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Ra ring ,

M an R - module

Def : The (Jacobson ) radical Rad M of M is

the intersection of all maximal (proper ) sub modules
of M.

EI : If M is semisimple ( i. e. a possibly infinite direct sum

of simples )
then Rad M = 0

TM=④ Si for i c- I : Mi = ① Si is a maximal
ieI i←I\{i) submodule

n Mi = O
L IEI

Leyva : Rad ( M / Radm ) = 0

[max submodule of M /Radm max submodule of M

containing Rad M
"

all wax submodule of M
Rad ( M /Radm ) = A mat sub"" / Raam = 0of ML



Rey : same argument shows NE Radm then Rnd( M/N ) = Radlm)/N

t-uueton-ulihyf.im
→ N then f- (Radm ) E Rad N

FN '

a max submodule of N

Claim : f-
'

(NY is either M or a max submodule of M

f-
'

(NY→ M → M/f- ' (N)

I PB If [ mom → M/ f-
'

IN '

)

N
'
-3 N → NINI Simmel or 0

simple

This proves the claim

Observe that f
"

commutes - ith intersections

→ f-11rad N ) iÑÉ inko.hn of max submodule of M

→ contains intersection of all max submodule of M

f-
'

1rad N ) ? Rad M i. e. f- (Rad M ) a- Rad N
L



Corollary: M . Rad RR E Rad M

~R as a night R - module

Tm c- M m .
- : Rr → in

m Rad RR c- Rad M
L

corollary : Rad RR is a two - sided ideal

fright ideal by construction
.

Left ideal R - Rad Rr a- Rad RR
R

by car above



Leinmn
If M is artinian

,
then

counter ex when

M not artinian :
M semisimple ⇐ Rad M = 0

21 our 21

[Have seen
"

⇒
"

in general

so assume Rad 14=0

M artinian ⇒ M has a simple submodule S
,

S
,
4- Radm → 3- max submodule Mn of M

s.t.sn 4- M
,

S
,
1- My = M ( because properly bigger than Mn)

Sn n Mn = 0 ( snbmod of Sy ,
not Sr )

M = S
,
⑤ My

exact same argument for Ms shores M
,
= 521-0142

Emme
M = S

,
⑦ M
,
= S
,
⑦ 521-0 Mz = - r - .

M ? Mr 7- Mz 7- Ms .
- has to stop ( artinian )
→ eventually Mi -0 14--5,1-0 .

- ⑤Si
L



Corollary: M artinian

Raam is the smallest submodule with a semisimple quotient .

TRad.CM/RadM)--0 → M / Radm is semisimple

N
any submodule s .t . MIN is semis impel

in particular Rad CM /N ) =0

M _É MIN

f f Radar) a- N

RadIM7→Rad(MIN)
ToL

Rein : In general : Rad ( M) is contain Linam
,
submodule with a

semis impel quotient .



Lenny : ☒
R
artinian

,
then

Rad M = M . Rad RR

1-Have seen
"

Z "

for "
E
"

Rpn /Rad RR is semisimple

MIM . Rad RR is a RR /Rad RR
- module

so it is semisimple

→ Rad M E M . Rad RR
t
[ previous Remark



theorem : Raving TFAE for ✓ c- R m = I - rs

""
""

l :) r c- Rad RR
§ can't have

cii) r c- Rad RR in- Libre is

max ideal
Liii) V- SER : It rs invertible

→ re Rad RR
Civ) Ks c- R : I 1- Sr invertible Cii) ⇒ (v) dual to G)⇒ (v)

( v) V-s.tc-rr.lt Srt in whine Civ) ⇒ Iii ) dual to Liii )⇒1:)

Tcu ) ⇒ Liii ) and ( v ) ⇒ ( iu) are clear

( i ) ⇒ (v ) r c- Rad Rr → Srt c- Rad RR

→ srt contained in all max right ideals
→ I + Srt cannot be contained in any

wax right ideal
→ ( I + srt)R = R

→ 3- HER s
-
t

.
( ltsrt)h = I

h =/ - srth is of the same form → also has a

night muse
→ h is two - sided in - to ( ltsrt)

Ciii ) ⇒ ( i ) assume r -4M for some mat right ideal M

→ rRtM=R → 3- sc-R.me/Ys.t.rstm-- I


