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Q Euclidean ,

f additive function
M indecomposable

M preproj .

<⇒ ☒ d?=M= dim it + of
720

M regular⇐> ✗= 0
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Prod : Q connected Euclidean
Then R÷ add tegular modules) is an abelian subcategory

"

arbitrary finite sums
of mod KQ G. to the inclusion Ren mod KQ is exact)

¥8M
,
NER

,
fail → N

Every Indec summand of Imf has a non-zero map to

some indec
. summand of Nws this summand is not pretty .

dual argument : no summand of Imf is preproj

⇒ hnf c- R



Since summands of kerf have maps to 14 ,

kerf consists

of preproj & regular summands
For n as in the previous proposition :

É dim-kerf-etelim-M-d.me Im f)
= dim it - di= Imf
= dim kerf

since no preinf.at?vesummands : this implies all
summands of kerf are regular.

Dually all • ummands of Cokf are regular ☐



Notations When using concepts for abelian categories
in R we use

"quasi
"

quasi - simples = simples in J2

(note: simple KQ -modules that lie in R are quasi- simples,
but there will be more quasi - simplest

Note
T is an auto- equivalence on R(since in ¥ nothing
factors through projective or infectives)

N°t÷uasi -simple modules need to be at the lower edge
of the AR- components Kaos or 8 Askin



or

iii.
• • •

¥÷÷÷quasi -si- pies→This

If it is quasi-simple . then its entire re - orbit
consists of quasi-simples .

Lenya : If it is quasi - simple then 7 n >os.to THEM .

PI: Know : In >o sot
. §CdImM) = EM
¥7M



Pick n minimal with this property
Recall : ( • , a) is positive semi - definite
☒ If LdÉM ,

dim M) - o then

=Fdi=M
at least one of them Gim

,

MI or Han tht"M)
is none - Zero .

Both are quasi -simple , so any such
non

-Zero map will be an Iso
,

☐
If Eden M.cl?m-M)--othendim-M is an

additive function



r lo , ° ) pos .
def on I

#

no I dim-M-d.IM son-1

note Ext
'
IM

,
TM) to contains almost split sequences

ldim-M.cl?-wTM)--o ⇒ at least one of

flour ( M ,
TM) or Han ( YM ,

MD is non- zero

as before
,
this means that HE TM



M quasi - simple

✓ µ
b)
← ,

- µ
131
← I'M

'D

↳ ✓ ¥ ✓
- m

←riptide↳ I ¥
TM- M- T

- M

Lamina
Any morphism from an indec to it not starting in

M
,
M
">

,
ooo

,

M
" "

factors through
µ
IN
→ M
"- "
→ o - o

→ M



PIE By induction on n

es
n-2 :

+Mann → M is almost split
no every map except autos of factors through
factors

.

Assume ok for n - I

✗ :ÉFM1 a
µ
"!①TMÑ→µµln-D

not Iso by assumption (✗ * Min
- ")

n-ote.org/4'
""
com

" - "

→M
composes to Zero



T µ(n
- n
-• µ

In-4
-pµln

-3)
→ • , ,

→H
"'
→ M

q
" I " d ⇐ ⇐ I %

TH
" -Imply "-Ion Kml "

-Iron
eoo -DIM

L

m can forget about component ✗ - TMM
-⇒

so our map X - M factors through M
"

→ M

☐

Lenya
M
"
is quasi - un?serial

☒•
Enough to show that M

">
→

M is the unique map from
M
'"
to a quasi - simple (Then unique maximal submodule TM

""

induction)



Noted M
'" has quasi - length n

It follows that til
""
UM
"
-☐M is exact

Proof by induction on n
,

n=L
.

Ok

µ
'"'
→ N

yfycn.io/
"
quasi - simple

if the composition * vanishes then MM → N is

µ
"'

→µ
otherwise , inductively : +M"

"
until



✗pin
- "
- M

"'
→M

¥ 11¥y_%µ → µ ← non -split

should split by factorization . {
'

☐

Proposition

Any indec regular module over KQ ,
Q Euclidean

,
is

of the Ian M
"

for M quasi - simple
TI:
het ✗ be regular indec
n= quasi- length (X)



Let M be quasi -simple sot. How ↳Mi -1-0
Know : ✗ is not Pso to M

,
Mh '

.

ooo

,
Mtn - D

Chas different quasi - lengths)
m 7 ✗→of

✗mini
if y is not epi , then y factors through +M

"- "
c- M

"

(this is the unique maximal subobject)

§ composition
rypy
"- "
↳ MM→M Is Zero

so 9 is ep!

Since quasi - length 4) = quasi- length CÑ
") it follows that y is zero,



theorem
Q connected Euclidean

.

Then the category of regular KQ -
modules is on? serial Call indecs are on?serial) and its

AR- quiver consists of components on the form ZA%ni )
for certain ni .

There are no maps between different regular component .


