
Hidden Markov models
I Model definition:

I unobserved state process, {xt}nt=1: Markov chain

f (x1, . . . , xn) = f (x1) · f (x2|x1) · . . . · f (xn|xn−1)

I observation process, {yt}nt=1: Markov assumption

f (y1, . . . , yn|x1, . . . , xn) = f (y1|x1) · f (y2|x2) · . . . · f (yn|xn)
I Distribution of interest

f (x1, . . . , xn|y1, . . . , yn) ∝ f (x1, . . . , xn) ·
n∏

i=1

f (yi |xi )

= f (x1)f (y1|x1) ·
n∏

i=2

[f (xi |xi−1)f (yi |xi )]

= g12(x1, x2) · g23(x2, x3) · . . . · gn−1,n(xn−1, xn)

I note: we do not have the normalising constant for
f (x1, . . . , xn|y1, . . . , yn)
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Hidden Markov models

I Posterior distribution of interest

f (x1:n|y1:n) ∝ g12(x1, x2) · g23(x2, x3) · . . . · gn−1,n(xn−1, xn)

I We will see how to

I find normalising constant (forward)
I simulate (forward-backward)
I find marginal distributions (forward-backward)
I find state with maximum probability (Viterbi algorithm)



Normalising constant (when n = 5)
f (x1:5|y1:5) = c · g12(x1, x2) · g23(x2, x3) · g34(x3, x4) · g45(x4, x5)

f (x2:5|y1:5) = c ·

[∑
x1

g12(x1, x2)

]
· g23(x2, x3) · g34(x3, x4) · g45(x4, x5)

= c · h2(x2) · g23(x2, x3) · g34(x3, x4) · g45(x4, x5)

= c · g̃23(x2, x3) · g34(x3, x4) · g45(x4, x5)

f (x3:5|y1:5) = c ·

[∑
x2

g̃23(x2, x3)

]
· g34(x3, x4) · g45(x4, x5)

= c · h3(x3) · g34(x3, x4) · g45(x4, x5)

= c · g̃34(x3, x4) · g45(x4, x5)

f (x4:5|y1:5) = c ·

[∑
x3

g̃34(x3, x4)

]
· g45(x4, x5)

= c · h4(x4) · g45(x4, x5) = c · g̃45(x4, x5)

f (x5|y1:5) = c ·

[∑
x4

g̃45(x4, x5)

]
= c · h5(x5)

1 = c ·
∑
x5

h5(x5)⇒ c = 1/
∑
x5

h5(x5)
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