ei,

eiej = 0, for i 6= j.

Claim: M = e1M ⊕ e2M as vector space over k.

Proof.

m = 1kΓ ∗m
= (e1 + e2)m

= e1m+ e2m ∈ e1M + e2M

=⇒ M ⊆ e1M + e2M ⊆M
=⇒ M = e1M + e2M

Let m ∈ e1M ∩ e2M , that is, m = e1m
′ = e2m

′′. Then

e1m = e1(e1m
′)

= (e1e1)m′

= e1m
′ = m

= e1(e2m
′′) = (e1e2)︸ ︷︷ ︸

=0

m′′ = 0 ·m′′ = 0

=⇒ m = 0. Hence e1M ∩ e2M = (0).
=⇒ M = e1M ⊕ e2M . �

Let m ∈M . Then

e1m = e1(e1m+ e2m)

= e2
1m+ (e1e2)m

= e1m

and

e2m = e2(e1m+ e2m) = e2m

αm = α(e1m+ e2m)

= α(e1m) + α(e2m)

= α(e1m) + 0

= αm = αe1m = (e2α)e1m

= e2(αe1m) ∈ e2M

M
α·−−−→M ; linear map fα : e1M

α·−−−→ e2M

M
e1·−−−−→M ; linear map, projection M → e1M

M
e2·−−−−→M ; linear map, projection M → e2M

e1M
α·−−−→ e2M

is a representation of Γ over k: A vector space in each vertex and a linear map for
the arrow.
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Given V
f−→ V ′, two vector spaces V, V ′ over k and f a linear map. How can we

construct a left kΓ-module?
From above: M = V ⊕ V ′ as a vector space. Let m = (v, v′), then

e1m
def
= (v, 0)

e2m
def
= (0, v)

αm
def
= (0, f(v))

Check: M becomes a left kΓ-module!

Definition 2.2. A representation (V, f) of a quiver Γ = (Γ0,Γ1) over a field k is
a collection of vector spaces {V (i)}i∈Γ0

over k and k-linear maps fα : V (i)→ V (j)
for each arrow α : i→ j in Γ1. (We assume that dimkV (i) <∞ for all i ∈ Γ0).

Example 2.3. Γ: 1. A representation of Γ over k is just a vector space over k.

Example 2.4. Γ: 1
α−→ 2. Representation V (1)

fα−→ V (2). For example

k
1−→ k k

0−→ 0 0
0−→ k k2

(
1 2
0 3
−1 1

)
−−−−−−→ k3

Example 2.5. Γ: 1

α

��

β

��
2

γ
��

3

δ��
4

Representation: V (1)

fα

||

fβ

""
V (2)

fγ ""

V (3)

fδ||
V (4)

For example:

k2

(1 0)

��

(
1 −1
0 1

)

  
k

(
1
1

)
��

k2

(
0 0
0 1

)
~~

k2

k

1

��

1

��
k

1 ��

k

1��
k

k

1

��

1

��
k

1 ��

k

0��
k

2.1. Maps between representations.

Example 2.6. Γ: 1
α−→ 2, k a field.

Let f : M −→ N be a homomorphism of left kΓ-modules. Then

f(e1m) = f((e1e1)m)

= f(e1(e1m))

= e1f(e1m) ∈ e1N

=⇒ f |e1M : e1M → e1N.
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Similarly, f |e2M : e2M −→ e2N . Furthermore,

αf |e1M (e1m) = αf(e1m)

= f(α(e1m))

= αf |e1M (e1m)

since α = e2α.

Hence

e1M
f |e1M //

α·−
��

e1M

α·−
��

e2M
f |e2M // e2M

Remark 2.7. f

 1− 1
onto
isom.

 ⇔ f |eiM

 1− 1
onto
isom.

 for all i.

Definition 2.8. Let (V, f) and (V ′, f ′) be two representations of Γ over k. A
homomorphism h : (V, f)→ (V ′, f ′) is a collection of linear maps

h(i) : V (i)→ V ′(i)

for all i ∈ Γ0, such that ∀α : i→ j ∈ Γ1 the following diagram commutes:

V (i)
h(i) //

fα

��

V ′(i)

f ′α

��

bb

V (j)
h(j) // V ′(j)

i.e. f ′αh(i) = h(j)fα for all α ∈ Γ1.

Note 2.9. h is a(n) isomorphism, monomorphism, epimorphism if h(i) : V (i) →
V ′(i) are all isomorphisms, monomorphisms, epimorphisms respectively.

Example 2.10. (1) Γ: 1
α // 2 , k is a field

(a) k
a·− //

1

��

k

0

��
k

0 // k

(V, f) (V ′, f ′)

Here h(1) = a · − and h(2) = 0 so h = (a · −, 0)
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(b) k
0 //

1

��

0

0

��
k

0 // k
��

(V, f) (V ′, f ′)

No non-zero homomorphisms

(c) k2

(
1 0
0 1

)
//(

0 1
1 0

)
��

k2(
0 1
1 0

)
��

k2 (
0 1
1 0

) // k2

(V, f) (V ′, f ′)

h =

((
1 0
0 1

)
,

(
0 1
1 0

))
is an isomorphism.

(2) Γ: 1

α

��

β

��
2

γ
��

3

δ��
4

k

1

||

1

""

k

1

{{

1

##
k

1
""

k

1
||

44k

1
##

k

0
{{

k
0

44 k

(V, f) (V ′, f ′)

here

we have no isomorphism between (V, f) and (V ′, f ′).

2.2. Modules and representations. Γ = (Γ0,Γ1) - quiver, k field.

M left kΓ-module ;


(V, f), representation of Γ

V (i) = eiM

for α : i→ j ∈ Γ1, we have fα : V (i) = eiM
α·−−−→ ejM = V (j)

fα(eim) = αeim

(V, f) representaion of Γ ;



M = ⊕i∈Γ0
V (i), kΓ-module∗

m = (v1, v2, . . . , vn) ∈M
eim

def−−→ =(0, . . . , 0, vi, 0, . . . , 0)

for α : i→ j in Γ1, remember α = ejαei

αm
def−−→ =(0, . . . , 0, fα(vi), 0, . . . , 0) with fα(vi) in the j-th coordinate

∗Can

show: This induces a left kΓ-module structure on M (see [1, page 57]).

Example 2.11. Γ: 1
α // 2 , k field.
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(V, f) : k
1 // k ;M = k ⊕ k = k2

e1 · (a, b) = (a, 0)

e2 · (a, b) = (0, b)

α · (a, b) = (0, a)

Note: kΓe1 = k{e1, α}. Define ϕ : M → kΓe1 by letting

ϕ(1, 0) = e1 and ϕ(0, 1) = α.

Have:

αϕ(a, b) = α(ae1 + bα) = a αe1︸︷︷︸
=α

+b α2︸︷︷︸
=0

= aα

= ϕ(0, a) = ϕ(α(a, b))

Similarly, eiϕ(a, b) = ϕ(ei(a, b)). This implies that ϕ is a kΓ-homomorphism.

Kerϕ = (0)
Imϕ = kΓe1

}
⇒M ' kΓe1 as a left kΓ-module.

Example 2.12. Γ: 1

α

��

β

��
2

γ
��

3

δ��
4

, k field.

(V, f) : k
fα=1

��

fβ=1

��
k

fγ=( 1
0 ) ��

k

fδ=( 0
1 )��

k2

M = V (1)⊕ V (2)⊕ V (3)⊕ V (4) = k ⊕ k ⊕ k ⊕ k2.

α(v1, v2, v3, v4) = (0, v1, 0, 0)

γ(v1, v2, v3, v4) = (0, 0, 0, (v2, 0))

γα(v1, v2, v3, v4) = (0, 0, 0, (v1, 0))

Exercise 2.13. Show that M ' kΓe1 as a left kΓ-module.

2.3. Special representations.

• Zero representation:

{
V (i) = (0), for all i ∈ Γ0,

fα = 0, for all α ∈ Γ1.

• For each i ∈ Γ0, we have a representation Ti given by Ti(j) =

{
k, if j = i

(0), otherwise

and fα = 0 for all α ∈ Γ1.
Ti corresponds to a left Γ-module Si:
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Si ' k as a vector space and ejv =

{
v, if j = i,

0, otherwise,
and αv = 0 for all

α ∈ Γ1.

Recall 2.14. Λ k-algebra, k field.
M left Λ-module ⇒ M k-vector space
∪
N submodule ⇒ N ⊆M subspace

Note 2.15. dimk Si = 1⇒ Si is a simple kΓ-module.

Definition 2.16. Λ ring, (0) 6= M left Λ-module. The module M is indecomposable
if

M 'M1 ⊕M2

implies that M1 = (0) or M2 = (0).

Definition 2.17. Let V = (V, f) and V ′ = (V ′, f ′) be two representations of a
quiver Γ. Define W = (W,h) = V ⊕ V ′, the direct sum of the representations V
and V ′ by

W (i) = V (i)⊕ V ′(i)
and

hα = fα ⊕ f ′α : W (i) = V (i)⊕ V ′(i)→ V (j)⊕ V ′(j) = W (j)

for all i ∈ Γ0 and for all α ∈ Γ1.

Definition 2.18. (0) 6= V = (V, f) is an indecomposable representation if

V = V1 ⊕ V2

implies that V1 = (0) or V2 = (0).

Example 2.19. Γ: 1
α // 2 , k field.

• k2
( 1 0

0 1 )
// 2 ' ( k

1 // k )⊕ ( k
1 // k )

• k
1 // k indecomposable? Others?

2.4. Subrepresentations. Γ = (Γ0,Γ1) quiver, k field.
M , N kΓ-modules, N ⊆M submodule.
⇒ eiN ⊆ eiM subspace.
Given α : i→ j ∈ Γ1, the following diagram commutes

eiN
� � //

α·−
��

eiM

α·−
��

ejN
� � // ejM

Definition 2.20. (a) (V, f) ⊆ (V ′, f ′) is a subrepresentation if
(i) V (i) ⊆ V ′(i) subspace for all i ∈ Γ0,
(ii)

V (i) �
� //

fα

��

V ′(i)

f ′α
��

V (j)
� � // V ′(j)
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for α : i→ j ∈ Γ1, that is, fα = f ′α|V (i).
(b) If (V, f) ⊆ (V ′, f ′) is a subrepresentation, then the factor representation W =

(W, f ′′) of V and V ′ is given as
(i) W (i) = V ′(i)/V (i),
(ii)

V (i) �
� //

fα

��

V ′(i)

f ′α
��

// V ′(i)/V (i) = W (i)

f ′′α
��

V (j) �
� // V ′(j) // V ′(j)/V (j) = W (j)

where f ′′α(v′ + V (i)) = f ′α(v′) + V (j) for α : i→ j ∈ Γ1.

Check:

(i) f ′′α is well-defined.
(ii) (W, f ′′) is a representation of Γ over k.
(iii) We have

(V, f) �
� //

��

(V ′, f ′)

��

W = V ′/V

��
MV
� � // MV ′ MW 'MV ′/MV

Definition 2.21. Λ finite dimensional k-algebra, k field. Then Λ is of finite rep-
resentation type if there is only a finite number of non-isomorphic indecomposable
finitely generated left Λ-modules.

Example 2.22. Λ = k. The only indecomposable Λ-module is k.

Example 2.23. Γ: 1
α // 2 , k field.

The indecomposable left kΓ-modules! The indecomposable representations of
Γ over k.

Let (V, f) = V1
f−→ V2 is an indecomposable representation of Γ over k.

Know: h1 : V1 −→ Im f ⊕Ker f

In particular, V
f //

Im f
∃f ′
oo such that ff ′ = 1Im f .

h1 : V1 → Im f ⊕Ker f given by v 7→ (f(v), v − f ′f(v)).
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V1
f //

h1

��

V2

h2=1V2
��

Im f ⊕Ker f
(ν,0) // V2

'

Im f �
� ν // V2 = (0) (ii)

⊕

Ker f
0 // 0 = (0) (i)

where ν : Im f ↪→ V2.
Case (i):

Ker f
0 //

'
��

0

kt
0 // 0

' (k
0 // 0)t

(V, f) indecomposable ⇒ t = 1 and (V, f) ' k
0 // 0

Case (ii): Im f �
� // V2

Know: V2 = Im f ⊕ V ′2

Im f �
� // V2

Im f

(
1Im f

0

)
// Im f ⊕ V ′2

'

Im f Im f = (0) (i)

⊕

0
0 // V ′2 = (0) (ii)
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Case (i):

0
0 // V ′2

'
��

0
0 // kt

' (0
0 // k)t

(V, f) indecomposable ⇒ t = 1 and (V, f) ' 0
0 // k

Case (ii):

Im f
1Im f //

ϕ

��

Im f

ϕ

��
kt

1kt // kt

' (k
1 // k)t

(V, f) indecomposable ⇒ t = 1 and (V, f) ' 0
0 // k

Check: k
1 // k , k

0 // 0 and 0
0 // k are indecomposable.

Hence: The only indecomposable representations are the ones above
” ⇒ ” The only indecomposable left kΓ-modules are kΓe1, kΓe1/〈αe1〉 and

S2 = kΓe2.
⇒ kΓ is of finite representation type.

Theorem 4. k field, char k = p, G finite group with p | |G|. Then,
kG of finite representation type ⇔ All p-Sylow subgroups of G are cyclic.

Theorem 5. Γ connected quiver without oriented cycles, k field.
kΓ is of finite representation type ⇔ The underlying graph of Γ is a Dynkin

diagram.

An : 1 2 · · · n− 1 n

1

Dn : 3 · · · n− 1 n

2

4

E6 : 1 2 3 5 6

4

E7 : 1 2 3 5 6 7

4

E6 : 1 2 3 5 6 7 8
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3. Quiver with relations

Can all algebras over a field k be represented as kΓ?
No: Λ = k[x]/〈x2〉 � kΓ for all quivers Γ.
Have: dimk Λ = 2 and Λ is not semisimple.
Assume that Λ ∼= kΓ.
2 = dimk kΓ ≥ # vertices in Γ.
Γ: 1 2 =⇒ kΓ is semisimple Ψ

=⇒ Γ has one vertex, 1 αdd =⇒ dimkkΓ =∞ Ψ

But, Γ: 1 αdd , Λ ' kΓ
〈α2〉

Let Γ = (Γ0,Γ1) be a quiver, k field.

Definition 3.1.

(a) A relation σ in the quiver Γ over k is a k-linear combination of paths

σ = a1p1 + a2p2 + · · ·+ atpt

where ai ∈ k, e(pi) = e(p1) and s(pi) = s(p1) for all i, and l(pi) ≥ 2 (the length
of the path pi )

(b) if % = {σ}l∈T is a set of relations in Γ over k, then (Γ, %) is a quiver with relations over k.

Example 3.2. 1

α

}}

β

��
Γ: 2

γ
!!

3

δ��
4

k field, σ = γα− δβ.

Γ = kΓ
〈σ〉 . Let M be a left kΛ-module. Any left Λ-module is a left kΛ-module,

since kΓ
π−→ kΓ

σ〉 = Λ.

=⇒ M gives rise to a representation of Γ.

e1M
fα=α·−

{{

β·−=fβ

##
e2M

fγ=γ·−
##

e3M

δ·−=fδ
{{

4

σ ∈ kΓ,m ∈M.

σ ·mdef
= π(σ) ·m = 0 ·m = 0,∀m ∈M

m = e1m+ e2m+ e3m+ e4m, sigma = e4σe1

0 = σ · m = (γα − δβ)e1m = γ(αe1m) − δ(βe1m) = fγfα(e1m) − fσfβ(e1m) =
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fγfα − fσfβ︸ ︷︷ ︸
fσ

(eim) =⇒ fσ(e1M) = 0 =⇒ fσ = 0.

Hence Λ-module M corresponds to a representation of Γ satisfying the relation
σ(fσ = 0).
Conversely, we claim that a representation (V, f) of Γ such that

fσ = fγfα − fσfβ = 0

gives a module over Λ.

Recall: I ⊆ R ideal: R
I -module M is the same as an R-module M such that

I ·M = (0).

