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Problem 1 A chemical reaction has velocity (measured in micromoles per
hour) that has a normal distribution with expected value µ and known standard
deviation σ = 1.8.

a) Assume (only here) that µ = 11. What is the probability that the velocity
is greater than 13? What is the conditional probability that the velocity is
greater than 13 given that it is greater than 11?

The reaction was run n = 15 times, and the average velocity was x̄ = 10,2.

b) Find a 99% confidence interval for the expected velocity µ. How large would
n have to be for a 99% confidence interval for µ to have a length less than 2?

c) The laboratory has as an aim to achieve an expected velocity of 11.0 micro-
moles per hour. Perform a hypothesis test with µ ≥ 11.0 as the null hypoth-
esis and µ < 11.0 as the alternative hypothesis. Use significance level 0.05.

d) What is the probability that the null hypothesis is rejected if we perform an
experiment and a hypothesis test as described above, if µ = 10.2?

Problem 2 A random variable X has probability density function f given by
f(x) = θxθ−1 for 0 < x < 1 and f(x) = 0 for all other x, where θ > 0 is a parameter.

a) Find the expected value and variance of X.

b) Show that the cumulative distribution function F of X is given by F (x) = xθ

when 0 < x < 1. Find P (X > 1
2
) in terms of θ.

c) Find the maximum likelihood estimator of θ based on n independent variables
X1, X2, . . . , Xn, all having probability density function f .

d) Find the cumulative distribution function and the probability density func-
tion of Xθ.

Problem 3 A biologist is to estimate the number of seal pups in a population.
She findsX1 pups. Assume that the probability p1 of observing a pup is known, and
thatX1 has a binomial distribution with parameters (n, p1). We wish to estimate n.

a) Show that X1/p1 is an unbiased estimator of n. Find the variance of the esti-
mator in terms of n and p1. What is the estimate if p1 = 0.60 and X1 = 150?

The biologist performs another count using another method, and get the result
X2. Assume that X2 has a binomial distribution with parameters (n, p2), and that
X1 and X2 are independent. It is known that p1 = 0.60 and p2 = 0.71, and n is
the same in both counts.

b) Which of the two estimators 1
2
(X1/p1 + X2/p2) and 0,38X1/p1 + 0,62X2/p2

would you prefer? What are the two estimates if X1 = 150 and X2 = 180?


