
1. Give an example of a sequence of events A1, A2, ... such that

lim inf
n

An = ∅ (empty),

lim sup
n

An = Ω (sample space).

2. Let X and Y be independent, absolutely continuous random variables with
densities fX(x) and fY (y), respectively. Suppose that these densities are bounded:

fX(x) ≤ A, fY (y) ≤ B

for some positive A and B for any x and y. Prove that

fX+Y (t) ≤ min{A,B}

for any t.
3. Let X and Y be iid absolutely continuous random variables. Denote by fX−Y

the probability density function of the difference X − Y . Prove that

fX−Y (t) ≤ fX−Y (0)

for any t.
4. Let X1, X2, ... be iid random variables with finite first absolute moment and

positive expectation, Sn = X1 + ... + Xn. Prove that

lim
n→∞

P (Sn ≤ x) = 0

for any x.
5. Let ϕ(t) be a characteristic function. Show that <ϕ(t) is also a characteristic

function. Can =ϕ(t) be a characteristic function? (<z and =z are the real and the
imaginary part of z, respectively).
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