M = V (1)⊕ V (2)⊕ V (3)⊕ V (4)← kΓ-module
e1 · (v1, v2, v3, v4) = (v1, 0, 0, 0)

α · (v1, v2, v3, v4) = (0, fα(v1), 0, 0)

σ · (v1, v2, v3, v4) = (γα − δβ) · (v1, v2, v3, v4) = (0, 0, 0, fγfα(v1) − fσfβ(v1)) =
(0, 0, 0, (fγfα − fσfβ)(v1)) = (0, 0, 0, 0)

=⇒ M is a Λ-module (Λ = kΓ
〈σ〉 ).

Example 3.3. Γ: 1 αdd , P = {α2}, k field. Λ = kΓ
〈α2〉 . Find all induced Λ-

modules.
M left Λ-module ; (V, f) representation of Γ satisfying the relation α2,i.e. fα2 =
(fα)2

V fαff , (fα)2 = 0

=⇒ The minimal polynomial of fα is x or x2

=⇒ The ivariant factor of fα is x or x2

=⇒ The matrix of fα is similar to a direct sum of companion matrices of x or x2,

M(x) = 0 and M(x2) =

(
0 0
1 0

)

Let T be the matrix of fα w.r.t some basis β.
Then ∃ an invertible matrix P such that

T = P



r


(

0···0
...
. . .

...
0···0

) 2s︷︸︸︷
0

0



( 0 0
1 0 ) 0

0 0
1 0

. . .

0 0 0
1 0




︸ ︷︷ ︸

T0

P−1 =⇒ TP = PT0

V Tff ⇐⇒ V T0ff ' ( k 0ee )r ⊕ ( k2 ( 0 0
1 0 )ff )s isomorphisme of rep-

resentation
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Show: k 0ee ⇐⇒ kΓ
〈α〉 and k2 ( 0 0

1 0 )ff ⇐⇒ kΓ
〈α2〉 =⇒ Λ is of finite

representation type.

3.1. Finite length. Λ ring, A a (left) Λ-module.

Definition 3.4. A has finite length if there exists a finite filtration.

F : A = A0 ⊇ A1 ⊇ A2 ⊇ · · ·An−1 ⊇ An ⊇ An+1 = (0)

of submodules of A such that Ai
Ai+1

= 0 or simple for i= 0, 1, · · · , n.. F is a gener-

alized composition series of A, and if Ai
Ai+1

6= 0 for all i, then F is a composition

series. If S = Ai
Ai+1

6= 0, then S is called a composition factor of A

Let S be a simple Λ-module. Let

mF
s (A)

def
=| {i!!!!!!! Ai

Ai+1
' S} | , lF

def
=
∑

[S]isomorphism
classes of simples

mF
s (A) and l(A)

def
= min

Fgeneralized
composition series

lF (A)

Example 3.5. (1) Λ ring, S simple Λ-module.
Composition series: S ⊇ (0)
composition factors: {S}

=⇒ mT (S) =


1 if T ' S

0 otherwise

 =⇒ l(S) = 1

(2) Λ = k[x], f(x) irredicible

Sf = k[x]
〈f(x)〉 - simple Λ- module.

=⇒ l(Sf ) = 1, while dimk Sf = deg f(x)

(3) Γ: 1
α // 2

β // , k field ,Λ = kΓ

k

1

��

0
0

oo

0

��

0
0

oo

0

��

0
0

oo

0

��
F : k

1

��

k
1

oo

1

��

0
0

oo

0

��

0
0

oo

0

��
k

=

k

=

k

=

0

=

VoOO

��

V1OO

��

V2OO

��

V3OO

��
M = M0 ⊇ M1 ⊇ M2 ⊇ M3 = (0)
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k

��
V0

V1
' 0

��

oo // S1,

0

k

��
V1

V2
' 0

��

oo // S2,

0

k

��
V2

V3
' 0

��

oo // S3

0
=⇒ lF (M) = 3

(4) Γ 1
β

��

α

��
2 3

, k field, M = kΓe1 ⇐⇒ k

1

��

1

��
k k

need more !!!!!!!!!!!!!!!!!!!!!

Note 3.6. (1) Composition serice are not unique!
(2) lF (M) = lG (M)
(3) The set of composition factors is the same for F and G

The proof of Jordan-Hlder theorem goes bu induction on length and using short
exact sequences.

Definition 3.7. 0 // A
f // B

g // C // 0 is a text((short) exact se-
quence) of (left) Λ-module if

(i) f is injective (1-1)
(ii) g is surjective (onto)

(iii) Im(f) = ker(g)

Note 3.8. (1) A ⊇ BΛ-modules, submodule then

0 // A
f // B

g // C // 0

is an exact sequence

(2) If 0 // A
f // B

g // C // 0 is an exact sequence, then

(a) C = Im(g) ' B
Ker(g) '

B
Im(f) , Im(f) ' A.

(b) B = (0) =⇒ A = (0) and C = (0).

Example 3.9. (1) 0 // Z −·n // Z // Z
nZ

// 0 exact

(2) M,N Λ-modules. 0 // M
( 1

0 )
// M ⊕N

( 1 0 ) // N O

m � // (m, 0)

(m,n)
� // n

exact
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(3) Λ = kΓ
〈p〉 , 0 // A

f // B
g // C // 0 exact sequence of Λ-modules.

VA(i)

=

f |VA(i)// VB(i)

=

// VC(i)

=

0 // eiA
f |eiA // eiB

g|eiB // eiC // 0

exact sequence for all i

Hence, 0 // (V ′, f ′)
g // (V, f)

h // (V ′′, f ′′) // 0 is an exact sequence

of representation if 0 // V ′(i)
g(i) // V (i)

h(i) // V ′′(i) // 0 is exact for

all i ∈ Γ0

Exercise 3.10. f : A // B and g : B // C , Λ-homomorphisme, B′ ⊆ B
submodule.

(1) f−1(B′) = {a ∈ A | f(a) ∈ B′} ⊆ A submodule
(2) g(B′) = {g(b′) | b′ ∈ B′} ⊆ C submodule

Let 0 // A
f // B

g // C // 0 be an exact sequence and let F be a
generalized composition series of B.

0 // A
f // B

g //// C // 0

Ao = f−1(B0)

=

B0

=

g(B0) = C0
=

A1 = f−1(B1)

⊆

B1

⊆

g(B1) = C1

⊆

A2 = f−1(B2)

⊆

B2

⊆

g(B2) = C2

⊆

...

⊆

...

⊆

...

⊆

An = f−1(Bn) = (0)

⊆

Bn = (0)

⊆

g(Bn) = Cn = (0)

⊆

F ′

:

F

:

F ′′

:

Proposition 6. (a) F ′ is generalized composition series of A.
F ′′ is generalized composition series of C.

(b) mF
S (B) = mF ′

S (A) +mF ′′

S (C)∀S simple

Proposition 7. Given a Λ-module A of finite length and a Λ-homomorphism f :
A 7→ A. The following are equivalent

(a) f is an isomorphism
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(b) f is a monomorphism (1-1)
(c) f is an epimorphism (onto)

Proof. Clearly (a) =⇒ (b) and (a) =⇒ (c) by def. We have the exact sequence

0→ f(A) ↪→ A→ A/f(A)→ 0

(a) =⇒ (b): f 1-1 =⇒ A ' f(A) =⇒ l(A) = l(f(A)) =⇒ l(A/f(A)) = 0 =⇒
f(A) = A =⇒ f onto.

(c) =⇒ (a): f onto =⇒ f(A) = A =⇒ l(A/f(A)) = 0 =⇒ l(A) = l(f(A))

c → Ker f ↪→ A → f(A) → 0 exact =⇒ l(Ker f) = 0 =⇒ Ker f = (0) =⇒
f 1-1 =⇒ f isomorphism. �

Remark 3.11. The proof of 7 holds for all f : A 7→ B with l(A) = l(B), so if
l(A) = l(B) and f : A 7→ B, then

f isomorphism ⇔ f 1-1 ⇔ f onto.

Recall: 0→ A→ B → C → 0 exact and l(B) <∞, then l(A) and l(C) are finite
too.

Proposition 8. If 0 // A
f // B

g // C // 0 is exact and A and C have
finite length, then also B has finite length and l(B) = l(A) + l(C).

Proof. Let

F ′ : A = A0 ⊇ A1 ⊇ · · · ⊇ An−1 ⊇ An = (0)

and

F ′′ : C = C0 ⊇ C1 ⊇ · · · ⊇ Cm−1 ⊇ Cm = (0)

be two comp. series of A and C, respectivley. Consider the following chain of
submods of B:

F : B = g−1(C) ⊇ g−1(C1) ⊇ g−1(C2) ⊇ · · · ⊇ g−1(Cm) = Ker g

and

Ker g = Im f = f(A) ⊆ f(A1) ⊆ f(A2) ⊆ · · · ⊆ f(An−1) ⊆ f(An) = (0)(3.1)

We want to show that F is a comp. series of B. Let gi = g|g−1Ci : g−1(Ci) 7→
Ci
(
bi 7→ g(bi)

)
. Then gi is clearly surjective (since g is). The composition

Ψi : Πigi : g−1(Ci) // Ci
Πi // Ci/Ci+1

ci 7→ ci + Ci+1

onto (comp. of two onto maps) and we have bi ∈ Ker Ψi ⇔ Πi(gi(bi)) = 0 in
Ci/Ci+1 ⇔ g(bi) + Ci+1 = 0 so g(bi)) ∈ Ci+1 ⇔ bi ∈ g−1(Ci+1) =⇒ Ker Ψi =
g−1/Ci+1) =⇒ g−1(Ci)/g

−1(Ci+1) ' Im Ψi since g−1(Ci+1) = Ker Ψi and
Ci/Ci+1 is simple by definition of F ′′ �
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Let fi = f |Ai : Ai → f(Ai (i.e. ai 7→ f(ai)) which clearly is onto. The
composition

θi = pifi : Ai
fi // f(Ai)

pi// f(Ai)/f(Ai+1)

where pi(bi) = bi + f(Ai+1), is onto (composition of two onto maps) and we have

ai ∈ Ker θi ⇔ pifi(ai) = 0 in f(Ai)/f(Ai+1)

⇔ f(ai) + f(Ai+1) = 0

⇔ f(ai) ∈ f(Ai+1)

∃ai+1 ∈ Ai+1 such that f(ai+1 = f(ai) (because f1− 1)

⇔ ai = ai+1

⇔ ai ∈ Ai+1

=⇒ Ker θi = Ai+1

=⇒ Ai/Ker θi ' Im θi = f(Ai)/f(Ai+1)

Ai/Ker θi = Ai/Ai+1 is simple by definition of F ′. Hence F is a composition series
of B and

l(B) = l(A) + l(C)

Definition 3.12. A collection C of modules (a full subcategory) is closed under extensions
if for each exact sequence

0 // A // B // C // 0

with A,C ∈ C, then B is also in C

Let fl(Λ be the collection of Λ-modules of finite length.

Proposition 9. (a) fl(Λ) is closed under extensions and contains the simples.
Furthermore, fl(Λ) is closed under submodules and factor modules.

(b) Let C be a collection of Λ-modules that is closed under extensions and contains
the simple Λ-modules. Then fl(Λ) ⊆ C

Proof. (a): [FIX REFERENCES]
(b) Let B ∈ fl(Λ) with l(B) = n. Induction on n.
n = 1: Then B is simple and B ∈ C.
n > 1: Choose 0 6⊆ A 6⊆ B submodule. This is possible since B is not simple. Then

0 // A // B // C // 0

is exact with l(A), l(B/A) < l(B) = n. Induction =⇒ A,B/A ∈ C. C is closed
under extensions so B ∈ C and hence fl(Λ) ⊆ C. �

Recall: A module M is Noetherian (Artinian) if for every ascending (descending)
chain of submodules of M:

M1 ⊆M2 ⊆ · · · ⊆Mn ⊆Mn+1 ⊆ · · · ⊆M
(M ⊇M1 ⊇M2 ⊇ · · · ⊇Mn ⊇Mn+1 ⊇ . . . )

∃n such that Mn = Mn+1 = . . ..
M is Noetherian (Artinian) if, and only if, every non-empty set of sub-modules of
M has a maximal (minimal) element.

Proposition 10. A Λ-module. l(A) <∞⇔ A is Artinian and Noetherian.



22 ØYVIND SOLBERG

Proof. =⇒ : Want to show: fl(Λ) ⊆ art(Λ) = collection of Artinian Λ-modules.
Will use Proposition 9 (b). Let

0 // A // B // C // 0

be exact. We claim that A,C ∈ art(Λ) =⇒ B ∈ art(Λ). Consider a descending
chain B = B0 ⊆ B1 ⊆ . . .. As before we get induced chains of submodules in A
and C.

A = A0 ⊇ A1 ⊇ · · · ⊇ Ai ⊇ . . . with Ai = f−1(Bi)

C = C0 ⊇ C1 ⊇ · · · ⊇ Ci ⊇ . . . with Ci = g(Bi)

and induced exact squence

0 // Ai/Ai+1
f̄ // Bi/Bi+1

ḡ // Ci/C − i+ 1 // 0

since A,C ∈ art(Λ) there exists N such that

Ai = Ai+1 and Ci = Ci+1 i ≥ N
=⇒ Ai/Ai+1 = (0) and Ci/Ci+1 = (0) i ≥ N

=⇒ Bi/Bi+1 = 0 =⇒ Bi = Bi+1 i ≥ N
=⇒ B ∈ art(Λ)

=⇒ art(Λ) is closed under extensions.

Clear that art(Λ) contains the simple Λ-modules: Proposition 9(b) =⇒ fl(Λ) ⊆
art(Λ)
Exercise: Similarly, fl(Λ) ⊆ noeth(Λ), collection of noehterian Λ-modules. This im-
plies that fl(Λ) ⊆ art(Λ) ∩ noeth(Λ).

⇐: Assume that B 6= (0) is Artinian and Noetherian. Since B is Artinian B has
a simple submodule S ⊆ B. (F = {U ⊆ B | U 6= (0)} has a minimal element).
Consider F ′ = {U ⊆ B | l(U) < ∞}. Then F ′ 6= ∅ since S ∈ F ′. Since B is
Noetherian F ′ has a maximal element A ⊆ B and A ∈ fl(Λ). Assume that A ( B,
i.e. B/A 6= (0). B Artinian =⇒ B/A Artinian =⇒ ∃T ⊆ B/A simple submodule.
Consider the natural projection p : B → B/A. Then

p|p−1 : p−1(T )→ T (⊆ B/A)

is onto and Ker p|p−1 = A. Hence (p−1(T ))/A ' T and we have an exact sequence

0 // A // p−1(T ) // T // 0

Now l(p−1(T )) = l(A) + 1, a contradiction and we conclude that A = B and
B ∈ fl(Λ). �

Note:

(1) If Λ is a ring with 1 then Λ is artinian if, and only if, l(ΛΛ) <∞

Proof. ⇒: Λ left Artinian =⇒ Λ left Noetherian =⇒ ΛΛ ∈ art(Λ) ∩
noeth(Λ) =⇒ l(ΛΛ) <∞
⇐: l(ΛΛ) <∞ =⇒ ΛΛ ∈ art(Λ) ∩ noeth(Λ) =⇒ Λ left Artinian. �
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(2) Λ is left Artinian. Challenge: fl(Λ) = mrd(?)(Λ) - finitely generated Λ-modules.
(3) Λ = Z,M = Z/(n)

n = pm1
1 pm2

2 . . . pmtt , pi different primes and mi ≥ 1

mZ/p(M) =

{
mi if p = pi

0 otherwise

Proposition 11. Λ a ring, B semisimple Λ-module. TFAE:

(a) l(B) <∞
(b) B is Artinian.
(c) B is Noetherian

Proof. Excercise �

4. Radical

Definition 4.1. Λ ring. The (left) radical of Λ is the left ideal

r = rad Λ = ∩mmaximal left idealm

(Also called the Jacobsen radical of Λ).

Know: r is a left ideal.
Show: r is an ideal.

Example 4.2. If Λ is a division ring, then r = (0).

Example 4.3. Λ = Z, 〈p〉 – maximal ideal if p is a prime.

r = ∩p prime〈p〉 = 〈n〉 = (0)

〈n〉 ⊆ 〈p〉 ⇒ p | n,∀p prime⇒ n = 0.

Example 4.4. Λ = Q×Q, m1 = Q× (0), m2 = (0)×Q - both are maximal ideals.

(0) = m1 ∩m2 ⊆ r⇒ r = (0).

In general, if we can find a finite set of maximal ideals {mi}ti=1 such that
∩ti=1mi = (0), then r = (0).

Exercise 4.5. Show that Λ semisimple ⇒ rad Λ = (0).

Example 4.6. Γ: 1

α
��

β

��
2

γ

��

3

δ��
4

, ρ = {γα − δβ}, k a field and Λ = kΓ/〈ρ〉.

What is rad Λ?

Know: 1Λ = e1 + e2 + e3 + e4, where ei · ej =

{
ei, if i = j

0, i 6= j
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Exercise 4.7.

Λ = Λe1 ⊕ Λe2 ⊕ Λe3 ⊕ Λe4

m1 = Λ{α, β} ⊕ Λe2 ⊕ Λe3 ⊕ Λe4

m2 = Λe1 ⊕ Λγ ⊕ Λe3 ⊕ Λe4

m3 = Λe1 ⊕ Λe2 ⊕ Λδ ⊕ Λe4

m4 = Λe1 ⊕ Λe2 ⊕ Λe3 ⊕ (0)

(4.1)

m1 ∩m2 ∩m3 ∩m4 = 〈α, β, γ, δ〉 ?−→ rad Λ.

Proposition 12. For any ring Λ and any λ ∈ Λ, the following are equivalent.

(i) λ ∈ rad Λ,
(ii) 1− xλ is left invertible for all x ∈ Λ (i.e. ∃x′ ∈ Λ such that x′(1− xλ) = 1),

(iii) λS = (0) for any simple Λ-module S.

Proof. (i)⇒ (ii): Suppose ∃x ∈ Λ such that 1−xλ is not left invertible with λ ∈ Λ.
Then Λ(1− xλ) is a proper left ideal in Λ. Any proper left ideal is contained in a
maximal left ideal. If λ ∈ m, then 1 ∈ m, contradiction. So λ 6∈ m and in particular
λ 6∈ rad Λ.

(ii) ⇒ (iii): Suppose ∃ a simple Λ-module S such that λS 6= (0), i.e. ∃0 6= s ∈ S
with λs 6= 0. Have (0) 6= Λ(λs) ⊆ S.
S simple ⇒ Λλs = S.
Hence, ∃x ∈ Λ such that xλs = s ⇒ (1− xλ)s = 0
If 1− xλ is left invertible, then s = 0 ⇒ 1− xλ is not left invertible.
(iii) ⇒ (i): Let m be a maximal left ideal in Λ. Then Λ/m is a simple left

Λ-module. By assumption
λ · Λ/m = (0),

in particular
λ(1 + m) = λ+ m = 0

and λ ∈ m for all maximal left ideals m in Λ. Hence λ ∈ rad Λ. �

Definition 4.8. Let M be a (left) Λ-module, and let

AnnΛ(M) = {λ ∈ Λ | λm = 0,∀m ∈M}.
The set AnnΛ(M) is called the annihilator of M .

Note: AnnΛ(M) is a two-sided ideal in Λ.

Corollary 13. Given a ring Λ

rad Λ = ∩S simpleleft Λ-module AnnΛ(S).

In particular, rad Λ is a two-sided ideal in Λ.

Proof. Follows from (i) ⇔ (iii) in Proposition 12. �

Can we find rad Λ from this?
S ' S′ ⇒ AnnΛ(S) = AnnΛ(S′).

Theorem 14 (Nakayama Lemma). Given a ring Λ and a finitely generated Λ-
module M . If a is an ideal in Λ with a ⊆ rad Λ, then aM = M implies that
M = (0).
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Proof. Suppose that M 6= (0) and aM = M . Let {m1,m2, . . . ,mt} be a minimal
set of generators for M as a Λ. Since aM = M , we have that

m1 =

t∑
i=1

λimi

for λi ∈ a ⊆ rad Λ.

⇒ (1− λ1)m1 =

t∑
i=2

λimi

Since λ1 ∈ a ⊆ rad Λ
Proposition 12⇒ 1− λ1 has a left inverse, say u.

⇒ m1 = u(1− λ1)m1 =

t∑
i=2

uλimi

⇒ M can be generated by {m2, . . . ,mt}. Contradiction!

If t = 1, then M = (0). Contradiction! If t > 1, then we have a contradiction to
the choice of generating set {m1,m2, . . . ,mt}. ⇒ aM 6= M . �

Recall 4.9. A left ideal a ⊆ Λ is nilpotent if ∃n ≥ 1 such that an = (0).

Lemma 15. Λ ring.

(a) If Λ is a left (right) artinian, then rad Λ is nilpotent.
(b) If a ⊆ Λ is a nilpotent left ideal, then a ⊆ rad Λ

Proof. (a) r = rad Λ.

· · · ⊇ ri ⊇ ri+1 ⊇ · · ·
is a descending chain of left ideals in Λ.

Λ left artinian ⇒ rm = rm+1 = · · · for some m

M = rm = rm+1 = rrm = rM

Λ left artinian ⇒ Λ left noetherian.
rm = M ⊆ Λ left ideal ⇒ M = rm finitely generated Λ-module.
Nakayama Lemma ⇒ rm = (0) and rad Λ is nilpotent.
(b) Assume that a is a nilpotent left ideal in Λ, say an = (0) for some n ≥ 1.

Let a ∈ a. Then for all x ∈ Λ we have xa ∈ a and (xa)n = 0.
⇒ (1 + (xa) + (xa)2 + · · · (xa)n−1 = 1− (xa)n = 1
⇒ 1− xa has a left inverse for all x ∈ Λ.
Proposition 12 ⇒ a ∈ rad Λ⇒ a ⊆ rad Λ. �

Recall 4.10.

Λ semisimple⇔ ΛΛ semisimple Λ-module

⇔ Λ 'Mn1
(D1)×Mn2

(D2)× · · · ×Mnt(Dt)

ni ≥ 1, Di division ring, t <∞
⇔ Λ left artinian and has no nilpotent (left) ideals

Theorem 16. Λ ring.
Λ semisimple ⇔ Λ left artinian and rad Λ = (0).
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Proof. Z⇒
Λ semisimple⇒ Λ left artinian⇒ rad Λ is nilpotent

Using this we obtain:

Λ semisimple⇒ Λ has no non-zero nilpotent left ideals⇒ rad Λ = (0)

⇐\ Assume that Λ is left artinian with rad Λ = (0)
Lemma ?? ⇒ Λ has no non-zero nilpotent left ideals.
⇒ Λ is semisimple. �

Theorem 17. Λ left artinian, r = rad Λ. Then

(a) Λ/r is a semisimple ring.
(b) A left Λ-module M is semisimple if and only if rM = (0).
(c) There are only finitely many non-isomorphic simple Λ-modules, and they all

occur as direct summands of Λ/r.
(d) Λ is left noetherian.

Proof. (a) Λ left artinian ⇒ Λ/r left artinian.
rad(Λ/r) = (rad Λ)/r.
Theorem 16 ⇒ Λ/r is semisimple.
(b)–(d): Exercise, see the book Proposition 3.1 page 9. �

Recall 4.11. Λ left artinian ⇔ l(ΛΛ) <∞.

Corollary 18. Λ ring. TFAE:

(a) Λ left artinian.
(b) Every finitely generated Λ-module has finite length.
(c) r = rad Λ is nilpotent and ri/ri+1 is finitely generated semisimple Λ-module for

all i ≥ 0.

Proof. (b) ⇒ (a): In particular, Λ as a left Λ-module has finite length.
⇒ Λ is left artinian (and left noetherian).
(a) ⇒ (c): r is nilpotent by Lemma ?? (a), say rn = (0).

Theorem ?? (d) ⇒ Λ left noetherian.
⇒ ri finitely generated for all i (as a left ideal)
⇒ ri/ri+1 finitely generated for all i (as a left ideal)

Theorem ?? (b) ⇒ ri/ri+1 semisimple Λ-module for all i ≥ 0, since r · ri/ri+1 = (0)
(c) ⇒ (b): Suppose rn = (0) for some n ≥ 1. Consider: Λ ⊇ r ⊇ r2 ⊇ r3 ⊇ · · · ⊇

rn−1 ⊇ rn = (0).
In particular, we have exact sequences

�

5. Radical of a module

Definition 5.1. Λ ring, A ⊆ B Λ-modules.
A is small in B if A+X = B implies that X = B for every submodule X of B.

Example 5.2. (1) Λ = Z and B = Λ then the only small submodule of B is
(0). If (0) 6= A ( B then A = Zn for some n 6= 0, 1. Choose an integer
m 6= 0, 1 such that gcd(n,m) = 1. Then B = Zn + Zm = A + X but
X 6= B. Hence A is not small.
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(2) Γ : 1
α // 2

β // 3 , k a field Λ = kΓ, B = kΓe1

A

=

k

1

��

0

��

0

��

0

��
B = kΓe1

// k

1

��

⊇ k

1

��

⊇ 0

��

⊇ 0

��
k k k 0

(i) A + (0) = A 6= B

(ii) A + A = A 6= B

0

��

0

��
(iii) A + k

1��

= k

1��

6= B

k k



=⇒ A is small in B.

(3) Γ :

1

����

4

��
2 3

,Λ = kΓ,

B =

k

1

��
1

��

k

1

��
k k

⊃

k

1

��
1

��

0

��
k k

= A′ ⊃

0

����

0

��
k 0

= A

Exercise 5.3.
· A small in B
· A′ not small in B

Definition 5.4. Λ a ring, B a Λ-module

radB =
⋂

A max. submod. of B

A = the radical of B

Note 5.5. radΛ Λ = the radical of Λ as a ring.

Proposition 19. Λ a ring, B a finitely generated Λ-module
A ⊆ B is small in B ⇐⇒ A ⊆ radB

Proof. ⇐: Assume A ⊆ radB. Let X ( B. WTS: A+X 6= B
Consider F = {M | M ( B submodule , X ⊆ M}. F 6= ∅, since X ∈ F. Let
{Cα}α∈I be a chain of submodules of B in F.
Let u =

⋃
α∈I Cα, u is a submodule of B. If u = B each element in a set of

generators {b1, b2, · · · , bn} of B must be in one Cα. Say bi ∈ Cαi . The chain
condition implies that {b1, b2, · · · , bn} ⊆ Cα for some α ∈ I =⇒ Cα = B.
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Contradiction! =⇒ each chain in F has an upper bound in F.
Zorn’s Lemma =⇒ F has a maximal element B1, i.e. B1 is a maximal submodule
of B.
Then A ⊆ radB ⊆ B1 and X = B1, so that A+X ⊆ B1 ( B
Hence A is small in B.
⇒: Suppose that A 6⊆ radB, that is, ∃ maximal submodule B1 ⊆ B such that
A 6⊆ B1. Then B1 6⊆ A B1 ⊆ B, and consequently A + B1 = B (since B1 is
maximal) B1 ( B =⇒ A is not small in B. �

Theorem 20. Λ left artinian, A a finitely generated Λ-module. Then radA = rA
where r = rad Λ.

Proof.

(5.1) rA ⊆ radA

WTS: rA is small in A.
(Prop 19 =⇒ rA ⊆ radA)
Let X be a submodule of A and suppose that rA+X = A.

=⇒ r2A + rX = rA

=⇒ r2A + rX +X︸ ︷︷ ︸

=

= A

=⇒ r2A + X = A

Induction: rnA+X = A for all n ≥ 1.
Lemma ?? =⇒ r nilpotent =⇒ X = A =⇒ rA is small in A =⇒ rA ⊆ radA.

(5.2) radA ⊆ rA

A/rA is a semisimple module since rA/rA = (0) (Theroem ?? (b))

We have: A/rA =
⊕t

i=1 Si, Si simple Λ-module. Let Aj =
⊕t

i=1,i6=j Si ⊆ A/rA,

which is a maximal submodule. Furthermore
⋂t
j=1Aj = (0), so that rad(A/rA) =

(0).
5.1 =⇒ rA is contained in all maximal submodules of A
=⇒ rad(A/rA) = (rad(A) + rA)/rA = (0)
=⇒ radA ⊆ rA
=⇒ radA = rA �
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Example 5.6. Γ :

1
α

��
β

��
2

γ ��

3

δ��
4

, ρ = γα− δβ, k field, Λ = kΓ/〈rho〉.

We have seen: r = 〈arrows〉 = J .

1
α

{{
β

##
Λe1

//

⊇

2

γ ##

3

δ{{
4

1
α

{{
β

##
rad Λe1 = r(Λe1) = re1

// 2

γ ##

3

δ{{
4

6. The radical of representation

(Γ, ρ) quiver with relations, J t ⊆ 〈ρ〉 ⊆ J2, k field, Λ = kΓ/〈ρ〉, Γ0 = {1, 2, · · · , n},
r = J .

(V, f) representation of (Γ, ρ)
⊇

// M(V,f) = V (1)⊕ V (2)⊕ · · · ⊕ V (n)

⊇

(V ′, f ′) radical of (V, f) // rM(V,f) = {r1m1 + · · ·+ rtmt | ri ∈ r,mi ∈M(V,f)}
r generated by the arrows =⇒ rM(V,f) is generated by elements on the form

β · (v1, v2, · · · vn) = (0, · · · , 0, fβ(vr), 0, · · · , 0)

s-th coordinate

OO
for β : r → s ∈ Γ1

=⇒ esrM(V,f) =
∑
β∈Γ1,
e(β)=s

Im fβ

=⇒ V ′(i) = eirM(V,f) =
∑

β∈Γ1,
e(β)=i

Im fβ and

f ′α = fα |V ′(i): V ′(i)→ V ′(j) for α : i→ j.
The range is by definition OK since Im fα ⊆ V ′(j).

Example 6.1. (1) Γ : 1
α // 2

β // 3 , k field, Λ = kΓ.

k

1��
Λe1

// k
1��
k

0

��
rad(Λe1) // k

1��
k
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0

��
Λe2

// k
1��
k

0

��
rad(Λe2) // 0

��
k

0

��
Λe3

// 0

��
k

0

��
rad(Λe3) // 0

��
0

(2) Γ : 1
α // 2 βdd , ρ = {β2},Λ = kΓ/〈ρ〉

Λe1 : k
( 1

0 )
// k2 ( 0 0

1 0 )ff , rad(Λe1) : 0 // k2 ( 0 0
1 0 )ff

Λe2 : 0 // k2 ( 0 0
1 0 )ff , rad(Λe2) : 0 // (0)⊕ k 0��

Note 6.2. In general, M and N Λ-modules then rad(M ⊕N) = radM ⊕ radN

Definition 6.3. Λ left artinian, r = rad Λ, A finitely generated Λ-module. Then
A/rA is called the top of A.

Example 6.4. (1) Γ : 1
α // 2

β // 3 , k field, Λ = kΓ.

A = Λe1 : k
1 // k

1 // k

rA : 0 // k
1 // k

A/rA : k // 0 // 0 // e1Λe1 = ke1

(2) A = Λe1
// k

( 1
0 )
// k2 ( 0 0

1 0 )ff ⊇ 0 // k2 ( 0 0
1 0 )ff

A/rA = e1Λe1 = ke1
// k // 0

In general Λ left artinian, A finitely generated

A // A/rA = S1 ⊕ · · · ⊕ St

x′1 6= 0

∈

x′t 6= 0

∈

semisimple, each Si simple

Choose {x1, x2, · · · , xt} inverse images of x′i in A. For a ∈ A, then ∃λi ∈ Λ such

that a−
∑t
i=1 λixi ∈ rA

a−
t∑
i=1

λixi =

n∑
j=1

rjaj , rj ∈ r, aj ∈ A

Let A′ = Λ{x1, · · · , xt} ⊆ A be the submodule generated by {x1, · · · , xt} of A

r(A/A′) = A/A′

Nakayama Lemma =⇒ A/A′ = 0 =⇒ A = A′ generated by {x1, · · · , xt}.
(or use rm = (0) · · · )
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Lemma 21. Λ left artinian, f : A→ B Λ-homomorphism, A,B finitely generated
Λ-modules. Then

f : A→ B is onto ⇐⇒ f : A/rA→ B/rB is onto.

Proof. Let f : A→ B then f(rA) = rf(A) ⊆ rB

a_

��

A
f //

PA
��

B

PB
��

b_

��
a+ rA A/rA

f // B/rB b+ r

a+ rA � // f(a) + rB

⇒ : Assume that f : A→ B is onto
f, PB onto =⇒ PB ◦ f = f ◦ PA onto =⇒ f onto.

⇐ : Assume f : A→ B is onto.
The elements of Im f are f(a) + rB for some a ∈ A.
=⇒ given b ∈ B then ∃a ∈ A such that b+ rB = f(a) + rB
=⇒ b− f(a) ∈ rB =⇒ B = Im f + rB
Since rB = radB (Theorem 20) is small in B (Prop 19), we have Im f = B and f
is onto. �

Note 6.5. Only used that B was finitely generated.

Definition 6.6. f : A → B is an essential epimorphism if f is and epimorphism,
and if g : X → A is such that f ◦ g : X → B is onto then g : X → A is onto.

Example 6.7. (1) f : A⊕B → A, f(a, b) = a, A,B Λ-modules.
· f epi OK, f ess. epi?

Consider g : X = A → A ⊕ B, g(a) = (a, 0). Then f ◦ g(a) = f(a, 0) =
a =⇒ f ◦ g onto.
If B 6= (0) then g is not onto =⇒ f is not an essential epimorphism.

(2) Γ : 1
α // 2

β // 3 , k field, Λ = kΓ

k

1

��

0

��
A = Λe1

// k

1

��

⊇ 0

��
k

=
:

0

=
:

A B
Let f : A → A/B be the natural epimorphism/projection. Let g : X → A
and assume g : X → A is not onto.
WTS: f ◦ g not onto.
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Proper submodules of A:

0

��

0

��

0

��
k

1��

⊇ 0

��

⊇ 0

��
k k 0

g not onto =⇒ Im g ⊆

0

��
k

1��
k

=⇒ Im f ◦ g ⊆ f


0

��
k

1��
k

 =

0

��
k

1��
k

/ 0

��
0

��
k

'

0

��
k

��
0

( A/B =

k
1��
k

��
0

=⇒ f ◦ g not onto =⇒ f essential epimorphism.
(3) Λ left artinian, A finitely generated Λ-module

Claim: PA : A→ A/rA essential epimorphism.

Proof. Let g : X → A, and assume that f ◦ g is onto

X

g

��

PX // X/rX

g

��
A

PA // A/rA

Know: g : X → A onto ⇐⇒ g : X/rX → A/rA is onto (Lemma 21)
PA ◦ g = g ◦ PX and PA ◦ g onto =⇒ g onto =⇒ g : X → A onto
=⇒ PA essential epimorphism.

�

Exercise 6.8.
f : A→ B ess. epi
g : B → C ess. epi

}
=⇒ g ◦ f : A→ C ess. epi

Proposition 22. Λ left artinian, A,B finitely generated Λ-modules. Let f : A→ B
be onto. TFAE:

(a) f is an essential epimorphism.
(b) Ker f ⊆ rA, (r = rad Λ)
(c) f : A/rA→ B/rB is an isomorphism.

Proof. (a)⇒ (b) : Assume f is an essential epimorphism. WTS: Ker f is small in

A, i.e. Ker f ⊆ rA (Prop 19 and Theorem 20)

LetX ⊆ A. Assume that Ker f+X = A. Then the composition X
� � i // A

f // B

is onto (proof?), such that X �
� i // A is onto, since f is an essential epimorphism

=⇒ X = A =⇒ Ker f is small in A =⇒ Ker f ⊆ rA

(b)⇒ (c) : Assume that Ker f ⊆ rA.
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We have
A/Ker f ∼−→

f ′

Im f = B

a+ Ker f � // f(a)
(f onto)

and therefor r(A/Ker f) = rA/Ker f
∼−→
f ′

rB and (A/Ker f)/(rA/Ker f) ' B/rB

a+ rA � //.

''

f(a) + rB

A/rA
f //

'

B/rB

(A/Ker f)/(rA/Ker f)

f ′∼

33

f(a) + rB

(a+ Ker f) + rA/Ker f

&

33

f is the composition of two isomorphisms =⇒ f is an isomorphism.

(c)⇒ (a) : Assume that f : A/rA→ B/rB is an isomorphism. Let g : X → A

X
g //

PX
��

A
f //

PA
��

B

PB
��

X/rX
g // A/rA ∼−→

f
B/rB

Asuume f ◦ g is onto
=⇒ f ◦ g = f ◦ g : X/rX → B/rB is onto

=⇒ g = f
−1
fg : X/rX → A/rA is onto

Lemma 21 =⇒ g is onto =⇒ f is essential epimorphsim.
�

Example 6.9. Γ :

1
α

��
β

��
2

γ ��

3

δ��
4

ρ = {γα− δβ}, k field, Λ = kΓ/〈ρ〉

B =

k
1

�� ��
k

��

0

��
0

Find some f : A→ B which is essential epimorphism.



34 ØYVIND SOLBERG

A = Λe1

k
1

��
1

��
k
''

1 ��

k

1��
k

k
1

�� ��

))
1

k))
1

��

0

��

55
0

055
0

k
1

�� ��

( �

55

k

��

0

��
0 A

=
rA

⊆
Ker f ⊆

= 0

|| ��
= k

1 ""

k

1��
k

=⇒ f is essential epimorphism, or

k

����

k

����
A/rA = 0

��

0

��

∼−→
f

0

��

0

��

= B/rB

0 0

7. Projective Modules

Λ a ring, P a Λ-module

Definition 7.1. P is projective if for every epimorphism g : B → C and every
Λ-homomorphism f : P → C there exists a homomorphism h : P → B such that

P

f

��

∃h

��
B

g // C

commutes.

Example 7.2. Λ is a projective Λ-module

Λ

f

��

∃h

��

1<

��

B
g // C // 0

b
� // f(1)

f(λ) = f(λ ·1) = λf(1). Choose b ∈ B such that g(b) = f(1), and define h : Λ→ B
by h(λ) = λb
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Check: h is Λ-homomorphism.
Then gh(λ) = g(λb) = λg(b) = λf(1) = f(λ · 1) = f(λ),∀λ ∈ Λ
=⇒ Λ projective.

Exercise 7.3. F free Λ-module =⇒ F is projective (F '
⊕

i∈I Λai, ΛΛai 'Λ Λ,
∀i ∈ I)

Proposition 23. Λ a ring, P a projective Λ-module
P projectiv ⇐⇒ ∃ free Λ-module F and a Λ-module Q such that F ' P ⊕Q

Proof. ⇒: Assume that P is projective. Any module M is a factor of a free module
FM : Let FM =

⊕
m∈M Λm, ΛΛm =Λ Λ and define ϕ : FM →M by ϕ((λm)m∈M ) =∑

m∈M λmm

Check: ϕ Λ-homomorphism, ϕ onto, m = ϕ((λx)x∈M ), where λx =

{
0, x 6= m

1, x = m

Let g : F → P be onto with F free.

P

h

��
1P

=

projectiveoo

F
g // C // 0

b � // f(1)

=⇒ ∃h : P → F such that gh = 1P

Calim: F ' Ker g ⊕ Imh (Excersice)

⇐: Assume that F
∼−→
ϕ
P ⊕ Q where F is a free Λ-module. Suppose that

g : B → C is onto nd let f : P → C.

(p, q)
� // p

F
∼−→
ϕ
P ⊕Q

π //

∃h′

��

P

ν

ff

f

��
B

g // C // 0

ν(p) = (p, 0), πν(p) = π(p, 0) = p
F projective =⇒ ∃h′ : F → B such that

gh′ = fπϕ | ·ϕ−1

gh′ϕ−1 = fπ | ·ν
g(h′ϕν︸︷︷︸

h

) = fφν = f1P = f

=⇒ P is projective. �

Example 7.4. (Γ, ρ) a quiver with relations, k a field, J t ⊆ 〈ρ〉 ⊆ J2, Γ0 =
{1, 2, · · · , n}. Λ = kΓ/〈ρ〉
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Have seen: ΛΛ = Λe1 ⊕ Λe2 ⊕ · · · ⊕ Λen
=⇒ Λei projective Λ-modules

Definition 7.5. Let f : P → M be a Λ-homomorphism. Then f : P → M is a
projective cover of M if P is projectiv and f is an essential epimorphism.

Example 7.6. Γ :

1
α

��
β

��
2

γ ��

3

δ��
4

, ρ = {γα− δβ}, Λ = kΓ/〈ρ〉, M =

k
1

�� ��
k

��

0

��
0

0 // Ker f // Λe1
f // M // 0

0

�� ��

=

0

��

k

1��
k

k
1

��
1

��

=

k

1 ��

k

1��
k

k
1

�� ��

=

k

��

0

��
0

We have Ker f ⊆ r(Λe1)
=⇒ f is essential epimorphism
=⇒ f is projective cover.

Theorem 24. Λ left artinian, A finitely generated

(a) There exists a projective cover f : P → A (P finitely generated)
(b) Let f1 : P1 → A and f2 : P2 → A be two projective covers of A. Then there

exists an isomorphism g : P1 → P2 such that f1 = f2g

P1

g ∼
−→

f1
)) A

P2 f2

55

Proof. (a) A finitely generated =⇒ ∃ onto f : Λn → A, n <∞.
Choose P projective, f : P → A an onto Λ-homomorphism with l(P )
minimal. WTS: f projective cover. Consider

0 // Ker f
� � // P

f //

πP

��

A //

πA

��

0

P/rP
f // A/rA // 0

Assume that Ker f 6⊆ rP . Then πP (Ker f) 6= (0) in P/rP , which is semisim-
ple. We know that P/rP = πP (Ker f)⊕X for some X ⊆ P/rP .
Define e : P/rP → P/rP by letting e(v, w) = (0, w) for (v, w) ∈ P/rP =
πP (Ker f)⊕X.
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P
e′ //

πP

��

P

πP

��
P/rP

e // P/rP

��
0

Then πP e
′e′ = eeπP = eπP = πP e

′ =⇒ πP (e′ − e′e′) = 0. Hence, if
x = e′(1P − e′) = (1P − e′)e′ then Imx ⊆ rP . Since Imx2 ⊆ r2P and so
on, and rt = (0) for some t ≥ 1, we have that xt = 0. Let a = e′ and
b = 1P − e′. Then

atbt = btat = xt = 0

and

1P = (a+b)2t = a2t + r1a
2t−2b+ · · · rtatbt︸ ︷︷ ︸

ẽ

+ rt+1a
t−1bt+1 + · · ·+ r2t−1ab

2t−1 + b2t︸ ︷︷ ︸
ẽ′

It follows that ẽ = ẽ · 1P = ẽ(ẽ+ ẽ′) = ẽ2 + ẽẽ′ = ẽ2 + 0 = ẽ2

=⇒ ẽ is aan idempotent.
Check: ẽ = e2t = e and f(P/rP ) = f(X) = f(Im e).

Then we have

P
ẽ //

πP

��

P
f //

πP

��

A

πA

��
P/rP

e // P/rP
f // A/rA

︸ ︷︷ ︸feπP = ︸ ︷︷ ︸πAfẽ

onto =⇒ onto

Seen: πA essential epimorphism =⇒ fẽ onto =⇒ f |Im ẽ: Im ẽ→ A onto.

We have P = Im ẽ ⊕ Ker ẽ

Check: projective

OO

Im(1P − ẽ)

=

(1P − ẽ) = 1− e 6= 0 =⇒ Im(1P ẽ) 6= (0).
=⇒ l(Im ẽ) < l(P ), Contradiction!
=⇒ Ker f ⊆ rP and f is an essential epimorphsim.
f is projective cover.
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(b) Let fi : Pi → A be a projective cover of A for i = 1, 2.

P1

f1

��
∃g
��

0

P2
f2 //

∃h
��

A //

��

@@

0

P1

f1

??

0

P1 projective and f epimorphic =⇒ ∃g : P1 → P2 such that f1 = f2g.
f2 essential epimorphism and f1 epimorphic =⇒ g epimorphic.
Similarly h is epimorphic.
=⇒ l(P2) ≤ l(P1) ≤ l(P1) =⇒ l(P1) = l(P2) =⇒ g isomorphism.

�

Proposition 25. Λ left artinian, f : P → A an epimorphism, A finitely generated,
P projective Λ-module.

(a) f : P → A projective cover ⇐⇒ f : P/rP → A/rA isomorphic.
(b) {fi : Pi → Ai}mi=1, fi onto, Pi projective

The map f : P1 ⊕ P2 ⊕ · · · ⊕ Pm → A1 ⊕ A2 ⊕ · · · ⊕ Am defined by
(p1, p2, · · · , pm) 7→ (f1(p1), f2(p2), · · · , fm(pm)) is a projectiv cover ⇐⇒
each fi : Pi → A is a projectiv cover.

Proof.
(a) Prop ??
(b) Exercise: Use that r(P1 ⊕ · · · ⊕ Pm) = rP1 ⊕ · · · ⊕ rPm, r = rad Λ and (a)

�

Proposition 26. Λ left artinian, finitely generated modules.

(a) P projective module then P → P/rP is projective cover.
(b) P,Q projective modules, P ' Q ⇐⇒ P/rP ' Q/rQ
(c) P projective module, P indecomposable ⇐⇒ P/rP simple.
(d) Assume that P =

⊕n
i=1 Pi '

⊕m
j=1Qj, with P projective and Pi and Qj

indecomposable.
=⇒ n = m and ∃ permutation π of {1, 2, · · · , n} such that Pi ' Qπ(i), for
i = 1, 2, · · · , n.

Proof.
(a) We have seen: A→ A/rA is essential epimorphism for finitely generated A.

P projective =⇒ P → P/rP projective cover.
(b) ⇒: Clear.
⇐: Assume that P/rP ' Q/rQ.
(a) =⇒ P → P/rP,Q/rQ are projective covers. Assumption plus projec-
tive cover unique up to isomorphism (Theorem 24 (b)) =⇒ P ' Q.



LECTURE NOTES FOR MA3203 RING THEORY 39

(c) ⇐: Assume that P = P1⊕P2 with Pi 6= (0). Since rP = rP1⊕ rP2 we have
that

P/rP = P1 ⊕ P2/rP1 ⊕ rP2 ' P1/rP1 ⊕6= P2/rP26=

(0) (0)

Nakayama Lemma

00 99

=⇒ P/rP not simple

⇒: Assume that P/rP is not simple. P/rP is a semisimple Λ-module
=⇒ P/rP = U1 ⊕ U2, where Ui 6= (0), i = 1, 2.
Let Pi be a projective cover of Ui for i = 1, 2.
(a) gives that P → P/rP is a projective cover.
We know: P1 ⊕ P2 → U1 ⊕ U2 = P/rP is a projective cover.
Uniqueness (Theorem 24 (b)) =⇒ P ' P1 ⊕ P2 with Pi 6= (0), i = 1, 2.
=⇒ P decomposes.

d Exercise:

Note: Pi/rPi
� � // P1/rP1 ⊕ · · ·Pn/rPn

'

Q1/rQ1 ⊕ · · ·Qn/rQn // // Qj/rQj
=⇒ ∃j such that Qj/rQj ' Pi/rPi =⇒ Pi ' Qj

�

Recall 7.7. Λ left artinian.
=⇒ Λ/r = S1 ⊕ · · · ⊕ Sn, Si simple. Furthermore if T is a simple Λ-module then
∃j such that T ' Sj , i.e {Si}ni=1 has representatives from all isomorphism classes
of simple Λ-modules.

Let Pi
fi // Si be a projective cover of Si.

Prop 25 (a) =⇒ Pi/rPi ' Si, since rSi = (0).
Prop 25 (c) =⇒ Pi indecomposable.

Let P be an indecomposable projective Λ-module. Then P → P/rP is a projective
cover and P/rP is simple. Hence ∃j such that P/rP ' Sj .

P → P/rP ' Sj ← Pj projective cover

Uniqueness =⇒ P ' Pj .

Corollary 27. Λ left artinian. The only indecomposable projective Λ-modules are
P1, P2, · · · , Pn up to isomorphsim.

Example 7.8. Γ :

1
α

��
β

��
2

γ ��

3

δ��
4

, ρ = {γα− δβ}, k field Λ = kΓ/〈ρ〉.

We have seen: Λ/r = ke1 ⊕

=

ke2 ⊕

=

ke3 ⊕

=

ke4

=

S1 S2 S3 S4
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Projective covers:

k

�� ��
0

��

0

��
0

= S1

k
1

��
1

��

1
**

k

1 ��

k

1��
k

Λe1 :

0

�� ��
k

��

0

��
0

= S2

0

�� ��
k

1 ��

1 330

��
k

Λe2 :

0

�� ��
0

��

k

��
0

= S3

0

�� ��
0

��

k

1��

1 44

k

Λe3 :

0

�� ��
0

��

0

��
k

= S4

0

�� ��
0

��

0

��

=

k

Λe4 :

Lemma 28. Λ left artinian, M finitely generated.

Let P
f ′// M/rM be a projective cover. Then a homomorphism f : P → M such

that

P
f

{{
f ′

��
M

πM // M/rM

commutes, is a projective cover of M .

Proof.

f ′ = πM · f epi.

M
πM// M/rM ess. epi.

}
=⇒ f epimorphism

P

=

f // M

πM

��
P

πP

��

f ′ // M/rM

=

P/rP
f // M/rM

Know: f ′ : P/rP
∼−→M/rM isomorphism.

We have: fπP = πMf = f ′ = f ′πP

πP epimorphic

=⇒ f = f ′ ← isomorphism
=⇒ f isomorphism =⇒ f : P →M projective cover. �
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Example 7.9.

k( 1
1 )
��

0

��
M : k2

( 1 −1 ) ��

k

1��
k

0

}} ��
rM : k( 1

1 )

!!

0

��
k

k
0
zz ��

M/rM : k2/k( 1
1 )

$$

0

��
0

' S1 ⊕ S2 ⊕ S3

k

����
0

��

0

��
0

⊕
0

����
k2

k( 1
1 )

��

0

��
0

⊕ 0

����
0

��

k

��
0

k( 1
1 )
��

0

��

1 //

k2

( 1 −1 ) ��

proj.

>>
k

1��

1

;;//

k

k
1

��
1

��
1

��

1

xx

k

1 ��

k

1��
k

��

⊕ 0

����
k

( 1
0 )

tt

( 1
0 )

��

1 ��

0

��
k

��

⊕ 0

����
0

��

k

1��

1



1

��

k

��

Definition 7.10. Λ is a local ring if the non-invertible elements in Λ is an ideal.

Example 7.11.
(1) Z is not a local ring. Invertible elements: {−1, 1}, but 3 + (−2) = 1 =⇒

non-invertible elements is not an ideal.
(2) k fiel =⇒ k local
(3) Λn = k[x]/〈xn〉, k a field.

Non-invertibel elements: 〈x〉/〈xn〉.
Invertible elements: {a+ f(x)x+ 〈xn〉 | a ∈ k \ {0}, f(x) ∈ k[x]}.
=⇒ Λ is a local ring.
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(4)

Γ : 1

α1 ##

α2

��

αn

CC , ρ relation such that J t ⊆ 〈ρ〉 ⊆ J2

Λ = kΓ/〈ρ〉 - finitedimensional k-algebra, k field.
Non-invertible elements: J/〈ρ〉 = r - ideal
Invertible elements: {ae1 + r | a ∈ k \ {0}, r ∈ r}
=⇒ Λ a local ring.

Proposition 29. Λ a local ring =⇒ 0 and 1 are the only idempotents.

Proof. Let e be an idempotent in Λ. Suppose that e is an invertible element, i.e.
∃f ∈ Λ such that ef = fe = 1.
=⇒ e = e · 1 = e(ef) = e2f = ef = 1.
Suppose that e 6= 0, 1, i.e. e and 1− e are both not invertible. Then

1 = e + (1− e)

not invertible

VV AA

Λ local =⇒ 1 not invertible. Contradiction!
=⇒ 0, 1 the only idempotents in Λ. �

Note 7.12. (1) Λ = kΓ/〈ρ〉, k a field J t ⊆ 〈ρ〉 ⊆ J2, |Γ0| ≥ 2 =⇒ Λ not
local (Why?)

(2) Λ a ring, M 6= (0) a Λ-module.
We have seen: EndΛ(M) contains an idempotenet 6= 0, 1 ⇐⇒ M decom-
poses.

Corollary 30. M Λ-module, EndΛ(M) a local ring =⇒ M indecomposable.

Proposition 31. Λ left artinian, P finitely generated projective Λ-module. TFAE:

(a) P indecomposable
(b) EndΛ(P ) local
(c) rP is the only maxiaml submodule of P .
(d) P/rP is simple.

Proof.
(a) ⇐⇒ (d) : Prop 26 (c).

(d)⇒ (c) : P/rP simple =⇒ rP maximal submodule of P .

We have: rP = radP =
⋂

M max.
submod. of P

M

=⇒ rP ⊆M , ∀M ⊆ P maximal submodule.
=⇒ rP is the only maximal submodule of P .
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(c)⇒ (b) : Let f : P → P . Then

f invertible
def⇐⇒ f isomorphism
⇐⇒ f is an epimorphsm (l(P ) <∞)

rP max⇐⇒ Im f 6⊆ rP

Hence, {non-invertable

elements in EndΛ(P )} = {f ∈ EndΛ(P ) | Im f ⊆ rP} = I
I ideal: f1, f2 ∈ I, p ∈ P

(f1 − f2)(p) = f1(p) − f2(p) ∈ rP ⇒ f1 − f2 ∈ I

rP

3

3 ⇒

f1, f2 ∈ EndΛ(P ):

Im f1f2 = f1(Im f2) ⊆

⊆

rP, if f1 ∈ I

f1(rP )

=

if f2 ∈ I
ll

rf1(P ) ⊆ rP

=⇒ ff1, f1f ∈ I, when f1 ∈ I and f ∈ EndΛ(P ).
=⇒ I is an ideal =⇒ EndΛ(P ) a local ring.

(b)⇒ (a) : Corollary 30
�

Example 7.13.
(1) Z projective Z-module, Z not artinian, EndZ(Z) ' Z not local, but Z

indecomposable.
(2) Λ = kΓ/〈ρ〉, k field, J t ⊆ 〈ρ〉 ⊆ J2, Λ left artinian.

We have: Λei indecomposable projective Λ-modules.
Prop 31 =⇒ EndΛ(Λei) ' eiΛei is a local ring.

Corollary 32. Λ left artinian. TFAE:

(a) Λ local
(b) r = rad Λ is a maximal left ideal
(c) Λ/r is simple Λ-module

Proof. Follows from Prop 31, noting that Λ ' EndΛ(Λ)op �

Proposition 33. Λ left artinian

(a) 1 = e1 + e2 + · · ·+ en - a sum of primitive orthogonal idempotents.
orthogonal: eiej = 0, ∀i 6= j

primitive: ei 6= 0 is not a sum of non-zero idempotents
(b) Let e1, e2, · · · , em be idempotents in Λ, and let e = e1 + e2 + · · ·+ em.

If e1, e2, · · · , em are orthogonal then Λe = Λe1 ⊕ Λe2 ⊕ · · · ⊕ Λem.
(c) Let e 6= 0 be an idempotent. Then Λe indecomposable ⇐⇒ e is primitive.

Proof. (a) Λ/r semisimple
=⇒ Λ/r = S1 ⊕ S2 ⊕ · · · ⊕ Sn, Si simple.
Let P (Si) → Si be the projective cover of Si. Then P (Si) is indecom-
posable by Prop 26 (c). Then by Prop 25 (b):

⊕n
i=1 P (Si) → Λ/r is a

projective cover. Also Λ→ Λ/r is a projective cover.
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Uniqueness =⇒ Λ '
⊕n

i=1 P (Si)
=⇒ Λ = P1 ⊕ P2 ⊕ · · · ⊕ Pn, Pi indecomposable.
Then 1 = e1 + e2 + · · ·+ en with ei ∈ Pi
=⇒ ei =

∈

ei · 1 = eie1 +

∈

eie2 +

∈

· · · + eiei +

∈

· · · + eien∈
Pi P1 P2 Pi Pn

Direct sum =⇒ eiej =

{
0, if i 6= j
ei, if i = j

=⇒ {ei} are orthogonal idempotents.

Claim: Pi = Λei
ei ∈ Pi =⇒ Λei ⊆ Pi
x ∈ Pi = x = x · 1 = xe1 +

∈

xe2 +

∈

· · · + xei +

∈

· · · + xen∈

P1 P2 Pi Pn
Direct sum =⇒ x = xei ∈ Λei =⇒ Pi = Λei

ei primitive: Let ei = f1 + f2 with fi 6= 0 fro i = 1, 2, and f1 and f2

are orthogonal idempotents. Using (b):

Λei = Λf1 ⊕6= Λf26=

(0) (0)

=⇒ Pi not indecomposable. Contradiction!
=⇒ ei primitive for i = 1, 2, · · · , n.

(b) and (c): Exercises.
�

Proposition 34. Λ left artinian, P finitely generated projective Λ-module. Then

P '
n⊕
i=1

Pi

with Pi indecomposable and decomposition is unique up to isomorphism an ordering.

Proof. P/rP =
⊕n

i=1 Si, Si simple Λ-modules.
P → rP projective cover and

⊕n
i=1 P (Si)→

⊕n
i=1 Si = P/rP is a projective cover.

Uniqueness =⇒ P '
⊕n

i=1 P (Si)︸ ︷︷ ︸
indec

�

8. Krull-Remak-Schmidth theorem

Lemma 35. (Fitting Lemma)
Λ a ring, M a Λ-module with l(M) <∞, ϕ ∈ EndΛ(M). Then ∃n ≥ 1 such that

M = Imϕn ⊕Kerϕn
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Proof. l(M) <∞ =⇒ M artinian and noetherian.

=⇒
{

Imϕ ⊇ Imϕ2 ⊇ · · ·
Kerϕ ⊆ Kerϕ2 ⊆ · · ·

}
become stationary.

=⇒ ∃n such that
Imϕn = Imϕn+1 = · · ·
Kerϕn = Kerϕn+1 = · · ·

=⇒ l(Imϕn) = l(Imϕ2n), ϕn : Imϕn → ϕ2n is surjective.

=⇒ ϕn : Imϕn //ll
ψ

Imϕ2n is an isomorphism.

Let ψ : Imϕ2n → Imϕ be an inverse of ϕn.

(1) We have: Imϕn,Kerϕn ⊆M
(2) M = Imϕn + Kerϕn : Let m ∈M . Then

m = ψϕn(m)︸ ︷︷ ︸
∈Imϕn

+m− ψϕn(m)︸ ︷︷ ︸
∈Kerϕn

Since ϕn(m− ψϕn(m)) = ϕn(m)− ϕnψ︸︷︷︸
1Imϕn

ϕn(m) = 0

(3) Imϕn ∩Kerϕn = (0) : Let m ∈ Imϕn ∩ Kerϕn. Then m = ϕn(m′) for

some m′ ∈M .
m ∈ Kerϕn =⇒ 0 = ϕn(m) = ϕ2n(m′)
=⇒ m′Kerϕ2n = Kerϕn

=⇒ m = ϕn(m′) = 0

�

Theorem 36. Λ left arinian, M finitely generated. Then

M indecomposable ⇐⇒ EndΛ(M) local

Proof. ⇒: Have seen (true in general).
⇐: Assume that M is indecomposable. Let ϕ ∈ EndΛ(M) be a non-invertible
element. Then l(Imϕ) < l(M)
=⇒ ∀ψ ∈ EndΛ(M) the composition ψϕ is not invertible (l(Imψϕ) ≤ l(Imϕ)).
Fitting Lemma =⇒ M ' Im(ψϕ)n ⊕Ker(ψϕ)n

M indecomposable =⇒ Im(ψϕ)n = (0) and Ker(ψϕ)n = M
or Im(ψϕ)n = M and Ker(ψϕ)n = (0)
We have that Im(ψϕ)n (M , so Im(ψϕ)n = (0) and ψϕ is nilpotent.
=⇒ 1M − ψϕ invertible in EndΛ(M) for all ψ ∈ EndΛ(M).
=⇒ ϕ ∈ rad EndΛ(M) ⊆ {non-invertible elements of EndΛ(M)}
=⇒ EndΛ(M) is local. �

Theorem 37. (Krull-Remak-Schmidt theorem)
Λ left artinian, M finitely generated Λ-module.

(a) M can be written as a finite direct sum of indecomposable modules, i.e.

M =

n⊕
i=1

Mi with Mi indecomposable

(b) The composition of M into idecomposable modules is unique up to iso-
morphsim and ordering.
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Proof. (a) Induction on l(M):
If l(M) = 1, then M is simple and clearly indecomposable. Claim in (a)
trivially true.
Assume that (a) is true for all Λ-modules X with l(X) < n. Suppose
l(M) = n. If M is indecomposable then we are done. If M decomposes
say M = M1 ⊕M2 (Mi 6= (0)) then l(Mi) < l(M) and we are done by
induction.

(b) Assume that

M =

n⊕
i=1

Mi =

m⊕
j=1

Nj

with Mi and Nj indecomposable.
(a) If l(M) = 1 then the claim is true as M is simple and therefor inde-

composable.
(b) Assume true for all modules X with l(X) < n. Let l(M) = n.

Denote by ϕsr and ψrs the composition

Mr
� � //⊕n

i=1Mi =
⊕m

j=1Nj
// // Ns

and

Ns
� � //⊕m

j=1Nj =
⊕n

i=1Mi
// // Mr

respectively. Then
m∑
s=1

ψisϕsi = 1Mi

Since EndΛ(Mi) is local ∃j such that ψijϕji is an isomorphism. If
ϕjiψij : Nj → Nj is in rad EndΛ(Nj), then it follows from Fitting
Lemma that ϕjiψij is nilpotent, say (ϕjiψij)

t = 0
=⇒ (ψijϕji)

t+1 = 0 Contradiction!
=⇒ ϕjiψij is an isomorphsim
=⇒ ϕji and ψij are isomorphisms.
We have that

M =
n⊕
r=1

Mr

=

1M=(ϕji)//
n⊕
s=1

Ns =

=

M

Mi ⊕ M̂i

(ϕji a
b c

)
// Nj ⊕ N̂j(

1Nj 0

−bϕ−1
ji 1N̂j

)

∼−→

Mi ⊕ M̂i

(
1Mj −ϕ

−1
ji a

0 1M̂j

)

∼ −→

A // Nj ⊕ N̂j

Check:

is 1-1 //

=⇒ is onto

a : M̂i → Nj

b : Mi → N̂j

c : M̂i → N̂j

A =

(
1 0

−bϕ−1
ji 1

)(
ϕji a
b c

)(
1 −ϕ−1

ji a

0 1

)
︸ ︷︷ ︸

=

(
1 0

−bϕ−1
ji 1

)(
ϕji 0
b −bϕ−1

ji a+ c

)
=

(
ϕji 0
0 −bϕ−1

ji a+ c

)
=:

(
ϕji 0
0 c̃

)
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A an isomorphism =⇒ φji and c̃ isomorphisms.

=⇒ c̃ : M̂i → N̂i isomorphism with l(M̂i) < l(M). By induction the
claim is true for Mi. Since Mi ' Nj , the claim follows

�

9. Artin Algebras

Recall 9.1. (1) Λ finite dimensional k-algebra, k field, M finitely generated
Λ-module =⇒ dimkM = n <∞
=⇒ EndΛ(M) ⊆ Endk(M) = Mn(k) finite dimensional k-algebra.

(2) Λ left artinian, but not right artinian, M =Λ Λ. Then EndΛ(M) = Λop not
left artinian.

R is a commutative ring.

Definition 9.2. (a) An R-algebra Λ is a ring Λ and a ring homomorphsim
ϕ : R→ Λ with Imϕ ⊆ Z(Λ) = {λ ∈ Λ | λr = rλ,∀r ∈ Λ}

(b) Λ1,Λ2 R-algebras given by ϕ1 : R → Λ1 and ϕ2 : R → Λ2. Then ψ :
Λ1 → Λ2 is a homomorphism of R-agebras, if ψ is a ring-homomorphism

and
R

ϕ1 //

ϕ2   

Λ1

ψ}}
Λ2

commutes.

(c) Λ1 is an R-subalgebra of Λ2 if Λ1 is a subring of Λ2 and the inclusion

Λ1
� � // Λ2 is a homomorphism of R-algebras.

Note 9.3. Λ R-algebra =⇒ Λ R-module.

Definition 9.4. Λ is an artin R-algebra if Λ is an R-algebra with R a commutative
artinian ring and Λ is a finitelty generated R-module.

Example 9.5. (1) Any finitely generated algebra over a field k is an artin
algebra.

(2) k[x] is a k-algebra (k a field), but not an artin k-algebra (dimk k[x] =∞).
(3) R a commutative artinian ring =⇒ R an artin R-algebra (ϕ = 1R : R→ R,

Z(R) = R, R generated by 1 over R).

Note 9.6. (1) Λ R-algebra =⇒ Λop R-algebra.
(2) A a Λ-module, Λ an R-algebra, ϕ : R→ Λ =⇒ A is an R-algebra via

r · adef
= ϕ(r)a, ∀r ∈ R,∀a ∈ A

(3) A,B Λ-modules, Λ an R-algebra (ϕ : R→ Λ)
=⇒ HomΛ(A,B) is an R-module via

f ∈ HomΛ(A,B), r ∈ R (r · f)(a)
def
= ϕ(r)f(a)

Check this as an exercise.

Proposition 38. Λ artin R-algebra, finitely generated Λ-modules.

(a) A,B Λ-modules =⇒ HomΛ(A,B) finitely generated R-module.
(b) A a Λ-module =⇒ EndΛ(A) is an artin R-algebra (which is an R-

subalgebra of EndR(A)).
(c) Λ is a left artinian ring.
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Proof. (a) Have:
· HomΛ(A,B) ⊆ HomR(A,B)
· R artinian =⇒ R noetherian

Enough to show that HomR(A,B) is a finitely generated R-module.
A finitely generated Λ-module =⇒ ∃Λn → A onto Λ-homomorphism,
n ≥ 1.
Λ finitely generated R-module =⇒ ∃Rm → Λ onto R-homomorphism,
m ≥ 1.

=⇒ ∃ Rmn π // A onto R-homomorphism.

=⇒ HomR(A,B)
ν // HomR(Rmn, B) ' Bmn

Exercise 9.7. (i) ν 1-1
(ii) HomR(R,B) ' B as R-modules (f 7→ f(1)).

(iii) HomR(X ⊕ Y,B) ' HomR(X,B)⊕HomR(Y,B) as R-modules.

Induction: HomR(Rmn, B) ' Bmn as R-modules
Bmn finitely generated R-module + R noetherian =⇒ HomR(A,B)
finitely generated R-module.

(b) EndR(A) = HomR(A,A) is finitely genrated R-module by (a). R-algebra
structure is given by r 7→ r · 1A

(c) Λ finitely genrated R-module =⇒ lR(Λ) <∞.
=⇒ Λ artinian (and noetherian) R-module. Every left ideal in Λ is an
R-submodule
=⇒ Λ is left-artinian.

�

10. Categories and functors

Definition 10.1. A category C consist of a collection of objects, Obj C, and for
each pair (A,B) in C a set of morphisms HomC(A,B) (can be ∅), write f : A→ B
for f ∈ HomC(A,B), and composition of morphisms

HomC(B,C)×HomC(A,B) // HomC(A,C)

(g, f)
� // gf

such that

(i) For each A ∈ C, ∃1A ∈ HomC(A,A) such that f ·1A = f , ∀f ∈ HomC(A,B)
and 1A · g = g, ∀g ∈ HomC(C,A).

(ii) Associative law is satisfied

h(gf) = (hg)f

when A
f // B

g // C
h // D .

Example 10.2.
(1) Γ a quiver, J t ⊆ 〈ρ〉 ⊆ J2, t ≥ 2.

Rep(Γ, ρ) = category of all representations of (Γ, ρ).
Obj(Rep(Γ, ρ)) = all representations of (Γ, ρ) over k.
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morphisms = morphisms of representations.
composition = composition of morphisms of representations.

(2) Λ ring
Mod Λ = the category of all left Λ-modules.
Obj(Mod(Λ)) = all left Λ-modules.
morphisms = Λ-homomorphisms of left Λ-modules.
composition = usual composition of maps.
Special cases:
Ab = abelian groups = Mod(Z).
Vec(k) = vectorspaces over k = Mod(k).

Definition 10.3. C a category A,B objects in C. A morphism f : A → B in C is
an isomorphism in C if ∃ a morphism g : B → A such that

gf = 1A and fg = 1B .

Note 10.4. Λ a ring, f : A→ B a Λ-homomorphism.

f isomorphism
def⇐⇒ f is bijective
⇐⇒ f is an isomorphism in Mod Λ.

Definition 10.5. C a category. A categoryD is a subcategory of C if ObjD ⊆ Obj C
and HomD(A,B) ⊆ HomC(A,B) for all A,B ∈ D, and the composition in D is the
restriction of the composition in C.
D is a full subcategory of C if HomD(A,B) = HomC(A,B) for A,B ∈ D.

Note 10.6. Full subcategory - enough to describe the objects in the subcategory.

Example 10.7. (1) Λ not commutative: Mod Λ is a subcategory of ModZ
which is not full:

HomΛ(Λ,Λ) ( HomZ(Λ,Λ)

Choose z 6∈ Z(Λ), f : Λ → Λ by f(λ) = z · λ. Then f ∈ HomZ(Λ,Λ), but
f 6∈ HomΛ(Λ,Λ)

(2) Λ a ring I ⊆ Λ an ideal, π : Λ→ Λ/I natural.

Any Λ/I-module M is also a Λ-module via λ ·mdef
= π(λ)m

Exercise 10.8. Mod Λ/I ⊆ Mod Λ is a full subcategory.
(Λ/I infinite representation type =⇒ Λ infinite representation type.)

(3) Λ a ring, M ∈ Mod Λ
addM = all direct summands in a finite number of coppies of M

(X ∈ addM ; Mn = X ⊕ Y ).

Definition 10.9. A (covariant) functor F : C → D associates to each object C
in C an object F (C) in D, and to each morphsim f : A → B in C a morphism
F (f) : F (A)→ F (B) in D such that

(i) F (gf) = F (g)F (f) for all composable morphisms in C
(ii) F (1A) = 1F (A) ∀A ∈ Obj C

F contravariant functor:

f : A→ B // F (f) : F (B)→ F (A)

(i) F (gf) = F (f)F (g) for all composable morphisms in C
(ii) F (1A) = 1F (A) ∀A ∈ Obj C
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Example 10.10.
(1) Λ = kΓ/〈ρ〉, J t ⊆ 〈ρ〉 ⊆ J2, Γ0 = {1, 2, · · · , n}

F : mod Λ // Rep(Γ, ρ)

M � // F (M) = (V, f)

V (i) = eiM

α : i→ j ∈ Γ1

fα : V (i) = eiM
α·− // ejM = V (j)

eim
� // α · eim

M

h

��

F (M) = (V, f)

F (h)

��

� //

V (i) = eiM

F (h)(i)=h|eiM
��

M ′ F (M ′) = (V ′, f ′) V ′(i) = eiM
′

(2) C a category, idC : C → C
idC(C) = C, ∀C ∈ Obj(C)
f : A→ B in C
idC(f) = f : idC(A) = A→ B = idC(B)
idC = identity functor.

(3) A ∈ Mod Λ
F = HomΛ(A,−) : Mod Λ→ Ab
F (B) = HomΛ(A,B)

f : B → C, F (f) :

F (B)

=

F (C)

=

HomΛ(A,B)

3

// HomΛ(A,C)

g : A→ B � // F (g) = f · g
(4) Γ a quiver, Obj(Γ) = Γ0

morphsims i→ j = all paths from i to j.

F : Γ→ mod k = vec k // representations of Γ over k

Definition 10.11. C a category, R a commutative ring. C is preadditive (R-
category) if HomC(A,B) is an abelian group (R-module) for all objects A and B in
C, and the composition

ϕ : HomC(B,C)×HomC(A,B)→ HomC(A,C)

is bilinear (R-bilinear) for all A,B and C in C, i.e

ϕ(g1 + g2, f) = ϕ(g1, f) + ϕ(g2, f)

ϕ(g, f1 + f2) = ϕ(g, f1) + ϕ(g, f2)(
ϕ(g, rf) = ϕ(rg, f) = rϕ(g, f)

)
Definition 10.12. C,D preadditve (R−)categories. A functor F : C → D is an
additive (R−)functor if the map

F : HomC(A,B)→ HomD(F (A), F (B))

is a homomorphism of groups (R-modules) for all objects A and B in C.
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Example 10.13.
(1) Λ = kΓ/〈ρ〉, J t ⊆ 〈ρ〉 ⊆ J2, Γ0 = {1, 2, · · · , n}

Rep(Γ, ρ) - preadditive k-kategory
mod Λ - —————”—————

F : mod Λ→ Rep(Γ, ρ) additive k-functor
H : Rep(Γ, ρ)→ mod Λ additive k-functor
(V, f) 7→ H(V, f) = V (1)⊕ V (2)⊕ · · · ⊕ V (n)
ei · (v1, v2, · · · , vn) = (0, 0, · · · , 0, vi, 0, · · · , 0)
α : i→ j ∈ Γ

j-th coord��
α · (v1, v2, · · · , vn) = (0, 0, · · · , 0, fα(vi), 0, · · · , 0)

(V, f)

h

��
(V ′, f ′)

H(h) = h1⊕h2⊕· · ·⊕hn :

H(V, f) =

��

V (1)⊕ V (2)⊕ · · · ⊕ V (n)

H(V ′, f ′) = V ′(1)⊕ V ′(2)⊕ · · · ⊕ V ′(n)

(2) C preadditive, D ⊆ C a full subcategory =⇒ D preadditive.
In particular, Λ artin R-algebra Mod Λ, mod Λ, addM are R-categories
HomΛ(A,−) : mod Λ→ modR additve R-functor.

10.1. Morphisms of Functors.

Definition 10.14. C,D categories, F,G : C → D functors. Then ϕ : F → G is a
morphism of functors if for each object C ∈ C there is a morphism ϕC : F (C) →
G(C) in D such that for each morphism f : A → B in C there is a commutative
diagram.

F (A)
ϕA //

F (f)

��

G(A)

G(f)

��
F (B)

ϕB // G(B)

ϕ : F → G is an isomorphism if ϕC : F (C)→ G(C) is an isomorphism in D for all
C in C.

Example 10.15.
(1) k field.

(−)∗ = Homk(−, k) : Vec(k)→ Vec(k)

Define ϕ : idVec(k) → (−)∗ = Homk(Homk(−, k), k) by

ϕV : idVec(k)(V ) = V // V ∗∗ = Homk(Homk(V, k), k)

v

∈

� // ϕV (v)

where ϕV (v)(f) = f(v), f ∈ Homk(V, k). ϕ is a morphism of functors.

Exercise 10.16.
(i) ϕV is 1-1
(ii) dimk(V ) <∞ =⇒ ϕV isomorphism

(2) Γ a quiver, F,G : Γ→ vec(k) functors. What is a morphsim ϕ : F → G?
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Definition 10.17. C,D (R-)categories, F : C → D an (R-)functor. Then F : C →
D is an equivalence of (R-)categories if ∃ an (R-)functor H : D → C such that
HF ' idC and FH ' idD.

Definition 10.18. F : C → D (R-)functor

(a) F is full if F : HomC(A,B)→ HomD(F (A), F (B)) is onto for all A,B in C
(b) F is faithfull if F : HomC(A,B) → HomD(F (A), F (B)) is 1-1 for all A,B

in C
(c) F is dense if for each object D in D, ∃ an object C in C such that F (C) ' D.

It can be shown:

Proposition 39. C,D (R-)categories, F : C → D (R-)functor.
F is an equivalance ⇐⇒ F is full, faithfull and dense

Theorem 40. (Γ, ρ) quiver with relations, J t ⊆ 〈ρ〉 ⊆ J2, Λ = kΓ/〈ρ〉. The func-
tors F : mod Λ → Rep(Γ, ρ) and H : Rep(Γ, ρ) → mod Λ are inverse equivalenses
of k-categories. HF ' idmod Λ and FH ' idRep(Γ,ρ)

Proof.
(1) F equivalense:

(i) F faithfull: h : A→ B ∈ mod Λ, Γ0 = {1, 2, · · · , n}
F (h) = {hi}ni=1, where hi = h|eiA : eiA→ eiB

F (h) = 0 =⇒ hi = 0,∀i = 1, 2, · · · , n

h|eiA =

=

0,∀i = 1, 2, · · · , n

⇒ h = h|e1A

=

⊕ h|e2A

=

⊕ · · · ⊕ h|enA

=

: e1A ⊕ · · ·
��

⊕ enA

0 0 0 B

=⇒ h = 0 =⇒ F is faithfull.
(ii) F dense:

Check: Given (V, f) ∈ Rep(Γ, ρ) then

FH(V, f) ' (V, f), (V, f) ∈ Rep(Γ, ρ)

=⇒ F dense.
(iii) F full: Given {hi} : F (A) → F (B) i.e. hi : eiA → eiB for i =

1, 2, · · · , n.

Know: h̃ = h1 ⊕ · · · ⊕ hn : A

=

// B

e1A⊕ · · · ⊕ enA // e1B ⊕ · · · ⊕ enB
Check: F (h̃) = {hi} =⇒ F full.
=⇒ F is an equivalence.

(2) F and H ar inverse equivalences:
Exercise.

�

Can be shown:
F : ModR→ ModS equivalence
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· M (semi)simple, finitely generated, artinian, noetherian, indecomposable
⇐⇒ F (M) is
· Z(R) ' Z(S)

11. Projectivization

Λ artin R-algebra, A ∈ mod Λ
Have seen: Γ = EndΛ(A)op is an artin R-algebra.
A is a left EndΛ(A)-module:

f ∈ EndΛ(A), a ∈ A, then f · adef
= f(a) (Exercise)

=⇒ A is a right Γ-module.

Exercise 11.1.
· ΛAΓ is a Λ− Γ-bimodule

- left Λ-module
- right Γ-module
- (λ · a)γ = λ(a · γ)

· HomΛ(ΛAΓ, X) is a left Γ module, (X ∈ mod Λ) by

f ∈ HomΛ(ΛAΓ, X), g ∈ Γ; (g · f)(a)
def
= f(g(a)), ∀a ∈ A

=⇒ Have R-functor

F = HomΛ(A,−) : mod Λ→ mod Γ

Lemma 41. Λ ring

(a)

HomΛ(A,B1 ⊕B2)
α∼←− HomΛ(A,B1)⊕HomΛ(A,B2)

given by α(f, g)(a)
def
= (f(a), g(a)) for a ∈ A, is an isomorphism.

(b) HomΛ(A1 ⊕A2) ' HomΛ(A1, B)⊕HomΛ(A2, B)
In particular, if Γ = EndΛ(A)op, then the isomorphism α in (a) is an
isomorphism of Γ-modules. Similarly in (b).

Proof. Exercise. �

Proposition 42. Λ artin R-algebra, A ∈ mod Λ, Γ = EndΛ(A)op

eA = HomΛ(A,−) : mod Λ→ mod Γ (R-functor)

has the following properties:

(a) eA : HomΛ(Z,X) → HomΓ(eA(Z), eA(X)) is an R-isomorphism for all Z
in addA (i.e. ∃Y such that X ⊕ Y ' At for some t ≥ 1)

(b) X ∈ addA =⇒ eA(X) is a projective Γ-module
(c) eA|addA : addA → P(Γ) = {finitely generated projective Γ-modules} is an

equivalence of R-categories.

Proof.

(a) (i) eA : HomΛ(A,X)
α // HomΓ(eA(A), eA(X))

f

∈

� // α(f) = f∗ : Λ(A,A) // Λ(A,X)

g � // f · g
is an isomorphism of R-modules.



54 ØYVIND SOLBERG

· α is an R-homomorphism: Exercise.
· α is 1-1: Assume that α(f) = f∗ = 0

=⇒ f∗(g) = f ◦ g = 0, ∀g ∈ HomΛ(A,A).
Choose g = 1A =⇒ f = 0 =⇒ α is 1-1
· α is onto: Given h : HomΛ(A,A)→ HomΛ(A,X).

Let f = h(1A) : A→ X ∈ HomΛ(A,X). Then for g ∈ HomΛ(A,A)
α(f)(g) = fg = h(1A) · g (action of Γ on HomΛ(A,X))
h a Γ-homomorphism =⇒ h(1A) · g = h(1A · g) = h(g)
=⇒ α(f) = h =⇒ α is onto.

(ii) eA ”additive”: The following diagram commutes, M
iM // M ⊕N N

iNoo

f
� //3

$$

f∗ �
Lemma41

$$

eA : HomΛ(M ⊕N,X) //

∼−→

HomΓ(eA(M ⊕N), eA(X))

∼−→

HomΓ(eA(M)⊕ eA(N), eA(X))

∼−→

(fiM )∗ ⊕ (fiN )∗D

pp

eA ⊕ eA : HomΛ(M,X)⊕HomΛ(N,X) // HomΓ(eA(M), eA(X))⊕HomΓ(eA(N), eA(X))

(fiM , fiN )
� // ((fiM )∗, (fiN )∗)

(iii) Z = An: Diagram commutes by (ii)

HomΛ(An, X)

∼−→
eA // HomΓ(eA(An), eA(X))

∼−→

HomΛ(A,X)n

n︷ ︸︸ ︷
eA ⊕ · · · ⊕ eA // HomΓ(eA(A), X)n

isomorphism by (i)

UU

=⇒ eA is an isomorphism for Z = An

(iv) Z ∈ addA, Z ⊕ Y ' An, n ≥ 1:

diagram comutes by (ii) isomorphism by (iii)

HomΛ(Z ⊕ Y,X)
eA∼−→
}}

∼−→

HomΓ(eA(Z ⊕ Y ), eA(X))

∼−→

HomΛ(Z,X)⊕HomΛ(Y,X)
eA⊕eA// HomΓ(eA(Z), eA(X))⊕HomΓ(eA(Y ), eA(X))

=⇒ eA ⊕ eA is an isomorphism
=⇒ eA : HomΛ(Z,X)→ HomΓ(eA(Z), eA(X)) is an isomorphism for
all Z ∈ addA and X ∈ mod Λ.
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(b) Let X ∈ addA, i.e. ∃n ≥ 1 such that An ' X ⊕ Y for some Y
=⇒
eA(An) =

'

HomΛ(A,An) ' HomΛ(A,A)n ' Γn

eA(X ⊕ Y ) = HomΛ(A,X ⊕ Y ) ' HomΛ(A,X) ⊕ HomΛ(A, Y )

as Γ-modules

44

99

::

eA(X)

=

=⇒ eA(X) is a projective Γ-module.
(c) (b) =⇒ eA : addA→ P(Γ)

(a) =⇒ eA is full and faithfull

eA dense: Let P ∈ P(Γ). Then ∃n ≥ 1 and a Q suc that Γn
ϕ
∼−→ P ⊕Q

Let f ′ : P ⊕Q→ P ⊕Q be given by f ′(p, q) = (0, q). Then (f ′)2 = f ′ and
Ker f ′ ' P , and

Γn

eA : HomΛ(An, An) ∼−→ HomΓ(eA(An), eA(An))
∼ −→σ

g_
��

∼−→
ψ

HomΓ(Γn,Γn) σgσ−1

ϕ−1f ′ϕ

∈

Choose u : An → An such that

ψeA(u) = ϕ−1f ′ϕ : Γn → Γn

Let f = ϕ−1f ′ϕ. Note that f2 = f . We have an exact sequence

0 // Keru // An
u // An

This induces the exact sequence

0 // eA(Keru)
OO

'

// eA(An)
eA(u) //

∼←− σ

eA(An)

∼←− σ⇒

0 // Ker f

'

��

// Γn
ψeA(u)=f //

∼−→

ϕ

Γn

∼−→

ϕ⇒

0 // P // P ⊕Q
f ′ // P⊕

Problem sheets =⇒ eA(Keru) ' Ker f ' P
Keru ∈ addA: f = ψeA(u) = f2 = (ψeA(u))2 = ψ(eA(u)2) = ψeA(u2)
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=⇒ u = u2 since ψ is an isomorphism and eA is full and faithfull.

(An ∈ addA

=⇒ An = Keru⊕ Imu =⇒ Keru ∈ addA
=⇒ P ∈ eA(addA) =⇒ eA|addA is dense.

�

Lemma 43. Λ artin R-algerba, A ∈ mod Λ, Γ = EndΛ(A)op

eA : addA→ P(Γ)

(a) X 6= (0) in addA ⇐⇒ eA(X) 6= (0) in P(Γ), for X ∈ addA
(b) X ∈ addA

X is indecomposable ⇐⇒ eA(X) is indecomposable
(c) X,Y ∈ addA

eA(X) ' eA(Y ) ⇐⇒ X ' Y

Proof.
(a) Proposition 42 =⇒ HomΛ(X,X) ' EndΓ(eA(X), eA(X)) for X ∈ addA
⇐: eA(X) = (0) =⇒ HomΛ(X,X) = 0 =⇒ 1X = 0 =⇒ X = (0)
⇒: X = (0) =⇒ eA(X) = HomΛ(A, (0)) = (0)

(b) Have: EndΛ(X) ' EndΓ(eA(X)) as rings
Follows from this.

(c) Exercise: General property of and equivalence.
�

12. Basic Artin Algebras

Definition 12.1. Λ artin R-algebra. Then Λ is basic if

Λ = P1 ⊕ P2 ⊕ · · · ⊕ Pn
with Pi indecomposable, then Pi 6' Pj for i 6= j.

Recall 12.2. Λ/r = S1 ⊕ · · ·Sn - semisimplie, Si simple.
P (Si)→ Si projective cover =⇒ Λ ' P (S1)⊕ · · · ⊕ P (Sn)
We have: P (Si) ' P (Sj) ⇐⇒ Si ' Sj

Λ basic ⇐⇒ Si 6' Sj for i 6= j

Example 12.3.
(1) Λ =

(
k k
k k

)
, k a field

Λ =
(
k 0
k 0

)
⊕
(

0 k
0 k

)
simple Λ-modules

^^ee

=⇒ indecomposable

(
k 0
k 0

)−·( 0 1
0 0 )
//
(

0 k
0 k

)
is an isomorphism of left Λ-modules

=⇒ Λ is not basic.
(2) (Γ, ρ) a quiver with relations k a field, J t ⊆ 〈ρ〉 ⊆ J2, Γ0 = {1, 2, · · · , n}.

Λ = kΓ/〈ρ〉 is basic:

Λ/r ' ke1 ⊕ ke2 ⊕ · · · ⊕ ken with kei 6' kej for i 6= j
=⇒ Λ basic.



LECTURE NOTES FOR MA3203 RING THEORY 57

Note 12.4. Λ artin R-algebra
We know: Λ ' Pn1

1 ⊕ P
n2
2 ⊕ · · · ⊕ P

nt
t , Pi indecomposable, Pi 6' Pj for i 6= j

Λ basic ⇐⇒ ni = 1 for all i = 1, 2, · · · , t.
Let P = P1 ⊕ P2 ⊕ · · · ⊕ Pt, and let Σ = EndΛ(P )op. Have that

eP = HomΛ(P,−) : mod Λ→ mod Σ

where

eP (P ) = Σ ' eP (P1) ⊕ eP (P2) ⊕ · · · ⊕ eP (Pt)

indec since Pi is indec

ee ]] II

eP (Pi) 6' eP (Pj) for i 6= j, since Pi 6' Pj for i 6= j =⇒ Σ basic.

Note 12.5. Λ basic then P = Λ and

Σ = EndΛ(Λ)op ' Λ

Proposition 44. Λ and Σ as above. Then

eP = HomΛ(P,−) : mod Λ→ mod Σ

is an equivalence of R-categories.

Proof. Know: eP is an R-functor.
Proposition 42 (c) =⇒ eP |addP : addP → P(Σ) is an equivalence.

eP dense: Let C ∈ mod Σ. Then ∃ exact sequence Q1
f // Q0

// C // 0 with

Q1, Q0 ∈ P(Σ). Since Q1
f // Q0 ∈ P(Σ) ∃Q′1, Q′0 ∈ addP and f ′ : Q′1 → Q′0 ∈

addP , such that eP (Q′i) ' Qi and the following diagram commutes

eP (Q′1)
eP (f ′) //

'

eP (Q′0)

'

// eP (Coker f ′)

'

��

// 0

⇒

Q1
f // Q0

// C // 0

Q′1
f ′ // Q′0 // Coker f ′ // 0 exact.

Exercise 12.6. P projective =⇒

eP (Q′1)
eP (f ′) // eP (Q′0) // eP (Coker f ′) // 0 exact.

Problem sheets =⇒ eP (Coker f ′) ' C =⇒ eP dense.

eP full and faithfull: Let X,Y ∈ mod Λ, ∃ η′ : Q′1 // Q′0 // X // 0

exact in mod Λ with Q′i ∈ addP = P(Λ)

=⇒ η : eP (Q′1) // eP (Q′0) // eP (X) // 0 exact.
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Apply HomΛ(−, Y ) to η′ :

0 // HomΛ(X,Y )

∼−→eP

// HomΛ(Q′0, Y )

∼−→eP

// HomΛ(Q′1, Y )

∼−→eP⇐ 	

0 // HomΓ(eP (X), eP (Y )) // HomΓ(eP (Q′0), eP (Y )) // HomΓ(eP (Q′1), eP (Y ))

Prop 42(c)

ss **Problem
sheets

}
exact

II

��

=⇒ eP full and faithfull =⇒ eP : mod Λ→ mod Σ is an equivalence. �

Definition 12.7. Λ, Σ two rings. Then Λ and Σ are Morita equivalent if Mod Λ
and Mod Σ are equivalent categories.(

Anderson & Fuller
page 266 Exer. 4

)
: ( or mod Λ and mod Σ are equivalent categories )

Theorem 45. Let Λ be a finite dimensional k-algebra over an algebraically closed
field k.

(a) ∃ a basic k-algebra Σ such that Λ and Σ are Morita equivalent.
(b) Suppose that Λ is basic. Then ∃(Γ, ρ) a quiver with relations over k such

that Λ ' kΓ/〈ρ〉, where J t ⊆ 〈ρ〉 ⊆ J2 for some t ≥ 2.

Proof. (a) Proposition 44
(b) (1) Claim: Λ/r ' ks for some s ≥ 1.

Know: Λ/r is semisimple =⇒ Λ/r ' Mn1(D1) × · · · ×Mnr (Dr), Di

division ring.

e1,1 = diag(1, 0, · · · , 0), e2,2 = diag(0, 1, · · · , 0), en1,n1 = diag(0, · · · , 0, 1) ∈Mn1(D1)

-complete set of primitive orthogonal idempotents of Mn1
(D1). Simi-

larly for the other Mni(Di). Let

fij = (0, · · · , 0, ejj , 0, · · · , 0)

ith coordinate

RR
, j = 1, 2, · · · , ni

=⇒
r⋃
i=1

{fij}nij=1 complete set of orthogonal idempotents for Λ/r

We have Λ/rfij ' Λ/rfij′ ∀j, j′ ∈ {1, 2, · · · , ni}.

Lift
r⋃
i=1

{fij}nij=1 to Λ;
r⋃
i=1

{f̃ij}nij=1, complete set of primitive orthogo-

nal idempotents in Λ.
Know: Λf̃ij → Λf̃ij/rf̃ij ' Λ/rfij projective cover.

=⇒ Λf̃ij ' Λf̃ij′ , ∀j, j′ ∈ {1, 2, · · · , ni}.
Λ basic =⇒ ni = 1 for all i = 1, 2, · · · , r.

=⇒ Λ/r ' D1 ×D2 × · · · ×Dr

(2) Claim: Di ' k for all i = 1, 2, · · · , r.

dimk(Λ) <∞ =⇒ dimk(Λ/r)z∞ =⇒ di = dimk(D) <∞ ∀i = 1, 2, · · · , r
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We have: k
� � ν // Di , k ' ν(k)

� � ν // Di

Suppose Di \ ν(k) 6= ∅. Let z ∈ Di \ ν(k). Then {1, z, z2, · · · , zdi} is
linearly dependent.
=⇒ ∃ai ∈ ν(k), i = 0, 1, 2, · · · , di such that

a0 · 1 + a1z + a2z
2 + · · ·+ adiz

di = 0

that is, z is a root in the polynomial

f(x) = a0 + a1x+ · · ·+ adix
di

k ' ν(k) - algebraically closed =⇒ z ∈ ν(k) Contradiction!
=⇒ Di = ν(k) ' k for all i.

=⇒ Λ/r ' kr 3 fi = (0, · · · , 0, 1, 0, · · · , 0)

ith coordinate

QQ , complete set

of primitive orthogonal idempotents
· Lift {fi}ri=1 to a complete set of primitive orthogonal idempotents
{vi}ri=1 in Λ
· Choose a basis Bji = {aji(l)}l of vjr/r

2vi for all i, j ∈ {1, 2, · · · , r}.
· Lift the elements in each Bji to elements in vjrvi, B̃ji = {ãji(l)}l
· Define Γ, Γ0 = {i}ri=1,

Γ1 = {αji(l) : i→ j | l = 1, 2, · · · ,dimk(vjr/r
2vi)}

· Define ϕ : kΓ // Λ

ϕ(ei) = vi

ϕ(αji(l)) = ãji(l)

by letting

Problem sheets =⇒ ϕ : kΓ→ Λ is a k-algebra homomorphism.
(3) Kerϕ is admissable: Suppose that

(∗) ϕ


∑
i

γi(0)ei +
∑
r,s,l

γr,s,l(1)αrs(l) + longer paths︸ ︷︷ ︸
=x

 = 0

(i) (*) =⇒ ϕ(x) + r = 0

=
∑
i

γi(0)vi + ”〈ãji(l) | j, i, l〉”︸ ︷︷ ︸
⊆r

+r = 0

=⇒
∑
i

γi(0)vi + r = 0

=⇒
∑
i

γi(0)fi = 0 in Λ/r ' kr

{fi} a basis for Λ/r ' kr =⇒ γi(0) = 0, ∀i = 1, 2, · · · , r
(ii) (*) =⇒ ϕ(x) + r2 = 0
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=
∑
r,s,l

γr,s,l(1)ãrs(l) + ”〈ãrs(l)ãr′s′(l′)〉”︸ ︷︷ ︸
⊆r2

+r2 = 0

=⇒
∑
r,s,l

γr,s,l(1)ãrs(l) + r2 = 0

=⇒
∑
r,s,l γr,s,l(1) ars(l) + r2 = 0 in r/r2

basis for

WW II

=⇒ γrsl(1) = 0, ∀r, s, l =⇒ x ∈ J2

=⇒ Kerϕ ⊆ J2

We have: αrs(l) 7→ ãrs(l) ∈ r, rm = (0) for some m ≥ 1
=⇒ {all paths of length ≥ m} ⊆ Kerϕ
=⇒ Jm ⊆ Kerϕ
Kerϕ is admissable.

(4) ϕ onto: Let λ ∈ Λ. Then ∃γi(0) ∈ k for i = 1, 2, · · · , r such that

x1 = λ−
∑

γi(0)vi ∈ r

since {vi = vi + r} is a basis for Λ/r.
Can show: r is generated by {ãji(l)}j,i,l and ãji(l) is in the image of ϕ
=⇒ ϕ is onto.
=⇒ kΓ/Kerϕ ' Imϕ = Λ

�

13. Duality

Definition 13.1. C, D (R-)categories, F : C → D a contravariant (R-)functor.
Then F is a duality if there exists a contravariant (R-)functor H : D → C such that

HF ' idC and FH ' idD
as (R-)functors.

k a field, V a vector space

D := Homk(−, k) : Vec(k)→ Vec(k)

is a contravariant functor. Assume that dimk V = t < ∞. If {vi}ti=1 is a k-basis
for V , then {v∗i }ti=1 where v∗i ∈ D(V ) = Homk(V, k) is given by

v∗i

 t∑
j=1

ajvj

 = ai, aj ∈ k

is a basis for D(V ) (the dual basis).
=⇒ dimk V = dimkD(V ) = dimkDD(V )
Define ϕV by

ϕV : V // DD(V ) = Homk(Homk(V, k), k)

v
� // ϕV (v) : Homk(V, k)→ k

where ϕV (v)(f) = f(v) for f ∈ D(V )



LECTURE NOTES FOR MA3203 RING THEORY 61

Exercise 13.2.
(a) ϕV is 1-1 (⇒ ϕV is an isomorphism for dimk V <∞)
(b) ϕ = {ϕV }V ∈vec(k) : idvec(k) → DD is an isomorphism of functors.

Check:
(a) Λ finite dimensional k-algebra.

For X ∈ mod Λ, then D(X) = Homk(X, k) is a left Λop-module via

(λ · f)(x) = f(λx)

for f ∈ D(X), λ ∈ Λop and x ∈ X.
(b) f : X → Y ∈ mod Λ. Then

D(f) : D(Y ) = Homk(Y, k) // Homk(X, k) = D(X)

g � // g · f

is a Λop-homomorphism.
=⇒ D = Homk(−, k) : mod Λ→ mod Λop

and D = Homk(−, k) : mod Λop → mod Λ
Note: X finitely generated Λ-module

=⇒ dimkX <∞
=⇒ dimkD(X) <∞
=⇒ D(X) finitely generated Λop-module


Proposition 46. Λ finite dimensional k-algebra, k a field.
Then D = Homk(−, k) : mod Λ→ mod Λop is a duality.

Λ = kΓ/〈ρ〉 - a finite dimensional k-algebra, k a field. D induces a duality on
representations.

Rep(Γ, ρ) (V, f)

∈

��

� // F (V, f)
_

��

∈ mod Λ

Rep(Γop, ρop) H(D(F (V, f)))

∈

DF (V, f)
�oo ∈ mod Λop

(Γ, ρ), J t ⊆ 〈ρ〉 ⊆ J2, Γ0 = {1, 2, · · · , n}
Define (Γop, ρop) by

Γop0 = Γ0

Γop1 : for each arrow α : i→ j in Γ1, there is an arrow αop : j → i in Γop1
If p = α1α2 · · ·αr−1αr is a path in Γ, let
pop = αopr α

op
r−1 · · ·α

op
2 α

op
1 be a path in Γop.

Then Λop ' kΓop/〈ρop〉 and (Γop, ρop) is equivalent to mod Λop.
Let (V, f) ∈ Rep(Γ, ρ). Then F (V, f) ∈ mod Λ and DF (V, f) ∈ mod Λop. The

underlying vector space of DF (V, f) is D(
n⊕
i=1

V (i))

HDF (V, F ) = (V ′, f ′):

V ′(i) = eopi DF (V, f) = eopi Homk

 n⊕
j=1

V (j), k
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νj : Vj
� � //

n⊕
l=1

V (l) , g ∈ Homk

 n⊕
j=1

V (j), k


Then

eopi g(v1, v2, · · · , vn) = g(ei(v1, v2, · · · , vn))

= g((0, 0, · · · , 0, vi, 0, · · · , 0))

= gνi(vi)

eopi g
// gνi ∈ D(V (i)) = Homk(V (i), k)

V ′(i) = D(V (i)) = Homk(V (i), k)

DF (V, f) 3 g 7→ gνi

αop : j → i

h

=

f · fα

=

gνj
� // gνjfα

V ′(j) = D(V (j))

'
// V ′(i) = D(V (i))

'

eopj DF (V, f)
αop·− // eopi DF (V, f)

g�

55

� // gνj(fα(vi))

(αop · g)(v) = g(α · v) = g(α(v1, v2, · · · , vn))

= g((0, · · · , 0, fα(vi), 0, · · · , 0))

j-th coordinate
aa

= gνj(fα(vi))

f ′αop

=

: V ′(j) = D(V (j)) // D(V (i)) = V ′(i)

D(fα)

=⇒ (V ′, f ′) =
(
{D(V (i))}ni=1, {D(fα)}α∈Γ1

)
.

Exercise 13.3. V , W finite dimensional vector spaces B, B′ basis for V and W
respectively. B∗, B′∗ dual basis for D(V ) and D(W ).
Let f : V →W . Suppose that

mB′

B (f) = A

Then for D(f) : D(W )→ D(V ) we have the matrix representation

mB∗

B′∗(D(f)) = AT

for the dual map D(f).
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Example 13.4.

Γ : 1
α
((

β

66 2
γ // 3 , ρ = {γβ}, Λ = kΓ/〈ρ〉, k a field.

Γop : 1
ww
αop

gg
βop

2 oo
γop

3 , ρop = {βopγop}

Λe1 : k

( 1
0 )
))

( 0
1 )

55 k2
( 1 0 ) // k

Λe2 : 0
((
66 k

1 // k

Λe3 : 0
((
66 0 // k

D(Λe1) : k
vv
( 1 0 )

hh
( 0 1 )

k2 oo
( 1

0 )
k

D(Λe2) : 0
vv
hh k oo

1
k

D(Λe3) : 0
ww
gg 0 oo k

Lemma 47. Λ finite dimensional k-algebra, k a field.

(a) η : 0 // A
f // B

g // C // 0 exact in mod Λ

⇐⇒ 0 // D(C)
D(g)// D(B)

D(f)// D(A) // 0 exact in mod Λop.

(b) S simple Λ-module ⇐⇒ D(S) simple Λop-module.
(c) l(A) = l(D(A)) for A ∈ mod Λ

Proof. (Sketch of proof)

(a) Use that η splits as a sequence of k-modules, that D preserves k-dimesnion
and that D2 ' idmod Λ.

(b) Use (a).
(c) Induction on length.

�

Given a statement S in a category C then the dual statement S∗ is the statement
about C reversing the direction of all morphisms and replacing all compositions αβ
of morphisms with βα.

Example 13.5.

P projective:

P

∃h

{{
f

��
exact B

g // C // 0

∀g, ∀f =⇒ ∃h : P → B such that gh = f

I injective:

I;;
∃h

OO

f

exact B oo
g

C oo 0

∀g, ∀f =⇒ ∃h : B → I such that hg = f
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14. Injective modules

Definition 14.1. Λ a ring, I ∈ Mod Λ. Then I is injective if for every monomor-
phism i : A → B in Mod Λ and every homomorphism f : A → I there exists an
h : B → I such that hi = f i.e. the following diagram commutes.

0 // A
i //

f

��

B

∃h��
I

Proposition 48. Λ finite dimensional k-algebra, k a field, P ∈ mod Λ.

(a) P projective Λ-module ⇐⇒ D(P ) is injective Λop-module.
(b) Any Λ-module M ∈ mod Λ is a submodule of an injective Λ-module in

mod Λ.

Proof.

(a) ⇒: P projective. Consider

0 // A
i //

f

��

B

D(P )

in Mod Λop.

Apply D:

D2(P )

∃h

zz
D(f)

��

' P projectiveoo

D(B)
D(i) // D(A) // 0

=⇒

A

f

��

i //

αA %%

B
αB
##

D2(A)

D2(f)

��

D2(i) // D2(B)

D(h)

{{

D(P )
∼−→

αD(P )

D3(P )

=⇒ αD(P )f = D(h)αBi

α−1
D(P ) · −

∣∣∣ f =
(
α−1
D(P )D(h)αB

)
i

=⇒ D(P ) ∈ mod Λop is injective.

⇐: Baer criterion & Λ noetherian
=⇒ we can restrict ourselves to finitely generated modules. Use dual
arguments.
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(b) Let M ∈ mod Λ. Then D(M) ∈ mod Λop. Let P // // D(M) be the

projective cover of D(M). Then

M
αM
∼
// D2(M) �

� // D(P ) ∈ mod Λ

injective Λ-module
aa

�

Remark 14.2. Λ a ring, M ∈ Mod Λ.

Can be shown: M
� � // I , I injective Λ-module.

However: Even if M is a finitely generated Λ-module I need not be a finitely
generated Λ-module. (

Z-modules = Ab : Z �
� // Q

)
Definition 14.3. Λ a ring

(a) A ⊆ X Λ-modules. Then A is an essential submodule of X, if for each
non-zero submodule B of X, then A ∩B 6= (0).

(b) A monmorphism i : A→ X is essential if i(A) is an essential submodule of
X.

(c) A monomorphism i : A→ I is an injective envelope if
(i) I is injective
(ii) i is an essential monomorphism.

Can be shown: (MA3204) Λ a ring. Every Λ-module has an injective envelope.

Definition 14.4. Λ artin R-algebra, A ∈ mod Λ. The socle of A, socA is the sum
of all simple submodules of A.

Example 14.5. Γ :
1

�� ��
2 3

, k a field, Λ = kΓ

k

1




1

��
k k

Λe1
//

0



 ��
nn > ^

k 0

0



 ��
0 k

+ = Λe2 ⊕ Λe3

soc Λe1

=

Note 14.6.
(1) In general, socS = S, when S is a (semi-)simple Λ-module.
(2) socA ⊆ A is a semisimple submodule of A.
(3) Λ artin R-algebra, A ∈ mod Λ, A 6= (0).

Since l(A) <∞, then ∃ a simple Λ-submodule S ⊆ A, that is, socA 6= (0).
Furthermore A 6= (0) ⇐⇒ socA 6= (0), and D(A/rA) ' socD(A).

Lemma 49. Λ artin R-algebra, A ⊆ X ∈ mod Λ
TFAE

(a) A essential submodule of X
(b) socX ⊆ A
(c) socA ⊆ socX.
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Proof. (a) ⇒ (c): A ⊆ X essential submodule

S ⊆ X simple =⇒ S 6= (0)

=⇒ (0) 6= S ∩A ⊆ S
Simple =⇒ S ∩A = S ⊆ A

=⇒
∑
S⊆X

S simple

S = socX ⊆ A

A ⊆ X =⇒ socA ⊆ socX

Hence, socA = socX

(c) ⇒ (b): Obviously, socA = socX
=⇒ socX ⊆ socA ⊆ A.

(b) ⇒ (a): Assume that socX ⊆ A.

Let (0) 6= B ⊆ X. Then (0) 6= socB ⊆ socX
Hence, (0) 6= socB = socB ∩ socX ⊆ socB ∩A ⊆ B ∩A =⇒ B ∩A 6= (0). �

Proposition 50. Λ artin R-algebra, (0) 6= A ∈ mod Λ

(a) A
� � // I injective envelope ⇐⇒ I injective and socA = soc I.

(b) Injective envelopes are unique up to isomorphism.
(c) Injective envelope of A ' injective envelope of socA

Proof. (a) Use the definition of injective envelope and Lemma 49

(b) Let A �
� νi // Ii be two injective envelopes

0

��
0 // A

ν1 //

ν2 ��

I1

∃ϕ��
I2

Assume that Kerϕ 6= (0)
=⇒ A ∩Kerϕ 6= (0)
=⇒ ∃a ∈ A\{0} s.t. 0 = ϕ(a) = ϕν1(a) = ν2(a) =⇒ a = 0 Contradiction!

=⇒ Kerϕ = (0) =⇒ I1 ' Imϕ ⊆ I2

injective
VV

Recall 14.7. 0 // I �
� // B // C // 0 exact, and I injective

=⇒ B = I ⊕B′

=⇒ I2 = Imϕ⊕ I ′2
=⇒ A �

� ν2=ϕν1 // I2 = Imϕ⊕ I ′2 and Im ν2 ⊆ Imϕν1

=⇒ A ∩ I ′2 = (0)
A essential submodule of I2
=⇒ I ′2 = (0) and Imϕ = I2
=⇒ ϕ is an isomorphism and therefor injective envelopes are unique up to
isomorphism.
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(c) Consider

0 // socA
� � ν //� _

i

��

A

∃f , since
I(socA) is inj.

{{
I(socA)

inj
envelope

..

· fν = i 1-1 =⇒ Ker f ∩ socA = (0)
socA ↪→ A essential =⇒ Ker f = (0) =⇒ f 1-1.
· Let (0)neqA′ ⊆ I(socA). WTS: f(A) ∩A′ 6= (0)

We have: f(A) ∩ A′ ⊇ socA ∩ A′ 6= (0), since socA is an essential
submodule of I(socA)
=⇒ f(A) is an essential submodule of I(socA)

=⇒ A
f // I(socA) is an injective envelope

�

Lemma 51. Λ artin R-algebra, A ∈ mod Λ, rad Λ = r

socA = {a ∈ A | r · a = (0)} = SA

Proof. socA semisimple =⇒ r socA = (0) =⇒ socA ⊆ SA
SA is a submodule of A.
rSA = (0) =⇒ SA is a semisimple submodule
=⇒ SA ⊆ socA =⇒ socA = SA �

Exercise 14.8. Λ artin R-algebra, A,A1, A2 ∈ mod Λ

(a) socA ' HomΛ(Λ/r, A)
(b) soc(A1 ⊕A2) = socA1 ⊕ socA2

Proposition 52. Λ finite dimensional k-algebra, k a field.

P
f // A is a projective cover in mod Λ

m

D(A)
D(f) // D(P ) is a injective envelope in mod Λop

Proof. Use X ∈ mod Λ =⇒ socD(X) ' D(X/rX)
Using duality one can show for Λ a finite dimensional k-algebra, k a field.

(a) A,B ∈ mod Λ =⇒ I(A⊕B) = I(A)⊕ I(B)
(b) I injective in mod Λ

I indecomposable ⇐⇒ soc I simple
(c) There is a 1-1 correspondance between isomorphism classes of simple Λ-

modules and isomorphism classes of indecomposable injective Λ-modules:

S_
��

soc IOO

_
I(S) I

{isomorphism classes of simple modules}
OO

1−1

��
{isomorphism classes of indecomposable injective modules}

�
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14.1. The socle of a representation. (Γ, ρ) quiver with relations ρ, k a field,
J t ⊆ 〈ρ〉 ⊆ J2, Γ0 = {1, 2, · · · , n}. Λ = kΓ/〈ρ〉, r = rad Λ = J/〈ρ〉 ⊆ Λ

(V, f) � // F (V, f)

⊇

=
n⊕
i=1

V (i)

Rep(Γ, ρ)
F ,,

mod Λ
H
mm socF (V, f)

=

{m ∈ F (V, f) | r ·m = (0)}

m = (v1, v2, · · · , vn) ∈ F (V, f)

m ∈ socF (V, f) ⇐⇒ α ·m = 0, ∀α : i→ j ∈ Γ since r = J/〈ρ〉, (J = 〈arrows〉)
⇐⇒ (0, · · · , 0, fα(vi), 0, · · · , 0)

j-th coord
WW

= 0, ∀α : i→ j ∈ Γ

⇐⇒ fα(vi) = 0, ∀α : i→ j ∈ Γ
⇐⇒ vi ∈

⋂
α:i→j∈Γ

Ker fα, ∀i = 1, 2, · · · , n

H(socF (V, f)) =?

Let V ′(i) =
⋂

α:i→j
Ker fα ⊆ V (i) and let f ′α = fα |V ′(i)= 0

Example 14.9.

Γ : 1
α
((

β
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γ // 3 , ρ = {γβ}, k a field, Λ = kΓ/〈ρ〉

Λe1 :

k

( 1
0 )
��

( 0
1 )
		

k2

( 0 1 )

��
k

Λ soc e1 :

0

0

��
0

		
k ⊕ (0)

0

��
k
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algebra, 4
annihilator, 24

Closed under extensions, 21
composition factor, 17
composition series, 17

exact sequence, 18

finite length, 17

generalized composition series, 17

ideal
nilpotent, 25

idempotents
orthogonal, 3

module
annihilator, 24
indecomposable, 11

nilpotent

ideal, 25

oriented cycle, 4

path, 2
non-trivial, 2
trivial, 2

path algebra, 2
multiplication, 3

quiver, 2
arrows, 2
vertices, 2

representation, 7
direct sum, 11
factor representation, 12
homomorphism, 8
indecomposable, 11
subrepresentation, 11

representation type
finite, 12

ring
semisimple, 25

subrepresentation, 11
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